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Simultaneous multitone microwave emission by dc-
driven spintronic nano-element
Alexandre Abbass Hamadeh1*, Denys Slobodianiuk2,3, Rayan Moukhader4, Gennadiy Melkov2,
Vladyslav Borynskyi3, Morteza Mohseni1, Giovanni Finocchio4, Vitaly Lomakin5, Roman Verba3,
Grégoire de Loubens6, Philipp Pirro1, Olivier Klein7

Current-induced self-sustained magnetization oscillations in spin-torque nano-oscillators (STNOs) are promis-
ing candidates for ultra-agile microwave sources or detectors. While usually STNOs behave as a monochromatic
source, we report here clear bimodal simultaneous emission of incommensurate microwave oscillations in the
frequency range of 6 to 10 gigahertz at femtowatt level power. These two tones correspond to two parametri-
cally coupled eigenmodes with tunable splitting. The emission range is crucially sensitive to the change in hy-
bridization of the eigenmodes of free and fixed layers, for instance, through a slight tilt of the applied magnetic
field from the normal of the nanopillar. Our experimental findings are supported both analytically and bymicro-
magnetic simulations, which ascribe the process to four-magnon scattering between a pair of radially symmetric
magnon modes and a pair of magnon modes with opposite azimuthal index. Our findings pave the way for
enhanced cognitive telecommunications and neuromorphic systems that use frequency multiplexing to
improve communication performance.
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INTRODUCTION
A great number of research projects have been devoted to the study
of spin transfer torque (STT) after its theoretical prediction (1, 2).
This new paradigm is meant to ignite a conceptual metamorphosis
of spintronics, a research field which capitalizes on the spin degree
of freedom of the electron (3). The STT effect can enable a variety of
spintronics applications, such as spin-torque magnetic random
access memories (4) and spin-torque nano-oscillators (STNOs)
(5). The use of STNOs to generate microwave signals in nanoscale
devices has generated tremendous and continuous research interest
in recent years (6–11). Their key features are frequency tunability
(12), nanoscale size (10), broad working temperature (13), and
easy integration with the standard silicon technology (6, 14). As
strongly nonlinear devices, STNOs can exhibit different dynamic
regimes, which are promising candidates for various applications
including microwave signal generation and detection (15–17),
signal modulation (18), spin wave generation (19), neuromorphic
computing (20–22), etc.

In general, only a single mode is expected to oscillate at one time
in an STNO as predicted by the universal oscillator model (23).
Multimodal cogeneration of weak commensurate tones can be pro-
duced by harmonic distortion. Here, the tones are intrinsically
linked by rational numbers. Alternatively, mode hopping between
nearly degenerate eigen-solutions have been reported (24–26)
induced by thermal fluctuations (27), spatial inhomogeneity of
the internal field in asymmetric ferromagnetic bilayers (28), or by

formation of higher-order modes of excited magnetic solitons (29).
Also, a high level of thermal fluctuations can result in a seemingly
multimode generation that is just an amplification of the incoherent
thermal population of higher modes.

In this study, we find and elucidate another possibility to create
stable simultaneous excitation of multiple spin wave modes in an
STNO with a continuously adjustable splitting. The leading order
mechanism supporting multimode generation is found to be
four-magnon scattering or, in other words, second-order paramet-
ric instability. Although this process is well-known in magnetic
systems (30–33), its observation in an STNO is often prohibited
as it is impossible to satisfy both energy and angular momentum
conservation rules simultaneously. We found that parametric insta-
bility becomes possible because of strong hybridization between the
modes of the two layers of the STNO, which also makes the para-
metric process highly sensitive to external conditions and thus
controllable.

RESULTS
Bimodal generation in STNO
The studied STNO is a circular nanopillar with a diameter of 250
nm, consisting of (Cu60∣Py15∣Cu10∣Py4∣Au25) layers where the
Py (Permalloy) is composed of Ni 80Fe20. The numbers indicate
the thickness in nanometers. This structure was designed using
electron beam lithography, and the top and bottom Au and Cu elec-
trodes were specifically tailored for microwave transport measure-
ments. The STNO is excited by a negative dc current Idc,
corresponding to an electron flow from the thin to the thick mag-
netic layer, which allows us to observe STT-induced microwave gen-
eration. In the measurements presented below, a bias magnetic field
in the range Hext ∈ [8.5, 9.6] kOe was applied at θH = 2° from the
sample normal (see Fig. 1A). This tilt is introduced to create a small
misalignment between the static magnetizations of the layers, which
is required for the appearance of resistance (and voltage)
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oscillations under almost circular magnetization precession; in the
case of θH = 0° voltage oscillations vanish (34). However, this sym-
metry breaking also has substantial consequences on the entire dy-
namics, as discussed in the following.

First, the bias current dependence of the voltage oscillation
spectra under a constant magnetic field Hext = 9.14 kOe is reported
in Fig. 1B. Within the current range from −6 to −8 mA, we observe
two simultaneously auto-oscillating modes, referred below as ω0
and ω1, which are split by about 1.1 GHz. With a further current
increase, the generation frequency exhibits a pronounced jump
and generation becomes seemingly single-mode (the second
mode is hardly detectable). Also, this jump is accompanied by a
substantial power increase (see the intensity scale and the Supple-
mentary Materials). At even higher currents, the STNO generation
demonstrates further frequency jumps and complex dynamics that
are not considered here. Within the bimodal regime at Idc ∈ [−6,
−8.2] mA, the frequencies of both modes demonstrate the same
weak increase with the current amplitude, which is unexpected
for almost perpendicularly magnetized STNO, characterized by a
strong nonlinear frequency shift (23).

Figure 1C presents the frequency evolution with the strength of a
magnetic field under a constant dc current Idc = −7 mA. The
bimodal regime is robust to the field strength variation and is ob-
served in the entire presented field range. The frequencies of both
oscillation modes ω0 and ω1 vary almost linearly with the applied
field; in almost perpendicularly magnetized STNO, such depen-
dence is not trivial as it may appear, indicating a substantial nonlin-
ear damping effect (23). It is worth noting that in the case of
perpendicular magnetization (θH = 0°), the generation characteris-
tics of the STNO become fairly standard, and none of the features
described here indicating bimodal generation were observed (34).

Micromagnetic simulations: Autonomous dynamics and
mode hybridization
To get a deeper insight into the magnetization dynamics, micro-
magnetic simulations were performed using the FastMag software
package (35) that is based on the finite elements method (FEM).
FastMag allows computing the full system including interactions
between the reference and free layer via mutual STT effects.
FastMag also calculates the magneto-resistance response that can
be directly compared to the experimental measurements. Material
parameters were taken from the experimental study of passive dy-
namics (i.e., below auto-oscillation threshold) of the nanopillar (36)
(see details in Methods). The FEM mesh edge length was chosen as
2.6 nm. The data evaluation of simulation was done through Aither-
icon (see www.aithericon.com for further information and details).

To excite the oscillation dynamics, a negative dc current was
applied through the structure. The results of these micromagnetic
simulations, shown in Fig. 1 (D and E), reproduce the experimental
measurements with a good qualitative and quantitative agreement, a
clear indication that the advanced micromagnetic modeling is able
to capture the features leading to the observed complex behavior.
Reference simulations performed for the case θH = 0° show standard
single-mode STNO behavior, in accordance with a previous exper-
imental study (34).

Next, we investigate spectra of the magnetization dynamics by
evaluating the fast Fourier transform (FFT) of the circularly polar-
ized transverse magnetization componentsM+ =Mx + iMy emitted
by the electrically driven STNO, where i is the imaginary unit. In
contrast to the resistance oscillation spectra, they demonstrate
three peaks—an additional peak, referred to as ω2, is visible
below ω0 (Fig. 2A). The frequencies of the peaks satisfy the relation
2ω0 = ω1 + ω2, which leads us to the assumption that four-magnon
interaction between these modes, schematically shown in Fig. 2B, is
involved in STNO dynamics. Using a mesh resolved FFT, we obtain
the spatial profiles of the excitations corresponding to these peaks.
The main mode ω0 is a quasi-uniform mode characterized by re-
spectively a radial index m = 0 and an azimuthal index ‘ = 0,
which we label (m = 0, ‘ = 0) mode. This mode can be identified
as the lowest-frequency mode of the free layer. The peak at ω1 is
the (0, −1) azimuthal mode, also mostly localized within the free
layer. The excitation at ω2 resembles the (0, +1) azimuthal mode.
However, in contrast to other excitations, this mode has comparable
oscillation amplitude in both thin and thick STNO layers indicating
a strong hybridization.

To elucidate the nature of the signal at ω2, we performed micro-
magnetic simulations of the STNO modes in the passive regime (no
dc current) (see Methods). We found that in our device, the ‘ = ±1
azimuthal eigenmodes of the thick layer are located below the

Fig. 1. Characterization of microwave generation in STNO under different
conditions. (A) Experimental setup for electrical measurement. (B) Dependence
of the microwave generation characteristics of the STNO on the dc current at cons-
tant bias field Hext = 9.14 kOe and (C) on the external field at a fixed dc current I =
−7 mA; [(B) and (C)] experiment and [(D) and (E)] micromagnetic simulations
showing the oscillations of two modes simultaneously. Dashed lines show the lo-
cation of the oscillation modes in the experiment, and the intensity scale indicates
the normalized power (in fW/GHz for the experimental data).

S C I ENCE ADVANCES | R E S EARCH ART I C L E

Hamadeh et al., Sci. Adv. 9, eadk1430 (2023) 13 December 2023 2 of 7

http://www.aithericon.com


fundamental mode of the thin layer (because of different saturation
magnetization), and these modes experience strong hybridization
so that the oscillation amplitude is comparable in both layers
(Fig. 3B). The last fact explains why the mode at ω2 is not visible
in giant magnetoresistance (GMR) spectra: the relative angle
between the layers magnetizations is only weakly changed when it
is excited. Thus, we attribute the multimode generation to a four-
magnon process involving the fundamental mode (0,0) of the thin
layer, the azimuthal (0, −1) mode of the thin layer and the (0, +1)
mode of the thick layer that is strongly hybridized to the thin layer.
This process satisfies the momentum conservation rule 2‘0 = ‘1 + ‘2,
and the mode eigenfrequencies are reasonably close to the energy
conservation rule 2ω0 = ω1 + ω2. An additional check that the
thick layer mode is involved in the multimode generation was
made by simulating the active STNO with a drastically increased
local field in the thick layer. In this case, the thick layer modes are
shifted to much higher frequencies and the abovementioned four-
magnon process becomes impossible. No multimode generation
was observed in this case. In the reference case of a perpendicular

field, the thick layer modes shift to lower frequencies and thus ex-
perience much less hybridization (Fig. 3A), which is crucial for the
multimode generation as discussed below.

Analytical model of STNO dynamics with parametric
intermode coupling
In the following, we consider an analytical model to describe the
dynamics of STNO modes including parametric coupling. As
before, we denote the fundamental mode as mode “0” having the
amplitude a0, the (0, −1) mode of the thin layer and (0, +1) thick
layer mode as modes 1 and 2, respectively, and consider dynamics of
only these three modes. The mentioned four-magnon process is de-
scribed by the termHð4Þ ¼W00;12a1a2a�0a�0 þ c:c: in the Hamiltoni-
an of the system. Taking it into account, the dynamics of the
coupled modes is described by equations

_a0 þ i~ω0a0 þ ~Γ0a0 ¼ � 2iW00;12a�0a1a2
_a1 þ i~ω1a1 þ ~Γ1a1 ¼ � iW�00;12a

2
0a
�
2

_a2 þ i~ω2a2 þ ~Γ2a2 ¼ � iW�00;12a2
0a�1

ð1Þ

Here, an overdot denotes time derivative, _a ¼ ∂ta, and ~ωi and ~Γi
are frequency and total damping of ith mode accounting for non-
linear contributions. In a general case, “total” frequency includes
linear eigenfrequency and self- and cross-nonlinear shifts from all
modes: ~ωi ¼ ωi þ Tijaij2 þ 2

P
j=iTijjajj

2. The total damping ac-
counts for nonlinear changes of both the damping and the STT
anti-damping torque (23): ~Γi ¼ Γið1þ ξijaij2 þ 2

P
j=iξijjajj

2
Þ �

σiIð1 � ~ξijaij2 � 2
P

j=i
~ξijjajj2Þ; where Γi = αGωi is the linear

Gilbert damping, σ is the STT efficiency, and ~ξij are the nonlinear
coefficients (see Methods).

Since the energy of mode 2 is more concentrated in the thick
layer, while modes 0 and 1 are concentrated in the thin one, we
neglect all related frequency and damping cross shifts, such as Ti2
= 0, ξi2 = 0, etc. Only for the STT term (~ξ2i), such simplification is
not appropriate since it is inversely proportional to the layer thick-
ness, so the thin layer contribution to the total STT could be dom-
inant even for mode 2. Linear frequencies for the model were
extracted from micromagnetic data, and nonlinear coefficients
were estimated using the vector Hamiltonian formalism (37, 38),
as described in Methods.

When the current increases, mode 0 first turns to the self-oscil-
lation regime; this happens at Ith = Γ0/σ (corresponding to −6 mA in
the experiment). Formal thresholds of “isolated”modes 1 and 2 Γi/σi
are larger, but the competition for common STT pumping prohibits
excitation of higher-order modes above their formal thresholds in
the absence of other coupling (27), and the only source for their ex-
citation is the parametric instability of the mode 0. Then, assuming
negligible amplitudes of the modes 1 and 2, we can calculate the
“virtual” amplitude of mode 0 above the threshold in the absence
of other modes, ∣a0∣2 = (σI − Γ0)/[ξ0(σI − Γ0)] (23), and the thresh-
old amplitude ath of mode 0, above which parametric instability de-
velops (38)

jathj
2
¼

ffiffiffiffiffiffiffiffiffi
~Γ1~Γ2

p

jW00;12j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ð2~ω0 � ~ω1 � ~ω2Þ

2

ð~Γ1 þ ~Γ2Þ
2

s

ð2Þ

Here, the nonlinear frequency and the damping are calculated
for the free-running amplitude of mode 0 at a given current and

Fig. 2. Analysis of STNO’s magnetization spectrum, scattering process, and
precession profiles. (A) Frequency spectrum of theM+magnetization component
(blue line) and spectrum of themagnetoresistance oscillations (green line, vertical-
ly offset) of the STNO under a bias current Idc =−7mA, obtained bymicromagnetic
simulations; in arbitrary units (a.u.). (B) A diagram illustrating the four-magnon
scattering process leading to the multimode generation in the STNO. (C) Spatially
resolved magnetization precession patterns of the three modes, obtained via FFT
of magnetization time traces. The brightness indicates the amplitude, and the hue
indicates the phase.

Fig. 3. Hybridized eigenmodes of two-layer oscillations. Spectra of linear (low-
amplitude) magnetization oscillations of the STNO nanopillar, excited by spatially
nonuniformmagnetic field (micromagnetic simulations); the modulus of averaged
in a quarter of thin and thick layers dynamic magnetization m+, normalized to
maximal value, is shown.
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vanishing amplitudes of other modes. If ∣a0∣ > ∣ath∣, then the para-
metric instability occurs, and modes 1 and 2 are excited.

Dependencies of the isolated free-running amplitude a0 and the
parametric instability threshold are shown in Fig. 4 (A and B), right
axis. In the case of θH = 2°, the threshold is overcome in a certain
range of currents, and a three-mode generation is expected. In con-
trast, in the reference case of a perpendicular field, the instability
threshold is never overcome, and single-mode generation is expect-
ed. There are two reasons for this difference. The first one is the
larger detuning from exact parametric resonance Δω ¼ 2~ω0 � ~ω1 �
~ω2 [see Fig. 4 (A and B)] because of the different positions of the
thick layer eigenmodes. However, this difference is not drastic,
and the second reason, namely, the notably (threefold) reduced
parametric coupling W00,12 also plays a crucial role. The latter is a
result of the much lower hybridization of the modes, which is clear
from the comparison of the oscillation amplitude in the thin layer at
the position of (0, +1) mode of the thick layer in Fig. 3 (see calcu-
lation details in Methods). The same reason determines the expla-
nation for the observation of this particular pair of parametric
modes at θH = 2°. Another pair, which also satisfies the momentum
conservation [(0, −1) thick layer mode and (0, +1) thin layer mode],

exhibits smaller parametric coupling because of lower hybridization
of the (0, −1) thick layer mode (Fig. 3B).

Last, we numerically integrate Eq. 1 and present the stationary
mode frequencies and amplitudes in Fig. 4C. Starting from the
threshold σI = Γ0, the amplitude and frequency of the mode 0 in-
crease and reach the parametric instability threshold (σI/Γ0 ≈
1.035). Above this instability threshold, all three modes are
excited, and their frequencies are almost frozen (a feature that
could be interesting for certain applications). In this regime, the
parametric process dominates, and the modes have stationary am-
plitudes that almost satisfy the parametric resonance condition
2~ω0ðaiÞ � ~ω1ðaiÞ þ ~ω2ðaiÞ. Above σI/Γ0 ≈ 1.18, this generation
regime cannot be sustained anymore, and we observed an abrupt
jump of the mode frequencies and amplitudes as discerned in the
experiment (see Fig. 1B). Mode 0 acquires an amplitude and a fre-
quency that are close to the ones in the absence of parametric
pumping, while modes 1 and 2 oscillate far from their “nonlinear
eigenfrequencies” (i.e., the parametric process becomes strongly
nonresonant). Their amplitudes decrease up to the current σI/Γ0
≈ 1.36, above which the instability threshold becomes too high
and the STNO returns to single-mode regime. Within the multi-
mode generation range, the amplitude of parametric mode 1 is ev-
idently larger than of the mode 2. This can be attributed to the
substantially larger total damping rate of the mode 2. This circum-
stance also complicates the experimental observation of mode 2.

DISCUSSION
The model results overall align closely with experimental observa-
tions. The finite range of multimode generation, the small (vanish-
ing) frequency slope, the almost constant oscillation amplitude in
the multimode regime, and the frequency jump are all observed
in experiment. There is a quantitative difference in mode oscillation
frequencies, which is on account of (i) the approximate calculation
of nonlinear coefficients, particularly the phenomenological coeffi-
cient of nonlinear damping, and (ii) neglecting of the Oersted fields
in the model that, according to experimental measurements below
the threshold, result in the mode frequency increase about 70 MHz/
mA, almost the same for different modes.

Our experiments have identified a regime of simultaneous mul-
timode microwave emission in a nanopillar-based STNO. The phys-
ical process behind this is a second-order parametric instability
between a pair of radially symmetric magnon modes and a pair of
opposite azimuthal index modes, without any spatiotemporal
overlap. The process, however, satisfies the constraint of both
angular momentum and energy conservation through the hybridi-
zation of eigenmodes between the thin and the thick layers. This
cogeneration has the additional feature of being incommensurable.
The splitting between modes can thus be tuned by changing the
characteristics of the nanopillar such as its diameter.

A future work direction will be to exploit nonuniform magnetic
textures as a means to control continuously the splitting by an ex-
ternal bias parameter, such as the magnetic field. A particularly
promising candidate is the vortex, where the splitting between the
‘ = ±1 has been shown to vary strongly as a function of magnetic
field. Given these findings, it is evident that the concurrent self-gen-
eration of diverse frequencies in dc-driven spintronic devices holds
substantial promise. This has implications for neuromorphic and

Fig. 4. Parametric interactions and mode dynamics in STNO. (A and B) Free-
running amplitude a0 of themode 0 in the absence of parametric coupling, thresh-
old of the parametric instability ath (both, left axis), and detuning from parametric
resonance condition Δω (right axis) in the case of perpendicular (A) and tilted (B)
field. (C) Current dependence of stationary frequency and amplitude (color-coded)
of the interactingmodes, obtained as numerical integration of model Eq. 1 for θH =
2°; dashed lines show free-running frequency ~ω0 and eigenfrequencies ~ω1 and ~ω2,
which would be observed without parametric coupling.
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wave-based approaches, especially when considering potential ap-
plications that use frequency multiplexing techniques.

METHODS
Device fabrication
The spin transfer nano-oscillator device used in this investigation
consists of a permalloy Ni80Fe20 bilayer separated by a 10-nm
copper (Cu) spacer, deposited on a silicon (Si) wafer. The permalloy
layers are 4 and 15 nm in thickness. We fabricated the device with a
diameter of 250 nm using established e-beam lithography and ion
milling techniques, following the design and methodology outlined
in detail in (36).

Microwave measurements
All microwave electrical measurements were carried out at room
temperature using the circuit represented in Fig. 1A. The sample
is mounted at a fixed sample holder between the pole pieces of an
electromagnet producing a uniform magnetic field. A dc current
flows through the device, and the ac component is extracted via a
bias-T. This is then amplified and analyzed using an Agilent spec-
trum analyzer operating up to 26.5 GHz and a low-noise preampli-
fier (32-dB gain, 1.9-dB noise figure, 4- to 20-GHz range).

Micromagnetic simulations
The micromagnetic simulations were performed by the graphics
processing unit (GPU)-accelerated simulation software Fastmag
(35). In all the micromagnetic simulations, we use the following ma-
terial parameters, which were experimentally determined from the
passive STNO dynamics (36): saturation magnetization of the thin
layer μ0Ms,thin = 0.82 T and of the thick layer μ0Ms,thick = 0.96 T;
Gilbert damping parameters αG,thin = 0.015 and αG,thick = 0.0085,
respectively, gyromagnetic ratio γ = 1.87 × 1011 s−1T−1, and ex-
change stiffness A = 10.5 pJ/m are identical in both layers; spin-po-
larization efficiency ε = 0.3 (34). In the simulations of active STNO
dynamics, we account for mutual STT in both layers and the effect
of Oersted fields. A tetrahedral volume mesh with a resolution of 2.6
nm, which is smaller than the exchange length of Py, is used. The
simulation runs for a total duration of 120 ns; however, only the last
60 ns are subjected to postprocessing. The output information in-
cludes the magnetization (M) as a function of spatial coordinates (x,
y, and z) and time (t). Simulations of linear spin wave eigenmodes,
presented in Fig. 3, were performed at zero dc current and, conse-
quently, zero Oersted fields. A microwave magnetic field b = brfey
was applied in one quarter of the pillar, and the dynamic magneti-
zation was also recorded in a quarter, so that azimuthal modes ‘ =
±1, ±2, (except for the modes with azimuthal numbers l = ±4, ±8,…)
become visible.

Calculation of parameters for the analytical model
Linear frequencies for the model Eq. 1 were extracted from micro-
magnetic data. They are equal to ω0/2π = 6.32 GHz, ω1/2π = 7.36
GHz, and ω2/2π = 4.48 GHz for the case of perpendicular field
and ω0/2π = 6.48 GHz, ω1/2π = 7.62 GHz, and ω2/2π = 5.78 GHz
for θH = 2°. Calculation of nonlinear parameters is a complex task.
For spin wave eigenmodes in magnetic nanostructures, it can be
solved using the recently developed vector Hamiltonian formalism
for spin wave dynamics (37) and micromagnetically simulated
mode profiles. Within this formalism, the four-magnon part of

the Hamiltonian is given by

Hð4Þ ¼

ð
ωM
8V
ðjsj2μ0 � N̂ � ðjsj2μ0Þ � jsj2s � N̂ � sÞdr ð3Þ

where μ0 is the static magnetization distribution, N̂ is the operator
of magnetic self-interactions (exchange, dipolar, anisotropy, etc.),
and integration goes over the whole sample volume V. Substituting
dynamic magnetization s in the form of the eigenmodes sum s =

P

aisi + c.c., where ai and si are mode amplitude and profile, respec-
tively, one finds rather cumbersome equations for all four-magnon
coefficients.

Yet, such calculations require very pure profiles of spin wave
modes. In our case, the intermode distance is small, resulting in res-
onance peaks that overlap notably (see Fig. 3). Application of exci-
tation field with specific profile (e.g., uniform, antisymmetric,
circular, etc.) does not assist in the excitation of specific modes
due to mode hybridization and complex static magnetization distri-
bution, while utilization of drastically decreased damping leads to
long simulation time. In addition, Oersted fields of dc current
changes the static magnetization distribution and the mode struc-
ture to some extent, and rigorous consideration requires calculation
of nonlinear coefficients at different dc currents.

For the abovementioned reasons, we made simple estimation of
nonlinear coefficients instead of rigorous calculations. In our case of
thin dots with perpendicular (or close to perpendicular) static mag-
netization, only two terms are dominant in the expression for non-
linear four-magnon coefficient

W12;34 �
ωM
2V

Ð
fðs1 � s�3Þμ0 � N̂ � ½ðs2 � s�4Þμ0�

þ ðs1 � s�4Þμ0 � N̂ � ½ðs2 � s�3Þμ0�gdr
ð4Þ

with magnetodipolar operator N̂ ¼
Ð
dr0Ĝðr; r0Þ expressed via mag-

netostatic Green function Ĝ. For the perpendicular field, we assume
uniform static magnetization μ0 = ez and approximate mode profiles
as s ∼ (ex + iey)Jm(knmr)eimϕ with pinned boundary conditions at the
dot edges and proper normalization (37). Thus, we get values T0/2π
= 48 GHz, T1 ≈ T2 ≈ T01 ≈ 2π × 32 GHz (Ti ≡Wii,ii, Tij ≡Wij,ij), for
the calculation of which full localization of mode 0, 1 (2) in the thin
(thick) layer was assumed. When the field is weakly tilted, the con-
sidered major contribution changes proportionally to cos2θM,
where θM is the magnetization angle. This difference of about 3 to
5% is neglected. For the coefficient W00,12, we assume that interac-
tion takes place in the thin layer only, as modes 0 and 1 are mostly
localized there. Then, this coefficient is proportional to the part of
the dynamic magnetic moment of mode 2 in the thin layer, and we
get W00,12/2π = 4 GHz for θH = 0° and W00,12/2π = 13 GHz in the
tilted state. The contribution of interlayer magnetodipolar interac-
tion is much smaller than the one within the thin layer and is
neglected.

The nonlinear terms of the STT were calculated as follows. For a
spatially uniform precession, the STT term is equal to σI(1 − ∣a∣2)a
(23). The corresponding nonlinear term in energy is, thus, propor-
tional to ∣a∣4. For spatially nonuniform dynamics, we substitute a
with a sum of spin wave modes and average over the layer
volume. Thus, we find the STT term equal to
σiIð1 � ~ξijaij2 � 2

P
j=i

~ξijjajj2Þ, where the nonlinear coefficients
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are defined as

~ξij ¼
hJ2mi
ðkirÞJ2mj

ðkjrÞi

hJ2mi
ðkirÞihJ2mj

ðkjrÞi
ð5Þ

with hf i ¼ ð2=R2Þ
Ð R

0 f ðrÞrdr being the spatial averaging. Thus, we
get ~ξ0 ¼ 2:1, ~ξ1 ¼ ξ2 ¼ 1:55, and ~ξ01 ¼ 1:43. The coefficients of
nonlinear damping are more phenomenological (23) and cannot
be calculated rigorously. For a circularly precessing macrospin,
the damping is often accounted for as ~Γ ¼ Γ0ð1þ jaj2Þ, i.e., with
the same nonlinear term as STT. Thus, we simply assume ξ ¼ ~ξ.

The STT efficiency for mode 2, which is different from the ones
of modes 0 and 1 due to the localization of this mode in both layers,
is calculated in a straightforward manner

σ2

σ
¼
ð1 � β2Þt1
t1 þ β2t2

ð6Þ

where t1 (t2) is the thickness of thin (thick) layer, and β is the ratio of
dynamic magnetization in thick layer to the one in thin layer. Using
this expression, we get σ2 = −0.16σ for θH = 0° and σ2 = 0.4σ for θH
= 2°.
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