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ABSTRACT: We demonstrate how the cascaded variational E = = (o] DO)H(r, )D(0) |tho)

L
A

quantum eigensolver (CVQE) can be applied to study molecular \/\

systems for the family of Jastrow ansatzes. Specifically, we applied

CVQE to the water molecule. We find that CVQE has a number of 20
advantages. In particular, our results show that CVQE requires 2 to E (Ha)
3 orders of magnitude fewer quantum computing (QC) executions ® _50
than VQE for the water molecule. Furthermore, our results indicate

that CVQE might provide some robustness against two-qubit gate 03
errors given that the number of CNOT gates used in our r ( A)
calculation was ~300 and the errors in the QC calculations are still r 1.3
comparable to those obtained by VQE.

1. INTRODUCTION classical computer according to a variational ansatz. A natural

choice of ansatz for CVQE is the Jastrow ansatz.”'*~*® The
Jastrow ansatz has been used in VQE-type algorithms in the past.
However, because the Jastrow operator is nonunitary, special
care needs to be taken when employing the ansatz for QC.
Previous methods for employing the Jastrow ansatz for QC
include adding auxiliary qubits,””*" approximating the oper-
ator,””*” and unitarization of the operator.””*>** CVQE allows
us to employ the Jastrow operator without auxiliary qubits,
approximations, or unitarization.

Herein, we explore the effectiveness of CVQE for studying
molecules using the Jastrow ansatz. In particular, we focus on the
water molecule. The insights we gain from studying the water
molecule can be extended to other molecules. We use both the
full Jastrow operator'® and a specific form of the Jastrow
operator that has only a single variational parameter. We
compare the single-parameter ansatz to the full Jastrow ansatz
and discuss the types of Hamiltonian terms that are well-
described using each. Furthermore, we compare CVQE using
the Jastrow ansatz to VQE using a hardware efficient (HE)
ansatz.” We show that CVQE requires many fewer circuit
executions than VQE. We also find that we are able to

The properties of a molecule can generally be determined from
its electronic ground state. Solving for the many-electron ground
state, however, is an exponentially hard task as the size of the
Fock space increases exponentially with the number of spin
orbitals. Consequently, classical electronic structure methods
must use approximations for all systems but the smallest
systems. In contrast, quantum computing (QC) may allow us to
avoid approximations as the full Fock space can be represented
in a quantum register composed of a number of qubits
proportional to the number of spin orbitals."”

Present day quantum computers are limited by environmental
noise, errors in implementing gate operations, and read-out
errors. The variational quantum eigensolver (VQE)* ™" seeks to
address some of these limitations. VQE is a method to solve for
the ground-state energy of molecules by using quantum circuits
composed of relatively few quantum logic gates. The small
number of quantum logic gates allows the quantum circuit to run
quickly, thus avoiding limitations arising from short relaxation
times. A downside of VQE is that it requires many circuit
executions. Thus, VQE suffers from a different limitation,
namely, that there are a limited number of QC resources
available and that the competition for computation time is high.

We can address both the issue of short relaxation times and Received:  February 20, 2024
resource scarcity using the cascaded variational quantum Revised:  April 8, 2024
eigensolver (CVQE). Unlike VQE, CVQE does not require Accepted:  April 10, 2024
circuit executions to be repeated throughout the parameter Published: May 2, 2024
optimization process.14’15 Instead, measurement samples
obtained from the quantum computer are processed on a
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Table 1. CVQE Algorithm Using the Jastrow Ansatz

AN

initialize the quantum register to [¥,)

apply Thouless operator U on the quantum computer

collect samples of measurements of UI‘P,,)

using the measurement samples of the quantum computer, compute E(6) and E(6 + d6)
evaluate g = a[E(0 + d0)
if g < €, return E(0), else, @ = @ — gd6 and go to step 4

- E(0)]

implement many more quantum gates using the CVQE method
than would be expected from the gate errors, suggesting that the
postprocessing in CVQE is compensating for some of the
quantum hardware errors.

The remainder of the article has the following outline: Section
2 describes the methods used throughout this work; Section 3
presents the results of our demonstration using the water
molecule. Some concluding remarks are provided in Section 4.

2. METHODS
CVQE uses an ansatz of the form
I¥(0)) = D(6)U1%,) (1)

where D(6) is a diagonal operator, which is applied during the
classical processing, 6 is a collection of variational parameters, U
is a unitary operator, which is applied to the quantum computer,
and W) is the initial state of the quantum computer. The goal is
to compute the energy expectation value

(P(0)IAI¥(9))
(P(0)I¥(0)) ()

of a Hamiltonian H. Given the measurement results of the

E(9) =

quantum state UI'¥,), an analytical equation for E(6) can be
derlved that is efficiently computable on a classical com-
puter.'*"> The efficiency of the calculation is due to D(@) being
diagonal. As long as D(#) contains only operators that are
diagonal in the initial basis of the quantum computer, the energy
expectation value E(#) can be calculated from sample
distributions measured in the same number of bases required
to calculate (¥JHIY,). Thus, as long as H contains
subexponential terms and D(6) is diagonal, E(0) is efficient to
calculate. We use the Jastrow ansatz to define D(6) and U."° The
form of the Jastrow ansatz motivates partitioning the
Hamiltonian into single-particle, diagonal two-particle, and
off-diagonal two-particle terms. We show that each Hamiltonian
term is treated differently by the ansatz.

2.1. Jastrow Ansatz. We will now define U/ and D(0) such
that the CVQE ansatz (1) becomes the Jastrow ansatz. Consider
a quantum computer composed of Q qubits indexed by the set
Q=1{0,1,.,Q— 1}. We set the unitary operator to the

Thouless operator*'

U=expl ), (Inf), el

99'€Q (©)
where 3; and ¢, change the state of qubit g and f transforms the

index basis. The operators E; and ¢, are related to the Fermionic

creation and destruction operators through a glven trans-
formation, i.e., the Jordan—Wigner (JW) transformation.*” The
matrix f has the property

quq, T

(4)

where &; is the transformation of a creation operator in a new

basis. The Thouless operator has the property

) =T @),

9€Q

o) =[] @)ulo),

q9€Q ©)
for all families of occupation numbers n = (”q)qea in the

Cartesian power N = {0, 1), where 10) is the vacuum state.
Thus, we can use the Thouless operator to change the basis of
any given occupation state.
The D(6) operator must be diagonal on the initial ba51s of the
6,17
quantum computer. We choose the Jastrow operator

D(0) = exp(— Z )
17€Q (6)
where #i, = &/¢
= %%
and quf is a real-valued variational parameter in the collection
= (6,4,)5cq- The accuracy of our method can be systemati-

is the transformation of the number operator

cally improved by including higher-order interaction terms in eq
6. However, for the purposes of this work, we will limit the
operator to second-order interactions.

We initialize the system on the Hartree—Fock (HF) basis so
that n, is the occupation of the HF orbital g. We initialize to the
state with the lowest N, spin orbitals occupied, where N, is the
number of electrons. We then use the Thouless operator to
rotate into the basis where the noninteracting part of the
Hamiltonian is diagonal. The Jastrow operator D(6) is applied
postmeasurement to account for interactions.

2.2. Defining the Hamiltonian for Use with the Jastrow
Ansatz. In order to apply the Jastrow ansatz, we need to solve
the noninteracting part of the Hamiltonian. Therefore, we need
to separate the Full-CI (FCI) Hamiltonian into interacting and
noninteracting parts

H=H +H, (7)
where H, contains only single-particle excitations
o L ais
= X bt
ra€Q (8)
and ﬁz contains two-particle excitations
Atata
= X hyiyth
pars (9)

and hpq,s

interacting Hamiltonian H, can be efficiently diagonalized

where h;, are coefficients given by H. The non-
classically. The eigenstates of H, are used to form the matrix f.

When f is formed in this way, the operators ﬁ; create electrons

which occupy the eigenstates of H,.

https://doi.org/10.1021/acsomega.4c01642
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For the purpose of our demonstration, it is helpful to also
separate the interacting Hamiltonian into diagonal and off-
diagonal pieces

H, = Hyp + Hyp (10)
where H,;, contains all of the diagonal two-particle operators

v 2D, A
Hyp = Z hq oty
PIEQ (11)

and H,;, contains all of the off-diagonal two-particle operators

roo 2F ptataa
o= 3 i
pars (12)
where hf,? and hf,qF,S are coefficients given by H,. The coeTfﬁcient

hﬁqu is defined to have the property that h;g,s =0 when E; ¢, 6,6 can

be written as a product of two number operators.
1 2D
2for the water mqlecule, we ‘ﬁnd.that qul.hquzmlhpq 1> g
Pisgrsl (see Appendix D). This hierarchy is beneficial for our
method as each of these types of terms is handled differently.

The Hamiltonian H, is solved by the Thouless operator. We
show below that the interactions in the diagonal Hamiltonian
H,, can be handled using a single-parameter ansatz. The

interactions in the off-diagonal Hamiltonian H, require the full
Jastrow ansatz. Furthermore, because we use 15(:92 to
incorporate interactions into the ansatz, and because D(6)
must be diagonal, we expect qulhpqw |>Z:pq,5|hpq,5ZF | to be highly
important to the success of our algorithm in all cases.

2.3. Overview of the Algorithm. Table 1 shows the steps
of the CVQE algorithm. We begin, in step 1, by initializing the
quantum register to |¥,), see eq S, where n is set so that the
lowest N, spin orbitals are filled. In step 2, we apply the Thouless
operator to the quantum computer, See reference 15" for a
detailed description of how to form U out of standard quantum
gates. In step 3, we collect measurement samples of the quantum
state. As shown in references 14'* and 15,"° the number of
measurements we need is exactly the same as the number of
measurements required to calculate the bare expectation value
(‘I’nlﬁ ¥ ). In step 4, we compute the energy expectation value
E(0) using the analytical equation derived in reference 15."° In
step S, we compute a second energy expectation value E( + d6)
where df is determined by some predefined optimization
scheme. Unless otherwise stated, we will use the simultaneous
perturbation stochastic approximation (SPSA).43 In step 6, we
compute g = a[E(0 + df) — E(0)] where «a is the predefined
learning rate. It is common practice to have an @ change during
the optimization. Unless otherwise stated, at a given iteration k,
we set

(k + 1)
A+k+1), (13)

with a = 0.0625 (Ha'"), y = 0.101, # = 0.201, and A = 10. These
values are selected because they tend to provide the fastest
optimization without reducing the accuracy of the final energies.
In step 7, we check whether the energy has converged by
comparing g to a predefined tolerance €. In practice, € is often
chosen after optimization has been run for a specified number of
iterations in order to get a sense of the variance in the data. If the
energy has converged, then the algorithm is terminated and E(6)
is returned. If the energy has not converged, then we return to
step 4 with an updated set of parameters.

3. RESULTS AND DISCUSSION

We demonstrate an algorithm for the water molecule. Herein,
we consider a 1s orbital for each hydrogen atom and 1s, 2s, and

a) b) £

Figure 1. Water molecule specifications. (a) Geometry of the water
molecule. The geometry is characterized by the distance r between the
hydrogen atoms and the oxygen atom and the angle ¢ between the
hydrogen atoms. Throughout, we set ¢ = 104.5°, which is the known
optimal angle for water. The equilibrium distance is r = 0.9584 A;
however, r is varied below. (b) Orbital occupation. The red balls
represent electrons and the blue lines represent energy levels in the HF
basis. We consider all 14 orbitals of the water molecule and the orbitals
are filled with 10 electrons.

)
—601
=
701
w
—801
b)
—601
T 65
w
—704
—751
0.25 1.00 1.75
r(A)

Figure 2. Energy expectation value using the single-parameter ansatz.
(a) Data for ﬁD = IfI1 + IfIZD. The solid gray curve Ej, is the ground-

state energy of A, found using direct diagonalization, the blue
diamonds S, are obtained from a noise-free simulation of our method,
and the light-blue triangles S$ are obtained from QC runs. (b) Data for
the FCI Hamiltonian except that Pauli terms with weight less than 0.05
Ha are cut. The solid black curve Ej is the exact ground-state energy of
the FCI Hamiltonian, the solid green curve Ey is from direct
diagonalization of the Hamiltonian cut at 0.05 Ha, the green diamonds
S55 are obtained from a noise-free simulation of our method, and the
light-green triangles S are obtained from QC runs. Note that Ep, is
unbounded but E, is bounded. The bounding can be seen more clearly
in Figure 8.

2p orbitals for the oxygen atom. These orbitals are described by
using the minimal STO-3G basis set provided in Psi4. We then
performed classical HF calculations to obtain the HF orbitals.
We obtain the Hamiltonian coeflicients hzl,q, hﬁqD , and h;g,s,
describing the HF orbital interactions, by calculating the
Hamiltonian integrals using OpenFermion with the Psi4
plugin.**** The water molecule and its orbital energy levels
are depicted in Figure 1. The geometry of the water molecule is
set such that the oxygen is at the origin and the hydrogen atoms

https://doi.org/10.1021/acsomega.4c01642
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05 1.0 15 20 simulated data and the data obtained from the quantum computer. The

Figure 3. Difference in the energy expectation value between the energy
from direct diagonalization and from the single-parameter ansatz. (a)
Data for Hy = H, + H,p. The energies are compared to Ep from
Figure 2a. The blue diamonds S, are obtained from a noise-free
simulation of our method and the light-blue triangles S are obtained
from QC runs. (b) Data for the FCI Hamiltonian except that Pauli
terms with weight less than 0.05 Ha are cut. The energies are compared
to Egg Figure 2b. The green diamonds S§ are obtained from a noise-free
simulation of our method, and the light-green triangles S are obtained
from QC runs. The energy differences in both plots are plotted on a log
scale.
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Figure 4. Energy expectation value for the Hamiltonian cut at 0.05 Ha.
The solid black curve E, is the ground-state energy for the FCI
Hamiltonian calculated using direct diagonalization. The green
diamonds S§ are from a noise-free simulation of the single-parameter
ansatz. The light-green triangles S& are from QC runs of the single-
parameter ansatz. The red squares Hys are from a noise-free simulation
of the HE ansatz. The light-red inverted triangles H$ are from QC runs
of the HE ansatz.

are at x; = + rsin¢g/2, y; = —rcos /2, and z; = 0. Each
hydrogen atom contributes 1 electron. The oxygen atom
contributes 8 electrons. In total, there are 14 orbitals and 10
electrons. We use the JW transformation to decompose the
Hamiltonian as a sum of Pauli terms. We use the construction in

light-green triangles S& show the difference between QC runs of the
single-parameter ansatz and noise-free simulations of the single-
parameter ansatz. The light-red inverted triangles H% show the
difference between QC runs of the HE ansatz and noise-free
simulations of the HE ansatz.

reference 15'° to transform the Thouless operator into a
quantum circuit. These transformations map the 14 orbitals
onto 14 qubits. The electron number is fixed by the initial state,
and the ansatz does not change the particle number.

3.1. Using a Single Variational Parameter. Let us define
the single-parameter ansatz

D(6) = exp(—6H,p) (14)

This single-parameter ansatz can be thought of as a
modification to the Gutzwiller ansatz, which is known to
capture the lowest-order effects of the electron—electron
interactions. In Figure 2, we plot the energy expectation value
results from CVQE using the single-parameter ansatz for the
water molecule, and in Figure 3, we plot the difference between
the energy results and the energy from direct diagonalization.
The optimization parameter € is scanned from 6, = —2 Ha'~ to o,
=2 Ha'" with a step size of d0 = 0.1 Ha'". The E, data in Figure

2a shows the ground-state energy of H, = H, + H,, calculated
using direct diagonalization. The data S}, represent a noise-free

simulation of the CVQE procedure for H,,. For S}, the minimum
value of 6 is found to be 6* = 0.2 Ha'~ for all values of r. The
energies in Sp have errors of less than 0.03 Ha. The high
accuracy of the single-parameter ansatz, in this case, is expected

because the two-body interactions that are included in ﬁD are

completely captured by H,p,. Thus, we expect the two-body
interactions to alter the ground state according to an operator of
the form (14) when there are no off-diagonal interactions.

The curve E; in Figure 2b shows the ground-state energy for
the FCI Hamiltonian found by direct diagonalization. The
remainder of the data in Figure 2b corresponds to the
Hamiltonian cut such that Pauli terms with weights less than
0.05 Ha are not included. See Appendix A for an explanation of
the cut. The data S5 show the results from running a noise-free
simulation for cut at 0.05 Ha. For S5, the minimum values of &
are found to be in the range 0 Ha'~ < 6* < 1 Ha'". The energies
in S5 have errors near 1 Ha.
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Table 2. Number of Circuit Executions for the Simulations. From Left to Right, the Columns Represent the Distance r between
the Oxygen and Hydrogen Atoms, the Number of Shots, the Number of Pauli Terms in the Hamiltonian, the Number of Iterations
Required to Converge VQE, the Total Number of Circuit Executions for VQE, and the Total Number of Circuit Executions for

CVQE
r (&) shots Pauli terms
0.25 1024 134
0.50 1024 150
0.75 1024 154
1.00 1024 162
1.25 1024 162
1.50 1024 166
1.7§ 1024 170
2.00 1024 170

iterations Nyqge Nevae
300 8.2 X 107 1.4 x 10°
152 47 x 107 1.5 x 10°
289 9.1 x 107 1.6 X 10°
278 9.2 x 107 1.7 X 10°
278 9.2 x 107 1.7 X 10°
289 9.8 X 107 1.7 x 10°
246 8.6 x 107 1.7 X 10°
253 8.8 X 107 1.7 X 10°

Table 3. Number of Circuit Executions for the QC Data. From Left to Right, the Columns Represent the Distance r between the
Oxygen and Hydrogen Atoms, the Number of Shots, the Number of Pauli Terms in the Hamiltonian, the Number of Iterations
Required to Converge QC Runs of VQE, the Total Number of Circuit Executions Used during the QC Runs of VQE, and the

Total Number of Circuit Executions Used for QC Runs of CVQE

r(A) shots Pauli terms iterations Nygg Nevae
0.25 1024 134 189 52 % 107 1.4 x 10°
0.50 1024 150 205 6.3 %107 1.5 x 10°
0.75 1024 154 122 3.8 X 107 1.6 x 10°
1.00 1024 162 71 24 %107 1.7 X 10°
1.25 102£4 162 80 2.7 X 107 1.7 x 10°
1.50 1024 166 68 2.3 %107 1.7 X 10°
1.75 1024 170 54 1.9 x 107 1.7 X 10°
2.00 1024 170 69 2.4 X 107 1.7 X 10°

—66

_68 4
—~ =70
] Uit S - S S S S . S S S S
5 _______________________________
w72

—74+

—76 T " ,

0 50 100 150 200
Iteration

0 100 200 300
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Figure 6. Energy as a function of the optimization iterations of various
noise-free simulations. The thin black line E; is the FCI ground-state
energy. The dark-green line Eys is the ground-state energy for the
Hamiltonian cut at 0.05 Ha, found using direct diagonalization. The
green curve S5 is data from the single-parameter ansatz with the
Hamiltonian cut at 0.05 Ha. The thick purple curve J3 is the Jastrow
ansatz with the Hamiltonian cut at 0.05 Ha. The thin brown line J§; is
the Jastrow ansatz with the Hamiltonian cut at 0.01 Ha. The dashed
brown line Ey, is the ground-state energy for the Hamiltonian cut at
0.01 Ha, found using direct diagonalization. Other dashed lines indicate
extrapolations of data that has converged.

Thus, we find that when there are no off-diagonal many-body
terms, the single-parameter ansatz is very accurate. However,
when I:IZF is included, there is error. This is due to the ground
state living outside of the manifold that the single-parameter
ansatz can access.

In Figure 2, S§ and S& represent QC data. For S3, the
minimum value of @ is found to be 6* = —0.05 Ha'~ for all values

Figure 7. Energy as a function of the optimization iterations of various
QC runs with a Hamiltonian cut at 0.05 Ha. The black line E; is the
ground-state energy for the FCI Hamiltonian calculated using direct
diagonalization. The light-green curve S% is the single-parameter
ansatz. The thin light-red curve HS is the HE ansatz. The thick pink
curve J& is the Jastrow ansatz. Dashed lines indicate extrapolations of
data that has converged.

of r. For S&, the minimum values of  are found to be in the
range —1 Ha'~ < 6% < 0 Ha'". The difference in the optimal
values of @ between the quantum data and the simulated data
suggests that the parameter adjusts for the errors due to QC
noise. Indeed, the errors are much less than expected given the
reported gate errors on the device which are between 0.5 and 2%
per CNOT gate. In the next section, we will compare the
quantum errors in CVQE to those found in VQE to get a better
understanding of how the QC noise accumulates with gate
number.

3.2. Comparison to the HE Ansatz. We compare the
results obtained from CVQE to those obtained from VQE. It is
not trivial to use the Jastrow ansatz with VQE; therefore, we use
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Table 4. Specifications of IBMQ Hanoi Based on the Date the Data Was Taken

physical qubit 925 q2 q19 qi6 14 13
frequency (GHz) 4.81 492 5.0 4.88 5.05 4.96
T1 (us) 2335 1947 1610 1939 1606  277.9
T2 (us) 99.9 85.3 2365 1911 250 3227

readout error (%) 1.11 3.04 0.64 1.01 0.93 5.67
/X error (%) 0017 0019 0014 0031 0021  0.019
CX, 0.811

CX,
CX.
CX,
CX.
CX,
CX,
CX,
CX,
X
CX,

CX.
CX
CX,

q0,qi €ITOT
0.811

error 0.81S5

ql,qi

error 0.815 0.669

92,91
0.669

error 2.358

q3,qi
error

2.358 0.563

q4qi
0.563

q5,qi €ITOr
q6,qi EITOT 0.491

a7,qi €ITOT

q8,qi EITOT

error

ql0qi €rror

qll,qi €ITOr

q12,qi €ITOT

q13,qi €LTOr

q12 q10 q7 94 4 9@ 93 4qs
4.72 4.82 4.92 5.07 5.16 5.26 S.1 521
266.0 211.1 2182 153.3 106.6 155.9 117.0 144.9
198.6 234.6 239.8 20.7 102.5 183.6 32.1 187.2
1.78 242 1.21 1.01 1.14 1.72 1.66 0.67
0.021 0.022 0.012 0.026 0.031 0.053 0.122 0.019
0.491
0.794
0.794 0.565
0.565 1.085
1.085 0.562
0.562 0.571
0.571 1.878
1.878 1.131
1.131

the HE ansatz. Each HE ansatz layer is built from a layer of
CNOT gates connecting every neighboring qubit (on the
hardware level) and a layer of R” gates (single qubit rotations
around the y-axis of the Bloch sphere) acting on every qubit.
There is a variation of the parameter for each R” gate. We use
SPSA as our optimizer for VQE. We start the optimization using
random angles, which tends to improve the final energies, see
Appendix C. We find that for more than 2 layers of the HE
ansatz, the energy expectation value does not converge within
300 iterations. Therefore, we restricted the algorithm to 2 layers.

Figure 4 shows a comparison of the energy expectation values
obtained from a 2-layer HE ansatz using VQE and the single-
parameter ansatz using CVQE. Figure S shows the differences in
energy between the data obtained from the simulations and the
quantum computer. The data S5; and Hj represent results from
the noise-free simulation for the single-parameter ansatz and the
HE ansatz, respectively. We find that the single-parameter ansatz
provides an energy closer to the true ground-state energy than
the HE ansatz. This is remarkable as the 2-layer HE ansatz has 28
variational parameters. The accuracy of the single-parameter
ansatz demonstrates the advantage of using a physically
motivated ansatz.

The S and HE in Figures 4 and S represent QC data for the
single-parameter ansatz and the HE ansatz, respectively. The
energy differences from the QC data for the single-parameter
ansatz and the HE ansatz are comparable. This is remarkable as
the 2-layer HE ansatz has only 26 CNOT gates, while our
construction of the Thouless operator contains 364 CNOT
gates. Furthermore, the CNOT error for the IBM quantum
computers we used ranges between about 0.5 and 2%. With 364
CNOT gates each applying 0.5% error, we would not expect any
useable results. The relatively high fidelity of our approach can
be explained by the postprocessing in CVQE. Because CVQE
adjusts the probability distribution after the quantum measure-
ments are taken, some of the QC noise is effectively removed
during the classical optimization step. This could be a major
advantage for CVQE.

Another advantage of the CVQE algorithm is the low number
of required circuit executions. In Table 2, we show the total
number of circuit executions used during the simulations of both
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CVQE and VQE. The number of executions required for VQE is
Nyqg = 2 X shots X Pauli terms X iterations. For CVQE, the
iterations are performed classically; thus, the number of circuit
executions is only Ncyqg = shots X Pauli terms. The factor of 2 in
Nyqr comes from the fact that we calculate two energy
expectation values per iteration using SPSA. From the table, we
see a 2-order-of-magnitude decrease in Ncyqg as compared to
Nyqe-

Table 3 shows the number of circuit executions used during
the QC execution of both VQE and CVQE. The difference in
the number of circuit executions is less pronounced in the QC
data. The QC noise makes it impossible to resolve fine-tuned
optimization, and thus, the number of iterations until
convergence is fewer.

3.3. Free Variational Parameters. We consider the full
Jastrow operator (6) and allow each of the Ny= (Q+1) X Q/2 =
105 (one for each unique operator in eq 6) variational
parameters to vary independently. The full Jastrow ansatz does
not introduce additional complexities for the quantum
computer, and in fact, the same measurement results are used
for the full Jastrow ansatz as were used for the single-parameter
ansatz. In Figure 6, we show the energy during the optimization
procedure for a noise-free simulation of CVQE. See Appendix B
for a description of the optimization procedure. The data J5
show runs of the Jastrow ansatz with independent variational
parameters. We find that there is a substantial improvement over
the single-parameter ansatz. The difference between Ey; and the
final value of J5; is less than 0.017 Ha. This error is less than the
error due to cutting the low-weight Pauli terms in the
Hamiltonian. Therefore, we ran the algorithm again, including
Pauli terms with weights greater than 0.01 Ha. The difference
between E, and the final value of J3, is less than 0.05 Ha.

In Figure 7, we show the energy during the optimization
procedure using the QC results. The data J§& represent data
using the Jastrow ansatz. We find that the full Jastrow ansatz
outperforms both the single-parameter ansatz and the 2-layer
HE ansatz by approximately an order of magnitude. The
difference between E, and the final value of J$ is less than 0.14
Ha. Furthermore, the energy obtained from QC runs of the full
Jastrow ansatz is closer to its noise-free simulation than is that of
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Table S. Specifications of IBMQ Mumbai Based on the Date the Data Was Taken

physical qubits 4 q4 q7 q10 912 Qs
frequency (GHz) 4.93 5.02 4.89 4.96 4.74 4.85
T1 (us) 183.7 104.0 1282 114.3 182.3
T2 (us) 89.7 36.7 89.2 262.9 190.9
readout error (%) 128 1.78 1.67 1.52 3.06 1.79
/X error (%) 0016 0027 0022 002 0.015
CXq0,4i 0.846
CX
CX.
CX
CX.
CX,
CXyeq
CX,
CX,
CX.
CX
CX.
CX
CX,

error

error 0.846 1.327

ql,qi
q2,qi €ITOr 1.327 0.757
error

0.757 0.536

q3,qi

q4qi EITOT 0.536

q5,qi €ITOT 0.839

error

a7,qi €ITOT

q8,qi EITOT

9,qi €ITOr

ql0qi €rror

qll,qi €ITOr

q12,qi €ITOT

q13,qi €LTOr

184.5
187.8

0.018

0.839

0.751

q18 921 923 924 9as 92 919 920
4.78 4.93 4.88 4.67 4.76 491 4.82 5.04
136.4 76.6 74.8 152.3 217.5 50.8 148.3 143.1
149.9 98.4 22.1 65.5 64.9 65.1 246.5 131.0
6.23 3.09 8.26 391 1.71 1.11 1.76 1.43
0.021 0.028 0.056 0.036 0.02 0.023 0.021 0.018

0.751

0.657
0.657 1.248
1.248 2.067
2.067 0.562
0.562 0.616
0.616 0.681
0.681 0.542

0.542

Table 6. Specifications of IBMQ Guadalupe Based on the Date the Data Was Taken

physical qubit s 10 4 4 @ %@
frequency (GHz) 513 5.43 52 5.35 5.16 5.31
T1 (us) 884 779 1271 358 982 499
T2 (us) 1159 1240 1387 638 1366 761
readout error (%) 1.62 34 1.8 242 1.42 1.79
/X error (%) 0022 002 0019 0294 0033
CXgoqi
Cxql,qi error
CX,
CX
CX,
CX,
CX,
CX,
CX
CX,
CX
CXaing
CX,
CX,

error
0.557
0.557

error 6.328

92,91

6.328

3qi €ITOr 1.759

q4qi EITOT 1.759

q5,qi €ITOT 0.962

46,qi EITOT 1.261

q7,qi €ITor

48,qi €ITOT

9,qi €ITOT
q10,qi €ITOr

error
error
error 0.61

q12,qi

a3 1.424

0.036

0.962

q3 qs qs 99 91 q14 q13 q12
5.47 5.3 5.17 5.25 5.39 5.2 5.04 5.26
109.9 139.3 134.3 100.3 75.2 69.8 154.3 86.5

152.4 109.8 145.6 74.2 81.5 104.7 105.9 145.7
1.51 1.47 2.07 2.18 2.36 1.95 1.02 1.59
0.025 0.032 0.022 0.031 0.089 0.026 0.021 0.02
0.61

1.424

1.261

1.116
1.116 0.571
0.571 0.789 0.92
0.789
0.92 1.229

1.229 0.954

0.954 0.57

0.57

the single-parameter ansatz. This is expected as increasing the
number of free variational parameters increases the ability of the
classical optimization procedure to mitigate QC errors.

4. CONCLUSIONS

We have demonstrated that CVQE, using the Jastrow ansatz, is
an effective algorithm for studying the water molecule. As we
have not tailored our algorithm based on any of the symmetry
properties of the water molecule, we expect our method to be
effective for molecules in general.

Furthermore, we have demonstrated that CVQE has a
number of advantages over VQE. For one, CVQE requires
orders of magnitude fewer QC executions. This is especially
important for molecular Hamiltonians, which can contain
thousands of Pauli terms, even for small molecules. Second,
we find that the postprocessing in CVQE provides robustness to
quantum hardware errors. This allows the quantum part of the
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algorithm to contain many more gates than are otherwise
possible.

The results of this work demonstrate that CVQE is
particularly suited for near-term QC studies of molecules,
where the QC noise is high and resources are limited. As
quantum hardware continues to improve, studying larger
molecules will become practical.

B APPENDIX A

Cutting Pauli Terms

The Hamiltonian cut in the main text is made to reduce the
number of Pauli terms in order to improve the run time of the
optimization. As we are limited to two-body interactions, the
number of Pauli terms does not grow exponentially but it can
still be a bottleneck for large systems. For the water molecule, we
have nearly 3000 Pauli terms in H, . Cutting the terms that have
weights less than 0.05 Ha reduces the number of terms to around
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Table 7. Specifications of IBMQ Kolkata Based on the Date the Data Was Taken

physical qubit 92 s D4 D3 91 q18
frequency (GHz) S.12 4.92 5.0 S5.14 5.27 5.09
T1 (us) 136.8 191.7 76.1 159.4 83.4 137.3
T2 (us) 38.8 168.1 32.0 163.9 94.6 87.9

readout error (%) 1.44 0.84 0.72 0.69 0.63 0.78

q1s 912 913 914 91 qs qs 3
5.03 4.96 5.02 5.12 4.88 4.96 S.1 4.87
82.2 198.5 171.4 170.4 15.4 144.3 95.3 104.6
157.4 90.3 224.2 132.2 18.4 133.8 40.4 57.6

0.96 112 0.94 0.66 4.68 1.44 2.41 3.71

\/X error (%) 0.028 0.017 0.056 0.018 0.021 0.015 0.026 0.049 0.027 0.019 0.153 0.013 0.017 0.146
CXgo,qi error 0.517
CXg1,q etror 0.517 100
CXga,qi error 100 0.548
CXg3,qi error 0.548 0.5
CXg4,q error 0.5 0.663
CXgs,qi error 0.663 1.174
CXg6,qi error 1.174 0.588
CXy7,qi error 0.588 0.697
CXys,qi error 0.697 0.565
CXgo,qi error 0.565 4.883
CXg10,qi error 4.883 1.979
CXgt1,qi error 1.979 0.603
CXg12,qi error 0.603 2.064
CXq13,qi error 2.064
Table 8. Specifications of IBMQ Washington Based on the Date the Data Was Taken
physical qubit 943 934 924 s 926 927 928 29 T30 31 93 936 qs1 4qs0
frequency (GHz) 5.03 4.94 4.77 4.87 5.0 5.08 5.2 4.99 5.08 S.13 5.2 S.1 S5.21 5.02
T1 (us) 103.9 78.2 142.6 136.3 92.8 146.0 109.5 81.3 136.7 63.0 92.4 1258.5 1189 99.9
T2 (us) 135.2 138.3 156.5 119.1 164.6 60.4 90.4 18.7 172.2 58.4 32.0 128.4 87.4 174.8
readout error (%) 2.92 2.41 4.69 0.84 0.24 S.1 0.33 0.81 0.23 0.31 0.29 0.69 0.46 5.86
\/X error (%) 0.025 0.027 0.328 0.023 0.056 0.024 0.022 0.022 0.038 0.035 0.025 0.043 0.023 0.025
CXqo,q etror 1.041
CXg1,qi error 1.041 2.54
CXgp,q etror 2.54 0.973
CXg3,q error 0.973 0.729
CXg4,qi error 0.729 0.845
CXgs,q etror 0.845 1.454
CXgé,qi error 1.454 0.653
CXg7,q etror 0.653 0.81
CXgs,q error 0.81 0.779
CXy,qi error 0.779 0.798
CXq10,qi €rror 0.798 0.819
CXq“’qi error 0.819 0.838
CX12,qi €rror 0.838 0.711
CXg13,qi error 0.711
—-73.0 to the QC noise. As quantum hardware improves, we can reduce
the cut value so that the QC noise is always the dominant source
—73.81 of error. With the absence of QC noise, as the cutoff is reduced
E to zero, the results will converge to the FCI results. Cutting the
@ —746] terms that have weight less than 0.01 Ha only reduces the
number of terms to around 1500 but the ground-state energy is
nearly identical to the FCI ground state. Figure 8 shows the
—75.54, , . . ground-state energy calculated by diagonalizing the Hamil-
0.5 1.0 15 2.0 tonian cut at 0, 0.05, and 0.01 Ha. The error from cutting at 0.05
r (A Ha is smaller than the error from using the single-parameter

Figure 8. Ground-state energy calculated using direct diagonalization
as a function of . The thin black line E is the FCI ground-state energy.
The thick dark-green line E; is for a cut at 0.05 Ha. The dashed brown
line E,, is for a cut at 0.01 Ha.

300. This cut tends to cause large errors in the ground-state
energy; however, these errors are much less than the errors due
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ansatz. The error from cutting at 0.01 Ha is smaller than the
error from using the full Jastrow ansatz.

B APPENDIX B

Optimizer
For CVQE, we modified the SPSA in the following way. In
SPSA, two near but arbitrarily different parameter sets are
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Table 9. Specifications of IBMQ Montreal Based on the Date the Data Was Taken

physical qubits 93 9s 9s qn 914 913
frequency (GHz) S 5.03 491 5.03 4.96 4.87
T1 (us) 756 1310 1120 1057 97.5  99.6

T2 (us) 65.4 98.5 142.3 S1.7 97.1 68.9
readout error (%) 1.11 2.09 1.48 1.27 0.98 0.71
\/X error (%) 0.026 0.033 0.019 0.025 0.022
CX, 0915

CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,

q0,qi €ITOT

0915 0.651
0.651 0.74
error 0.74

error

qlqi €ITor

42qi €ITOr

B 0.559

. 0.559
0735

error 0.7

qs,qi €ITOT
96,qi

a7,qi €ITOT
q8,qi EITOT

9,qi €ITOr

ql0qi €rror

qll,qi €ITOr

q12,qi €ITOT

q13,qi €LTOr

0.016

0.735

q12 Qs 918 921 923 D24 Qs 926
4.97 5.03 4.98 5.07 4.97 5.08 4.93 5.0
58.0 111.0 80.5 101.2 144.8 109.5 95.3 92.9
66.8 130.6 27.3 49.0 38.7 64.0 77.7 165.1
3.27 2.05 3.23 2.19 9.67 3.96 0.83 0.98
0.025 0.027 0.037 0.047 0.023 0.022 0.029 0.045

0.7

1.204
1.204 1.186
1.186 1.327
1.327 0.791
0.791 0.947
0.947 0.871
0.871 0.692

0.692

Table 10. Specifications of IBMQ Toronto Based on the Date the Data Was Taken

physical qubits ds a7 4 @ %@ s
frequency (GHz) 5.15 4.92 5.09 5.0 5.14 521
T1 (us) 827 1388 1174 1258  94.1 1122
T2 (us) 568 1961 1249 1268 1174 1539
readout error (%) 8.61 3.59 4.58 3.76 0.98 1.26
/X error (%) 0032 0017 0018 0035 0028 005
CX, 0.629

CX,
Xy
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CX,
CXyng
CX,

q0,qi €ITOT

error 0.629 0.875

ql,qi
0.875

error 0.727

error 0.727 1.265

93,qi
1.265

error 0.779

q4,q

error 0.779

q5,q

error 0.917

96,qi

47,qi EITOr

48,qi €ITOT

9,qi €ITOr

q10,qi €ITOr

ql1,qi €ITor

error

q13,qi €ITOr

qs qs qu 914 913 q12 qdis 18
5.17 5.03 S.12 5.02 5.13 4.93 5.09 5.06
119.6 117.0 127.7 125.5 111.1 98.6 102.3 94.0
184.7 133.7 207.7 233.8 137.5 143.4 60.5 116.3
1.18 1.48 1.16 1.34 21.06 7.93 27458 1.57
0.032 0.026 0.025 0.02 0.028 0.252 0.112 0.146

0917

0.776
0.776 0.571
0.571 0.908
0.908 0.904
0.904 3.307
3.307 2.016
2.016 1.886

1.886

chosen. The parameters are then adjusted proportional to the
energy difference from the two parameter sets. We find that
simply choosing the better parameter set as the updated set
shows better convergence. In this way, energy never increases.

We initialize the optimization using random angles.

B APPENDIX C

Initialization of VQE Angles

In the main text, we use randomly initialized angles for the HE
ansatz. This was chosen because random angles tend to produce
better final energies than initializing to the HF state. Figure 9
shows the optimized energies using both random initial angles
and angles initialized to the HF state. We see that the randomly

initialized angles perform better.
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random
EOS

HF
E05

Figure 9. Ground-state energy calculated using the VQE with the HE
ansatz as a function of r. The thin black line Ej is the FCI ground-state
energy. The dark-red squares Eys™"%™ are for a cut at 0.05 Ha using
random initialized angles for the HE ansatz. The light-red hexagons
Eos™F are for a cut at 0.05 Ha using angles initialized to the HF state.
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B APPENDIX D
— 651 [_Eos U a 53 Jocz?s]
Hamiltonian Hierarchies
In the main text, we claim that the i A
. T
qu |h11,q| > qu |h;‘;)| > qurs h;‘g,s. In Figure 10, we plot each o 701 A R . .
of these terms. We see that the inequalities do indeed hold over 4
the range of r values used in the main text. \ .
=751, 8 - —
— 05 1.0 15 2.0
r (A)
— o Figure 12. Energy expectation values from the QC including
1 pa b unoptimized data. The solid green curve Es is from direct
> |h;27qD diagonalization of the Hamiltonian cut at 0.05 Ha; the orange plus
DI signs are obtained from QC runs without applying any postprocessing
optimization; the light-green triangles Sys¢ are obtained using the
single-parameter ansatz; the pink circle is obtained from the full Jastrow
05 10 15 20 ansatz. We ran the full Jastrow ansatz for only a single r value as the
r (A) calculations take weeks to complete.

Figure 10. Strength of each Hamiltonian as a function of r. The thick
blue line is for I:I1 , the orange line is for H,p, and the thin green line is for

H,p.

B APPENDIX E

Single-Parameter Scans
In Figure 11, we show plots of the energy as a function of the
parameter in the single-parameter ansatz. Often, there is a large

a)

=50
E (Ha)
=70
0.3 i
ST

1
01 —
9 0.8

°)
—20
E (Ha)
—50
03 .
137 )
0.2 9
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03 .,
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1.3r( )

4 -20
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-0.2

-03 0 -1.0

Figure 11. Scans of energy as a function of the parameter in the single-
parameter ansatz at different values of r. (a) Simulations for the Hj,
Hamiltonian. (b) Simulations for the Hamiltonian cut at 0.05 Ha. (c)

Quantum data for the A, Hamiltonian. (d) Quantum data for the
Hamiltonian cut at 0.05 Ha.

range in the parameter values where the energy is relatively flat.
The fact that the reported optimal value for the Hj, scans is the
same for all r is likely due to the discretization of #. With a
smaller step size, we expect the optimal value to vary slightly.

B APPENDIX F

Bare Thouless Energies

In Figure 12, we plot the energies obtained from the QC runs
including the unoptimized energies calculated by applying the
Thouless operator and taking the energy expectation value of the
resulting quantum state. We see that the single-parameter ansatz

21362

shows significant improvement over the unoptimized data.
Furthermore, the full Jastrow ansatz applied an order of
magnitude’s improvement over the unoptimized data.

B APPENDIX G

Device Specifications

We chose the backend with the shortest queue for each job.
Because CVQE requires only a single QC run, we were able to
collect all of the data for CVQE in a single job, which was run on
IBM Hanoi. This data was used in both the single-parameter
ansatz and the full Jastrow ansatz for all values of .

For VQE, each optimization step requires a new QC run.
Thus, we ran each value of r as a separate job. The data for r =
0.25, r = 1.0, and r = 1.5 was obtained from IBM Montreal. The
data for r = 0.5 was obtained from IBM Mumbai. The data for r =
0.7S5 was obtained from IBM Guadalupe. The data for r = 1.25
was taken from IBM Kolkata. The data for r = 1.75 was obtained
from IBM Toronto. The data for r = 2.0 was taken from IBM
Washington.

In (Tables 4—10), the physical qubits refer to the actual qubits
on the chip and they are presented in the order in which the
orbitals are mapped. When transpiling the circuits to the
quantum chip, the qubit indices are mapped using the built-in
Qiskit transpiler. The CX‘M, gates represent controlled NOT

gates controlled by logical qubit g; and targeting logical qubit g;.
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