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Abstract

Kernel methods are powerful machine learning techniques which use generic non-linear
functions to solve complex tasks. They have a solid mathematical foundation and exhibit
excellent performance in practice. However, kernel machines are still considered black-

box models as the kernel feature mapping cannot be accessed directly thus making the ker-
nels difficult to interpret. The aim of this work is to show that it is indeed possible to interpret
the functions learned by various kernel methods as they can be intuitive despite their com-
plexity. Specifically, we show that derivatives of these functions have a simple mathematical
formulation, are easy to compute, and can be applied to various problems. The model func-
tion derivatives in kernel machines is proportional to the kernel function derivative and we
provide the explicit analytic form of the first and second derivatives of the most common ker-
nel functions with regard to the inputs as well as generic formulas to compute higher order
derivatives. We use them to analyze the most used supervised and unsupervised kernel
learning methods: Gaussian Processes for regression, Support Vector Machines for classifi-
cation, Kernel Entropy Component Analysis for density estimation, and the Hilbert-Schmidt
Independence Criterion for estimating the dependency between random variables. For all
cases we expressed the derivative of the learned function as a linear combination of the ker-
nel function derivative. Moreover we provide intuitive explanations through illustrative toy
examples and show how these same kernel methods can be applied to applications in the
context of spatio-temporal Earth system data cubes. This work reflects on the observation
that function derivatives may play a crucial role in kernel methods analysis and
understanding.

1 Introduction

Kernel methods (KMs) constitute a standard set of tools in machine learning and pattern anal-
ysis [1, 2]. They are based on a mathematical framework to cope with nonlinear problems
while still relying on well-established concepts of linear algebra. KMs are one of the preferred

PLOS ONE | https://doi.org/10.1371/journal.pone.0235885 October 29, 2020

1/30


https://orcid.org/0000-0002-6739-0053
https://orcid.org/0000-0002-8258-4454
https://doi.org/10.1371/journal.pone.0235885
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0235885&domain=pdf&date_stamp=2020-10-29
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0235885&domain=pdf&date_stamp=2020-10-29
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0235885&domain=pdf&date_stamp=2020-10-29
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0235885&domain=pdf&date_stamp=2020-10-29
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0235885&domain=pdf&date_stamp=2020-10-29
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0235885&domain=pdf&date_stamp=2020-10-29
https://doi.org/10.1371/journal.pone.0235885
https://doi.org/10.1371/journal.pone.0235885
https://doi.org/10.1371/journal.pone.0235885
http://creativecommons.org/licenses/by/4.0/
https://github.com/IPL-UV/sakame
https://github.com/IPL-UV/sakame

PLOS ONE

Kernel methods and their derivatives

source and available at: https://www.
earthsystemdatalab.net/.

Funding: GCV 647423 European Research Council
https://erc.europa.eu/ The funders had no role in
study design, data collection and analysis, decision
to publish, or preparation of the manuscript.

Competing interests: The authors have declared
that no competing interests exist.

tools in applied sciences, from signal and image processing [3], to computer vision [4] and
geosciences [5]. Since its introduction in the 1990s through the popular support vector
machines (SVMs), kernel methods have evolved into a large family of techniques that cope
with many problems in addition to classification. Kernel machines have also excelled in regres-
sion, interpolation and function approximation problems [3], where Gaussian Processes (GPs)
[6] and support vector regression [7] have provided good results in many applications. Fur-
thermore, many kernel methods have been engineered to deal with other relevant learning
problems; for example, density estimation via kernel decompositions using entropy compo-
nents [8]. For dimensionality reduction and feature extraction, there are a wide family of mul-
tivariate data analysis kernel methods such as kernel principal component analysis [9], kernel
canonical analysis [10] or kernel partial least squares [11]. Kernels have also been exploited to
estimate dependence (nonlinear associations) between random variables such as kernel mutual
information [12], or the Hilbert-Schmidt Independence Criterion [13]. Finally in the litera-
ture, we find kernel machines for data sorting [14], manifold learning and alignment [15], sys-
tem identification [16], signal deconvolution and blind source separation [3].

However, understanding a model is more difficult than just applying a model, and kernel
methods are still considered black-box models. Little can be said about the characteristics of
the feature mapping which is only implicit in the formulation. Several approaches have been
presented in the literature to explore the kernel feature mapping and to understand what the
kernel machine is actually learning. One way to analyze kernel machines is by visualizing the
empirical feature maps but this is very challenging and only feasible in low-dimensional prob-
lems [1, 17]. Another approach is to study the relative relevance of the input features (covari-
ates) on the output. This is commonly referred to as feature ranking and it typically reduces to
evaluating how the function varies when an input is removed or perturbed. Automatic rele-
vance determination (ARD) kernels [6] or multiple kernel learning [18] allow one to study the
relevance of the feature components indirectly. While this approach has been extensively used
to improve the accuracy and understanding of supervised kernel classifiers and regression
methods, they only provide feature ranking and nothing is said about the geometrical proper-
ties of the feature map. In order to resolve this, two main approaches are available in the kernel
methods literature. For some particular kernels one can derive the metric induced by the ker-
nel to give insight into the surfaces and structures [19]. Alternatively, one can study the feature
map (in physically meaningful units) by learning the inverse feature mapping; a group of tech-
niques known as kernel pre-imaging [20, 21]. However, the current methods are computation-
ally expensive, involve critical parameters, and very often provide unstable results.

Function derivatives is a classical way to describe and visualize some characteristics of mod-
els. Derivatives of kernel functions have been introduced before, yet mostly used in supervised
learning as a form of regularization that controls fast variations of the decision function [22].
However, derivatives of the model’s function with regards to the input features for feature
understanding and visualization has received less attention. A recent strategy is to derive sensi-
tivity maps from a kernel feature map [23]. The sensitivity map is related to the squared deriva-
tive of the function with respect to the input features. The idea was originally derived for
SVMs in neuroimaging applications [24], and later extended to GPs in geoscience problems
[25-28]. In both cases, the goal was to retrieve a feature ranking from a learned supervised
model.

In this paper, we analyze the kernel function derivatives for supervised and unsupervised
kernel methods with several kernel functions in different machine learning paradigms. We
show the usefulness of the derivatives to study and visualize kernel models in regression, classi-
fication, density estimation, and dependence estimation with kernels. Since differentiation is a
linear operator, most kernel methods have a derivative that is proportional to the derivative of
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the kernel function. We provide the analytic form of the first and second derivatives of the
most common kernel functions with regards to the inputs, along with iterative formulas to
compute the m-th order derivative of differentiable kernels, and for the radial basis function
kernel in particular; where m is the number of successive derivatives. In classification prob-
lems, the derivatives can be related to the margin, and allow us to gain some insight on sam-
pling [29]. In regression problems, a models’ function derivatives may give insight about the
signal and noise characteristics that allow one to design regularization functionals. In density
estimation, the second derivative (the Hessian) allows us to follow the density ridge for mani-
fold learning [30], whereas in dependence estimation squared derivatives (the sensitivity
maps) allows one to study the most relevant points and features governing the association
measure [31]. All in all, kernel derivatives allow us to identify both examples and features that
affect the predictive function the most, and allow us to interpret the kernel model behavior in
different learning applications. We show that the solutions can be expressed in closed-form for
the most common kernel functions and kernel methods, they are easy to compute, and we give
examples of how they can be used in practice.

The remainder of the paper is organized as follows. Section 2 briefly reviews the fundamen-
tals of kernel functions and feature maps, and concentrates on the kernel derivatives for feature
map analysis where we provide the first and second order derivatives for most of the common
kernel functions. We also review the main ideas to summarize the information contained in
the derivatives. Section 3 and Section 4 study popular discriminative kernel methods, such as
Gaussian Processes for regression and support vector machines for classification. Section 5
analyzes the interesting case of density estimation with kernels, in particular through the use
of kernel entropy component analysis for density estimation. Section 6 pays attention to the
case of dependence estimation between random variables using the Hilbert-Schmidt indepen-
dence criterion in cases of dependence visualization maps and data unfolding. Section 7 illus-
trates the applicability of kernel derivatives in the previous kernel methods on spatio-temporal
Earth system science data. We conclude in section 8 with some final remarks.

2 Kernel functions and the derivatives
2.1 Kernel functions and feature maps

In this section, we briefly highlight the most important properties of kernel methods, needed
to understand their role of the kernel methods mentioned in the subsequent sections. Recall
that kernel methods rely on the notion of similarity between points in a higher (possibly infi-
nite) dimensional Hilbert space. Let us consider a set of empirical data X = {x,,...,x,},
whose elements are defined in a d-dimensional input space, x, = [x!,...,x/] ¢ R, 1<i<n.
In supervised settings, each input feature vector x is associated with a target value, which can
be either discrete in the classification case, y, € Z" or real in the regression case, y, € R, i =1,

.., n. Kernel methods assume the existence of a Hilbert space H with an inner product (-, -),,
where samples in X’ are mapped into with a feature map ¢ : X — H, x;—¢(x;), 1 <i < n. The
mapping function can be defined explicitly (if some prior knowledge about the problem is
available) or implicitly, which is often the case in kernel methods. The similarity between the
elements in H can be estimated using its associated dot product (-, -),, via reproducing kernels
in Hilbert spaces (RKHS), k : X x & — R, such that pairs of points (x, x') — k(x, ). So we
can estimate similarities in H without the explicit definition of the feature map ¢, and hence
without having access to the points in H. This kernel function k is required to satisfy Mercer’s
Theorem [32].
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Definition 1 Reproducing kernel Hilbert spaces (RKHS) [33]. A Hilbert space 'H is said to be
a RKHS if: (1) The elements of H are complex or real valued functions f(-) defined on any set of
elements x; And (2) for every element x, f{-) is bounded.

The name of these spaces comes from the so-called reproducing property. In a RKHS H,
there exists a function k(-, -) such that

f@) = k(5 x)p fEH, (1)
by virtue of the Riesz Representation Theorem [34]. In particular, for any x,x’ € X
k(xa xl) = <k('7x)a k('vxl»}t (2)

A large class of algorithms have originated from regularization schemes in RKHS. The rep-
resenter theorem gives us the general form of the solution to the common loss function formed
by the loss term and a regularization term.

Theorem 1 (Representer Theorem) [34, 35] Let Q : [0, 00) — R be a strictly monotonic
increasing function; let V : (X x R*)" — R U {oo} be an arbitrary loss function; and let H be a
RKHS with reproducing kernel k. Then:

fr=min{V((x, y,f(x)),- - (5,7, (%)) + QI f 113)} (3)

admits a space of functions f defined as
flx) = Zocik(x, x), o, €R, aecR" (4)
i=1

which is expressed as a linear combination of kernel functions. Also note that the previous the-
orem states that solutions imply having access to an empirical risk term V and a regularizer €.
In the case of not having labels y;, alternative representer theorems can be equally defined. A
generalized representer theorem was introduced in [36], which generalizes Wahba’s theorem
to a larger class of regularizers and empirical losses. Also, in [37], a representer theorem for
kernel principal components analysis (KPCA) was used: the theorem gives the solution as a
linear combination of kernel functions centered at the input data points, and is called the rep-
resenter theorem of learning theory [38], whereby the coefficients are determined by the eigen-
decomposition of the kernel matrix [9, 36]. Should the reader want more literature related to
kernel methods, we highly recommend this paper [39] for a more theoretical introduction to
Hilbert-Spaces in the context of kernel methods and [3] for a more applied and practical
approaches.

2.2 Derivatives of linear expansions of kernel functions

Computing the derivatives of function f can give important insights about the learned model.
Interestingly, in the majority of kernel methods, the function fis linear in the parameters e, cf.

Eq (4) derived from the representer theorem [35] [Th. 1]. For the sake of simplicity, we will

_ )
ox 2

denote the partial derivative of fw.r.t. the feature ¥’ as Of (x) where j denotes the

dimension. This allows us to write the partial derivative of f as:

Df(x) = agi’f) = az,.:lgj(x, %) 3, Lg;"f) = (0k(x))"a, (5)

i=1

: : T
where 9 k(x) := [Flen) ()kgj")] eR"anda = [n,,...,a,]" €R" Itis possible to take
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the second order derivative with respect to feature ' twice which remains linear as well with a:

82f(x) — af(x) _ 9 Ziaik"(xv xi) _ Z‘xia k(xa xi) — (8j2k(x))Ta, (6)

N Ox* l. Oxi°
here 9%k(x) = |#4ex) . #%es)] " ¢ R Inductively, the m-th partial derivati tth
where 0 k(x) := | =5, ..., =53 . Inductively, the m-th partial derivative w.r.t the
j-th feature is also linear with & and it follows the following equation:
(%) = ('k(x)) . 7)
The gradient of f gives information about the slope (increase rate) of the function and
reduces to
oflx) W)’ T e R
Vf = = (VK R 8
7= 2 2] - e ®)

where V denotes the vector differential operator, and VK = [9,k(x)| - - - |0 k(x)]. The Lapla-
cian accounts for the curvature, roughness, or concavity of the function itself, and can be easily
computed as the sum of all the unmixed second partial derivatives, which for kernels reduces

to
V2f — ~9f (%) — 1T(V2K)" R
f'—; o al ) @ €R, 9)
where V2K = [0°k(x)| - - - |0°k(x)] and 1, is a column vector of ones of size d. Another useful

descriptor is the Hessian matrix of f, which characterizes its local curvature. The Hessian is a d
x d matrix of second-order partial derivatives with respect to the features x/, x*:

9f (x) T
[H] = 525 = (00ik(x)) '@ € R. (10)

The equations listed above have shown that the derivative of a kernel function is linear with
a. Once the e is computed, the problem reduces to (1) computing the derivatives for a particu-
lar kernel function, and (2) to summarize the information contained within the derivatives.

o Derivatives of common kernel functions. Kernel methods typically use a set of positive def-
inite kernel functions, such as the linear, polynomial (Poly), hyperbolic tangent (Tanh),
Gaussian (RBF) kernel, and the automatic relevance determination (ARD) kernel. We give
the partial derivative for all of these kernels in Table 1, and the (mixed) second derivatives in
Table 2. For the most widely used kernels (RBF and ARD), one can recognize a linear rela-
tion between the kernel derivative and the kernel function itself. It can be shown that the m-

Table 1. Partial derivatives for some common kernel functions: Linear, Polynomial (Poly), Radial Basis Functions
(RBF), Hyperbolic tangent (Tanh), and Automatic Relevance Determination (ARD).

Kernel Kernel function, k(x, y) Partial derivative, %
Linear x' y y’

Poly (rx' y+ ) vey (rx" y + o)
RBF exp(-7]lx - I 27— y)k(xy)

Tanh tanh(y x " y + c;) vy sech® (yx" y + co)

ARD _ D
enl1£()

https://doi.org/10.1371/journal.pone.0235885.t001

(5 )bt
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Table 2. Second derivatives for some common kernel functions.

Kernel 2nd partial derivative, % Mixed partial derivative, 0;5((;;{)
Linear 0 0

Poly (e =Dp ) (rx" y+ V™ e-Dpry Y rx"y+ )
RBE 2y 27 (¢ - ¥)? — 1] k(x, y) 47 (F -y (¢ - Y) k(x, y)

Tanh —2()/)/)2 sech’(y x" y + co)k(x, y) —2)/2)/)/" sech’(y x ' y + co)k(x, y)

© () () e

https://doi.org/10.1371/journal.pone.0235885.t002

th derivative of some kernel functions can be computed recursively using Faa di Bruno’s
identity [40].

« Summarizing function derivatives. Summarizing the information contained in the deriva-
tives is not an easy task, especially in high dimensional problems. The most obvious strategy
is to use the norm of the partial derivative, that is ||0; f]|, which summarizes the relevance of
variable x. A small norm implies a small change in the discriminative function fwith respect
to the j-th dimension, indicating the low importance of that feature. This approach was
introduced as sensitivity maps (SMs) in [24] for the visualization of SVM maps in neuroim-
aging and later exploited in GPs for ranking spectral channels in geosciences applications
[26]. The SM for the j-th feature, is the expected value of the squared derivative of the func-
tion with respect the input argument x’:

sf:/ﬂ(afa—gj)>2p(xf)dxj, (11)

where p(x) is the probability density function (pdf) over dimension j of the input space X. In
order to avoid the possibility of cancellation of the terms due to its signs, the derivatives are
squared. Other transformations like the absolute value could be equally applied. The empiri-
cal sensitivity map approximation to Eq (11) is obtained by replacing the expected value with
a summation over the available n samples

S 6f(x.)> :
J~— -—, 12
2% 2
which can be grouped together to define the sensitivity vectorass = [s', ..., s?] .

This can be thought of as studying the relevance of the sample points. Similarly,one can aver-
age over the features to obtain a point sensitivity:
2
)y w

1IN~ (Of(x)
q"‘Zt}Z( 0x]

which can be grouped to define the point sensitivity vector as q = [qy, . . ., ] ' . The informa-
tion contained in q is related to the robustness to changes of the decision in each point of the
space.

Now we are equipped to use the derivatives and the corresponding sensitivity maps in arbi-
trary kernel machines that use standard kernel functions. In the following sections, we study
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its use in kernel methods for both supervised (regression and classification) and unsupervised
(density estimation and dependence estimation) learning.

3 Kernel regression
3.1 Gaussian Process Regression

Multiple proposals to use kernel methods in a regression framework have been done during
the last few decades. Gaussian Processes (GPs) is perhaps the most successful kernel method
for discriminative learning in general and regression in particular [6]. Standard GP regression
approximates observations as the sum of some unknown latent function f(x) of the inputs plus
some additive Gaussian noise, y; = f(x;) + £, where g, ~ N'(0, 6). A zero mean GP prior is
placed on the latent function f{x) and a Gaussian prior is used for each latent noise term ;, in
other words f(x) ~ GP(m(x),K), where m(x) = 0, and K is a covariance function, [K]; = k
(x;, x;), parameterized by a set of hyperparameters 0 (e.g. 0 = [\, . . ., A4] for the ARD kernel
function).

If we consider a test location x- with the corresponding output y-, a GP prior induces a
prior distribution between the observations y and y-. Collecting all available data in
D ={(x,y,)|i =1,...n},itis possible to analytically compute the posterior distribution over
the unknown output y- given the test input x- and the available training set D,
p(.1%.., D) = N(y,|tcp., 0p.)> which is a Gaussian with the following mean and variance:

Hop =k (K+a3D) 'y =k a, (14)
a2y, =0’ + k. — k! (K+31) 'k, (15)
where k, = k(x,) = [k(x.,x,),...,k(x.,x,)] € R" contains the kernel similarities of the test

point x- to all training points in D, K is a n x n kernel (covariance) matrix whose entries con-
tain the similarities between all training points, y = [y,,...,,]" € R", k. = k(x-, x.) is a scalar
with the self-similarity of x-, and I is the identity matrix. The solution of the predictive mean
for the GP model in (14) is expressed in the same way as equation (4), where

Uep, = f(x,) = k! a. This expression is exactly the same as in other kernel regression methods
like the Kernel Ridge Regression (KRR) [2] or the Relevance Vector Machine (RVM) [2]. The
derivative of the mean function can be computed through Eq (5) and the derivatives in

Table 1.

3.2 Derivatives and sensitivity maps

Let us start by visualizing derivatives in simple 1D examples. We used GP modeling with a
standard RBF kernel function to fit five regression data sets. We show in Fig 1 the first and sec-
ond derivatives of the fitted GP model, as well as the point-wise sensitivities. In all cases, first
derivatives are related to positive or negative slopes, while the second derivatives are related to
the curvature of the function. Since the derivative is a linear operator, a composition of func-
tions is also the composition of derivatives as can be seen in the last two functions. This could
be useful for analyzing more complex composite kernels. See Table 3 for a comparison with
other kernel methods derivatives.

3.3 Derivatives and regularization

We show an example of applying the derivative of the kernel function as a regularization
parameter for the noise. We modeled the function f(x) = sin(37x) with an additive white
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wsm —i— e x4+ Sln

Fig 1. Different examples of functions, derivatives and sensitivity maps. Original data (red), the GP predictive
function (black), high derivative values are in yellow, close-to-zero derivative values are in gray and negative derivative
values are in blue.

https://doi.org/10.1371/journal.pone.0235885.9001

Gaussian noise (AWGN) n ~ N (0, 6?) using a Kernel Ridge Regression (KRR) model with
RBF kernel. Different amounts of noise power 62 was used resulting in different values of the
signal to noise ratio (SNR), SNR = 101log (d7/07), SNR€[0, 50] dB. Two different settings were
explored to analyze the impact of the standard regularizer, || f ||7,, and the derivatives in KRR
modeling: (1) either using the optimal amount of regularization in (14), 6> = ¢?, or (2) assum-
ing no regularization was needed, g2 = 0.

Four scenarios were explored in this experiment: || f |7, = @'Ke, || f ||2= ¢'K'Ke,
| Vf 2= @' (VK)' (VK)a, and || V*f |2= @' (V’K)' (V’K)a, where K is a matrix with
entries [K];; = k(x;, x;) (for definitions of gradients see Eqs (8) and (9)). The resulting SNR
curves were then normalized in such a way that they are comparable. We explore two scenar-
ios; the regularized and unregularized. Since the maximum SNR was subtracted from all norm
values, in Fig 2a any norm greater than zero signifies the need to regularize more and in Fig 2b
any norm less than zero signifies the need to regularize less.

Table 3. Summary of the formulation for each of the main kernel methods GPR (Gaussian Process Regression, section 3), SVM (Support Vector Machines, section
4), KDE (Kernel Density Estimation, section 5), HSIC (Hilbert-Schmidt Independence Criterion, section 6). The derivative formulation as well as some related analysis
procedures in the literature as well as demonstrated in this paper.

Method Function Derivative Analysis

GPR ko k! o Sensitivity, Ranking, Regularization
SVM glya k- +b) (1—g°(x,)) 0k ya Sensitivity, Feature Ranking, Margin
KDE n'k,1, Vh(x.) E,(x,) Principal Curves

HSIC n *Tr(KHLH) 202 A; 0g k(xy) Leverage, Feature/Point Relevance

https://doi.org/10.1371/journal.pone.0235885.t003
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0.0 dB 10 dB 20 dB 0.0 dB 10 dB 20 dB

1.0
0.00
0.8
—||f]% 0.02 — 1] 1%
06 — 113 ' — 1113
EHH 0.4 —||VA]|3 -0.04 —||VA]|3
— || V21]|3 — ||V21]|3
R [Iv*A13 0,06 [1v2A13
0.0{ ; : . ' . -0.081 ] ] ] ] ]
0 10 20 30 40 50 0 10 20 30 40 50
SNR (dB) SNR (dB)
(a) Unregularized, o2 ~ 0.0 (b) Regularized, 02 = o2

Fig 2. Signal-to-Noise Ratio (SNR) versus the expected normalized value of different norms (E|| - ||) to act as
regularizers. A unregularized (left) and an regularized (right) Kernel Ridge Regression (KRR) model was fitted. The top
row shows a few examples of these fitted KRR models with a different quantity of noise added. The red data points are the
data with different noise levels, the true function is black and the fitted KRR model is in blue. The second row shows the
norm for the different regularizers. All lines were normalized in such a way that they are comparable. The norm of the
true signal (SNR = 50 dB) is subtracted from all points so any curve with values below zero require less regularization and
any points above zero require more regularization.

https://doi.org/10.1371/journal.pone.0235885.9002

Fig 2 shows the effect of the noise on the norm for different regularization terms. All four
regularization functions give the user information about how noisy the signal is for the
unregularized case and the regularized case. The graph for the regularized case has the
norms of the functions below zero, except for the || f |7, when the SNR is extremely low.
Since the norm of the functions are increasing as one increases the SNR, this says that there
needs to be less regularization. The || f |7, has a straight line because the ‘optimal’ parameter
for using the norm of the weights for regularization has already been chosen. However, the
norm of the first and second derivative still give us information that the problem needs to
be regularized less. So both cases showcase the functionality of the first and second deriva-
tive as viable regularizers.

4 Kernel classification

4.1 Support vector machine classification

The first effective and influential kernel method introduced was the Support Vector Machine
(SVM) [1, 41-43] classifier. Researchers and practitioners have used it to solve problems in
speech recognition [44], computer vision and image processing [45-47], or channel equaliza-
tion [48]. The binary SVM classification algorithm minimizes a weighted sum of a loss and a
regularizer

S VO F) + 15 I

where the cost function is called the ‘hinge loss’ and is defined as

V(y,,f(x,)) = max (0,1 — yf (x,)), y; € {~1, + 1}, f € H, and H, is the RKHS of functions
generated by the kernel k, and A is a parameter that trades off accuracy for smoothness. The
norm || f |, is generally interpreted as a roughness penalty, and can be expressed as a
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function of kernels, || f [|,, = f'Kf. The decision function for any test point x. is given by
y. =g(f(x)) = sgn <Zy,'fx,-k(xmx,~) + b) ; (16)
i=1

where o; are Lagrange multipliers obtained from solving a quadratic programming (QP) prob-
lem, being the support vectors (SVs) of those training samples x; with non-zero Lagrange multi-
pliers o; 7 0 [1]. See [49] for more details on the formulation and more practical examples.

4.2 Function derivatives and margin

The SVM decision function in (16) uses a mask function g(x) = sgn(-) to decide between the
two classes, which is inherited from the hinge loss used. Since the sgn(:) function is not differ-
entiable at 0 and for the sake of analytic tractability we replaced it with the hyperbolic tangent,
g(-) =tanh(-). Now one can simply compute the derivative of the model by applying the chain
rule:

of (x,)
Ox.,

og(x,) _ Og(x.) Of (x.)

od o) od ~1TE®)

(17)

where the leftmost term in the product can be seen as a mask function on top of the derivative
of the regression function and allows us to study the model in terms of decision and estimation
separately. See Table 3 for a comparison to other kernel methods derivatives.

Three datasets were used to illustrate the effect of the derivative in the SVM classifier. We
used a SVM with RBF kernel in all cases, and hyperparameters were tuned by 3-fold cross-vali-
dation and the results are displayed in Fig 3. The mask function only focuses on regions along
the decision boundary. However the derivative of the kernel function displays a few regions
along the decision boundary along with other regions outside of the decision boundary. The
composite of the derivative of the masking function and kernel function showcases a combina-
tion of the two components: the high derivative regions along the decision boundary. The two
half moons and two circles examples have a clear decision boundary and the derivative of the
composite function is able to capture this. However, the two ellipsoid example is less clear as
the decision boundary passes through two overlapping classes. This is related to the density
within the margin as the regions with less samples have a smaller slope and the regions with
more samples have a higher slope, which results in wider and thinner margin, respectively.
This fact could be used to define more efficient sampling procedures.

5 Kernel density estimation

The problem of density estimation is difficult in machine learning and statistics and it has
been widely studied via kernels [50-52]. Kernel density estimation (KDE) is a classical non-
parametric method for estimating a probability density function (pdf) [53]. In KDE, the choice
of the kernel function is key to properly approximating the underlying pdf from a finite num-
ber of samples. The KDE kernel must be a non-negative function that integrates to one (i.e. a
proper pdf), yet does not need to be positive semi-definite (PSD). KDE is versatile in that
sense. However, if the kernel is PSD, there are close relations between density estimation and
RKHS learning via the kernel eigendecomposition. Many KDE kernels are PSD, and some
well-known examples include the Gaussian kernel, the Student kernel and the Laplacian kernel
[54] functions.
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Fig 3. Visualizing three examples of sensitivity maps in SVM classification. The top row shows a figure has red and
green points to showcase the classes, black points showing the support vectors chosen by the SVM classifier, and a
contour map showcasing the same color scheme for the decision function. In the subsequent plots, we plot the
sensitivity measures where the high derivative values are in yellow and negative derivative values are in gray. The
leftmost column showcases which derivative is plotted.

https://doi.org/10.1371/journal.pone.0235885.9003

5.1 Density estimation with kernels

For the Parzen window expression, KDE defines the pdf as a sum of kernel functions defined
on the training samples,

. 1 1
P(x*) = ;;k(x*’xi) = ;k*]]'ru (18)
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where k- is the vector of kernel evaluations between the point of interest x-, and all training
samples (see section 3.1). KDE kernel functions have to be non-negative and integrate to one
to ensure that p is a valid pdf. When a point-dependent weighting, 3, is employed, then the
above expression can be modified as p(x,) = >, fk(x,, x;), where the §; have to be positive
and sum to one, i.e. f; > 0and ), | f; = 1.In [51] a solution to find a suitable B vector based
on kernel principal components analysis was proposed. If the decomposition of the un-cen-
tered kernel matrix follows the form K = EDE ', where E is orthonormal and D is a diagonal
matrix, then the kernel-based density estimation can be expressed as

p(x,)=kEE'1, (19)

* T r

where E, is the reduced version of E by keeping r < n top eigenvectors. If we keep all the
dimensions, i.e. r = n the solution reduces to (18). By reducing the number of components we
restrict the capacity of the density estimator and hence obtain a smoother approximation of
the pdf as r reduces.

The retained kernel components should be selected by keeping the dimensions that maxi-
mize a sensible pdf characteristic, e.g. the variance. However, other criteria can be used to
select the retained components. For instance, the kernel entropy component analysis (KECA)
method uses the information potential as criterion to select the components from the eigenvec-
tor decomposition [8]. In this case, the decomposition method is already optimized to maxi-
mize the variance, therefore the solution will be sub-optimal. A more accurate way of finding a
decomposition was presented in [55] where the features are directly optimized to maximize
the amount of retained information. This method was named optimized KECA (OKECA),
and showed excellent performance using very few extracted components.

The relevant aspect for this paper is that, by doing @ = E E1,, Eqs (18) and (19) can be
cast in the general framework of kernel methods we proposed in Eq (4). Through this equality
the derivatives and the second derivatives (and therefore the Hessian) can be obtained in a
straightforward manner using Eqs (5) and (6). This information can be used for different
problems, such as computing the Fisher’s information matrix, optimizing vector quantization
systems, or the example in the following section where we use them to find the points that
belong to the principal curve of the distribution.

5.2 Derivatives and principal curves

This example illustrates the use of kernel derivatives in the KDE framework. In particular, we
use the gradient and the Hessian of the pdf, to find points that belong to the principal curve
along the data manifold [56]. A principal curve is defined as the curve that passes through the
middle of the data. How to find this curve in practice is an important problem since multiple
data description methods are based on drawing principal curves [30, 57-60]. In [30], they
characterize the principal curve as the set of points that belong to the ridge of the density func-
tion. These points can be determined by using the gradient and the Hessian of the pdf: a point
x- is an element of the d-dimensional principal curve iff the inner product of the gradient,
Vp(x,), and at least r eigenvectors of the Hessian, H(x-), is zero:

Vh(x.) E (x,) =0, (20)

where E,(x-) are the top r eigenvectors of the matrix H(x-). Note that applying this definition
using our framework is straightforward as we can use the KDE to describe the probability den-
sity function, and Eqgs (5) and (6), as well as formulas in Table 1, to find the gradient and the
Hessian of the defined pdf with respect to the points. See Table 3 for a comparison to other
kernel methods derivatives.
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In Fig 4, we show an illustrative example of this application in three different toy datasets.
The pdf can be obtained from the data points by using the OKECA method and the derivative
lines describe the direction to which the density changes the most. The last row shows the
points of the dataset with smaller dot products between the gradient and the last eigenvector of
the Hessian, see Eq (20). Note that these points belong to the ridge of the distribution, and
thus to the principal curve.

6 Kernel dependence estimation
6.1 Dependence estimation with kernel methods

Measuring dependencies and nonlinear associations between random variables is an active
field of research. The kernel-based dependence estimation defines a covariance and cross-
covariance operators in RKHS, and the subsequent statistics from these operators allows one
to measure dependence between functions therein.

Let us consider two spacess X C R* and J) C R%, which we jointly sample observation
pairs (x, y) from distribution IP,. The covariance matrixis C,, = E, (xy") — E,(x)E,(y"),
where E_ is the expectation with respect to I, , and . A statistic that summarizes the content
of the covariance matrix is its Hilbert-Schmidt norm. This quantity is zero if and only if there
exists no second order dependence between x and y.

The nonlinear extension of the notion of covariance was proposed in [13] to account for
higher order statistics. Essentially, let us define a (possibly non-linear) mapping ¢ : X — F
such that the inner product between features is given by a PSD kernel function k(x, x'). The
feature space F has the structure of a RKHS. Similarly, we define yy : Y — G with associated
kernel function I(y, y'). Then, it is possible to define a cross-covariance operator between these
feature maps, and to compute the squared norm of the cross-covariance operator, || C,,, [},
which is called the Hilbert-Schmidt Independence Criterion (HSIC) and can be expressed in
terms of kernels [61, 62]. Given a sample dataset D = {(x,,y,),. .., (x,,,)} of size n drawn
from P, ,an empirical estimator of HSIC is [13]:

HSIC(F,G,P,) = %Tr(KHLH) = %Tr(HKHL), (21)

where Tr(-) is the trace operation, K, L are the kernel matrices for the input random variables
xandy (ie. [K]; = k(x; x;)), respectively,and H = T — %]l]lT centers the data in the feature
spaces F and G, respectively. HSIC has demonstrated its capability to detect dependence
between random variables but, as for any kernel method, the learned relations are hidden
behind the kernel feature mapping. To address this issue, we consider the derivatives of HSIC.

6.2 Derivatives of HSIC

HSIC empirical estimate is parameterized as a function of two random variables, so the func-
tion derivatives given in section 2 are not directly applicable. Since HSIC is a symmetric mea-
sure, the solution for the derivative of HSIC wrt x] will have the same form as the derivative
wrt y.. For convenience, we can group all terms that do not explicitly depend of X as A = HLH,
which allows us expressing (21) simply as:

HSIC := —Tr KA) ZZ k(x,, %) (22)

i=1 j=1
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Fig 4. First row: Original data points. Second, third and fourth row: probability density in gray scale (brighter means
denser). Second row: derivative direction of the pdf for some data points is represented using red lines. Third row:
Hessian eigenvectors for some points represented with blue lines (first eigenvector) and green lines (second
eigenvector). Fourth row: points on the ridge computed using the formula proposed in [30], different brightness of
green has been computed using the Dijkstra distance over the curve dots (see text for details).

https://doi.org/10.1371/journal.pone.0235885.9004
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Note that the core of the solution is the same as in the previous sections; a weighted combi-
nation of kernel similarities. However, now we need to derive both arguments of the kernel

function k with respect to entry x/ that appears twice. By taking derivatives with regards to a

particular dimension q of sample x;, i.e. x!, and noting that the derivative of a kernel function

Ok(x;.x;) _ Ok(x;x;)

1s a symmetric operation, 1.e. o PER one obtains

OHSIC 2 ., Ok(x,x)

Ox! n? j:l[ i 0x!

2
= EAﬁqk(xi), (23)

where A; is the i-th row of the matrix A. For the the RBF kernel we obtain [31]:

GHSIC 2

Ox! a’n?

Tr(HLH(K o MY)), (24)

where entries of matrix M7 are [Mq]ij =x!— xf (1 <j < n), and zeros otherwise, and where
the symbol o is the Hadamard product between matrices.

Recently [63] extended the notion of leverage scores for the ridge regression problem.
Leverage is a measure of how points with low density neighbours are enforcing the model for
passing through them. By definition, the leverage (of a regressor) is the sensitivity of the pre-
dictive function w.r.t. the outputs. There is no definition of leverage in the case of HSIC as it is
not a regression model but a dependence measure. However, HSIC could be interpreted in a
similar way by fixing one of the variables and taking the derivative w.r.t. the other. By this
interpretation, one can think of the HSIC sensitivity as a measure of how individual points are
affecting the dependence measurement, i.e. how sensitive HSIC is to the perturbations for
each particular point. This interpretation allows us to link the concepts of leverage and sensi-
tivity in kernel dependence measures.

In this case, the derivatives of HSIC report information about the directions that impact the
dependence estimate the most. This allows one to evaluate the measure as a vector field repre-
sentation of two components. As in the previous kernel methods analyzed, the derivatives here
are also analytic, just involving simple matrix multiplications and a trace operation. See
Table 3 for a comparison to other kernel methods derivatives.

6.3 Visualizing kernel dependence measures

HSIC derivatives give information about the contribution of each point and feature to the
dependence estimate. Fig 5 shows the directional derivative maps for three different bi-dimen-
sional problems of variable association. We show the different components of the (sign-val-
ued) vector field as well as its magnitude. In all problems, arrows indicate the strength of
distortion to be applied to points (either in directions x, y, or jointly) such that the dependence
is maximized. For the first example (top row), the map pushes the points into the 1-1 line and
tries to collapse data into 2 different clusters along this line. In the second example (middle
row), the distribution is a noisy ring: here the sensitivity map tries to collapse the data into
clusters in order to maximize the dependence between the variables. In the last third experi-
ment (bottom row), both variables are almost independent and the sensitivity map points
towards some regions in the space where the dependence is maximized. In all cases, the S, and
S, are orthogonal in direction and form a vector field whose intensity can be summarized in its
norm || (columns in the figure).
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S, S, S| = /52 + 52

Fig 5. Visualizing the derivatives and the modulus of the directional derivative for HSIC in three toy examples.

https://doi.org/10.1371/journal.pone.0235885.9005

6.4 Unfolding and independization

We have seen that the derivatives of the HSIC function can be useful to learn about the data
distribution and the variable associations. The derivatives of HSIC give information about the
directions most affecting the dependence or independence measure.

Fig 6 shows an example of how the derivatives of the HSIC can be used to modify the data
and achieve either maximum dependence or maximum independence. We embedded the
derivatives in a simple gradient descent scheme, in which we move samples iteratively to maxi-
mize or minimize data dependence. Departing from a sinusoid, one can attain dependent or
independent domains.

Note that HSIC can be understood as a maximum mean discrepancy (MMD) [64] between
the joint probability measure of the involved variables and the product of their marginals, and
MMD derivatives are very similar to those of HSIC provided here. The explicit use of the ker-
nel derivatives would allow us to use gradient-descent approaches in methods that take advan-
tage of HSIC or MMD, such as in algorithms for domain adaptation and generative modeling.

7 Analysis of spatio-temporal earth data

Kernel methods are widely applied in the Earth system sciences [5], where they have proven to
be effective when dealing with low numbers of (potentially high dimensional) training sam-
ples. Data of this kind are characteristic for hyperspectral data, multidimensional sensor infor-
mation, and different noise sources in the data. The most common applications in Earth
system sciences are anomaly and target detection [65], the estimation of biogeochemical or
biophysical parameters [66-68], dimensionality reduction [15, 69, 70], and the estimation of
data interdependence [31]. However, so far multivariate spatio-temporal data problems have
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Fig 6. Modification of the input samples to maximize of minimize HSIC dependence between their dimensions
(see text for details).

https://doi.org/10.1371/journal.pone.0235885.g006

received comparable little attention [71, 72], and in particular regarding the use of the deriva-
tives of kernel methods [25, 26]. This is surprising, given the high-dimensional nature of most
spatio-temporal dynamics in most sub-domains of the Earth system, e.g. land-surface dynam-
ics, land-atmosphere interactions, ocean dynamics, etc. [73]. Hence, this section explores the
added value of kernel derivatives for analyzing multivariate spatio-temporal Earth system data.
We showcase applications considering the four studied problems of classification, regression,
density estimation and dependence estimation. Please see github.com/IPL-UV/sakame for a
working implementation of the algorithms as well as the subsequent ESDC experiments.

7.1 Spatio-temporal earth data

Today, data-driven research into Earth system dynamics has gained momentum and comple-
ments global modelling efforts. Much of Earth data is generated by a wide range of satellite
sensors, upscaled products from in-situ observations, and model simulations with constantly
improving spatial and temporal resolutions. The question is whether using kernel derivatives
may help in (1) choosing the appropriate space and time scales to analyze phenomena, (2)
visualize the most informative areas of interest, and (3) detect anomalies in spatio-temporal
Earth data. We will work with products contained in the Earth System Data Lab (ESDL) [73].
The analysis-ready data-cube contains and harmonizes more than 40 variables relevant to
monitor key processes of the terrestrial land-surface and atmosphere. The data streams con-
tained in the ESDL are grouped in three data streams: land surface, atmospheric forcings and
socio-economic data. Here we focus on three land-surface variables which exhibit nonlinear
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relations in space and time. The following three variables; the gross primary productivity
(GPP), root-zone soil moisture (SM), and land surface temperature (LST); are outlined below:

« GPP is the rate of fixation of carbon dioxide through the photosynthesis and one of the larg-
est single flux in the global carbon cycle. However, the process is sensitive to climate variabil-
ity. For instance, it has been shown that regional extreme events like droughts, heatwaves,
and other types of disturbances may even influence the inter-annual variability of the glob-
ally integrated GPP [74]. Hence, it is key to understand the spatial and temporal dynamics of
GPP at regional and global scales. Here, we consider the GPP FLUXCOM (http://www.
fluxcom.org/) product, computed as described in [75, 76].

SM plays a fundamental role for the environment and climate system, as it influences hydro-
logical and agricultural processes, runoff generation and drought development processes,
and land-atmospheric feedbacks [77] There are two products of soil moisture in our experi-
ments. Standard SM products carry information limited to a few centimeters below the sur-
face (£5 cm), and do not allow access to the whole zone from where water can be absorbed
by roots. This is why we used root-zone soil moisture (RSM) [78-80] in the dependence esti-
mation problem instead, a product from GLEAM that is a more sensitive variable to monitor
water stress and droughts in vegetation.

o LST is an essential variable within the Earth climate system as it influences processes such as
the exchange of energy and water between the land surface and atmosphere, and influences
the rate and timing of plant growth. The LST product contained in the ESDL is the result of
an ESA project called GlobTemperature, that developed a merged LST data set from thermal
infrared (geostationary and polar orbiters) and passive microwave satellite data to provide
best possible coverage.

The data is organized in 4-dimensional data cube x(u, v, t, k) involving (latitude, longitude)
spatial coordinates (4, v), time sampling ¢, and the variable k. The data in ESDL contains a spa-
tial resolution (high 0.083° resolution and coarser grid aggregation at 0.25°) and a temporal
resolution of 8 days spanning the years 2001-2011. In our experiments, we focus on the lower
resolution products, during 2008-2010, and over Europe only. In the year 2010, a severe com-
bination of spring and summer drought combined with a summer heat stress event affected
large parts of Russia which can be observed in the three variables under study here [81], and
we expect that also their interrelations must be affected. We use this well known event to pro-
vide a proof of concept for our suggestion approaches to interpret regressions, principal
curves, and dependence estimation.

7.2 Sensitivity analysis in GP modelling

Studying time-varying processes with GPs is customary. Designing a GP becomes more com-
plicated when dealing with spatio-temporal datasets. This can be cumbersome when the final
goal is to understand and visualize spatial dependencies as well as to study the relevance of the
features and the samples. Sensitivity analysis can be useful for either scenario. In this experi-
ment, we study the impact of features in the GP modeling of the GPP and LST variables during
2010. To do so, we developed GP regression models trained to predict a pixel from their neigh-
bourhood pixels. This is similar to geographically weighted regression [82] which can be used
to model the local spatial relationships between these features and the outputs. From this
framework, we can get sensitivity values for each of the contributing dimensions. We further
split the data into subsets of spatial ‘minicubes’ which ranged in size from 2 x 2 until size 7 x 7.
We use a GP model on a training subset of minicubes whereby the neighbours were used as
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Fig 7. Visualizing the spatial maps for the senstivity of the Gaussian process (GP) regression model under
different spatial sampling sizes for the Gross Primary Productivity (GPP) [top] and land surface temperature
(LST) [bottom] for the summer of 2010 (Jun-Jul-Aug). The rightmost column shows the summary R*and Sensitivity
for each spatial window size for the GP model.

https://doi.org/10.1371/journal.pone.0235885.g007

input dimensions to predict the center pixel for both GPP and LST. For metrics, we used the
R*-value to measure the goodness of fit between our model and the real data.

Fig 7 show how the sensitivity changes according to the mean prediction of the GPP and
LST for two neighbourhood spatial window sizes (3 x 3 and 5 x 5). It also shows the spatial
sensitivity maps for both settings and the R*-value and the average sensitivity for each GP
model. What’s reassuring is that we see consistently low sensitivity values in areas (e.g. near
the Black and Caspian Sea) for the GPP and LST regardless of the spatial window size as these
are typically areas of low GPP and SM. For GPP, we see that sensitivities tend to become
smoother as the neighbourhood size increases. These particular maps for GPP reach an R®
value of 0.93 and 0.95 for each respective window size. Unlike the small differences in good-
ness of fit (+2% in R?), the sensitivity curves show a wider variation and suggest that bigger
windows are more appropriate to capture smoother areas; this is expected. Although we get a
better model with a higher spatial window size, the sensitivity of neighbouring points become
more dispersed over larger areas over Europe instead of just staying within small clusters. A
similar pattern of dispersion of the sensitive points is observed for the LST maps w.r.t. the spa-
tial window size. For LST, we notice that there is not a large difference in the R? as we increase
the spatial window size. The most sensitive regions mostly stay the same but there is a small
shift from the northern regions of Europe from more sensitive to less sensitive. So it’s clear
that the number of spatial-pixels used as input features would be different depending upon the
input variable, e.g. one can use a higher neighbourhood size for LST because we get the same
R” and similar sensitivity maps whereas the GPP could have a lower window size to ensure
that we capture the local variability.

7.3 Classification of drought regions

Support vector machines (SVMs) is a very common classification method widely used in
numerous applications in the field of machine learning in general and remote sensing in par-
ticular [5]. The derivatives of the SVM function, however, have not been used before to under-
stand the model, nor linked to the concept of margin. The derivatives of SVMs can be broken
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Fig 8. Visualizing the (a) labels, (b) predictions (b), and (c) the 2D representation space for the predictions. This is
the classification problem of drought (red) versus no-drought (green) with the support vectors (black) for the SVM
formulation (section 4).

https://doi.org/10.1371/journal.pone.0235885.9008

into two components via the product rule (section 4): 1) the derivative of the mask function
and 2) the derivative of the kernel function. Typically one would use a sgn function as the
mask but we used the tanh function to allow us to observe how the boundary or margin
behaves w.r.t. the inputs.

In this experiment, we chose to study the relationship between gross primary productivity
and root soil moisture during the year 2010 affected by a severe heatwave. There was a severe
drought that occurred over this region for the entire summer of 2010 (June, July and August)
[81]. Drought classification is an unsupervised problem and so there is a lot of debate about
how to detect droughts within different scientific communities. We use a pre-defined drought
mask of the countries affected by the 2010 heatwave found from the EM-DAT database [83]
which reports all drought events which follow at least one of the criteria: 10 or more people
dead, 100 or more people affected, declared state of emergency, or a call for international assis-
tance. The region where the droughts are reported is just over the region of Eastern Europe, as
shown in the binary classification maps in Fig 8. We chose this pre-defined drought area to
simplify the problem which would allow us to see if we can indeed classify a drought region
spatially and then look at the derivatives. We did a simple binary classification problem over
the spatial coordinates using the two input variables (GPP and RM). We sampled only from
the month of July at different time intervals within the month to make the samples more varied
as the GPP and RM can still fluctuate within a monthly span. This is an unbalanced dataset as
there are more non-drought regions than drought regions in the spatial subsample. While
there are numerous advanced methods to deal with imbalanced datasets, we only used the
standard SVM as that complexity is out of the scope for this experiment. The ESDC is very
dense so we used 500 randomly selected points for the drought region and 1,000 randomly
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Table 4. This table summarizes classification results for the drought and non-drought regions over Eastern Europe using the SVM (Support Vector Machines, sec-

tion 4) formulation.

Class Label Precision Recall F1-Score Support
Non-Drought Regions 0.90 0.91 0.91 28590
Drought Regions 0.69 0.67 0.68 8268
Accuracy 0.86 36858

https://doi.org/10.1371/journal.pone.0235885.t004

selected points for the non-drought regions. The remaining points (~ 3800) were considered
for calculating test statistics, while the visualizations include all of the points for the dataset.
We applied a standard cross-validated SVM classification algorithm with an RBF kernel func-
tion. For metrics, we used the standard precision, recall, F1-score and Support for the predic-
tions of drought over non-drought. Table 4 shows the classification results compared to the
labels of the trained SVM algorithm and Fig 8 shows the classification maps.

Fig 9 shows the sensitivity spatial maps as well as the 2D latent space for the outputs of
the SVM classification model. We show the full derivative and the mask and kernel product
components. The mask derivative has high sensitivity values for almost all regions where the
decision function is unsure about the classification region. We see that the highest yellow
regions are near the Caspian Sea which is also the area where there is a lot of overlap

Full Derivative

Mask Derivative Kernel Derivative

9g(z-) of (x.)

Latitude

30 a2 6 2 30 36 a2 48
Longitude Longitude Longitude

Root Soil Moisture

Gross Primary Productivity

Gross Primary Productivity

100 10! 102 103
Sensitivity

Gross Primary Productivity

00 10

Fig 9. Visualizing the scatter plot of the drought (red) versus no-drought (green) and the support vectors (black) using
the SVM section 4 classification algorithm. We also display the sensitivity of the full derivative and its components: the
mask function (tanh) and the kernel function (Jk- ay) based on the predictive mean of the SVM classification results.

https://doi.org/10.1371/journal.pone.0235885.9g009
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latitude

between the classes. Recall that the mask used is based on the reported regions and not the
actual GPP or SM values. So naturally the SVM algorithm is probably picking up the incon-
sistencies with the data given. Nevertheless, the kernel derivative indicates where there are
regions of little data and in regions where there is significant overlap. Ultimately, the combi-
nation of the products represents a good balance between lack of data and the width of the
margin between the two classes.

7.4 Principal curves of the ESDC

In this experiment we analyze GPP spatial-temporal patterns for different seasons for the
year 2010 using the principal curve (PC) framework in Section 4. Each sample consists of a
vector with the variable value for a particular location and all the time dimensions in the
season: (05-Jan to 05-May), (21-May to 08-Aug), and (17-Aug to 31-Dec) For each season we
have around 28, 000 samples of size 1 x T. Fig 10 shows the results. For each data set we plot
the mean GPP value of the season in each point. The location of the points that belong to
the PC are plotted in green using the Dijkstra distance inside the curve (as in the toy exam-
ples in Fig 4). The points belonging to the PC can be interpreted as the landmarks of the
whole dataset, similar to a centroid of a cluster. But in this example, they refer to the points
on the probability ridge of the data manifold (i.e. similar to the points closer to the first
eigenvector in PCA). These points could be used for multiple purposes, e.g. as a summary to
analyze the behaviour of the whole manifold or used for a temporal analysis of their evolu-
tion. One one hand, the location of the points is quite independent of the mean values, so
they give different, alternative information. On the other hand, the location depends on the
time of the year represented.

Most of the GPP ‘representative’ points are scattered around the manifold which depends
on the season. For instance during the colder season (Jan-May), the dots are concentrated in
the middle and low latitudes. During this period, the dots in northern Germany have a similar
temperature and GPP than in the North-West part of Europe. Therefore, there is no need to
add extra landmarks in these regions. Points in Morocco represent the warmer part of the
manifold and Balcans area and Turkey represent the central part of the manifold. During the
warmest period (May-Aug) the distribution of the dots follow an opposite direction, Southern
regions are weighted less while Northern regions have more representation. In the case of mild
temperatures (Aug-Dec), more landmarks in different regions are needed.

(Jan-May) (May-Aug) (Aug-Dec)
4 . 70 4
3 ) s 000 3
© ©
2 2 2
2 5 4 B50
1 2 1
40
0 20 40 60
longitude longitude longitude

Fig 10. Principal curves on the ESDC. Each figure represents the results for GPP at different time periods during the 2010.
In each image the mean value of the variable for each location is shown in colormap (minimum blue, maximum red), and the
points that belong to the principal curves are represented in green. Different brightness of green has been computed using the
Dijkstra distance over the curve dots.

https://doi.org/10.1371/journal.pone.0235885.g010
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7.5 Sensitivity analysis of kernel dependence measures

HSIC is a dependence measure which can show differences in the higher-order relations
between random variables. The derivatives of HSIC w.r.t. the input features are related to the
change of the dependence measure which summarizes the relevance of the input features in
the dependence. Therefore, these derivative maps can be related to the sensitivity of the inputs.

In this experiment, we chose to study the relation between GPP and RM for Europe and
Russia during the years 2008, 2009 and 2010. We apply the HSIC with a linear kernel and com-
pute the sensitivity maps, which is an estimation of how much the dependency criterion
changes. We take spatial segments of GPP and RM at each time stamp, T and compute the
HSIC value for each T independently for Russia and Europe. We also computed the derivative
of HSIC for the same T time stamps independently for Russian and Europe. We computed the
modulus to summarize the impact of each dimension to act as a proxy for the total average
sensitivity. The final step involved computing the expectation between the modulus of the
derivative of HSIC between Russian and Europe. Europe acts as a proxy stable environment
and Russia is the one we would like to compare to. We estimated the expected value for three
time periods (before: 05-Jan, 20-May; during: 28-May, 01-Sep; after: 09-Sep, 30-Dec) for each
year individually. Then we compared each of the values to see how the expectation changes
between Europe and Russia for each period across the years. The expected value of the HSIC
derivatives summarize the change of association between variables differently than the HSIC
measure itself.

The experiment focuses on studying the coupling/association between RM and GPP during
the Russian drought in 2010. The HSIC algorithm captures an increased difference in depen-
dencies of GPP and RM for Russia relative to Europe in 2010 if we compare this relationship
to the years 2008 and 2009, see Fig 11a. However, HSIC only captures instantaneous instances
of dependencies and not how fast these changes occur. The derivatives of HSIC (Fig 11b) allow
us to quantify and capture when these changes actually occur. The gradients of HSIC do not
show obvious differences in magnitude or shape across years between Russia and Europe. By
taking the expected value of specific time periods of interest (before-during-after drought), we
can highlight the contrast in the dependency trends between different periods with respect to
their previous years, both in terms of HSIC and HSIC derivatives. We observe in Fig 11¢, a
change the mean value of the difference in the derivative of HSIC in Fig 11d which reveals a
noticeable change in the trend for the springtime and summertime of 2010 compared to 2008
and 2009.

8 Conclusions

The use of Kernel methods is very popular in pattern analysis and machine learning and have
been widely adopted because of their performance in many applications. However, they are
still considered black-box models as the feature map is not directly accessible and predictions
are difficult to interpret. In this note, we took a modest step back to understand different ker-
nel methods by exploiting partial derivatives of the learned function with respect to the inputs.

To recap, we have provided intuitive explanations for derivatives of each kernel method
through illustrative toy examples, and also highlighted the links between each of the formu-
lations with concise expressions to showcase the similarities. We show that 1) the derivatives
of kernel regression models (such as GPs) allows one to do sensitivity analysis to find rele-
vant input features, 2) the derivatives of kernel classification models (such as SVMs) also
allows one to do sensitivity analysis and visualize the margin, 3) the derivatives of kernel
density estimators (KDE) allows one to describe the ridge of the estimated multivariate den-
sities, 4) the derivatives of kernel dependence measures (such as HSIC) allows one to
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Fig 11. Each figure represents different summaries of how HSIC can be used to capture the differences in
dependencies between Europe and Russia for GPP and RSM. (a) shows the HSIC value for Europe and Russia at
each time stamp, (b) shows the derivative of HSIC for Europe and Russia at each time stamp, and the mean value for
the difference in the (c) HSIC between Europe and Russia for different periods (Jan-May, Jun-Aug, and Sept-Dec), and
(d) in the derivative of HSIC for the same periods.

https://doi.org/10.1371/journal.pone.0235885.g011

visualize the magnitude and change of direction in the dependencies between two multivari-
ate variables. We have also given proof-of-concept examples of how they can be used in
challenging applications with spatial-temporal Earth datasets. In particular, 1) we show that
we can express the spatial-temporal relationships as inputs to regression algorithms and
evaluate their relevance for prediction of essential climate variables, 2) we show that we can
assess the margin for classification models in drought detection, as a way to identify the
most sensitive points/regions for detection, 3) we show that the ridges can be used as indica-
tors of potential regions of interest due to their location in the PDF, which could be related
to anomalies, and 4) we show that we can detect changes in dependence between two events
during an extreme heatwave event.

A Higher order derivatives of kernel functions

It can be shown that the m-th derivative of some kernel functions can be computed recursively
using Faa di Bruno’s identity [40] for the multivariate case:

a('n) m! 8(t1+“’+[m) "/ ol mj
g =Y : ! -H( g) !
i=1

O t 11121 ot Imln Og(x) Oxi"”

where the sum is over all m-tuples (t,,...,t,) € N"and 37", jt;, = m. It is also useful the
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expression for mixed derivatives:

a('") Z a\ﬂ ag\B\
Ox!- .. axm nel‘[ B HjEBax‘Bl )

where IT is the ensemble all the partitions sets in 1. . .m, 7 is a particular partition set, B € 7
runs over the blocks of the partition set 77, and |7] is the cardinality of 7.

For the RBF kernel we can identify f= exp(-) and g = —y||x — y||*. The derivatives for the f(g
(x)) are always the same 0™ f/0g(x)" = flg(x)) = exp (g(x)), and the derivatives for the g(x) are:
0glox = =2y(x — y), O glOx* = 2y, " g/Ox™ = 0, for m > 3, and L4 = 0.

Applying the previous formula for m = 1 the first derivative is:

0 _Of og
O (g(x)) = g (x) v
= fe)(=2(¥ =)
—2y( = y)k(x,y)-

(9x1 Oxm

The second derivative is:
oh o of Fg  Ff (g
o/ W) = e ts dg(x)’ <8xf>
F(g(%)(—2y) + f(g(x)) (47* (¢ — ¥)°)
2)(2y(x — y)" — 1)k(x, y).

The mixed derivative is:

3x1'88x"f (8lx) = aﬁ{@ 8j2§xi+85:f2 (%) (%)

)
= fg*)(0) +f(g(¥)(=2*(¥ —y))(=27*(x' = ¥))
= 4 =) = y)k(x,y).

B Custom regression function

In this example we show the behaviour of the first and second derivatives for a multivariate
input. A GP model is fitted over the dataset using the RBF kernel function. The experiment
uses a custom linear multivariate function with two inputs, x; and x,, as inputs:

y = ax, + bx,, (25)

where the coefficients a and b have varying values. Both x,; , were generated along the same
range uniform distribution ¢/([—20, 20]) but there was a linear transformationa =5, b =1
from ([0, 20]) and constant everywhere else, i.e. a = b =1 from ([-20, 0]).

The GP model smooths the piece-wise continuous function which results in some addi-
tional slopes than the original formulation. This is visible (see Fig 12) from the derivatives of
the kernel model as the first derivative for the x; and x, components have positive values for
the sensitivities of the slopes in the regions where a and b are equal to some constant, respec-
tively. The second derivative for both x; and x, show the same effect except for curvature. This
experiment successfully highlights the derivatives of the individual components as well as their
combined sensitivity.
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Fig 12. First row: The original toy data is displayed as well as the predicted GP model which presents a smoother
curve. Second row: the first derivative in the x;,x, direction and combined direction (the sensitivity) respectively.
Third row: the second derivative in the x;, x, direction and combined direction (the sensitivity) respectively. The
yellow colored points represent the regions with positive values, the blue colored points represent the regions with
negative values and the gray colored points represent the regions where the values are zero.

https://doi.org/10.1371/journal.pone.0235885.9012

Acknowledgments

J.E.J. thanks the European Space Agency (ESA) for support via the Early Adopter Call of the
Earth System Data Lab project; M.D.M. thanks the ESA for the long-term support of this
initiative.

PLOS ONE | https://doi.org/10.1371/journal.pone.0235885 October 29, 2020 26/30


https://doi.org/10.1371/journal.pone.0235885.g012
https://doi.org/10.1371/journal.pone.0235885

PLOS ONE

Kernel methods and their derivatives

Author Contributions

Conceptualization: J. Emmanuel Johnson, Valero Laparra, Adrian Pérez-Suay, Miguel D.
Mahecha, Gustau Camps-Valls.

Data curation: ]. Emmanuel Johnson, Miguel D. Mahecha.

Formal analysis: ]. Emmanuel Johnson, Valero Laparra, Adrian Pérez-Suay, Gustau Camps-
Valls.

Funding acquisition: Gustau Camps-Valls.

Investigation: Valero Laparra, Adrian Pérez-Suay, Gustau Camps-Valls.

Methodology: J]. Emmanuel Johnson.

Resources: J. Emmanuel Johnson, Miguel D. Mahecha, Gustau Camps-Valls.

Software: J. Emmanuel Johnson, Adrian Pérez-Suay.

Supervision: Valero Laparra, Miguel D. Mahecha, Gustau Camps-Valls.

Validation: J. Emmanuel Johnson, Valero Laparra, Adrian Pérez-Suay, Gustau Camps-Valls.

Visualization: Valero Laparra.

References

1. Scholkopf B, Smola A. Learning with kernels-Support Vector Machines, Regularization, Optimization
and Beyond. MIT Press. 2002;.

2. Shawe-Taylor J, Cristianini N. Kernel Methods for Pattern Analysis. Cambridge University Press; 2004.

Rojo-Alvarez JL, Martinez-Ramén M, Mufioz-Mari J, Camps-Valls G. Digital Signal Processing with
Kernel Methods. UK: Wiley & Sons; 2017.

4. Lampert CH. Kernel Methods in Computer Vision. Foundations and Trends® in Computer Graphics and
Vision. 2009; 4(3):193-285. https://doi.org/10.1561/0600000027

5. Camps-Valls G, Bruzzone L. Kernel methods for Remote Sensing Data Analysis. Camps-Valls G, Bruz-
zone L, editors. UK: Wiley & Sons; 2009. https://doi.org/10.1002/9780470748992

6. Rasmussen CE, Williams CKI. Gaussian Processes for Machine Learning. Cambridge, MA: The MIT
Press; 2006.

7. Smola AJ, Schélkopf B. A tutorial on support vector regression. Statistics and Computing. 2004;
14:199-222. https://doi.org/10.1023/B:STCO.0000035301.49549.88

8. Jenssen R. Kernel Entropy Component Analysis. IEEE Transactions on Pattern Analysis and Machine
Intelligence. 2010; 31(9).

9. Schoélkopf B, Smola A, Miller K. Nonlinear Component Analysis as a Kernel Eigenvalue Problem. Neu-
ral Computation. 1998; 10(5).

10. LaiPL, Fyfe C. Kernel and non-linear Canonical Correlation Analysis. Intl Journal of Neural Systems.
2000; 10:365-377. https://doi.org/10.1142/S012906570000034X

11. Rosipal R, Trejo LJ. Kernel partial least squares regression in reproducing Hilbert spaces. Journal of
Machine Learning Research. 2001; 2:97—-1283.

12. Gretton A, Herbrich R, Hyvéarinen A. Kernel methods for measuring independence. Journal of Machine
Learning Research. 2005; 6:2075-2129.

13. Gretton A, Bousquet O, Smola A, Schélkopf B. Measuring Statistical Dependence with Hilbert-Schmidt
Norms. In: Jain S, Simon H, Tomita E, editors. Algorithmic Learning Theory. vol. 3734 of Lecture Notes
in Computer Science. Springer Berlin Heidelberg; 2005. p. 63—77.

14. Quadrianto N, Song L, Smola AJ. Kernelized Sorting. In: Koller D, Schuurmans D, Bengio Y, Bottou L,
editors. Advances in Neural Information Processing Systems 21. Curran Associates, Inc.; 2009. p.
1289-1296.

15. Tuia D, Camps-Valls G. Kernel Manifold Alignment for Domain Adaptation. PLOS ONE. 2016 2; 11
(2):1-25. https://doi.org/10.1371/journal.pone.0148655

PLOS ONE | https://doi.org/10.1371/journal.pone.0235885 October 29, 2020 27/30


https://doi.org/10.1561/0600000027
https://doi.org/10.1002/9780470748992
https://doi.org/10.1023/B:STCO.0000035301.49549.88
https://doi.org/10.1142/S012906570000034X
https://doi.org/10.1371/journal.pone.0148655
https://doi.org/10.1371/journal.pone.0235885

PLOS ONE

Kernel methods and their derivatives

16.

17.

18.

19.

20.
21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
35.

36.

37.

38.

39.

40.
41.

42,

Martinez-Ramén M, Rojo-Alvarez JL, Camps-Valls G, Mufioz-Mari J, Navia-Vazquez A, Soria-Olivas
E, et al. Support vector machines for nonlinear kernel ARMA system identification. IEEE Transactions
on Neural Networks. 2006 Nov; 17(6):1617—1622. https://doi.org/10.1109/TNN.2006.879767

Rasmussen CE, Williams CKI. Gaussian Processes for Machine Learning. New York: The MIT Press;
2006.

Rakotomamonjy A, Bach FR, Canu S, Grandvalet Y. SimpleMKL. Journal of Machine Learning
Research. 2008 Nov; 9:2491-2521.

Burges C. Geometry and Invariance in Kernel Based Methods. Cambridge, USA: Eds. Schélkopf B.,
Burges C., Smola A., MIT Press; 1998.

Bakir G, Weston J, Schélkopf B. Learning to find Pre-images. NIPS; 2003. p. 449-456.

Kwok JT, Tsang IW. The Pre-Image Problem in Kernel Methods. IEEE Trans Neural Networks. 2004;
15(6):1517—-1525. https://doi.org/10.1109/TNN.2004.837781 PMID: 15565778

Wahba G. Splines in Nonparametric Regression. Wiley & Sons, Ltd; 2006.

Kjems U, Hansen LK, Anderson J, Frutiger S, Muley S, Sidtis J, et al. The Quantitative Evaluation of
Functional Neuroimaging Experiments: Mutual Information Learning Curves. Neurolmage. 2002; 15
(4):772-786. https://doi.org/10.1006/nimg.2001.1033 PMID: 11906219

Rasmussen PM, Madsen KH, Lund TE, Hansen LK. Visualization of nonlinear kernel models in neuro-
imaging by sensitivity maps. Neurolmage. 2011; 55(3):1120—1131. https://doi.org/10.1016/j.
neuroimage.2010.12.035 PMID: 21168511

Camps-Valls G, Jung M, Ichii K, Papale D, Tramontana G, Bodesheim P, et al. Geoscience and Remote
Sensing Symposium (IGARSS), 2015 IEEE International; 2015. p. 4416—4419.

Blix K, Camps-Valls G, Jenssen R. Sensitivity analysis of Gaussian processes for oceanic chlorophyll
prediction. 2015 IEEE International Geoscience and Remote Sensing Symposium, IGARSS 2015,
Milan, ltaly, July 26-31, 2015. 2015;p. 996-999.

Mchutchon A, Rasmussen CE. Gaussian Process Training with Input Noise. In: Shawe-Taylor J, Zemel
RS, Bartlett PL, Pereira F, Weinberger KQ, editors. Advances in Neural Information Processing Sys-
tems 24. Curran Associates, Inc.; 2011. p. 1341-1349.

Johnson JE, Laparra V, Camps-Valls G. Accounting for Input Noise in Gaussian Process Parameter
Retrieval. IEEE Geoscience and Remote Sensing Letters. 2020; 17(3):391-395. https://doi.org/10.
1109/LGRS.2019.2921476

Martino L, Elvira V, Camps-Valls G. Group Importance Sampling for Particle Filtering and MCMC; 2017.

Ozertem U, Erdogmus D. Locally Defined Principal Curves and Surfaces. Journal of Machine Learning
Research. 2011; 12:1249-1286.

Pérez-Suay A, Camps-Valls G. Sensitivity maps of the Hilbert—Schmidt independence criterion. Applied
Soft Computing. 2017;.

Aizerman MA, Braverman EM, Rozoner LI. Theoretical Foundations of the Potential Function Method in
Pattern Recognition Learning. Automation and remote Control. 1964; 25:821-837.

Aronszajn N. Theory of reproducing kernels. Transactions of the American Mathematical Society. 1950
May; 68(3):337—404. https://doi.org/10.1090/S0002-9947-1950-0051437-7

Riesz F, Nagy BS. Functional Analysis. Frederick Ungar Publishing Co.; 1955.

Kimeldorf G, Wahba G. Some results on Tchebycheffian spline functions. Journal of Mathematical Anal-
ysis and Applications. 1971; 33(1):82-95. https://doi.org/10.1016/0022-247X(71)90184-3

Schélkopf B, Herbrich R, Smola AJ. A Generalized Representer Theorem. In: Helmbold D, Williamson
B, editors. Computational Learning Theory. Berlin, Heidelberg: Springer Berlin Heidelberg; 2001. p.
416-426.

Gnecco G, Sanguineti M. Accuracy of suboptimal solutions to kernel principal component analysis.
Computational Optimization and Applications. 2009 Mar; 42(2):265—-287. https://doi.org/10.1007/
$10589-007-9108-y

Cucker F, Smale S. On the mathematical foundations of learning. Bulletin of the American Mathematical
Society. 2002; 39:1—-49. https://doi.org/10.1090/S0273-0979-01-00923-5

Manton JH, Amblard PO. A Primer on Reproducing Kernel Hilbert Spaces. Foundations and Trends in
Signal Processing. 2014; 8:1-126. https://doi.org/10.1561/2000000050

Arbogast LFA. Du calcul des derivations [microform]/ par L.F.A. Arbogast. Levrault Strasbourg; 1800.

Boser BE, Guyon |, Vapnik VN. A training algorithm for optimal margin classifiers. In: Proc. COLT’92.
PA.Pittsburgh, PA: Pittsburgh; 1992. p. 144—152.

Cortes C, Vapnik V. Support Vector Networks. Machine Learning. 1995; 20:273-97. https://doi.org/10.
1023/A:1022627411411

PLOS ONE | https://doi.org/10.1371/journal.pone.0235885 October 29, 2020 28/30


https://doi.org/10.1109/TNN.2006.879767
https://doi.org/10.1109/TNN.2004.837781
http://www.ncbi.nlm.nih.gov/pubmed/15565778
https://doi.org/10.1006/nimg.2001.1033
http://www.ncbi.nlm.nih.gov/pubmed/11906219
https://doi.org/10.1016/j.neuroimage.2010.12.035
https://doi.org/10.1016/j.neuroimage.2010.12.035
http://www.ncbi.nlm.nih.gov/pubmed/21168511
https://doi.org/10.1109/LGRS.2019.2921476
https://doi.org/10.1109/LGRS.2019.2921476
https://doi.org/10.1090/S0002-9947-1950-0051437-7
https://doi.org/10.1016/0022-247X(71)90184-3
https://doi.org/10.1007/s10589-007-9108-y
https://doi.org/10.1007/s10589-007-9108-y
https://doi.org/10.1090/S0273-0979-01-00923-5
https://doi.org/10.1561/2000000050
https://doi.org/10.1023/A:1022627411411
https://doi.org/10.1023/A:1022627411411
https://doi.org/10.1371/journal.pone.0235885

PLOS ONE

Kernel methods and their derivatives

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

Vapnik V. Statistical Learning Theory, Adaptive and Learning Systems for Signal Processing, Commu-
nications, and Control. John Wiley & Sons; 1998.

Xing H, Hansen J. Single Sideband Frequency Offset Estimation and Correction for Quality Enhance-
ment and Speaker Recognition. IEEE/ACM Transactions on Audio, Speech, and Language Processing.
2017; 25(1):124-136. https://doi.org/10.1109/TASLP.2016.2623563

Cremers D, Kohlberger T, Schnérr C. Shape statistics in kernel space for variational image segmenta-
tion. Pattern Recognition. 2003; 36(9):1929—1943. Kernel and Subspace Methods for Computer
Vision.

Kim Kl, Franz MO, Scholkopf B. Iterative Kernel Principal Component Analysis for Image Modeling.
IEEE Trans Pattern Anal Mach Intell. 2005 Sep; 27(9):1351-1366. https://doi.org/10.1109/TPAMI.
2005.181 PMID: 16173181

Xu M, Jiang L, Sun X, Ye Z, Wang Z. Learning to Detect Video Saliency With HEVC Features. IEEE
Transactions on Image Processing. 2017; 26(1):369-385. https://doi.org/10.1109/TIP.2016.2628583

Chen S, Gunn S, Harris CJ. Decision Feedback Equalizer Design Using Support Vector Machines. In:
IEE Proc. Vision, Image and Signal Processing, Vol.147, No.3; 2000. p. 213-219.

Burges CJC. A Tutorial on Support Vector Machines for Pattern Recognition. Data Mining and Knowl-
edge Discovery. 1998; 2(2):121-167. https://doi.org/10.1023/A:1009715923555

Silverman B. Density Estimation for Statistics and Data Analysis. London, England: Chapman and
Hall; 1986.

Girolami M. Orthogonal series density estimation and the kernel eigenvalue problem. Neural Computa-
tion. 2002; 14(3):669-688. https://doi.org/10.1162/089976602317250942 PMID: 11860687

Duin RPW. On the Choice of Smoothing Parameters for Parzen Estimators of Probability Density Func-
tions. Computers, IEEE Transactions on. 1976;C- 25(11):1175-1179. https://doi.org/10.1109/TC.1976.
1674577

Parzen E. On Estimation of a Probability Density Function and Mode. The Annals of Mathematical Sta-
tistics. 1962; 33(3):1065—-1076. https://doi.org/10.1214/aoms/1177704472

Kim J, Scott CD. Robust Kernel Density Estimation. J Mach Learn Res. 2012 Sep; 13(1):2529-2565.

Izquierdo-Verdiguier E, Laparra V, Jenssen R, Gomez-Chova L, Camps-Valls G. Optimized Kernel
Entropy Components. IEEE Transactions on Neural Networks and Learning Systems. 2017 June; 28
(6):1466-1472. https://doi.org/10.1109/TNNLS.2016.2530403 PMID: 26930695

Hastie T, Stuetzle W. Principal curves. Journal of the American Statistical Association. 1989; 84:502—
516. https://doi.org/10.1080/01621459.1989.10478797

Laparra V, Malo J, Camps-Valls G. Dimensionality Reduction via Regression in Hyperspectral Imagery.
IEEE Journal of Selected Topics in Signal Processing. 2015 Sept; 9(6):1026—1036. https://doi.org/10.
1109/JSTSP.2015.2417833

Laparra V, Jiménez S, Tuia D, Camps-Valls G, Malo J. Principal polynomial analysis. International Jour-
nal of Neural Systems. 2014; 24(7).

Laparra V, Jiménez S, Camps-Valls G, Malo J. Nonlinearities and adaptation of color vision from
sequential principal curves analysis. Neural Computation. 2012; 24(10):2751-2788. https://doi.org/10.
1162/NECQO_a_00342 PMID: 22845821

Sasaki H, Kanamori T, Sugiyama M. Estimating Density Ridges by Direct Estimation of Density-Deriva-
tive-Ratios. In: Singh A, Zhu J, editors. Proceedings of the 20th International Conference on Artificial
Intelligence and Statistics. vol. 54 of Proceedings of Machine Learning Research. Fort Lauderdale, FL,
USA: PMLR; 2017. p. 204-212.

Baker C. Joint measures and cross-covariance operators. Transactions of the American Mathematical
Society. 1973; 186:273-289. https://doi.org/10.1090/S0002-9947-1973-0336795-3

Fukumizu K, Bach FR, Jordan MI. Dimensionality Reduction for Supervised Learning with Reproducing
Kernel Hilbert Spaces. Journal of Machine Learning Research. 2004; 5:73-99.

Alaoui A, Mahoney MW. Fast Randomized Kernel Ridge Regression with Statistical Guarantees. In:
Cortes C, Lawrence ND, Lee DD, Sugiyama M, Garnett R, editors. Advances in Neural Information Pro-
cessing Systems 28. Curran Associates, Inc.; 2015. p. 775-783.

Gretton A, Borgwardt KM, Rasch MJ, Schélkopf B, Smola A. A Kernel Two-sample Test. J Mach Learn
Res. 2012 Mar;13:723-773. Available from: http://dl.acm.org/citation.cfm?id=2188385.2188410.

Capobianco L, Garzelli A, Camps-Valls G. Target detection with semisupervised kernel orthogonal sub-
space projection. IEEE Transactions on Geoscience and Remote Sensing. 2009; 47(11):3822—-3833.
Available from: http://www.scopus.com/inward/record.url?eid=2-s2.0-70350676140&partnerlD=
40&md5=a4a3777adc4aaab2807f8efa27cale02. https://doi.org/10.1109/TGRS.2009.2020910

PLOS ONE | https://doi.org/10.1371/journal.pone.0235885 October 29, 2020 29/30


https://doi.org/10.1109/TASLP.2016.2623563
https://doi.org/10.1109/TPAMI.2005.181
https://doi.org/10.1109/TPAMI.2005.181
http://www.ncbi.nlm.nih.gov/pubmed/16173181
https://doi.org/10.1109/TIP.2016.2628583
https://doi.org/10.1023/A:1009715923555
https://doi.org/10.1162/089976602317250942
http://www.ncbi.nlm.nih.gov/pubmed/11860687
https://doi.org/10.1109/TC.1976.1674577
https://doi.org/10.1109/TC.1976.1674577
https://doi.org/10.1214/aoms/1177704472
https://doi.org/10.1109/TNNLS.2016.2530403
http://www.ncbi.nlm.nih.gov/pubmed/26930695
https://doi.org/10.1080/01621459.1989.10478797
https://doi.org/10.1109/JSTSP.2015.2417833
https://doi.org/10.1109/JSTSP.2015.2417833
https://doi.org/10.1162/NECO_a_00342
https://doi.org/10.1162/NECO_a_00342
http://www.ncbi.nlm.nih.gov/pubmed/22845821
https://doi.org/10.1090/S0002-9947-1973-0336795-3
http://dl.acm.org/citation.cfm?id=2188385.2188410
http://www.scopus.com/inward/record.url?eid=2-s2.0-70350676140&partnerID=40&md5=a4a3777adc4aaab2807f8efa27ca0e02
http://www.scopus.com/inward/record.url?eid=2-s2.0-70350676140&partnerID=40&md5=a4a3777adc4aaab2807f8efa27ca0e02
https://doi.org/10.1109/TGRS.2009.2020910
https://doi.org/10.1371/journal.pone.0235885

PLOS ONE

Kernel methods and their derivatives

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

Verrelst J, Alonso L, Camps-Valls G, Delegido J, Moreno J. Retrieval of vegetation biophysical parame-
ters using Gaussian process techniques. IEEE Transactions on Geoscience and Remote Sensing.
2012; 50(5 PART 2):1832-1843. Available from: http://www.scopus.com/inward/record.url?eid=2-s2.0-
84860332507&partnerlD=40&md5=8f89c24c1927827bf249a795b35098fc. https://doi.org/10.1109/
TGRS.2011.2168962

Camps-Valls G, Verrelst J, Mufioz-Mari J, Laparra V, Mateo-Jimenez F, Gomez-Dans J. A Survey on
Gaussian Processes for Earth Observation Data Analysis: A Comprehensive Investigation. IEEE Geo-
science and Remote Sensing Magazine. 2016 June;(6). Available from: http://ieeexplore.ieee.org/
document/7487896/.

Camps-Valls G, Sejdinovic D, Runge J, Reichstein M. A Perspective on Gaussian Processes for Earth
Observation. National Science Review. 2019 Mar; 6(4):616—618. https://doi.org/10.1093/nsr/nwz028

Mahecha MD, First LM, Gobron N, Lange H. Identifying multiple spatiotemporal patterns: A refined
view on terrestrial photosynthetic activity. Pattern Recognition Letters. 2010; 31(14):2309-2317. hitps://
doi.org/10.1016/j.patrec.2010.06.021

Gomez-Chova L, Jenssen R, Camps-Valls G. Kernel entropy component analysis for remote sensing
image clustering. IEEE Geoscience and Remote Sensing Letters. 2012; 9(2):312—-316. Available from:
http://www.scopus.com/inward/record.url?eid=2-s2.0-84856976376&partnerlD=40&md5=
e5bb9e506490459dd504d3cae854bc6f. https://doi.org/10.1109/LGRS.2011.2167212

Bueso D, Piles M, Camps-Valls G. Nonlinear PCA for Spatio-Temporal Analysis of Earth Observation
Data. IEEE Transactions on Geoscience and Remote Sensing. 2020;. https://doi.org/10.1109/TGRS.
2020.2969813

LinY, YuJ, CaiJ, Sneeuw N, Li F. Spatio-temporal analysis of wetland changes using a kernel extreme
learning machine approach. Remote Sensing. 2018; 10(7):1129. https://doi.org/10.3390/rs10071129

Mahecha MD, Gans F, Brandt G, Christiansen R, Cornell SE, Fomferra N, et al. Earth system data
cubes unravel global multivariate dynamics. Earth System Dynamics. 2020; 11(1):201-234. Available
from: https://www.earth-syst-dynam.net/11/201/2020/. https://doi.org/10.5194/esd-11-201-2020

Zscheischler J, Mahecha MD, von Buttlar J, Harmeling S, Jung M, Rammig A, et al. Few extreme
events dominate global interannual variability in gross primary production. Environmental Research Let-
ters. 2014; 9:035001. https://doi.org/10.1088/1748-9326/9/3/035001

Tramontana G, Jung M, Schwalm CR, Ichii K, Camps-Valls G, Raduly B, et al. Predicting carbon dioxide
and energy fluxes across global FLUXNET sites with regression algorithms. Biogeosciences. 2016; 13
(14):4291-4313. Available from: http://www.biogeosciences.net/13/4291/2016/. https://doi.org/10.
5194/bg-13-4291-2016

Jung M, Schwalm C, Migliavacca M, Walther S, Camps-Valls G, Koirala S, et al. Scaling carbon fluxes
from eddy covariance sites to globe: synthesis and evaluation of the FLUXCOM approach. Biogeos-
ciences. 2020; 17(5):1343-1365. Available from: https://www.biogeosciences.net/17/1343/2020/.
https://doi.org/10.5194/bg-17-1343-2020

Miralles DG, Gentine P, Seneviratne Sl, Teuling AJ. Land—-atmospheric feedbacks during droughts and
heatwaves: state of the science and current challenges. Annals of the New York Academy of Sciences.
2019; 1436(1):19. https://doi.org/10.1111/nyas.13912 PMID: 29943456

Martens B, Miralles DG, Lievens H, van der Schalie R, de Jeu RAM, Fernandez-Prieto D, et al. GLEAM
v3: satellite-based land evaporation and root-zone soil moisture. Geoscientific Model Development.
2017; 10(5):1903-1925. Available from: https://www.geosci-model-dev.net/10/1903/2017/. https://doi.
org/10.5194/gmd-10-1903-2017

Dorigo W, Wagner W, Albergel C, Albrecht F, Balsamo G, Brocca L, et al. ESA CCI Soil Moisture for
improved Earth system understanding: State-of-the art and future directions. Remote Sensing of Envi-
ronment. 2017; 203:185—215. Earth Observation of Essential Climate Variables. https://doi.org/10.
1016/j.rse.2017.07.001

Liu YY, Dorigo WA, Parinussa RM, de Jeu RAM, Wagner W, McCabe MF, et al. Trend-preserving
blending of passive and active microwave soil moisture retrievals. Remote Sensing of Environment.
2012; 123:280—297. https://doi.org/10.1016/j.rse.2012.03.014

Flach M, Sippel S, Gans F, Bastos A, Brenning A, Reichstein M, et al. Contrasting biosphere responses
to hydrometeorological extremes: revisiting the 2010 western Russian heatwave. Biogeosciences.
2018; 15(20):6067—-6085. Available from: https://www.biogeosciences.net/15/6067/2018/. hitps://doi.
org/10.5194/bg-15-6067-2018

Charlton AB. Geographically Weighted Regression: The Analysis of Spatially Varying Relationships.
Wiley & Sons, Ltd; 2002.

EM-DAT. EM-DAT: The International Disaster Database; 2008. Available at: http://www.emdat.be/
Database/Trends/trends.html.

PLOS ONE | https://doi.org/10.1371/journal.pone.0235885 October 29, 2020 30/30


http://www.scopus.com/inward/record.url?eid=2-s2.0-84860332507&partnerID=40&md5=8f89c24c1927827bf249a795b35098fc
http://www.scopus.com/inward/record.url?eid=2-s2.0-84860332507&partnerID=40&md5=8f89c24c1927827bf249a795b35098fc
https://doi.org/10.1109/TGRS.2011.2168962
https://doi.org/10.1109/TGRS.2011.2168962
http://ieeexplore.ieee.org/document/7487896/
http://ieeexplore.ieee.org/document/7487896/
https://doi.org/10.1093/nsr/nwz028
https://doi.org/10.1016/j.patrec.2010.06.021
https://doi.org/10.1016/j.patrec.2010.06.021
http://www.scopus.com/inward/record.url?eid=2-s2.0-84856976376&partnerID=40&md5=e5bb9e506490459dd504d3cae854bc6f
http://www.scopus.com/inward/record.url?eid=2-s2.0-84856976376&partnerID=40&md5=e5bb9e506490459dd504d3cae854bc6f
https://doi.org/10.1109/LGRS.2011.2167212
https://doi.org/10.1109/TGRS.2020.2969813
https://doi.org/10.1109/TGRS.2020.2969813
https://doi.org/10.3390/rs10071129
https://www.earth-syst-dynam.net/11/201/2020/
https://doi.org/10.5194/esd-11-201-2020
https://doi.org/10.1088/1748-9326/9/3/035001
http://www.biogeosciences.net/13/4291/2016/
https://doi.org/10.5194/bg-13-4291-2016
https://doi.org/10.5194/bg-13-4291-2016
https://www.biogeosciences.net/17/1343/2020/
https://doi.org/10.5194/bg-17-1343-2020
https://doi.org/10.1111/nyas.13912
http://www.ncbi.nlm.nih.gov/pubmed/29943456
https://www.geosci-model-dev.net/10/1903/2017/
https://doi.org/10.5194/gmd-10-1903-2017
https://doi.org/10.5194/gmd-10-1903-2017
https://doi.org/10.1016/j.rse.2017.07.001
https://doi.org/10.1016/j.rse.2017.07.001
https://doi.org/10.1016/j.rse.2012.03.014
https://www.biogeosciences.net/15/6067/2018/
https://doi.org/10.5194/bg-15-6067-2018
https://doi.org/10.5194/bg-15-6067-2018
http://www.emdat.be/Database/Trends/trends.html
http://www.emdat.be/Database/Trends/trends.html
https://doi.org/10.1371/journal.pone.0235885

