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Abstract

Abdominal aortic aneurysm (AAA) is a localized enlargement of the abdominal aorta, such

that the diameter exceeds 3 cm. The natural history of AAA is progressive growth leading to

rupture, an event that carries up to 90% risk of mortality. Hence there is a need to predict the

growth of the diameter of the aorta based on the diameter of a patient’s aneurysm at initial

screening and aided by non-invasive biomarkers. IL-6 is overexpressed in AAA and was

suggested as a prognostic marker for the risk in AAA. The present paper develops a mathe-

matical model which relates the growth of the abdominal aorta to the serum concentration of

IL-6. Given the initial diameter of the aorta and the serum concentration of IL-6, the model

predicts the growth of the diameter at subsequent times. Such a prediction can provide guid-

ance to how closely the patient’s abdominal aorta should be monitored. The mathematical

model is represented by a system of partial differential equations taking place in the aortic

wall, where the media is assumed to have the constituency of an hyperelastic material.

Introduction

AAA is an abnormal dilatation most commonly of the infrarenal aorta. One definition of AAA

is a diameter greater than 3 cm [1]. The clinical significance of AAA stems from the high mor-

tality associated with rupture. Approximately 60% of patients with ruptured AAA die before

reaching the hospital [2] and mortality rates of emergency surgical repair are as high as 35–

70% [3]. The risk of rupture increases with AAA diameter. The pathogenesis of AAA is largely

unknown and likely multifactorial. Diameter remains the only clinically useful and available

marker for risk of rupture. Surgical repair is recommended for aneurysms measuring greater

than 5.5 cm [4, 5] and there is insufficient evidence to recommend surgery for all patients with

smaller AAA [2]. However, even elective surgical repair of AAA remains a major operation,

incurring significant morbidity and mortality particularly in older, sicker patients where there

is a higher prevalence of AAA. Furthermore, patients die every year from rupture of aneu-

rysms smaller than 5.5 cm, and up to 60% of AAA larger than 5 cm remain stable [6]. Thus,
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some patients with smaller AAA are denied lifesaving surgery and others with larger AAA

undergo unnecessary major surgery. The reasons why some smaller aneurysms go on to rup-

ture while some larger ones remain stable are not understood. Techniques that provide early

identification of small AAA with increased risk for rupture and large AAA with low risk for

rupture will improve overall mortality by prompting personalized treatment plans for AAA.

There are a number of mathematical papers that describe the dynamics of the weakening

and dilation of the arterial wall and the risk of rupture. The more comprehensive models

include the nonlocal, nonlinear elastic nature of the arterial wall in response to wall shear stress

[7–10]. However these models do not explain the clinical fact that some abdominal aortae rup-

ture when the diameter of the cross section of the dilated aorta is less than 5.5 cm while others

do not rupture even when much larger than 5.5 cm. There is a need to discover non-invasive

biomarkers that will provide the following prognosis for a patient undergoing initial screening

for AAA:

• Given initial diameter of the cross section of the aorta, say R0, how will the diameter, say R
(t), evolve with time?

• How will the risk of rupture increase with time?

The present paper develops a mathematical model that addresses the first question, with IL-

6 as the serum biomarker. IL-6 has already been suggested as prognostic biomarker for AAA

in [11, 12]; additional potential biomarkers are reviewed in [13, 14].

The mathematical model consists of two parts. The first part focuses on the biology. It

introduces a network of cells and cytokines which, in disease state, lead to the destruction of

smooth muscle cells (SMCs) and elastin depletion in the media, and disruption of the extracel-

lular matrix (ECM) in the adventitia. The biological predictions of this part of the model, in

terms of the expression levels of the proteins involved, are in agreement with patients data

[15]. The second part of the model develops the mechanics of diameter growth of the artery as

a result of deficiency in elastin and disruptions in the ECM. Here, instead of the approach

taken in [7–10], we use the fact that the arterial wall behaves like a hyperelastic material [16].

Hence its elastic strength and displacement under stress depend on the smooth muscle cells in

the aortic wall. We can therefore relate the wall dilation to several cytokines whose expression

is upregulated in disease state. Such cytokines could be used as potential biomarkers for pre-

dicting the arterial wall dilation. We shall focus on IL-6, which is upregulated in AAA patients

[11, 12].

The biological network introduced in the present paper includes macrophages, T cells,

SMCs and fibroblasts, as well as cytokines such as IL-6, IL-10, IL-12, TNF-α and IFN-γ; MMP

and TIMP are also included. The densities of the cells and the concentrations of the proteins

satisfy a coupled system of partial differential equations (PDEs) in the arterial wall.

In the early stage of aneurysm, endothelial cells, under hemodynamic shear stress, secrete

major attractant protein, MCP-1, and IL-6 [17]. IL-6 is also produced by SMCs (in conjunc-

tion with IL-1) [18]. This triggers recruitment of monocytes from the blood into the media

layer of the arterial wall [19]. The monocytes mature into macrophages, while, at the same

time, additional macrophages from the adventitia are also chemoattracted by MCP-1, IL-6 and

IL-8 [20–22]. More precisely, IL6/MCP-1 combined, and MCP-1 and IL-8 separately chemoat-

tract monocytes; for simplicity, we shall represent the chemoattractants by MCP-1 and IL-6. T

cells are activated by contact with macrophages in the presence of IL-12, and macrophages are

activated by IFN-γ produced by the T cells [23]. Macrophages produce TNF-α [24], MMP and

TIMP [24, 25], and IL-10, IL-12 and IL-6 [26], but MMP is also produced by SMCs [27]. Fibro-

blasts produce collagen [28], and the collection of MMP, TIMP and collagen weaken the ability
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of the adventitia layer to withstand stress. Macrophages are known to cause apoptosis in SMCs

[19], and this leads to reduction in elastin [29], thus weakening the elastic strength of the

media; The apoptotic SMCs are known to produce MCP-1 [19].

Fig 1 shows SMCs residing in the media, fibroblasts residing in the adventitia, while macro-

phages and T cells are present in both layers of the aortic wall.

Fig 2 is a schematics of the network within the arterial wall during aneurysm; all the cyto-

kines and the ECM (elastin and collagen) are present in both the media and the adventitia. A

schematics of the balloon-like bulge geometry in the aorta is shown in Fig 3.

1 Mathematical model of the biology

In this section we develop a mathematical model of aneurysm based on the diagram shown in

Fig 2. The model, represented by a system of PDEs, includes the variables listed in Table 1. We

assume that all cells are moving with a common velocity v; the velocity is the result of move-

ment of macrophages, T cells and SMCs into the media and adventitia. We also assume that all

Fig 1. A schematic of the aortic wall including the aortic lumen, the intima, media, and adventitia.

doi:10.1371/journal.pone.0170807.g001
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species are diffusing with appropriate diffusion coefficients. The equation for each species of

cells, X, has a form

dX
dt
þr � ðvXÞ � DXDX ¼ FX;

where the expression on the left-hand side includes advection and diffusion, and FX accounts

for various biochemical reactions, and chemotaxis. The equations for the chemical species are

the same as for cells, but without the advection term, which is relatively very small compared

to their large diffusion coefficients. Fig 3 shows a 2D projection of a blood vessel OB with an

aortic aneurysm OM [ OA.

Equation for MCP-1 (P)

The equation for MCP-1 is given in the whole domain (media OM, and adventitia OA) by

@P
@t
� DPDP ¼ lPS

M
M þ KM

S
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

production

� dPM
P

P þ KP
M � dPP

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
degradation

;
ð1Þ

The first term on the right-hand side is the production of P by apoptotic SMCs, which is

induced by macrophages [19]. The second term represents lost of MCP-1 as it binds to, and

internalized by, macrophages which are chemoattracted to MCP-1; the internalization of

MCP-1 may be limited due to the limited rate of receptor recycling. The last term in Eq (1)

accounts for degradation of MCP-1.

Fig 2. Interaction network among cells and cytokines in their respective layers. SMCs remain in the media, and fibroblasts remain in the adventitia.

doi:10.1371/journal.pone.0170807.g002
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Fig 3. Schematic representation of a 2D section of the computational domain.ΩB is blood vessel;ΩM represents the media andΩA the adventitia; ΓA, ΓB

and ΓM are three free boundaries. ΓB is the inner surface of the artery, ΓA is the outer surface, and ΓM is the surface between the media and adventitia.

doi:10.1371/journal.pone.0170807.g003

Table 1. The variables of the model; concentration and densities are in units of g/cm3.

S: density of SMCs T: density of T cells (Th1)

M: density of macrophages f: density of fibroblasts

ρ: density of ECM P: concentration of MCP-1

Tα: concentration of TNF-α Iγ: concentration of INF-γ
I6: concentration of IL-6 I10: concentration of IL-10

I12: concentration of IL-12 Q: concentration of MMPs

Qr: concentration of TIMP p: pressure in media (in g/cm/day2)

u: displacement (in cm) v: cell velocity in media and adventitia (in cm/day)

doi:10.1371/journal.pone.0170807.t001
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Equation for macrophages (M)

According to [26] the two phenotype of macrophages, M1 and M2, are both present in aneu-

rysm; M1 secretes inflammatory cytokines such as IL-12 and TNF-α, while M2 secretes immu-

noregulatory cytokines such as IL-10. For simplicity, we do not differentiate between the two

phenotypes, but take into account that the productions of IL-12 and TNF-α are resisted by IL-

10 [30].

The evolution of the macrophage density in OM [ OA is modeled by

@M
@t
þr � ðvMÞ � DMDM ¼ � r � ðMwCrPÞ � r � ðMwCrI6Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

chemotaxis

þlMIg
M

Ig

Ig þ KIg

1þ lMTa

Ta

Ta þ KTa

 !

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
activation

� dMM
|fflfflffl{zfflfflffl}

death

:
ð2Þ

The first two terms on right-hand side account for the recruitment of macrophages by MCP-1

[19] and IL-6 [20–22]. The third term accounts for the activation of macrophages by IFN-γ
[23], which is enhanced by TNF-α [31].

Equation for T cells (T)

The density of T cells in OM [ OA satisfies the equation

@T
@t
þr � ðvTÞ � DTDT ¼ lT

I12

1þ I10=KI10

M
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

activtion

� dTT
|fflffl{zfflffl}

death

:
ð3Þ

We assume that T cells are activated by contact with macrophages in IL-12 environment, while

IL-12 is inhibited by IL-10 [30].

Equation for SMCs (S)

The equation of the SMCs density in OM is given by

@S
@t
þr � ðvSÞ � DSDS ¼ lS� dSM

M
M þ KM

S
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

apoptosis

� dSS:
ð4Þ

The second term of the right-hand side accounts for apoptosis of SMCs, caused by macro-

phages through a FasL/Fas-Caspase8-RIP1 mediated mechanism [19].

Equations for cytokines (in ΩM [ΩA)

IL-6 is produced by macrophages [26], and by SMCs (in conjunction with IL-1) [18]; hence

@I6

@t
� DI6

DI6 ¼ lI6MM þ lI6SS
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

production

� dI6
I6

|fflffl{zfflffl}
degradation

:
ð5Þ
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IL-10 is produced by macrophages [26], so that

@I10

@t
� DI10

r2I10 ¼ lI10MM
|fflfflffl{zfflfflffl}
production

� dI10
I10

|fflfflfflffl{zfflfflfflffl}
degradation

:
ð6Þ

IL-12 is produced by macrophages [26], a process inhibited by IL-10. The equation for I12 is

given by

@I12

@t
� DI12

r2I12 ¼ lI12M
M

1þ I10=KI10|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
production by macrophage

� dI12
I12

|fflfflfflffl{zfflfflfflffl}
degradation

:
ð7Þ

Similarly, TNF-α is produced by macrophages, a process inhibited by IL-10 [32], so that

@Ta

@t
� DTb

DTa ¼ lTaM
M

1þ I10=KI10|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
production

� dTa
Ta

|fflfflffl{zfflfflffl}
degradation

:
ð8Þ

IFN-γ is produced by T cells [33], hence

@Ig

@t
� DIg

DIg ¼ lIg
T

|{z}
production

� dIg
Ig

|fflffl{zfflffl}
degradation

:
ð9Þ

MMP is produced by macrophages [25] and by SMCs [34], a process enhanced by TNF-α
[24], and MMP is lost by binding with TIMP [25]. Accordingly, Q satisfies the following

equation:

@Q
@t
� DQDQ ¼ ðlQMM þ lQSSÞ 1þ lQTa

Ta

Ta þ KTa

 !

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
production

� dQQr
QrQ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
depletion

� dQQ
|fflffl{zfflffl}

degradation

;
ð10Þ

TIMP is produced by macrophages [25], and is lost by binding to MMP, so that

@Qr

@t
� DQr

DQr ¼ lQrMM
|fflfflffl{zfflfflffl}
production

� dQrQQQr
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

depletion

� dQr
Qr

|fflfflffl{zfflfflffl}
degradation

:
ð11Þ

Equation for ECM (ρ)

SMCs produce elastin [29] and fibroblasts produce collagen [28]. We assume that the density

of fibroblasts is approximately constant, and that the ECM concentration is proportional to

the combined concentrations of collagen and elastin, which are produced by fibroblasts and

SMCs, respectively. Hence,

@r

@t
þr � ðvrÞ � DrDr ¼ lrf wA þ lrSS

h i
1 �

r

r0

� �þ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
production

� drr � drQQr
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

degradation

;
ð12Þ

where the term dρQ Qρ represents ECM degradation by MMP. Here we used the notations: X+

= X if X> 0, X+ = 0 if X� 0, and χA = 1 in OA, χA = 0 in OM.
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Boundary conditions

Fig 3 shows a 2-D projection of the media and adventitia layers of the arterial wall. We shall

take as our computational domain the right region lying between y = y1 and y = y2, and impose

periodic boundary condition at y = y1 and y = y2.

T cells, which are primarily CD4+ Th1 cells [35], migrate to the adventitia and intima [36,

37], and so do macrophages [22, 37].

The concentration ρ is continuous across the media/adventitia membrane, while S satisfies

no-flux boundary condition, @S
@n ¼ 0, at this membrane. All the other variables satisfy the fol-

lowing flux conditions at the interface ΓM:

@XM

@n
þ gðXM � XAÞ ¼ 0; and

@XA

@n
þ gðXA � XMÞ ¼ 0;

where XM and XA are the concentrations of cytokines or cell densities in media and adventitia,

respectively. We take γ = 50 for cells, and γ = 500 for the cytokines [38].

On ΓB and ΓA, we have

@M
@n
þ aMðPÞðM � M0Þ ¼ 0;

@T
@n
þ aTðT � T0Þ ¼ 0;

where aMðPÞ ¼ ~aM
P

PþKP
.

Both MCP-1 and IL-6 are produced by endothelial cells [17], which lie near the inner

boundary of the media, ΓB. Hence

@P
@n
þ aPðP � P0Þ ¼ 0;

@I6

@n
þ aI6

ðI6 � I60
Þ ¼ 0 on GB; ð13Þ

where P0 and I60 are the concentrations of MCP-1 and I6 in the blood. We assume no-flux

boundary conditions on ΓB for all remaining variables. We also assume no-flux conditions on

ΓA for all variables (except M and T, as stated above)

Initial conditions

We take initially I6 ¼
I60

2
, where I60 = 6 × 10−9 gcm−3 in the source of influx of I6 from the endo-

thelial cells [39], and as in [40],

Q ¼ 3� 10� 8; Qr ¼ 10� 8; r ¼ 3:43� 10� 4 and S ¼ S0; where S0 ¼ 6� 10� 3 gcm� 3:

All other cell densities and cytokine concentrations are taken to be zero initially. We prescribe

the initial geometry of aneurysm by

GA : x ¼ 0:7 cos ðpyÞ2 þ 0:3; GM : x ¼ 0:55 cos ðpyÞ2 þ 0:2;

GB : x ¼ 0:5 cos ðpyÞ2 for y1 � y � y2:

Mechanical hyperelasticity model

We set O = OM [ ΓM [ OA and refer to this region, briefly, as the aortic wall. Aortic wall is

assumed to have nonlinear, hyperelastic material properties [27, 41, 42]. Specifically, it is an

‘almost’ incompressible, homogeneous, and isotropic material with energy density function W
of the form

W ¼ b1ðIB � 3Þ þ b2ðIB � 3Þ
2
; ð14Þ

A mathematical model of AAA
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where β1 and β2 are forces that represent elastic coefficients; IB is the first invariant of the Left

Cauchy-Green tensor B (namely IB = tr(B)), B = F FT, while F is the deformation gradient ten-

sor. In terms of the displacement vector u = (ui), we can write

B ¼ ½ðI � ruÞTðI � ruÞ�� 1
¼ dij �

@uj
@xi
�

@ui
@xj
þ

@uk
@xi

@uk
@xj

� �� 1

¼
:
ðaijÞ

� 1
, where I is the identity

tensor.

The Cauchy stress tensor is given by

s ¼ � pI þ 2
@W
@IB

B; ð15Þ

where p is the hydrostatic pressure. The momentum equation is then

dDtv � r � s ¼ f in O; ð16Þ

where f is the body force and d is the tissue density. In the sequel we assume no body force and

neglect tissue inertia, so that

r � s ¼ 0; in O: ð17Þ

The coefficients β1 and β2 are functions of the SMCs which we take to represent the elastic-

ity coefficients. We shall use the following specific relations in Eq (14):

b1 ¼ b10 þ k1

S
S0

� 1

� �

; b2 ¼ b20 þ k2

S
S0

� 1

� �

: ð18Þ

The pressure, p, is a function of ECM, which we take to have the form

pðrÞ ¼ p� � bp 1 �
r

r�

� �

: ð19Þ

for some parameters βp, p�.

For boundary conditions, we take

sn ¼ sBn � gkn on GB;

ðsnÞjOM
¼ ðsnÞjOA

þ gkn on GM;
ð20Þ

sn ¼ 0 on GA; ð21Þ

where σB is the stress tensor from the blood and κ is the mean curvature.

Results

Fig 4 shows the profile of average of cell densities and cytokines concentrations in the first 500

days, and Fig 5 shows how the aneurysm deforms at day 500.

From Fig 4, we see that, as AAA progresses, the average densities of SMCs and ECM

decrease. The concentration of the inflammatory cytokines TNF-α, IFN-γ and MCP-1 are

increasing. On the other hand, the average concentration of MMP is increasing only for the

first 200 days, and it then decreases as the concentration of TIMP keeps growing. The average

concentration of IL-6 in the tissue decreases and nearly stabilizes after 500 days. Fig 5 shows

growth of the aorta bulge after 500 days: from diameter of 2 cm to diameter of nearly 2.5 cm

when I60 = 6 × 10−9 g/ml and nearly 4.5 cm when I60 = 6 × 10−8 g/ml.

A mathematical model of AAA
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In Figs 4 and 5, the initial values of the pro-inflammatory cytokines were taken to be below

their steady state. On the other hand the SMCs and ECM densities were taken to be above their

steady state. Other choices of the initial conditions yield similar profiles (not shown here).

If at the initial screening for AAA we measure both the aorta diameter, R0, and the concen-

tration of IL-6 in the blood, I60, then by simulating the model with these values of R(0) = R0

and I60 (in Eq (13)), we can predict the AAA diameter at any future time T. Figs 6 and 7 simu-

late the cases T = 300 and T = 500 days. Thus, for every pair of I60 (on the horizontal axis) and

R0 (on the vertical axis) the color on the column shows the diameter corresponding to the

point (I60, R0) at day T = 300 (upper) and T = 500 (lower).

Conclusions

Abdominal aortic aneurysm is a localized enlargement of the abdominal aorta, which may lead

to rupture of the aorta. The disease is asymptomatic until rupture, which is nearly always fatal.

The risk of rupture associated with the increased diameter of the aorta varies among people.

Hence it is difficult to determine, on the basis of just the current diameter (R0) of a patient’s

Fig 4. Simulation results over 500 days. The parameter used are as in Tables 2 and 3 with I60 = 6 × 10−9 g/ml.

doi:10.1371/journal.pone.0170807.g004
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Fig 5. Aneurysm deformation at day 500 with initial deformation shown in (A). The parameters used are as in Tables 2 and 3 with (B) I60 = 6 × 10−9 g/ml, and

(C) I60 = 6 × 10−8 g/ml. The diameter grows from 2 cm to 2.5 cm in case (B), and to 4.5 cm in case (C).

doi:10.1371/journal.pone.0170807.g005
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aortic wall, how closely this patient’s abdominal aorta should be monitored. In order to make

such a determination, we need address the following questions:

• how fast the diameter will grow over time?

• how does the risk of rupture depend on the growing diameter?

Several non-invasive prognostic biomarkers for AAA have been suggested [13, 14]; specifi-

cally, IL-6 [11, 12].

The present paper addresses the first question with a mathematical model: Given R0 and

the serum concentration of IL-6, the model predicts the dynamical growth of the diameter, R
(t), for any future time t. The mathematical model includes the basic biology underlying AAA

formation as a disease that degrades the elastic strength of the aortic wall. Simulations of the

model can show how the initial diameter R0 and the serum concentration of IL-6 determine

the diameter R after a given period of time T; This is done in Fig 6 in the cases of T = 300 days

and T = 500 days. Thus, the level of IL-6 concentration in the blood can be used to suggest

how soon to schedule the next screening of the patient’s abdominal aorta.

The model is represented by a system of partial differential equations, based on some sim-

plified assumptions. In particular, the model assumes that the disease is associated with initial

inflammation, and that the aortic wall is a ‘pure’ hyperelastic material. Furthermore, some of

Fig 6. AAA growth. The x-axis scales I60 from 6 × 10−9 g/ml to 6 × 10−8 g/ml; the y-axis scales R0 from 2 cm to 3 cm; The color represents the diameter of

aortic bulge at 300 day.

doi:10.1371/journal.pone.0170807.g006
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the parameters were estimated crudely, for the lack of available data. The authors plan to fol-

low up this study with patients data, which are unavailable at this time. The patients will be fol-

lowed every 6 months with CT scan and measurement of their aneurysm, and of course any

patient who comes for surgery or rupture will be recorded. When patients data become avail-

able, the model could then be refined, in particular by adjusting some parameters for specific

groups of patients. The model could then be used as a predictive tool for monitoring the

enlargement of the abdominal aorta.

Parameter estimates

All the parameter values are listed in Tables 2 and 3. Most parameters are taken from the litera-

ture while some are estimated below. A few remaining parameters are fitted.

λI6 M and λI6 S

According to [16], 106 macrophages produced 10 ng/ml of IL-6. Assuming steady state, we

have

lI6MM � dI6
I6 ¼ 0:

Fig 7. AAA growth. The x-axis scales I60 from 6 × 10−9 g/ml to 6 × 10−8 g/ml; the y-axis scales R0 from 2 cm to 3 cm; The color represents the diameter of

aortic bulge at 500 day.

doi:10.1371/journal.pone.0170807.g007
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Table 2. Parameters’ description and value.

Parameter Description Value

DM dispersion coefficient of macrophages 8.64 × 10−7 cm2 day−1 [40, 46, 47]

DT diffusion coefficient of T-cell 8.64 × 10−7 cm2 day−1 [40, 46, 47]

DIγ
diffusion coefficient of IFN-γ 1.08 × 10−2 cm2 day−1 [40, 46, 47]

DTα
diffusion coefficient for TNF-α 1.29 × 10−2 cm2 day−1 [47]

DS diffusion coefficient of SMCs 8.64 × 10−7 cm2 day−1 [40, 46]

DP diffusion coefficient of MCP-1 1.728 × 10−1 cm2 day−1 [40, 46]

DQ diffusion coefficient of MMP 4.32 × 10−2 cm2 day−1 [40, 46]

DQr
diffusion coefficient for TIMP 4.32 × 10−2 cm2 day−1 [40, 46]

DI6
diffusion coefficient of IL-10 1.08 × 10−2 cm2 day−1 [40, 46, 47]

DI10
diffusion coefficient of IL-10 1.08 × 10−2 cm2 day−1 [40, 46, 47]

DI12
diffusion coefficient of IL-12 1.08 × 10−2 cm2 day−1 [40, 46, 47]

λTα M activation rate of TNF-α duetomacrophage 2.86 × 10−3 day−1 [47]

λMIγ
activation rate of macrophages by IFN-γ 0.005 day−1 [40, 46]

λT activation rate of Th1 cells by IL-12 6 × 10-4 day−1 [47]

λI6 M production rate of IL-6 by macrophages 1.73 × 10−6 day−1 [16] & estimated

λI6 S production rate of IL-6 by SMCs 1.73 × 10−5 day−1 [18] & estimated

λIr T production rate of IFN-γ by T cells 2.34 × 10−6 day−1 [47]

λI12 M production rate of IL-12 by macrophages 3.78 × 10−3 day−1 [47]

λI10 M production rate of IL-10 by macrophages 2 × 10−3 day−1 [47]

λQM production rate of MMP by macrophages 3 × 10−4 day−1 [48]

λQS production rate of MMP by SMCs 2.16 × 10−5 day−1 [40, 46]

λQTα
production rate of MMP by TNF-α 2 fitted

λQr M production rate of TIMP by macrophages 6 × 10−5 day−1 [40, 46]

λPS activation rate of MCP-1 due to SMCs 3 × 10−3 day−1 fitted

λρf activation rate of ECM due to fibroblasts 3 × 10−4 day−1 [40]

λρS activation rate of ECM due to SMCs 1 × 10−1 day−1 fitted

dM death rate of macrophages 0.015 day−1 [40, 46, 47]

dρ degradation rate of ECM 0.37 day−1 [40, 46, 47]

dP degradation rate of MCP-1 1.73 day−1 [40, 46, 47]

dPM internalization rate of MCP-1 by macrophages 2.08 × 10−4 day−1 [40, 46, 47]

dQQr
binding rate of MMP to TIMP 4.98 × 108 cm3 g−1 day−1 [40, 46, 47]

dQr Q binding rate of TIMP to MMP 1.04 × 109 cm3 g−1 day−1 [40, 46, 47]

dQ degradation rate of MMP 4.32 day−1 [40, 46, 47]

dQr
degradation rate of TIMP 21.6 day−1 [40, 46, 47]

dρQ degradation rate of ECM due to MMP 2.59 × 107 cm3 g−1 day−1 [40, 46, 47]

dIγ
degradation rate of IFN-γ 0.69 day−1 [46]

dS death rate of SMC 0.86 day−1 [40, 46, 47]

dSM apoptosis rate of SMC by macrophages 1.72 day−1 fitted

dI12
degradation rate of IL-12 1.188 day−1 [40, 46, 47]

dTα
degradation rate of TNF-α 55.45 day−1 [40, 46, 47]

dI6
degradation rate of IL-6 0.173 day−1 [43]

dI10
degradation rate of IL-10 16.64 day−1 [47]

doi:10.1371/journal.pone.0170807.t002

A mathematical model of AAA

PLOS ONE | DOI:10.1371/journal.pone.0170807 February 17, 2017 14 / 22



Since dI6
= 0.173 day−1 [43], we get λI6 M = 1.73 × 10−6 day−1.

According to [18], 4 × 104 cells/ml SMCs produced 4 ng/ml of IL-6. Assuming steady state,

we have

lI6SS � dI6
I6 ¼ 0:

Since dI6
= 0.173 day−1, we get λI6 S = 1.73 × 10−5 day−1.

β10, β20, k1 and k2

By [42], β1 = 0.022 N/mm2 and β10 = 0.174 N/mm2. We assume that in aneurysm S is approxi-

mately half its normal density, i.e., S � S0

2
. Then by Eq (17),

b1 ¼ b10 � k1

1

2
;

which gives k1 = 30.4 N/cm2.

Similarly, by [42], β2 = 1.461 N/mm2 and β20 = 1.881 N/mm2 so that

b20 � k2

1

2
¼ b2 ¼ 1:461 N=mm2;

hence k2 = 84 N/cm2.

Table 3. Parameters’ description and value.

Parameter Description Value

χC chemotactic sensitivity parameter by MCP-1 10 cm5 g−1 day−1 [40, 46, 47]

KM macrophage saturation 5 × 10−5 gcm−3 [40]

KP MCP-1 saturation for influx of macrophages 5 × 10−9 gcm−3 [40]

KIγ
IFN-γ saturation for activation of macrophages 1 × 10−11 gcm−3 [40]

KI10
IL-10 saturation 2 × 10−7 g/cm3 [47]

KTα
TNF-α saturation 5 × 10−7 g/cm3 [47]

ρ0 ECM saturation 10−3 gcm−3 [40]

M0 source/influx of macrophages from blood 5 × 10−5 gcm−3 [40]

T0 source/influx of T cells into intima 1 × 10−3 gcm−3 [40]

P0 MCP-1 concentration 3 × 10−10 [40]

~a~ influx rate of macrophages into interstitium 0.2 cm−1 [40]

αT influx rate of T cell into interstitium 0.2 cm−1 [40]

αI6
influx rate of IL-6 into interstitium 0.2 cm−1 [40]

αP influx rate of MCP-1 into interstitium 0.2 cm−1 [40]

γ influx rate of media into adventitia 0.1 cm−1 [40]

S0 initial steady state of SMCs 6 × 10−3 gcm−3 [40]

I60 source/influx of IL-6 6 × 10−9 * 6 × 10−8 gcm−3 [39]

β10 Coefficient of AAA tissue material properties 17.4 N/cm2 [42] and estimated

β20 Coefficient of AAA tissue material properties 188.1 N/cm2 [42] and estimated

k1 Coefficient of AAA tissue material properties 30.4 N/cm2 [42] and estimated

k2 Coefficient of AAA tissue material properties 84 N/cm2 [42] and estimated

βp pressure parameter 18.0 N/cm2 [44] and estimated

doi:10.1371/journal.pone.0170807.t003
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βp

By [44], the peak wall stress measured for normal people and AAA patients were 30-44 N/cm2

and 28-37 N/cm2, respectively. We assume that ECM in AAA patients is reduced to 75% of its

value in healthy individuals. Hence

p� ¼
30þ 44

2
¼ 37 N=cm2; and p

3r�

4

� �

¼
28þ 37

2
;

which implies, by Eq (18), that βp = 18 N/cm2.

1.1 σB

We assume σB = −pB I, where pB is average central aortic systolic pressure (100-120 mm Hg)

[45]; we take pB = 110 mm Hg.

Numerical methods

Weak formulation

In this subsection, we rewrite in compact form the coupled biological and mechanical systems.

We denote by Z the vector of the densities or concentrations of cells and cytokines, i.e. Z = (P,

M, T, S, I6, I10, I12, Tα, Iγ, Q, Qr, ρ)T. The entries of Z satisfy advection-diffusion equations with

nonlinear source term, as seen from Eqs (1)–(12):

DtZ þ ðr � vÞZ � r � ðDZrZÞ ¼ FðZÞ; in OMðtÞ [ OAðtÞ; ð22Þ

where the velocity v is defined by v = Dt u, where Dt denotes the material derivative,

Dt ¼ @t þ v � r:

In the equation for Z, F(Z) is a source term and DZ is a diagonal matrix with the diagonal

terms for the diffusion coefficients of the biological species.

Some of the components of Z live only in either OM(t) or OA(t). Since there is a jump for Z
at the media/adventitia interface, ΓM(t), we split Z into two parts

ZM ¼ Zj
OM ðtÞ

and ZA ¼ Zj
OAðtÞ

:

The boundary conditions can then be written in the form

@ZA

@n
¼ 0; on GAðtÞ;

@ZM

@n
¼ ~gðZ0 � ZMÞ; on GBðtÞ;

@ZM

@n
¼ ~gðZA � ZMÞ; on GMðtÞ;

@ZA

@n
¼ ~gðZM � ZAÞ; on GMðtÞ

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

for an appropriate coefficient ~g, some of its component being zero.

The governing equation for the displacement u can be written as

r � sðuÞ ¼ 0; in OMðtÞ [ OAðtÞ; ð23Þ
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where the stress σ is is defined in terms of the displacement by

sðuÞ ¼ � pðrÞIþ ð2b1ðSÞ þ 4b2ðSÞðtrðBÞ � 3ÞÞB:

with the boundary conditions

u ¼ 0; on G0;

uM ¼ uA; on GMðtÞ;

sn ¼ 0; on G0 [ GAðtÞ;

sn ¼ sBn � gkn; on GBðtÞ;

ðsnÞjOM
¼ ðsnÞjOA

þ gkn on GMðtÞ:

8
>>>>>>>>>>><

>>>>>>>>>>>:

Multiplying the coupled System (22) and (23) by arbitrary test functions (WM, WA,w), and

performing integration by parts using the boundary conditions, we get the weak formulation:

ðDtZM;WMÞOM ðtÞ
þ ððr � vÞZM;WMÞOM ðtÞ

þ ðDZrZM;rWMÞOMðtÞ

� hgðZA � ZMÞ;WMiGM ðtÞ
� haZðZ0 � ZMÞ;WMiGBðtÞ

¼ ðF;WMÞOMðtÞ
;

ðDtZA;WAÞOAðtÞ
þ ððr � vÞZA;WAÞOAðtÞ

þ ðDZrZA;rWAÞOAðtÞ

� hgðZM � ZAÞ;WAiGM ðtÞ
¼ ðF;WAÞOAðtÞ

;

ðs;rwÞ
OðtÞ � hsBn � gkn;wi

GBðtÞ
þ hgkn;wi

GMðtÞ
¼ 0:

ð24Þ

8
>>>>>>>>>>><

>>>>>>>>>>>:

Here we used (�, �)D and h�, �i@D to denote the L2 inner product on the domain D and on the

boundary @D, respectively.

Lagrangian description for hyperelastic equation

OA(t), OM(t) and their boundaries are moving in time. We set O(t) = OM(t) [ OA(t) [ ΓM(t)
and ÔM ¼ OMð0Þ, ÔA ¼ OAð0Þ, Ô ¼ Oð0Þ. To characterize the motion of the media and

adventitia, we introduce a flow map xðx̂; tÞ for the position of the particle x̂ at time t.
Then each function can be described in Lagrangian coordinates, namely for each function f

(x, t), its Lagrangian description is

f̂ ðx̂; tÞ ¼ f ðxðx̂; tÞ; tÞ:

We also introduce the following variables in Lagrangian coordinates: The displacement

ûðx̂; tÞ ¼ uðxðx̂; tÞ; tÞ ¼ xðx̂; tÞ � x̂, the deformation tensor Fðx̂; tÞ ¼ @x
@x̂ ðx̂; tÞ ¼ Iþ @û

@x̂ ðx̂; tÞ,
and its determinant Jðx̂; tÞ ¼ detðFðx̂; tÞÞ.

By change of variables, we can write the weak form for the equilibrium equation for w in

Lagrangian coordinates,

ðJŝF � T ; r̂ŵÞÔ � hJŝBF � T n̂; ŵiGBð0Þ
¼ hgkn;wiGM ðtÞ[GBðtÞ

ð25Þ

where

ŝ ¼ � Jp̂F � T þ Jðb1ðŜÞ þ 2b2ðŜÞðtrðBÞ � 3ÞÞF:

A mathematical model of AAA

PLOS ONE | DOI:10.1371/journal.pone.0170807 February 17, 2017 17 / 22



As for the surface tension term, we can also write it in the Lagrangian coordinates as fol-

lows:

hgkn;wi
GðtÞ ¼

Z

Ĝ

gJjF � T n̂j trðr̂wF � 1Þ �
n̂TF � 1r̂wF � 1F � T n̂

jF � T n̂j2

 !

dŜ: ð26Þ

By substituting this expression into the hyperelasitcity equation in Lagrangian coordinates

Eq (25), we can get a nonlinear equation:

aLðû; ŵ; Ŝ; r̂Þ ¼ 0 ð27Þ

Finite element discretization on the moving mesh

In order to deal with the free boundary and the jump at the interface, we use the moving mesh

method.

The initial domains ÔM and ÔA are discretized by triangulations, denoted by T0
M;h and T0

A;h,

respectively. We consider the case that T0
M;h and T0

A;h are matching on the interface G0

M . We use

piecewise linear and continuous function ûh to approximate the displacement. Then the trian-

gulation Tn
M;h [ Tn

A;h for the current domain O
n
h can be obtained by moving the grid nodes of

T0
M;h [ T0

A;h according to the flow map xðx̂; tÞ ¼ x̂ þ ûhðx̂; tÞ.
We next introduce the following time discretization for the material derivative

ðdDtZÞ
n
� ðdDt;kZÞ

n
:¼

Zðxðx̂; tnÞ; tnÞ � Zðxðx̂; tn� 1Þ; tn� 1Þ

k
;

and for

v̂n ¼dDtu
n �

ûðx̂; tnÞ � ûðx̂; tn� 1Þ

k

where we use the superscript n to indicate the function at time nk, where k is the time step.

Note that no interpolation is needed for evaluating the material derivative Dt,k at grid points,

since the grid points are moving according to the flow map.

For the space discretization, we use piecewise linear and continuous function spaces

Vh;W
n
h;M and Wn

h;A to approximate the solutions. Let fŵ ig
N
i¼1

, fWn
M;ig

NM
i¼1

and fWn
A;ig

NA
i¼1

be the

bases of Vh;W
n
h;M and Wn

h;A, respectively, where N, NM and NA are the numbers of basis func-

tions of the corresponding spaces. The approximation solutions at time nk can be written as

summations

Zn
M;h ¼

XNM

i¼1

cn
M;iW

n
M;i;

Zn
A;h ¼

XNA

i¼1

cn
A;iW

n
A;i;

ûn
h ¼

XN

i¼1

cn
i ŵ

n
i ;
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with coefficients to be determined by the discrete system, corresponding to the System (24),

ððDt;kZMÞ
n
h;WMÞOn

M
þ ððr � vn

hÞZ
n
M;h;WMÞOn

M
þ ðDZrZn

M;h;rWMÞOn
M

� hgðZn
A;h � Zn

M;hÞ;WMiGn
M
� haZðZ0 � Zn

M;hÞ;WMiGn
B
¼ ðFn� 1

h ;WMÞOn
M
;

ððDt;kZAÞ
n
h;WAÞOn

A
þ ððr � vn

hÞZ
n
A;h;WAÞOn

A
þ ðDZrZn

A;h;rWAÞOn
A

� hgðZn
M;h � Zn

A;hÞ;WAiGn
M
¼ ðFn� 1

h ;WAÞOn
A
;

aLðûn
h; ŵ; Ŝn� 1

h ; r̂n� 1
h Þ ¼ 0;

ð28Þ

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

for any ŵ 2 Vh;WM 2Wn
h;M and WA 2Wn

h;A. Here we use the explicit discretization of the

coefficients for the elasticity, and the source terms for the biological species. We denote the

first two equations in Eulerian coordinates of the System (28) by

aEðZn
h ;W; Zh� 1

h ; vn
h; F

n� 1
h ;O

n
hÞ ¼ 0:

By this discretization, the elastic equation and the biological equation are decoupled. Given

the solutions in last time step, we use the Newton’s nonlinear iteration method to solve the sys-

tem aL = 0 in the initial domain. Then we update the triangulations for the current domain O
n
h

by the approximate flow map xðx̂; tÞ ¼ x̂ þ ûhðx̂; tÞ. Following the standard technique of finite

element method, we then solve the variational problem aE = 0 for the biological species. We

thus get the solution of current time step.
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