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It is well known that a beam splitter (BS) can be used as a source of photon quantum entanglement.
This is due to the fact that the statistics of photons changes at the output ports of the BS. Usually,
quantum entanglement and photon statistics take into account the constancy of the reflection
coefficient R or the transmission coefficient T of the BS, where R + T = 1. It has recently been
shown that if BS is used in the form of coupled waveguides, the coefficients R and T will depend on
the photon frequencies. In this paper, it is shown that the quantum entanglement and statistics of
photons at the output ports of a BS can change significantly if a BS is used in the form of coupled
waveguides, where the coefficients R and T are frequency-dependent.

It is well known that a beam splitter (BS) is a source of quantum entangled photons'~. At the same time, quantum
entanglement is the basis in new directions of quantum optics: quantum metrology’, quantum information®,
etc. Quantum entanglement and changes in the statistics of photons in BS can be used in linear optical quantum
computing (LOQC)”". In 2001, Knill et al. showed that using BS, phase shifters, photodetectors and single photon
sources, it is possible to create a universal quantum computer (KLM protocol)'’. Beam splitters currently can be
of various types. The most common and well-known type is the prismatic BS. The prismatic BS has a drawback
that is its size. Therefore, they are most often used in experiments, but not in quantum technologies. An analogue
of a prismatic BS can be a BS in the form of coupled waveguides. Coupling between waveguides can be achieved
when two waveguides are brought together close enough to each other so that the electromagnetic fields overlap;
in this case it is a directional coupler (for example!"'?). Coupled waveguide BS has an advantage over prismatic
because it is much smaller than prismatic BS and also has many other advantages™*".

Currently, theories describing quantum entanglement and statistics of photons at the BS output ports are
based on the constancy of the main parameters of the BS: the reflection coefficient R and the transmission coef-
ficient T, where R + T = 1see e.g.*~>1*"16, Recently, the paper'” presented the theory of a frequency-dependent
BS in the form of coupled waveguides. In this work, it was shown that if the BS is presented in the form of cou-
pled waveguides, then the coeflicients R and T depend on the frequencies of the photons entering both ports
of the BS. This dependence can be significant and must be taken into account in many applications of quantum
optics. For example, in the works'®' it was shown that the well-known theory of Hong-Ou-Mandel (HOM)
interference, based on the constancy of the coefficients R = 1/2 and T = 1/2, can be significantly changed. In
addition, this change affects a fundamental understanding of the HOM effect itself. It is shown that even in the
case of completely identical photons and a balanced BS in the HOM effect, the visibility V can differ from unity.

Thus, the problem of studying many physical characteristics of a frequency-dependent BS in quantum optics
is topical. In this paper, we investigated the quantum entanglement and statistical properties of photons at the
output ports of a frequency-dependent BS. It should be added that the study of the quantum entanglement of
two-mode photonic states with allowance for a frequency-dependent beam splitter has not been carried out pre-
viously and is a separate problem that needs to be solved. It is shown that quantum entanglement and statistical
properties of photons can be very different from the case with constant coefficients R and T. The results obtained
are important not only from a theoretical point of view, but also from an applied point of view, since they can be
used in practice, for example, to generate quantum entangled photons with specified properties.
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Figure 1. (a) 3D representation of the BS in the form of coupled waveguides, where W;, and W, are the initial
and output (recorded by the D; and D, detectors) photon wave function, respectively. (b) 2D image of such a BS,
which is often used in various designs.

Quantum entanglement and photon statistics
It is well known!***-2 that a lossless two-mode BS in quantum optics is described by a unitary matrix Ugg, which

has the form
_ \/T ei¢\/§ . i)l _ &1
Ups = (—eiiq}\/ﬁ «/T ’ iJz = Uss ) (1)

where the annihilation operators 1 and 2 modes at the input to the BS respectively represent 4; and a», and after
output BS by and by; T and R are the coefficients of transmission and reflection; respectively, and ¢ is the phase
shift. The Eq. (1) is general and applies to any type of linear BS, including a BS in the form of coupled waveguides,
see. Figure 1. As was shown in'”'8, the reflection coefficients R, the transmission T and the phase shift ¢ in the
case of the BS in the form of a coupled waveguide will be in the form

22
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where Q is a certain frequency characterizing the BS; tps is the time of interaction of photons in the BS (in the
case of monochromatic and identical photons, coincides with!!, where R = sin?(Cz), ¢ = /2, C = Q/(2v)
is the coupling constant between adjacent waveguides, z = vtgg, v is wave velocity in a waveguide); w; and w,
are the photon frequencies in the first and second ports, respectively. It should be added that the greater the
coupling in the waveguides, the greater the value of 2 and vice versa. Thus, we can regulate the coupling in the
waveguide by changing .

In general, the matrix Ups is needed to find the wave function of photons in the output state W,,,; from the

initial state W;,,. The wave function W, taking into account the non-monochromaticity of photons, will be!7?>**
1 Ape A
Wour = ﬁ /45(601) wz)b]{sl bZ” [0)dw dew, (3
152!

where s and s are the initial number of photons in modes 1 and 2, respectively, |0) is the vacuum state,
and by and b, are determined from the BS matrix (1), ¢ (w1, ;) is the joint spectral amplitude (JSA)
of the two-modes wavefunction ([ | (w1, 2)|*dwrdw, = 1). It should be added that the initial state
W = W, (tgs = 0) = f ¢ (w1, 7)1, s2)dw dwy. It was shown in!” that W,,,;; in the case of a BS in the form of
coupled waveguides will be

s1+s52
Wout = Z /¢(w1,w2)6k,p|k,51 + 52 — k)dwdw;, 4)
k=0
where |k, s1 + 52 — k) = |k)|p) is the state of the photons at the output ports of the BS,
s1+s2 k- / 2
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where Pf,”ﬂ (x) are Jacobi polynomials, s; and s, are the number of photons in the first and second input ports,
respectively, k and p are the number of photons in the first and second output ports, respectively. Moreo-
ver, the condition k + p = s; + s, is satisfied, i.e. the number of photons in the system does not change®,
|k, s1 + s2 — k) = |k)|p) is the state of the photons at the output ports of the BS. In this case, the probability A
of detecting photons in k and p = s + s, — k states at the first and second ports of the BS, respectively, will be

Ak =/Id)(wl,wz)lzﬂk(R)dwldwz, Ak(R) = }Ck,sl+srk}2- (6)
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Figure 2. The dependence of the von Neumann entropy Sy on the parameter Q¢gs is presented. In (a-d) the
value of Sy is presented for |1, 1), |2, 3), |4, 2), |3, 3), respectively (where [s1, s2) are input states to 1 and 2 ports
of the BS, respectively). All figures show the results for 6/ Q = 10 (brown), /2 = 5 (blue),o/ 2 = 3 (red),
0/ = 1(green), /2 = 1/3 (orange) from bottom to top, respectively. The thin curve is made ato/ Q2 = 0
(black).

Next, we will study the quantum entanglement of such a system. For this, it will be assumed that there is no
quantum entanglement of photons at the input ports of the BS. In other words, we will consider the incoming
photonic states as Fock, but the photons are not monochromatic. In this case, as is well known, the photon
wave function is factorizable, i.e. ¥;;, = f¢1(w1)|51)da)1 f P2 (wy)|s2)dwa, where ¢ (w1, w2) = 1 (w1)Pa(w).
It should be added that usually quantum entanglement is considered for monochromatic photons, in this case
Wiy = s1)]s2), see e.g."'®. At first glance, it seems that the non-monochromaticity of photons cannot greatly
change the quantum entanglement at the BS. As will be shown below, quantum entanglement can vary greatly
depending on the degree of non-monochromaticity of the photons. To analyze quantum entanglement, we will
use the von Neumann entropy Sy = — Y _j Ak In (Ag)>'”?*~?". The von Neumann entropy Sy is the most com-
monly used measure in the analysis of quantum entanglement. Next, let’s choose ¢;(w;) (i = 1,2) in the most
commonly used form, this is a Gaussian distribution

1 _ (@j—ep)?

¢i(wi) = me i, (7)

where wy; is the mean frequency and o is the dispersion. Next, we will use the wp;/0; > 1 condition, which
is applicable to most photon sources. At first glance, it seems that this is enough for photons to be considered
monochromatic. This is really so, but only for W;,, for W,,; this is no longer the case, since the coefficients R, T
depend on the photon frequencies, which ultimately leads to dependencies of W,,,; from dispersion o;.

Figure 2 let us represent the dependence of the von Neumann entropy Sy depending on the dimensionless
parameter Q¢ps for identical photons, i.e. for o1 = 02 = o and wp; = w2 = wo.

It should be added that the results obtained for monochromatic photons, i.e. for & — 0 (more precisely, for
0/ < 1so that otgs < 1) coincide with previously known results, see e.g.1’15. Indeed, if we use the result for
monochromatic photons!?, for the reflection coefficient R = sinz(QtBs/Z) and, for example,! for calculating
quantum entanglement, then it is easy to get the dependencies presented in Fig. 2 for o/ 2 = 0 (thin lines). Thus,
our result is more general, applicable to non-monochromatic photons. An interesting and noteworthy result is
the large difference between the quantum entanglement of monochromatic and non-monochromatic photons.
Moreover, in the case of non-monochromatic photons, when o/ Q ~ 1, the quantum entanglement is larger. The
difference is not only in the quantitative value, but also in the qualitative behavior of quantum entanglement. In
the case of non-monochromatic photons, when o/ Q 2> 1and for relatively large Qtps, quantum entanglement
tends to a constant value. In the case of monochromatic photons, quantum entanglement is a periodic function.
This difference is easily explained by comparing the reflection coefficients R in the case of monochromatic and
non-monochromatic photons, see Eq. (2) and below. In the case of monochromatic photons, this is a periodic
function relative to Qgs. In the case of non-monochromatic photons under the sine argument, there is a depend-
ence on the photon frequencies, which ultimately removes the periodicity when integrating over frequencies,
see Eq. (6).
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Figure 3. (a) A contour plot of the von Neumann entropy Sy versus two parameters o/ 2 and Qtps for the
input state |1, 1) is presented. (b) von Neumann enetropy Sy is presented as a function of o/ Q2 in the limiting
case Qtps — oo for the input state|1, 1).

Let us consider in more detail the case of input photons in the states |1, 1). This case is of particular interest
because it implements the Hong-Ou-Mandel (HOM) effect>'®. Other cases are close enough in analysis and
representations, so it is enough to study the case|1, 1). To analyze this case, it is convenient to represent the
contour plot for the von Neumann entropy depending on two parameters o / 2 and Q¢gs, see Fig. 3(a). Since, for
large Qg5 (of course, the condition o tps 3> 1 must also be satisfied) quantum entanglement tends to a constant
value, then Fig. 3(b) represents this constant value, depending on the o/ Q2 parameter. Moreover, you can find
the analytical dependence represented by the dependence Fig. 3(b) as

Co2a-pt 3Nt JmeN’ o\2 Q) (2)
SN—IHW, ]—1+§<;> —?<;) {3+10(§) }erf(E)e 2 s (8)

where er £ is an error function. Should be added that, to get the Eq. (8) sine and cosine terms (rapidly oscillating
terms at Qtgs — oc0) must be ignored when integrating over frequencies.

It can be seen from the graphs obtained that the quantum entanglement has a maximum, which will be at
0/ = 0.44467. It is also seen that the quantum entanglement is large at o/ 2 ~ 1, and as o/ Q increases, it
tends to zero.

Next, consider the statistics of photons at the output ports of the BS. This requires a probability analysis Ax
see Eq. (6). If we were considering monochromatic photons, but the coefficient R would be constant, then fol-
lowing Eq. (6) Ax = k. This case was discussed in detail earlier, see e.g.!%. You can see that our results, in this
case, match'®. Thus, our consideration is general and, in a particular case, coincides with the previously well-
known results. Consider a BS with specified characteristics. Let us choose its length z = vtgs and frequency
2 = 2Cv (see above, after Eq. (2)) so that the reflection coefficient for monochromatic and identical photons is
R = sin?(Qtps/2) = 1/2. As a result, we choose Qtps = 57 /2. This choice is determined by how the statistics of
photons change depending on their non-monochromaticity, which can be seen on the example of a particular BS.
In addition, the choice of the reflection coefficient R = 1/2 is found in many applications of quantum optics>**%.
Thus, further we will consider identical (o1 = 03 = 0 and wy1 = w2 = wy), but not monochromatic photons.
The calculation results are presented in Fig. 4. From Fig. 4(a) you can see that for the states|1,1)at 6/ Q = 0 the
HOM effect? is realized. This means that only pairs of photons are recorded on the first or second detectors (in
the figure, this is for k = 0 and k = 2) with a probability of 1/2. By increasing o'/ €2 the HOM effect disappears
and the photon statistics changes dramatically. It is quite interesting to see the statistics of photons at maximum
quantum entanglement, see Fig. 4(b). This statistic differs from the statistic of the HOM effect Fig. 4(a) and from
statistics in the case of monochromatic photons at maximum quantum entanglement, i.e. with constant reflection
coefficient R, see'®. For large o/ Q2 >> 1, the probability A will tend to unity for k = 1. This means that photons
will never arrive in pairs at the detectors. A similar analysis is quite simple to carry out for any input states|s, s3).
A common thing for all cases will be this coincidence with the statistics for monochromatic photonsato /2 = 0
presented in the work', see also'®. Also, the general behavior of the probability for any states|s;, s, ) this will be the
tendency of the photon statistics at 0/ 2 3> 1to the statistics of incoming photon states. This is easily explained,
since at Q — 0 (the same as 0/ 2 >> 1), the coupling between the waveguides in the BS weakens, which means
that photons propagate along their waveguides.

Also consider the limiting case described above for quantum entanglement, this is the case for large Qtpg
(more precisely, the condition otgs >> 1 must also be satisfied) for the input state |1, 1). In this case, it is easy
to obtain the probability of detecting photons on both detectors P;;; = J, where ] is represented in Eq. (8). The
probability of detecting pairs of photons on 1 or 2 detectors will then be P,y = Py, = 1/2(1 — Py,1). The results
are presented in Fig. 5. It is interesting enough to note that the minimum of the function min{P; ;} or the maxi-
mum of max{P,y = Py} foro/Q = 0.44029 practically coincides with the maximum for quantum entanglement
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Figure 4. A histogram of the dependence of the probability Ay of detecting k and p = s; + s, — k (we consider
the case|1, 1), where s; = s, = 1) photons at the output of the first and second ports, respectively, for different
values of o/ Q.
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Figure 5. (a) Shows the probability Py ;, (b) shows the probability P,y = Py, for Qtgs — oo depending on the
o/ Q2 parameter. Also in the insets (a),(b) are contour plots for the probability P;,; and P,y = Py are presented,
respectively, depending on two parameters of the studied system o/ €2 and Qt3s.

at 0/ = 0.44467 (see Fig. 3(b)). This means that the maximum of quantum entanglement is realized when
photons at the first and second detectors can be registered with a minimum probability. Or, which is the same,
when pairs of photons can be recorded on detectors with maximum probability. Also in the insets Fig. 5(a),(b)
the probabilities P;,; and Pyy = Py, are presented, respectively, depending on two parameters of the studied
system o/ 2 and Q¢gs. It can be seen that taking into account the non-monochromaticity of photons significantly
changes the probabilities, in comparison with monochromatic ones.

It should be added that such an analysis, for quantum entanglement and photon statistics, is fairly easy to
carry out for any photons input states |s;, s2), as well as various BS parameters €2, tgs and the values of non-
monochromaticity of photons o1, 0.

Discussion and Conclusion

Thus, we have studied quantum entanglement and photon statistics on a BS based on coupled waveguides. Cou-
pled waveguides are frequency-dependent BS, i.e. reflection coefficients R and transmission T depend on the
frequencies of incoming photons to ports 1 and 2 of the BS. Since our theory takes into account the frequency
dependence of the coefficients R and T, it means that we take into account the non-monochromaticity of input
photons. One of the main conclusions is a significant difference between quantum entanglement and photon
statistics compared to a BS, where R and T do not depend on frequencies. Given that the quantum entangle-
ment and statistics of photons of a frequency-dependent BS have not been studied previously, this conclusion
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is very important. If we choose R and T as constant values, then our theory in the limiting case iso/ 2 — 0 (in
general, ¢ — 0in Eq. 2 ) coincides with the previously well-known theories, for quantum entanglement e.g.>'?
and photon statistics e.g.'. It should be added that FocK’s input states are considered here, since they are not
quantum entangled. In general, this theory can be easily generalized to arbitrary input states, including quantum-
entangled states, see eg®*!.

The frequency-dependent BS discussed here can be a good source of quantum entangled photons. Moreover,
quantum entanglement is easy to regulate by changing the Q parameter (see e.g. Fig. 3(a)). The Q2 parameter
is quite easy to change, following the work'”!8. To do this, you just need to weaken or increase the connection
in the waveguides. This can be done, for example, by separating or bringing the waveguides closer together. A
big advantage in using a frequency-dependent light splitter as a source of quantum entanglement of photons is
practically the maximum possible quantum entanglement for o/ Q2 ~ 1and Qtps > 1. As is well known e.g."*?
that the maximum quantum entanglement for the von Neumann entropy Sy = In(1 + N) when N + lis a
dimensional bipartite system. In our case, N = s; + s5'. It should also be added that in this work (similar to eg?),
quantum entanglement of photons is understood as bipartite entanglement of modes, see eg®. In contrast to the
case that is realized on a non-frequency-dependent BS (where R and T are constants), in our case, foro/Q2 ~ 1
and Qtgs > 1, quantum entanglement is close to its maximum value. For constant R and T, quantum entangle-
ment is a periodic function with respect to Q2¢gs, and for large Qtps >> 1, it is a rapidly oscillating dependence.

All this suggests that a frequency-dependent beam splitter based on coupled waveguides can be used as a
source of large quantum entanglement of photons. The results obtained can have interesting practical applica-
tions in quantum optics, in particular, in quantum metrology and quantum information.

Received: 15 March 2021; Accepted: 4 May 2021
Published online: 13 May 2021

References
1. Kim, M. S., Son, W,, Buzek, V. & Knight, P. L. Entanglement by a beam splitter: nonclassicality as a prerequisite for entanglement.
Phys. Rev. A 65,032323 (2002).
2. Hong, C. K., Ou, Z. Y. & Mandel, L. Measurement of subpicosecond time intervals between two photons by interference. Phys.
Rev. Lett. 59, 2044-2046 (1987).
3. Pan, J. W. et al. Multiphoton entanglement and interferometry. Rev. Mod. Phys. 84,777 (2012).
4. Sangouard, N., Simon, C., de Riedmatten, H. & Gisin, N. Quantum repeaters based on atomic ensembles and linear optics. Rev.
Mod. Phys. 83,33 (2011).
. Pezze, L., Smerzi, A., Oberthaler, M. K., Schmied, R. & Treutlein, P. Quantum metrology with nonclassical states of atomic ensem-
bles. Rev. Mod. Phys. 90, 035005 (2018).
. Weedbrook, C. et al. Gaussian quantum information. Rev. Mod. Phys. 84, 621 (2012).
. Kok, P. et al. Linear optical quantum computing with photonic qubits. Rev. Mod. Phys. 79(1), 135 (2007).
. Ladd, T. D. et al. Quantum Computers. Nature 464, 45-53 (2010).
. Si-Hui Tan, P. P. Rohde. The resurgence of the linear optics quantum interferometer-recent advances and applications Reviews in
Physics 4, 100030 (2019).
10. Knill, E., Laflamme, R. & Milburn, G. J. A scheme for efficient quantum computation with linear optics. Nature 409, 46-52 (2001).
11. Bromberg, Y., Lahini, Y., Morandotti, R. & Silberberg, Y. Quantum and classical correlations in waveguide lattices. Phys. Rev. Lett.
102, 253904 (2009).
12. Politi, A. et al. Silica-on-silicon waveguide quantum circuits. Science 320, 646-649 (2008).
13. Nicholas, C. H. et al. Quantum transport simulations in a programmable nanophotonic processor. Nat. Photon. 11, 447-452 (2017).
14. Campos, R. A, Saleh, B. E. A. & Teich, M. C. Quantum-mechanical lossless beam splitter: SU(2) symmetry and photon statistics.
Phys. Rev. A 40, 1371 (1989).
15. Makarov, D. N. Quantum entanglement and reflection coefficient for coupled harmonic oscillators. Phys. Rev. E 102(5), 052213
(2020).
16. Streltsov, Alexander et al. Measuring Quantum Coherence with Entanglement. Phys. Rev. Lett. 115, 020403 (2002).
17. Makarov, D. N. Theory of a frequency-dependent beam splitter in the form of coupled waveguides. Sci. Rep. 11, 5014 (2021).
18. Makarov, D. N. Theory of HOM interference on coupled waveguides. Opt. Lett. 45(22), 6322-6325 (2020).
19. Makarov, D. N. Fluctuations in the detection of the HOM effect. Sci. Rep. 10(1), 20124 (2020).
20. Agarwal, Girish S. Quantum Optics (Cambridge University Press, Cambridge, 2013).
21. Zeilinger, A. General properties of lossless beam splitters in interferometry. Am. J. Phys. 49, 882 (1981).
22. Luis, A. & Sanchez-Soto, L. L. A quantum description of the beam splitter. J. Opt. B: Quant. Semiclass. Opt. 7, 153 (1995).
23. Zhe-Yu Jeff Ou. Multi-Photon Quantum Interference (Springer, New York, 2007).
24. Mandel, L. & Wolf, E. Optical Coherence and Quantum Optics (Cambridge University Press, Cambridge, 1995).
25. Bennett, C. H. et al. Concentrating partial entanglement by local operations. Phys. Rev. A 53(4), 2046-2052 (1996).
26. Casini, H. & Huerta, M. Entanglement entropy in free quantum field theory. J. Phys. A: Math. Theor. 42(50), 504007 (1996).
27. Ekert, A. & Knight, P. L. Entangled quantum systems and the Schmidt decomposition. Am. J. Phys. 63, 415-423 (1995).
28. Holland, M. & Burnett, K. Interferometric detection of optical phase shifts at the Heisenberg limit. Phys. Rev. Lett. 71, 1355 (1993).
29. Polino, E. et al. Photonic Quantum Metrology. AVS Quant. Sci. 2, 024703 (2020).
30. Barbieri, Marco et al. What Hong-Ou-Mandel interference says on two-photon frequency entanglement. Sci. Rep. 7, 7247 (2017).
31. Francesconi, S. et al. Engineering two-photon wavefunction and exchange statistics in a semiconductor chip. Optica 7(4), 316-322
(2020).
32. Phoenix, S. J. D. & Knight, P. L. Fluctuations and entropy in models of quantum optical resonance. Ann. Phys. 186, 381-407 (1988).
33. Wiseman, H. M. & Vaccaro, John A. Entanglement of Indistinguishable Particles Shared between Two Parties. Phys. Rev. Lett. 91,
097902 (2003).

w

O 0 N

Acknowledgements
The study was supported by the Russian Science Foundation, project No. 20-72-10151.

Scientific Reports |

(2021) 11:10274 | https://doi.org/10.1038/s41598-021-89838-5 nature portfolio



www.nature.com/scientificreports/

Author contributions

D.N.M. conceived a project and performed basic calculations; D.N.M., ES.G., A.A.G., KA.M,, SN.K, A.AK,
Yu.V.T. performed calculations and construction of figures. All authors participated in the discussion of the
results obtained.

Competing Interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to D.N.M.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2021

Scientific Reports |  (2021) 11:10274 | https://doi.org/10.1038/s41598-021-89838-5 nature portfolio


www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Quantum entanglement and statistics of photons on a beam splitter in the form of coupled waveguides
	Quantum entanglement and photon statistics
	Discussion and Conclusion
	References
	Acknowledgements


