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ARTICLE INFO ABSTRACT

Keywords: We developed a TB-COVID-19 co-infection epidemic model using a non-linear dynamical system by subdividing
T8 the human population into seven compartments. The biological well-posedness of the formulated mathematical
COVID-19

coinf model was studied via proving properties like boundedness of solutions, no-negativity, and the solution’s
o-infection

Stability analysis
Sensitivity

dependence on the initial data. We then computed the reproduction numbers separately for TB and COVID-
19 sub-models. The criterion for stability conditions for stationary points was examined. The basic reproduction
number of sub-models used to suggest the mitigation and persistence of the diseases. Qualitative analysis of
the sub-models revealed that the disease-free stationary points are both locally and globally stable provided
the respective reproduction numbers are smaller than unit. The endemic stationary points for each sub-models
were globally stable if their respective basic reproduction numbers are greater than unit. In each sub-model,
we performed an analysis of sensitive parameters concerning the corresponding reproduction numbers. Results
from sensitivity indices of the parameters revealed that deceasing contact rate and increasing the transferring
rates from the latent stage to an infected class of individuals leads to mitigating the two diseases and their co-
infections. We have also studied the analytical behavior of the full co-infection model by deriving the equilibrium
points and investigating the conditions of their stability. The numerical experiments of the proposed co-infection

model agree with the findings in the analytical results.

1. Introduction

Coronavirus disease (COVID-19) is a respiring virus that spreads via
contact with saliva droplets released during coughing or sneezing of
an infected person [1]. Due to COVID-19, more than 5 million deaths
and 269 million infections have been reported since 12 December 2021
[2]. While, Tuberculosis (TB) is an old contagious disease acquired by
Mycobacterium bacteria. It spreads when an active TB patient coughs,
sneezes, or speaks and someone else inhales the expelled droplets,
which contain TB bacteria. Worldwide, an estimate of 9.9 (ranging,
from 8.9-11.1) million individuals were sick and 1.5 million life were
lost due to TB in 2020 [3].

TB and COVID-19 are contagious disease which primarily attack the
lungs. The experimental data on TB role in spreading COVID-19 remains
inadequate, however, it was predicted that people co-infected with both
disease might obtained substandard treatment which may lead to criti-
cal conditions [4]. The clinical symptoms of both diseases include fever,
cough, chest pain, and difficulty in breathing [4, 5]. TB-COVID-19 co-
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infection might occur whenever peoples are infected simultaneously
with these diseases. In this regard, clinical evidence reveals that COVID-
19 infection may happen at any status of TB stage [6]. Further, the study
reported in [7] confirmed that latent and active TB are the main risk
factors to increase the spread of COVID-19 in the community. Besides,
the study presented in [8] reveals that people at the stage of active or
latent TB cases are more vulnerable to COVID-19. In this report, the
authors stated that the symptom continuances of the disease on the pa-
tients are more rapid and severe. It was estimated that the mortality is
higher than 12.3% in the cases of co-infections compared to COVID-19
alone [9].

Many dynamical models have been developed and analyzed to iden-
tify most important parameters that helps to forecast the trends of
infectious disease and its control mechanisms [10]. With aim differ-
ent mathematical models were formulated and analyzed to investigate
the pandemic of COVID-19 in [11, 12, 13, 14, 15], and references cited
therein. Similarly, many TB dynamical models are also studied to pro-
posed its mitigation strategies [16, 17, 18, 19].
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Studies on the co-dynamics of COVID-19 and other infectious dis-
ease are also studied in various literature. For instance, control in-
duced dynamical model was formulated and analyzed to examine
Cholera-COVID-19 in [20]. Similarly, TB-HIV/AIDS can be found in
[21, 22], Dengue-COVID-19 [23], and TB-COVID-19 in [24, 25]. In
[24], Marimthu et al. estimated the number of TB-COVID-19 co-infected
people with and without intervention mechanisms. The results of their
study revealed that the peak of the co-infection had occurred relatively
in a small time with no intervention compared to that of interventions.
Their model estimated that about 20,880 TB-COVID-19 cases will occur
on the epidemic peak day when intervention mechanisms are imposed
and 27,968 cases will happen in the absence of proper interventions. In
[25], an Atangana-Baleanu type mathematical model was considered to
investigate TB-COVID-19 co-infection using fractional-order derivative.
Their simulations studies indicated that the TB-COVID-19 co-infection
becomes decline via deceasing the TB latent infected people who are at
risk with COVID-19.

Motivated by the discussions above, we formulated a mathematical
model governing TB-COVID-19 co-infection to study their co-dynamics.
For this purpose, the population is grouped into seven disjoint compart-
ments. We included the TB latent compartment to study the greater risk
of people progressed to active TB disease, and the exposed COVID-19
compartment to assess the risk of its progression to infected class follow-
ing initial stages. Besides, the roles of the contact rates of both diseases
and the transfer rates are studied. The sensitivity of parameters with re-
production numbers for the sub-models was also examined to identify
the most sensitive parameters. In addition, the role of TB in the spread
of COVID-19 pandemic was discussed. Furthermore, to show the local
stability of equilibrium points, the linearization approach was utilized
while Lyapunov technique was applied to investigate the corresponding
global stability.

Our study differs from the Omame et al. paper [25], that is, in our
study, the dynamics are described in terms of the integer time derivative
that has a widely understandable geometric and physical descriptions.
It is appropriate for dynamic models, and describes how the state of
the system changes as time changes. In contrary, Omame et al. in their
study utilized fractional derivative model with the help of Atangana-
Baleanu derivative to describe the memory effect and temporal change.

The organization of the paper is described as follows. Assumptions
to model COVID-19-TB co-infection were formulated, and well ana-
lyzed in Section 2. Qualitative investigation of the developed model
is performed by finding stationary points of the sub-models, and the
full model in Section 3. Numerical simulation were given in Sec-
tion 4. Finally, conclusion and recommendations were provided in Sec-
tion 5.

2. Model formulation

A model for the co-dynamics of TB-COVID-19 was formulated by
subdividing the population into seven compartmental states. Namely
the subdivisions are: susceptible individuals (.5), TB infected people in
a latent stage (L), individuals in the active TB state (I;;), COVID-19
exposed (E), symptomatically ill people with COVID-19 (1), COVID-
19-TB co-infected class (1<), and people recovered from both diseases
(R). The susceptible class of individuals are members of a population
those are at risk of becoming infected by a disease, while recovered
individuals are those who have been infected with the diseases and then
recovered from the infection. With this subdivision, the total population
N (1) is governed by

N =SSO+ L)+ 17t)+ Ec() + Io(t) + Ipc(t) + R(@).

In the Omame et al. study [25], they considered vaccinated individ-
uals for COVID-19, and the latent TB-COVID-19 co-infected individuals
with in their compartments. They also consider reinfection, but we omit
the reinfection of the disease. A second infection is rare as most individ-
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uals develop some protection from repeat infections [26]. In our study,
we added a population class of COVID-19 latently-infected individuals
as they play a major contribution to the prevalence of the virus. In the
Omame et al. study, two compartments were given for people recov-
ered from COVID-19, and medicated individuals with TB. Although, we
considered a single compartment for the recovered class of people from
COVID-19, TB, and their co-infection with different compartmental re-
covery rates. Some of the brief assumptions to propose TB-COVID-19
coinfection model are reviewed as follows.

We assumed that susceptible individuals are increased by a rate of
recruitment A and that all population in each compartment are dying
with a natural death of y. Besides, susceptible individuals gain TB in-
fections through contact with active TB patients by a force of infection
(the incidence is of bilinear mass action) A, given as

Ar(@®) =B (IT(I)"'ITc(t))’ (€]

where p, is the effectual contact rate of the TB bacteria. Moreover, the
susceptible individuals also acquire COVID-19 infection, after effective
contact with infected individuals of the virus at a force of infection 4.,
expressed as

e =Py (Ec) + Ic(t) + Irc(D)) 2

where g, is the effectual contact rate of COVID-19 transmission.

Furthermore, we assumed that individuals pulled out from the TB la-
tent class (L) by growing to a class of active TB with a rate « or recover
at recovery rate of latent TB infections of w. The latent infected individ-
uals with TB whose immune systems have high may become recovered
without the bacteria growing to the active TB infections. While the class
of active TB disease (1) become recovered with a rate y, transferred to
the co-infection of both TB and COVID-19 at a force of infection 64,
or die due to TB-induced dying rate of ;.

Additionally, the TB-COVID-19 co-infected individuals pulled out
and move to the I, compartment at a rate = such that people in
the co-infected class may transfer to either the TB only infection by a
COVID-19 recovery rate of nt or shift to the COVID-19 infection only at
a TB recuperation rate of mz. The population within compartment I«
may die from co-infection induced death rate 6;- or becomes recovered
from both diseases at a rate (1 — (m + n)7).

COVID-19 individuals in exposed class (E.) shift the class by becom-
ing infected at a rate ¢ or recover at a rate z. In our model, COVID-19
exposed individuals are infectious and may recover without showing
any form of the COVID-19 symptoms. Finally, the population in the
COVID-19 infected class (/) becomes recovered at a rate y, transfers
to the co-infection class at a force of infection vir, or dies from COVID-
19 induced death at a rate §,.

The schematic diagram of the proposed model is illustrated in Fig. 1.

Thus, the governing mathematical model can be framed as a system
of non-linear differential equations:

B~ A-Or+ic+wS,

L = drS—(u+a+w)ly,

% =aLly+ntlpc —(u+6r+0ic+7)Ir,

L =S - (u+o+mEc, 3)
L = pEc +mrlye = (u+6c +vir +w)lc.

LI = 9ic Iy +viple = (u+drc + Dirc,

% =wLly+rnEc+ylp +ylc+( —m+n)tlyc — uR,

where A; and A are given in the equations (1) and (2), and with initial
conditions S(0) > 0, E;(0) > 0, I;:(0) > 0, Ec(0) >0, I(0) > 0, I;(0) >
0, and R(0) > 0. The descriptions of model parameters with their values
are presented in Table 1.
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Fig. 1. Flow diagram of the model.

Table 1. Description of the model parameters with their values.

Parameter Description Value Source
A Recruitment rate to the population 2,110,016  calculated
i TB transmission rate 0.6 [21]
i COVID-19 contact rate 0.659 [11]
a Shifting rate of TB exposed individuals to the infected class 0.5 [21]
v TB coinfection rate from the COVID-19 infections 1.03 assumed
[4 COVID-19 coinfection rate from TB infection 1.02 assumed
T Recuperation rate of COVID-19 exposed class 0.716 [11]
T Rate at which individuals pulled out from I, 0.025 assumed
m TB recuperation rate of I, individuals 0.45 assumed
n COVID-19 recovery rate of I individuals 0.3 assumed
2 Recuperation rate of Active TB infection 0.516 assumed
or Death rate due to TB bacteria 0.001 [21]
8¢ Death rate due to the COVID-19 virus 0.023 [11]
81¢ Death rate due to TB-COVID-19 coinfection 0.05 assumed
U Natural dying rate 0.0477 [11]
@ Transfer rate of COVID-19 exposed individuals 0.26 assumed
7 Recuperation rate of COVID-19 infection 0.475 assumed
@ Recovery rate of latent TB infected class 0.72 [21]
. . dlr
2.1. Positivity and boundedness of solutions - | fp=0 =aLq +ntlpc 20,
. . . . . dEc
Since we are dealing with human populations, all the solutions must — Fo=0= AcS >0, 4)
be positive and bonded in a feasible region. To assure these, we have ddt
the following theorem. % l1oz0 = PEc +mrlIrc >0,
. . . dlrc
Theorem 2.1. The solutions of the system of equations (3) are positive, T lipe=0=0AcIp +viplc 20,
unique and bounded in the region 4R

A
Q={(S,Ly. Iy, Ec. Ic, Irc. RV ER] 1 0< N < " ).

Proof. The functions on the right hand side of the equation (3) are C!
on [Rzr. Hence, using the result of Picard-Lindelof theorem [27], the
model equations (3) have a unique solution. For a positively invariant
set Q, and non-negative initial conditions S(0) > 0, E(0) > 0, I:(0) >
0, Ec(0) > 0,1-(0)>0,I1-(0) >0, R(0) >0, we want to demonstrate that
each vector field remains non-negative. Therefore, we have:

ds
— g =A>0,
dr 5=

dLy

o Lr=0 =475 20,

ar |geo =Ly +r7Ec+ylp +wlc+ (1 —(m+n)tlpc>0.
Hence, following the results of proposition A.1 in [28] and equation
(4), the function F(x,?) has the property

Si(S, Ly I, Ec. e, Lyc, Irc, R) 20

whenever x € [0, )7, x ;=0,120. As there exists a unique solution for
the system of equations (3), it follows that x(r) € [0, 0)” for all > 1, > 0
whenever x(1,) > 0.

Besides, the change of total population N(t) =S + Ly + I + E¢ +
Ic + I7c + R at time t is governed by
dN

7=/\—5TIT—5L.IC—5TCITC—ﬂNS/\—ﬂN.
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Consequently, the solution for this linear first order ode becomes N (¢) <
N(0)e # + %(1 — e7#1), Thus, for the given initial data 0 < N(0), we
obtain

0N é

U
Hence, the solutions of the governing system of nonlinear differential
equations in (3) exist, unique and bounded in the feasible region Q.
This concludes the proof. []

3. Model analysis

For better understanding the dynamics of co-infection using the
proposed model, we first compute the model equilibrium points and
then examine the model dynamics around those stationary points. The
detailed analysis will be studied by examining the behavior of the sub-
models solutions near the equilibrium points for TB, COVID-19, and
their coinfection.

3.1. COVID-19 only sub-model

Excluding the TB infections from the TB-COVID-19 coinfection
model, the sub-model of COVID-19 is obtained as:

B A= P (Ec+10)S - uS=fi,

dE,

S =B (Ec+10)S = (u+@+mEc = fs, ©
dl

E=@Ec—(u+dc+w)lc=f

dR

o =TEc+wlc—uR=fy

3.1.1. Local stability analysis of equilibrium points
All the steady state solutions of the COVID-19 sub-model are com-
puted by solving the right hand side system of equations:

A= Py(Ec+10)S — uS =0,

B(Ec+1c)S —(n+o+mEc =0,

QEc—(u+6c+y)lc=0,

mEc+wlc—puR=0.

One of the steady state solutions called disease-free equilibrium point
(Ef) is computed by setting the diseases states Ec =0 and I =0. As a

result, the disease free equilibrium point is calculated as Ef = (%,O, 0,0).

In studying epidemiological models, the basic reproduction number
(Ry) is one of the crucial parameters, which is defined as the num-
ber of secondary infections obtained from a single primarily infected
individual. We calculated R, denoted as (ROC) of the COVID-19 sub-
model using the next generation matrix method [29]. Following the
result given in [29], and from Equation (5) we have:

ﬁz(EC+IC)S> . < 0 ) _ ((/4+ca+7r)Ec)
Fi= VAR and V"~ =

' < 0 ! @Ec i (u+6c +w)le
The Jacobian matrices of 7(x) and V(x) are, respectively

A A
F = DF(E{)= [ﬂzoﬁ ﬂzoi] and

V:DV(ES):[”J”"” 0 ]

—@ H+6.+w

It is easy to calculate the inverse of V' which is given by

1
V—l _ uto+rn 0
= P4 1 .
(u+o+m)(u+d.+w)  p+o.+w
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Hence, the next-generation matrix given by FV ! is

[0 (1 +_© ) [0

FV=!l= | uute+n) ptdety u(u+d.+y) | .
0 0

The eigenvalues of FV~! are 4; =

hA @ -
e+ ga) (1 t )’ and 4, = 0.

Hence, we have the following theorem:

Theorem 3.1. The basic reproduction number of the COVID-19 only sub-
model is

RC BA <u+5c+w+(p>

= 6
O p(u+o+m) \ u+é.+y ©

To examine the local stability analysis of the steady state solutions,
we used the linearization approach. The Jacobean matrix of the sub-
model (5) is

J(S,Ec, 1, R)
—P(Ec+1c)—n -BS -5 0
B(Ec+1¢) PSS —(u+o@+n) b, S 0 o
0 @ —~(u+dc+w) 0
0 r v —u

Then, the Jacobean matrix in equation (7) of the sub-model at E(‘): is
given by:

A A
—H A —ﬁ2; —ﬂzA;
J(ES) = 0 py-(te+n by U § 8)
0 @ —(u+déc+y) O
0 z v —u

Two of the eigenvalues for the matrix equation (8) are 4,, = —, and
the other two are obtained from the reduced matrix

A A
b —(u+to+n) b=
J,= H Iz .
® —(u+éc+y)
As A;, =—u <0, the other two eigenvalues are negative if the trace

of the reduced matrix J, is negative and its determinant is positive.
The trace is trJ, = ﬁ2% —Qu+g@+r+y+5,), and is less than zero if

ﬂ2% <Qu+@+r+w+5,). The determinant is detJ, =—(ﬂ2% —(u+o+
fr))(ﬂ+5c+w)—(pﬁz% =—ﬁ2%(ﬂ+5c +y+ @)+ U+ e+m)(u+dc+y).

The sign of the determinant is positive if —2XUHCHFO) o ihat g
H(u+e+m)(p+éc+y)

detJ, >0 if RS < 1 and detJ, <0 if RS > 1.
As a result, the disease free equilibrium point (EOC ) of the COVID-19
sub-model is stable if RS < 1 and unstable if RS > 1.
The disease-existing equilibrium point of the COVID-19 only model

is obtained by solving equation (9).

A=A +u)S =0,

AS —(+@+n)E-=0,
(C)]
QE-—(u+oc+w)l-=0,

nEc+wlc—puR=0.
Let X, = (S*,Eé,] Z,,R), be the endemic equilibrium point. We solve
the system of equations in terms of the force of infection (1}), given

by A% = By(EZ + I7). After solving the equations of (9), we have the
following expressions:

) AN MA@
* = *A Ep = = = . and
At e (A% + ) c1ep (A% + u)
(10$)
. ANy + o)

- pe (A + )
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where ¢; = y+ ¢+ and ¢, = u+ 6, + . Using equation (10) in the ex-

. . A(er+¢@)— . g .
pression of 4%, gives: A%, = M. After simplification, we have
1€2

oAy + ) c
M=p|l————-1)=u(R; -1).
c ”( ycl 2 H ( 0 )
This shows that, the COVID-19 force of infection 47, is positive at the
disease state equilibrium point, only if Rg > 1. Thus we have just proved
the following.

Theorem 3.2. For Rg > 1, the COVID-19 sub-model (5) has a unique en-
demic (disease existing) equilibrium point.

3.1.2. The global stability analysis of %,

We have analyzed the global stability of the disease existing equilib-
rium point X, using Lyapunov method. To do these, we have defined
the following Lyapunov function:

1 3 * * 2
L(S,Ec,Ic,R) = 3 ((S— S*) + (E, -ED+U, —Ic)+(R—R*)) .
The Lyapunov function L is always positive, and it is equal to zero only
at the diseases existing equilibrium point X.. After differentiating the
function L with time, we have

AL (S - $")+(E,~ ED+ (I, — ")+ (R R"))

dt
RN

dr " dr T dt di
A=5.I7

=(N = — =)A= 5L = )
A

S(N—;)(A—MN)

_ 2
S_(A uN) <
U

0.

For R¢ > 1, the endemic equilibrium point X, exists, and hence dd—f <
0. This implies that the function L is a strictly Lyapunov function which
indicates the endemic equilibrium point X, is globally asymptotically
stable. The biological meaning of this result indicates that the COVID-
19 have continued to exist in the community for a long period.

3.1.3. Sensitivity analysis of COVID-19 sub-model

In this subsection, we examined the analysis of sensitive parameters
of the COVID-19 sub-model. For a parameter p, the sensitivity of p is
defined as how the model behavior to a small change in a parameter
value [30], and is given by:

IR A +8c+w+
S, = 0 p,whereRocz b <” crV (p)
dp RC p+o+m) \ p+dc+wy

The sensitivity analysis for each of the sub-model equation (5) parame-
ters with respect to R is given by:

C
s, =Ko b _
B 0p, Rg ’
ORS A
AT T9A R_OC_ ’
C
R (o 1 I
* ou RS H+a+e bctputwto Sctuty)’
_0Rg 5C _ 6c(p
e 96c RS (et utw)ctuty+e)
R v ve
Yo ow RS Gctutw)Getuty+e)
e ebcty-m
? 09 RS (ura+@)ct+uty+o)
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Table 2. The sensitivity indices for COVID-19 only sub-model by plugging
the parameter values from Table 1.

Parameter Description Sensitivity Indices
A Recruitment rate +1
i COVID-19 contact rate +1
u Natural death rate —0.9748
b¢ COVID-19 induced death rate —-0.0136
3 Transfer rate from exposed to infected class ~ +0.0687
F Exposed COVID-19 recuperation rate —0.6994
Recuperation rate of infected COVID-19 —0.2809
Sensitivity Of parametrs on R g
oF
s
Tk
wr
ook
By
AL
1.5

Fig. 2. The visual representation of the sensitivity indices of the COVID-19 sub-
model basic reproduction number (Rg) with respect to parameters.

c

3 0RO o .

"o RS (utrte)

The numerical values of the sensitivity indices for the COVID-19
sub-model parameters are found in Table 2. The sensitivity analysis of
the sub-model revealed that the COVID-19 contact rate f,, and the re-
cruitment rate A have a high positive impact on the spread of the virus.
The analysis recommends that the magnitudes of the impacts of A and
p, on the spread of COVID-19 are the same. This is because the number
of secondary infections increase with respect to increasing these param-
eters [30]. The transfer rate of individuals from exposure to an infected
class ¢ has a positive impact on the spread of the virus. The other pa-
rameters, such as u, y, 6. and z, have a negative impact, which means
that increasing the value of such parameters will decrease the number
of people infected with COVID-19. A graphical representation for the
sensitivity indices of R is illustrated in Fig. 2.

3.2. TB sub-model

The sub-model of equation (3) with no COVID-19 disease, is given
by

ds
— =A-p 1S —usS,
di PilrS—u
dLy
d—:ﬁIITS—(y+a+a))LT,
! an
dIy
7:(1LT—(;4+57+}/)IT,
dR
E=‘ULT+YIT—I4R~

The disease-free equilibrium point of the TB sub-model equation (11) is

given by EOT = (%,0,0,0) and the basic reproduction number of the TB

only model is obtained as:

RT = ap A .
O uu+a+w)pu+oér+y)

(12)
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Theorem 3.3. The disease-free equilibrium point ( EOT ) of the TB sub-model
is locally stable if R] < 1.

Proof. Using the linearizing approach, the Jacobean matrix of the TB
only model at Ej is given by

—H 0 —ﬂ1%
J(EOT): 0 —-(pta+w) p 2

0 a —(u+ér+y) 0

0 ® 14 —u

We can observe that two of the eigenvalues of J (Eg ) are —u, and the
other two are obtained from the reduced matrix

—(utato)  p
Jy= " .
a —(u+ér+7)

The trace of the reduced matrix J; is tr(J3) = —Qu+a+ 0+ 67 +7) <0,
and the determinant of J; is det(J3) = (u + a + @)y + 8y +v) — ap; %
So the determinant is positive if Rg < 1. Hence, the stationary point

without the disease state of the TB sub-model is locally asymptotically
stable if ROT <l. O

We have also obtained the endemic (disease existing) equilibrium
point of the TB sub-model by solving the following given system of
equations:

A=A S—puS=0,
ArS—(u+a+w)Ly =0,
aLy —(u+6r+y)y =0,
oLy +yly —uR=0,

where Ay =, I'r. After solving the given system, we obtain:
A * ali A Ax Nwky+ay)
S*=——, L =—=L = L and R* = L ———.
Aptu® T k() T kyky(Ap )’ kyko p(23.+1)
the solutions of S*, L, I and R, the simplified equation for A; be-
w _ afiA—kikop _ apA : * _ T _

comes A}, = L Tk (_klkz 1). That gives A =u(Ry - 1), so the
endemic equilibrium point exists if and only if Rg > 1.

Using

Theorem 3.4. The disease existing equilibrium point of the TB only model
is globally stable if R > 1.

Proof. We define the Lyapunov function as follows:

V(S, Ly Ip, R) == ((S= S+ Ly — Ly +Up - I})+(R- R*))z.

N —

Now we want to show that the proposed function V is a Lyapunov
function. Differentiating the given function V' with time, we have

dv . ,
I=((S—S*)+(LT—L;)+(1T—1;)+(R—R*))
dS  dLy dly dR
X —_— —_— —_— —_—
<dt+ a T T

A—=6p1%
=(N = —L YA =60 — uN) < (N — %)(A—HN)

_ 2
L (A=uNP
U

0.

Assume that Rg > 1, for which the endemic equilibrium point exists,
then % < 0 which imply the function is a strictly Lyapunov function
which indicates that the disease existing equilibrium point becomes
globally stable. []
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Table 3. The sensitivity indices for TB only sub-model by plugging the
parameter values from Table 1.

Parameter Description Sensitivity Indices
A Recruitment rate +1

B TB contact rate +1

u Natural death rate —-0.7227

5p TB induced death rate —0.0678

a Transfer rate from latent to active TB +0.7058

(0] Latent TB recovery rate —0.6619

y Active TB recovery rate —0.8533

3.2.1. Sensitivity analysis of TB sub-model

The sensitivity analysis for the basic reproduction number of the TB
sub-model parameters given in equation (5) using normalized forward
sensitivity index of its basic reproduction number [30, 31] is given by:

T
Sy :&ﬁ:]
1 T ’
ap, R
ORT A
ST T
ORT
S = 0o H _ QCutato)ut+ér+y)+uu+ato)
* ou RT (u+a+o)pu+ér+y) ’
S _0Rg op o
o 95y Rg_ Sp+y+u
T
P R 4yt
* da ROT a+tu+o’
T
o 0
“ dw Rg a+u+o’
T
Ry v
oy R Sr+y+m

From the sensitivity indices Table 3, we can observe that the TB con-
tact rate f;, and the recruitment rate A have a high positive impact on
the spread of the disease. The transfer rate of individuals from latent
to infected class a has a positive impact for its spread. The other pa-
rameters, such as y, w, 6; and y, have a negative impact, which means
increasing the value of such parameters will decrease the number of
people infected with TB. For instance, a 1% increase in the TB recovery
rate y will produce 0.85% decrease in its basic reproduction number
RY.

3.3. Analysis of the co-infection model

We then calculated the equilibrium points of the full model (3) by
solving the right hand side of the model equations (13):

A=A+ Ac+u)S =0,

ArS—(u+a+w)Ly =0,

aLy+ntlpc —(u+60A, +67 +y)Ip =0,

AcS—(u+@+n)Ec =0, 13)
QEc+mtlpe — (u+6c +Vvir +y)lc =0,

OAcly +viplc —(u+6pc +7)Ipc =0,

oLy +rEc+ylp+wlc+ (1 —m+n)tlpc —uR=0,

where the force of infections 4, and A, are same with the equations
(1) and (2). The disease free equilibrium point (E;) of the full model is
then obtained as:

EO=(§,0,0,0,0,0,0).
"



K.G. Mekonen and L.L. Obsu

Now, using the next generation matrix [29], we have calculated the
basic reproduction number (R,) of the full model as follows. Using the
notation of the diseased states X = (L, I, Ec, I¢, It¢), we have the
functions in vector form:

ArS
0
F(X) = 2.8 and
0
| OAcIr +virlc
I (y+a+w)Ly
(M+67p+y)y —aly —ntlpc
V(X) = (u+o@+n)Ec ,

(m+oc+w)lc—@Ec—mtlpc
(u+opc + 1)

respectively representing the aspect of new infections, and the transfer
of infected people into and out of the compartments. Hence, the Jaco-
bian matrices of 7(X) and V(X) at the stationary point E, respectively
are,

0 py 00 pY
0 0 0 0 0
F=DF(Ey)=|0 0 ﬁz% /32% ﬂz% , and,
0 0 0 0
0 0 0 0
(¢, 0 0 0 0
-« ¢ 0 0 -nr
V=DV(E)=| 0 0 ¢ 0 0 |,
0 0 —-@ ¢ -mr
[0 0 0 0 o

where ci =a+pu+w, cy=6r+u+y, c3=@+u+n, c,=6c+u+w,
¢5 =8¢ + u + 7. Then, the next-generation matrix FV ™! is:

apiA KA 0 0 APy (cp+n7)
Heyey pey Heaes
0 0 0 0 0
Frl=| o bA (M) BA Abegtmr)
He3 cy HCy HCqCs
0 0 0 0 0
0 0 0 0 0

The three of the eigenvalues for the matrix FV~! are zeros. The
other two eigenvalues are:

af A
A= b :Rg,and
pHeycy
A [cy+
,12=ﬂ2—< 4 (P)=Rg.
Hes €4

Hence, the basic reproduction number (R,) of the full model (3) is given
by

R0=max{Rg,Rg}.

3.3.1. Local stability of E, for the full model

We performed the local stability analysis of the disease free equi-
librium point of the full model using the method of linearization. The
Jacobean matrix of the full model equation (3) at E, is given in matrix
equation (14) by:

- 0 =p % —/32% s —B+ ﬂz)% 0
0 —¢ B % 0 0 B % 0
0 a —cy 0 0 nt 0
J(EQ=| 0 o 0 ﬂZ%—q; ﬂ2% ﬁzﬁ 0
0 0 0 @ —cy mt 0
0 0 0 0 0 —cs 0
0 o Y v  (=(m+n)r —pu

a4
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After expanding the characteristic equation |11, — J(Ey)| = 0 with its
first and seventh columns, and the sixth row, we obtain three eigenval-
ues Ay, =—u, and 13 = —cs. We will then calculate the remaining four
eigenvalues from the reduced matrix

—c - A ﬂ]% 0 0
o —cy — A 0 0
(Jy—AL)= 2
4 ¢ 0 /72%—03—/1 ﬁz%
0 0 @ —cy— A

Hence the remaining eigenvalues are the roots of the reduced charac-
teristic polynomial:

A
X4(,1)=,14+<c1+c2+c3+c4-ﬂ2—>z3
U

P A
+ <‘31(02 +e3+cy) + eyl +ey) Heze — 2= (c; +¢y+cy)
u

_ BiAa _ ﬂz/\(ﬂ>/12
H H

+ <‘-’1 cr(c3 +cy) +c3eq(cy +¢5)

A Aa
- ﬂ27 <c4(cl +c)+ole; +c)+cjep+ ﬂlT>

A
- l a(c3 + c4)>i
< ﬁ2A> < ﬁlAa> BAg ( ﬁ1A0l>
teylez—— )= —— ) ———\ciep— .
)7 H H H
That is, four of the eigenvalues are roots of the equation:
Xy(A) ="+ D23+ D22+ D3A+ D, =0, (15)
where,

A
D, :c1+c2+c3+c4—2—,
u

BA

ucsey

=c1+c2+c3+c3c4<1— >=c]+c2+c3+c3c4(1—R0C),

Dy =ci(cy+c3+cy)+ ez +cy)+c3c4

A Aa A
B ey ey BiE_Bbe
u u u
D3 =cjcy(cz +¢yq) +c3c(cy +¢3)

_hA

fi1Aa
—— | cylcy + ) +@ley +¢) +cjep +
H H
(c3 +¢4), and
D= < ﬂzA> < BiAa
4=\ G- — J\aa—
i H

b Aa
(- 55)
ciey — ,
U
B A B
= <c1c2 - lll a> <c3c4 - 27(c4+(p)>

=clc2<1— ﬂlAa>c3c4<1— Pt (c4+(p)>

M6 HC3Cy
=ciepc3e, (1= RY) (1= RS (¢4 + ).
Hence, using Routh-Hurwitz stability conditions, the roots of the char-

acteristic equation (15) of the reduced matrix have negative real parts
provided that the following holds.

> _ B \p

D, >0, D;>0, Dy;>0,and D, D,D; > D} + D3 D,. (16)

It can be noted that the conditions in equation (16) hold if R, < 1. Thus
we have already proved the following.

Theorem 3.5. The disease free equilibrium point (E,) of the full model (3)
becomes locally asymptotically stable provided that R, < 1, and the condi-
tion given in equation (16) holds.
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3.3.2. Global stability of (E,) of the full model
Rewriting our model equation (3) as

X — Fx,2)

L -6x,2), G(X,0=0,

where X =(S,R) and Z = (Ly, Iy, E¢.I¢. Irc), with X € R2 denoting
the healthy individual compartments and Z € R denoting the infected
population [32]. Hereafter the disease-free equilibrium state is denoted
as

Uy = (X,,0), where, X, = A o).
u

The conditions (H,) and (H,) below guarantee the global asymptoti-
cally stability of E, for R, < 1:

(H,) For % = F(X,0), the equilibrium point U, is globally stable;

(Hy) G(X,Z)=AZ - G(X,Z), G(X,Z)>0 for (X,Z)€Q, where A=
D,G(U,,0) is a Metzler matrix, and Q is the feasible region of the
developed model.

From our equation of the co-infection mathematical model (3), we
have:
dX

W=F()(,Z)=[

A=y + A + p)S
oLy +7nEc+yIp+ylc+(1—(m+n)tlpc —uR |’

Hence F(X,0)= [A —HS

], and
ArS —(u+a+w)Ly

iz aLy+ntlpc —(u+0A, +67 +y)Ir

W:G(X,Z): ACS—(/A"'(UJF]Z')EC
QEc+mtlyc —(u+6c +Vvir +yw)lc
OAcly +viplc —(u+6rc +1)lpc
Therefore,
A=D,G(U,,0)
- B 0 0 5
a - 0 0 nr
=[ 0 0 py—c3 B P, | whichisaMetzler Matrix.
0 0 @ —c4 mt
0 0 0 0 —c

Here G(X,Z)=AZ — G(X, Z), and so,

G(X.Z) Ap(1-8)
G,(X,Z) 0icIy
G(X,2)=| G;(X.2) |= Ac(1=5)
G4(X,Z) Viplc
Gs(X,Z) —Ac Iy —viplc

Hence G5(X, Z) = —0Ac Iy — vir I <0, the necessary condition (H,) is
not satisfied. As a result, U, and then the disease free equilibrium point
E, may not be globally asymptotic stable. This indicates a backward bi-
furcation will occur at Ry, = 1. The biological meaning of a backward
bifurcation is that a stable disease-state equilibrium point will co-exist
with a stable disease-free stationary point provided that the basic re-
production number is less than unity.

3.4. Impacts of TB on COVID-19

By first expressing the basic reproduction number of COVID-19 sub-

model R in terms of R], we have analyzed the impact of TB disease

on the speeding up of COVID-19 pandemic. For this, we began by ex-
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g 4k Recoverd J
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53 h
=3
o
o
2k J
1h J
0 _—
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Time

Fig. 3. The solutions of full model equation (3), with parameter values given in
Table 1.

pressing the parameter A (as it is common for both of the equilibrium
points) in the equation (12) in terms of R!, we have

T_ af A
O pu+k)(u+ky)’

Solving for A gives

where ky =a+w, ky, =67 +7.

N RE (e + k) + k)
B ap; ’

Substituting the expression of A in Rg (from the equation (6)), we
have obtained ROC in terms of Rg as

c_ PR} <M+k3+(p><ﬂ(u+k1)(ﬂ+kz)>

O 7 pu+ky) \ ptks ap,
where, k; =6- +w, and k, = ¢ + 7.

The partial derivative of RS with respect to R is then given by

oRT  p, <ﬂ+k3+<p> (M(M+k1)(;4+k2)>

ORT  p(u+k) \ pthks afp

Here, we have observed that the partial derivative of Rg with re-
spect to Rg is positive. This result indicates that an increase of the TB
infection within the population will positively influence for the spread

of the COVID-19 pandemic.
4. Numerical simulation

In the above sections, we have discussed the analytical behaviors
of the proposed mathematical model (3) and the sub-models. Here, we
carry out numerical simulation of the proposed co-infection model using
the ode45 package of Matlab software. In doing so, we use the initial
values of the state variables for the model equations given in Table 4
and all parameter values illustrated in Table 1.

We take these initial values for the COVID-19 infected and recov-
ered compartments reasonably to the same as the observed data of
WHO situation reports for the case of Ethiopia at the end of the year
2020. The total Ethiopian population on December 31, 2020, was about
103,724,912 with 123,856 COVID-19 cases [33]. We make the assump-
tion that about 80% of the disease is asymptomatic, which helps us
outline the initial value for Exposed COVID-19 class [34, 35]. We also
assume that a large percentage of about 33.3% of the population is in-
fected with TB in the latent class. This is from the WHO report that
about one-third of the world’s population has latent TB [36]. The ini-
tial data for the TB compartments were collected from the Ethiopian
ministry of Health (MOE) [33].
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Table 4. The initial values of the state variables in the model equation (3).

State variable S Ly E. Io Ire R
Initial Values 66454111 33220000 152005 495424 123856 700 220000
4
3 gl ' ' . . 1800 r r r
e 5(0)=30000 o ,(0)=200
s §(0)= 20000 1600 - 4
25k s(0)=10000 | lo(0)=500
e §(0)=1000 1400 1c@=800 ||
= 5(0)= 100 s | (0)=1000
s 2 - § 1200 = 1c(0)=1500 |
s K]
2 3 1000 -
o o
o 15 L o
2 3 800 .
2 3
g 1k L 8 600 L
2 3
o 400 -
05 | L
200 -
i ————= e 0 . .
0 20 40 60 80 100 0 5 10 15 20
Time Time
(a) Susceptible (b) Infected for COVID-19 sub-model
Fig. 4. Stability illustrations of the disease free equilibrium point for R, < 1, and R, > 1.
All Populations 4 All Populations
10000 r L r 2 ey r — T T T
s Susciptible s SUSCiptible
9000 m— |_atent-TB b 1.8 m— |_atent-TB b
s Infcl-TB e |1 TB
8000 e Expo-c19 | 4 1.6 e Expa-c19 | 4
Infd-C19 Infd-C19
7000 infd-T8-C19 | 4 14 Infd-TB-C19
me— Recoverd m— Recoverd
£ 6000 L 812
(2] "
[ = =
S 5000 L S 1
s K]
3 4000 1 2 os
o o
o o
3000 L 0.6
2000 o 0.4
1000 0.2
0 2 0
0 5 10 15 20
Time Time

(a) All Population with Ry = 0.539

(b) All Population with Ry = 4.12

Fig. 5. Stability illustrations of the disease free equilibrium point for R, < 1, and R, > 1.

The time series plots for the numerical solutions of the co-infection
model equation (3) are plotted in Fig. 3 with parameter values given in
Table 1. Figs. 4a and 4b indicate the stability of the solutions with dif-
ferent initial conditions for the susceptible and infected compartments
of the COVID-19 sub-model. Figs. 5a and 5b indicate the stable and
unstable part of disease free equilibrium point, which supports our an-
alytical findings.

The impact of the rate r (rate at which individuals leave the co-
infected class Ir¢) for the co-infected individuals is illustrated in Fig. 6.
It was shown that an increase in the rate will decrease the number of
individuals in that class.

The Figures illustrated in Fig. 7a and 7b show the impact of transfer
rates to the co-infected class from each actively infected individual of
the diseases. In Fig. 8, we have shown the impacts of the contact rates
of disease for infected compartments of our system (3). The spreads of
co-infected individuals with varying effective contact rates are shown in
Fig. 8a, while the spreads of infected individuals with TB and COVID-19
with different contact rates are observed in Figs. 8b and 8c, respectively.
We conclude that the states I, I, and I increase as the transmission
coefficients increase. All these numerical results support our analytical
findings of the sensitivity analysis in sub-models.

Imapct of the rate Tonl TC class

5 %10 %
— 71=0.003
42 — 1=0.03
4k 7=0.1 d
— =05

Co-infected with TB & COVID-19

0 L 1 = L
0 5 10 15 20
Time

Fig. 6. The dynamics of I, with the values of z given in the legend, and other
parameter values are given in Table 1.
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Fig. 7. Impacts of 7, v and 6 on the co infected classes (/) and on the COVID-19 infected class (I..).
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Fig. 8. Impacts of the contact rates f;, and g, on the transmission dynamics of infected TB (/;), infected COVID-19 (/) and the co-infected ones (I¢).

5. Conclusion

In conclusion, a mathematical model to examine the possible spread
of the coinfection of TB and COVID-19 diseases has been proposed.
We proved the model solutions positivity and boundedness properties
in a biologically feasible region. Additionally, we had computed the
equilibrium points of the sub-models, and their stabilities are analyzed
with respect to the basic reproduction numbers. In both sub-models,
we proved that the disease-free stationary states are stable provided
that the respective reproduction numbers are less than one. When-
ever the reproduction numbers are greater than unity, the disease-free
equilibrium point is unstable, and there exists a unique endemic equi-
librium point that is both locally and globally asymptotically stable.
Biologically, this result implies that the both diseases will persist in the
population for a longer time. We have also computed its reproduction
number of the co-infection biological system and analyzed the local
and global stability of the disease-free stationary point. Moreover, the
results from sensitivity analysis show that an increase in rate of infec-
tions from the TB and COVID-19 infected individuals would increase
the TB and COVID-19 co-infection. Finally, the results from the numer-
ical simulations imply an effectual decrease of thee contact rates and
a simultaneous increase of treatments lead for minimizing the spread
of the co-infection of TB and COVID-19, as we had seen in the numer-
ical Figs. 6, 7, and 8. In extension of the model for future study, we
are interesting to observe the individual knowledge about the disease
and their behavior changes to protect themselves based on the knowl-
edge they have acquired. Moreover, we want to extend the model to
a fractional order derivative form and apply optimal control problems
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to advise optimal strategies for mitigating the diseases in the commu-
nity.
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