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Abstract.—The shapes of evolutionary trees are influenced by the nature of the evolutionary process but comparisons of trees
from different processes are hindered by the challenge of completely describing tree shape. We present a full characterization
of the shapes of rooted branching trees in a form that lends itself to natural tree comparisons. We use this characterization
to define a metric, in the sense of a true distance function, on tree shapes. The metric distinguishes trees from random
models known to produce different tree shapes. It separates trees derived from tropical versus USA influenza A sequences,
which reflect the differing epidemiology of tropical and seasonal flu. We describe several metrics based on the same core
characterization, and illustrate how to extend the metric to incorporate trees’ branch lengths or other features such as overall
imbalance. Our approach allows us to construct addition and multiplication on trees, and to create a convex metric on tree
shapes which formally allows computation of average tree shapes. [tree metric; phylodynamics; tree shapes]

The availability and declining cost of DNA sequencing
mean that data on the diversity, variation and evolution
of organisms is more widely available than ever
before. Increasingly, thousands of organisms are being
sequenced at the whole-genome scale (Chewapreecha
et al. 2014; Bedford et al. 2015; Anopheles gambiae 1000
Genomes 2016). This has had particular impact on the
study of pathogens, whose evolution occurs rapidly
enough to be observed over relatively short periods. As
the numbers of sequences gathered annually grow to the
tens of thousands in many organisms, comparing this
year’s evolutionary and diversity patterns to previous
years’, and comparing one location to another, has
become increasingly challenging. Despite the fact that
evolution does not always occur in a tree-like way due to
the horizontal movements of genes, phylogenetic trees
remain a central tool with which we interpret these
data.

The shapes of phylogenetic trees are of long-standing
interest in both mathematics and evolution (Slowinski
1990; Guyer and Slowinski 1993; Kirkpatrick and Slatkin
1993; Mooers and Heard 1997; Stam 2002; Blum and
François 2006; Purvis et al. 2011; Wu and Choi 2015). A
tree’s shape refers to the tree’s connectivity structure,
without reference to the lengths of its branches. A key
early observation was that trees reconstructed from
evolutionary data are more asymmetric than simple
models predict (Aldous 1996). This spurred an interest
in ways to measure tree asymmetry (Kirkpatrick and
Slatkin 1993; Fusco and Cronk 1995; Aldous 2001;
Stich and Manrubia 2009; Pompei et al. 2012), in the
power of asymmetry measures to distinguish between
random models (Kirkpatrick and Slatkin 1993; Agapow
and Purvis 2002; Matsen 2006), and in constructing
generative models of evolution that produce imbalanced
trees (Aldous 2001; Blum and François 2006; Manceau
et al. 2015). Tree shapes carry information about the
underlying evolutionary processes, and distributions of
tree shapes under simple null models can be used to

test hypotheses about evolution (Mooers and Heard
1997; Blum and François 2006; Blum et al. 2006; Purvis
et al. 2011; Wu and Choi 2015). Recent work also
relates fitness, selection and a variety of ecological
processes to tree shape (Gascuel 2000; Hein et al.
2004; Maia et al. 2004; Wakeley and Wakeley 2009;
Dayarian and Shraiman 2014; Manceau et al. 2015).
An additional motivation for studying the shapes of
phylogenetic trees is that reconstructing branch lengths
is challenging, particularly deep in a tree. There may
be weak support for a molecular clock, and coalescent
inference procedures may produce trees with consistent
shape but differing root heights.

Tree shape is well established as carrying important
information about macroevolutionary processes, but
also carries information about evolution in the short
term. In the context of pathogens, diversity patterns
represent a combination of neutral variation that has
not yet become fixed, variation that is under selection,
complex demographic processes (host behavior and
contact patterns), and an array of ecological interactions.
The extent to which tree shapes are informative of these
processes is not well understood, though there have been
studies on the frequency of cherries and tree imbalance
(Volz et al. 2013; Lambert and Stadler 2013; Plazzotta
et al. 2016) and simulation studies aiming to explore
the question (Leventhal et al. 2012; Robinson et al. 2012;
Colijn and Gardy 2014; Plazzotta and Colijn 2016).

A key limitation in relating tree shapes to evolution
and ecology has been the limited tools with which trees
can be quantified and compared. Comparing tree shapes
from different models of evolution or from different data
sets requires comparing unlabeled trees, whereas most
tree comparison methods (e.g., (Robinson and Foulds
1981), Billera-Holmes-Vogtmann (Billera et al. 2001) and
newer metrics (Kendall and Colijn 2016)) compare trees
with one particular set of organisms at the tips (one
set of taxa, with the labels in each tree). These metrics
can be used as a basis for metrics on unlabeled shapes,
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for example by setting the distance between shapes T1
and T2 to be d(T1,T2)=min(drf (T̂1,T̂2)), where T̂i has
shape Ti and the Robinson Foulds distance is computed
by labeling T̂1 and T̂2 with the same set of labels.
However, this requires computing the distance using
every distinct arrangement of tip labels on one of the
trees. Similarly defined metrics on trees with multisets
for their labels have been described (Huber et al. 2011),
but their computation is difficult and metrics may not
be applicable if the trees have different numbers of
tips. Consequently, the tools at our disposal to describe
and compare tree shapes from different sets of tips are
limited, and have focused on scalar measures of overall
asymmetry (Sackin 1972; Slowinski 1990; Guyer and
Slowinski 1991; Colless 1995; Fusco and Cronk 1995;
Matsen 2006; Stich and Manrubia 2009; Pompei et al.
2012) and on the frequencies of small subtree shapes
such as cherries (Steel and McKenzie 2000; Volz et al.
2013; Plazzotta and Colijn 2016) and r-pronged nodes
(Rosenberg 2006). Recently, kernel (Poon et al. 2013) and
spectral (Lewitus and Morlon 2015) approaches also have
been used.

Here we give a simple characterization of all possible
shapes for a rooted tree and use this to define metrics
(in the sense of true distance functions) on tree shapes.
The scheme provides an efficient way to count the
frequencies of sub-trees in large trees, and hence can
be used to compare empirical distributions of sub-
tree shapes. It is not limited to binary trees and can
be formulated for any maximum size multifurcation,
as well as for trees with internal nodes with only
one descendant (sampled ancestors). As an illustrative
example, we apply a metric derived from our scheme
to simulated and data-derived trees. Our scheme and
our metric separate trees from random tree models that
are known to produce trees with different shape. We
use the approach to compare trees from tropical versus
USA human influenza A (H3N2). We extend the metric
to incorporate statistics on the lengths of branches or
other tree features, and we use a map from tree shapes
to the rational numbers to define a convex metric on tree
shapes.

MATERIALS AND METHODS

Definitions
A tree shape is a tree (a graph with no cycles), without

the additional information of tip labels and branch
lengths. We consider rooted trees, in which there is one
node specified to be the root. Tips, or leaves, are those
nodes with degree 1. A rooted tree shape is a tree shape
with a vertex designated to be the root. We use "tree
shape," as we assume rootedness throughout. Typically,
edges are implicitly understood to be directed away from
the root. A node’s children are the node’s neighbors along
edges away from the root; each node is the parent of its
children. In a binary tree shape, the root has two children
and is the only node without a parent. A multifurcation,
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FIGURE 1. Example of the labels on a five-tip tree.

or a polytomy, is a node with more than two children,
and its size is its number of children (>2). Naturally,
a rooted phylogeny defines a (rooted) tree shape if the
tip labels and edge weights are discarded. Phylogenies
typically do not contain internal nodes with fewer than
two children (sampled ancestors), but we allow this
possibility.

Labeling Scheme
Our approach is to label any possible tree shape,

traversing the tree from the tips to the root and assigning
labels as we go. The simplest case is to assume a binary
tree, in which all internal nodes have two children. We
start by giving all tips the Label 1 and proceed up the tree
moving from the tips to the root. We use the labels of each
node’s children to define that node’s label. So for every
internal node, we list its childrens’ labels (k,j), organizing
them with lexicographic sorting (i.e., listing with the
larger of k and j first and then in increasing order, very
like alphabetical sorting). The lexicographically sorted
list of all (k,j) pairs is: (1), (1,1), (2,1), (2,2), (3,1), (3,2),
(3,3), (4,1), (4,2), (4,3), (4,4), (5,1)... We define the label
of a tree shape whose root node has children (K,J) to be
the index at which (K,J) appears in this list. Accordingly,
a “cherry” (a node with two tip children) is labeled 2
because its children are (1,1), which is the second entry
in the list. A node with a cherry child and a tip child (a
(2,1), or a pitchfork) has Label 3. A tree whose root has
children labeled 4 and 2 (4,2) is the 9th item in the list
and so has Label 9. As we traverse the tree from the tips
to the root, we label each internal node using the labels
of its children. While Labels 1, 2, and 3 coincidentally are
trees with 1, 2, and 3 tips, this correspondence is soon lost
because there are many trees with n tips in general; there
are two possible trees with 4 tips: a “double cherry” (2,2)
with Label 4, and a (3,1), with Label 5. A small example
is shown in Figure 1. The binary tree shape (k,j) (a tree
whose root has a child with label k and one with label j)
has label

�2(k,j)= 1
2 k(k−1)+j+1 (1)
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because (k,j) is the 1
2 k(k−1)+j+1’th entry in the

lexicographically sorted list. To see this, note that for
some fixed k, there are k pairs of the form (k,j) (because
j ranges from 1 to k). This means that the pair (n,1) has
label (1+2+ ...+n−1)+1+1= 1

2 n(n−1)+1+1, because
all labels starting with 1,2,3,...k,..n−1 occur before this
first pair beginning with n. The extra 1 accounts for
starting the scheme with (1,1) whose label is 2. So
(k,j) has labeled 1

2 k(k−1)+j+1 as above. We continue
until the root of the tree has a label. The subscript 2
in Equation 1 specifies that each node has a maximum
of 2 children; the scheme can be extended but has a
different explicit form (�M) if there are multifurcations
up to size M or internal nodes with a single child (in
which case we require j≥0 rather than 1). We give details
in the Supplementary Material available on Dryad at
http://dx.doi.org/10.5061/dryad.3r8v1.

Metrics on the Space of Rooted Unlabeled Shapes
This characterization leads to simple metrics on the

space of tree shapes. The simplest is a comparison of the
root labels: given two binary trees Ta and Tb, whose root
nodes are Ra and Rb, and where the label of a node x is
L(x), we can write

d0(Ta,Tb)=|L(Ra)−L(Rb)|. (2)

In other words, the absolute difference between the root
nodes’ labels is a metric, with tree 1 a distance of 1
from tree 2 and so on. Clearly d0 is symmetric and
non-negative. The tree isomorphism algorithm and the
above labeling clearly show that d0 =0⇔Ta =Tb and the
absolute value obeys the triangle inequality. However,
d0 is not a very useful metric, in the sense that a large
change in root label can result from a relatively “small”
change in the tree shape (such as the addition of a tip).

While each tree is defined by the label of its root,
it is also defined (redundantly) by the labels of all
its nodes. If the tree has n tips, the list of its labels
contains n 1s, typically multiple 2s (cherries) and so
on. Let La denote the list of labels for a tree Ta: La =
{1,1,1,...,2,2,...,�2(Ra)}. The label lists are multisets
because labels can occur multiple times. Define the
distance d1 between Ta and Tb to be the number of
elements in the symmetric set difference between the
label lists of two trees:

d1(Ta,Tb)=|La�Lb|. (3)

The symmetric set difference A�B= (A∪B)\(A∩B) is the
union of A and B without their intersection. Intuitively,
this is the number of labels not included in the
intersection of the trees’ label lists. If A and B are
multisets with A containing k copies of element x and
B containing m copies of x, with k>m, we consider A∩B
to contain m copies of x (these are common to both A
and B). A�B has the remaining k−m copies. Each tree’s
label list contains more 1s (tips) than any other label.
Accordingly, this metric is most appropriate for trees of

the same size, because if trees vary in size, the metric
can be dominated by differences in the numbers of tips.
For example, if La ={1,1,1,1,2,2} (four tips joined in two
cherries) and Lb ={1,1,1,2,3} (three tips, i.e., a pitchfork),
then La�Lb ={1,2,3}, because there is a 1 and a 2 in
La in excess of those in Lb, and a 3 in Lb, that is, not
matched in La. Like d0, d1 is a metric: positivity and
symmetry are clear from the definition. The cardinality
of the symmetric difference is 0 if and only if the two
sets are the same, in which case the root label is the same
and the tree shapes are the same. That the symmetric
difference obeys the triangle inequality is readily seen
from the property A�C⊂ (A�B)∪(B�C).

Perhaps the most natural metric based on the labels,
and the metric that we apply (and extend) through this
work, compares the numbers of occurrences of each label
in each tree. Let va be a vector whose k′th element va(k) is
the number of times label k occurs in the tree Ta; so va(1)
will be the number of tips, va(2) the number of cherries,
and so on. Define the metric d2 as the Euclidean norm
(square root of sum of squares) of the difference between
va and vb:

d2(Ta,Tb)=||va −vb||. (4)
Positivity, symmetry and the triangle inequality are
evident, and again d2 can only be 0 if Ta and Tb have
the same number of copies of all labels (including the
root label), which is true if and only if Ta and Tb have
the same shape. This has a similar flavor to the statistic
used to compare trees to Yule trees in (Blum and François
2006), where the numbers of clades of a specific size were
compared. We have used and extended metric d2 in the
analyses presented in the Results section.

Each of these metrics is computed in linear time. If
Ta,Tb have na,nb internal nodes, computing the distance
requires O(na +nb) operations to define the labels, and
O(max(na,nb)) operations to compare the lists of labels.
Different choices of weights increase computational
time but not computational complexity; the variants we
present are all linear in the (maximum) number of tips
of the two trees.

Simulations
We compared trees from different random processes

and models. One of the most natural random processes
modelling phylogenetic trees is the continuous-time
homogeneous birth–death (BD) branching process, in
which each individual gives rise to a child at a constant
rate in time, and also risks removal (death) at a constant
rate. With birth rate � and death rate �, the ratio
�/� specifies the mean number of offspring of each
individual in this process, and affects the shapes and
branching times of the resulting branching trees. In
the epidemiological setting, the link to branching times
has been used to infer the basic reproduction number
R0 from sequence data (Stadler et al. 2012, 2014). We
computed the distances between trees derived from
constant-rate BD processes simulated in the package
TreeSim in R (Stadler 2017). One challenge is that the
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number of tips in the BD process after fixed time is
highly variable and depends on �/�. We aimed to detect
shape differences that were not dominated by differences
in the number of tips. Accordingly, we conditioned
the processes to have 1500 taxa and then pruned tips
uniformly at random to leave approximately 1250 tips
remaining.

There are several other random models for trees. The
Yule model is a model of growing trees in which lineages
divide but do not die; in terms of tree shape it is the
same as the Kingman coalescent and the equal rates
Markov models. In the ’proportional to distinguishable
arrangements’ (PDA) model, each unlabeled shape is
sampled with probability proportional to the number
of labeled trees on n tips with that unlabeled shape
(Rosen 1978; Mooers and Heard 1997). The “biased”
model is a growing tree model in which a lineage with
speciation rate r has child lineages with speciation rates
pr and (1−p)r. The Aldous’ branching model that we use
here is Aldous’ �-splitting model with �=−1 (Aldous
1996); in this model a � distribution determines the (in
general asymmetric) splitting densities upon branching.
The Yule, PDA, biased and Aldous �=−1 models are
available in the package apTreeshape in R (Bortolussi
et al. 2006). We used p=0.3 for the biased model, and
sampled trees with 500 tips.

Data
We aligned data of HA protein sequences from human

influenza A (H3N2) in different settings reflecting
different epidemiology. Data were downloaded from
NCBI on 22 January 2016. In all cases, we included only
full-length HA sequences for which a collection date
was available. The USA data set (n=2168) included USA
sequences collected between March 2010 and September
2015. The tropical data (n=1388) included sequences
from the tropics collected between January 2000 and
October 2015. Accession numbers are included in the
Supporting Information. Fasta files were aligned with
mafft. Within each data set, we sampled 500 taxa
uniformly at random (repeating 200 times) and inferred a
phylogenetic tree with the program FastTree (Price et al.
2009). Where necessary we realigned the 500 sequences
before tree inference. This resulted in 200 trees, each with
500 tips from the tropical and USA isolates.

Note that this approach is distinct from Bayesian
inference of many trees on one set of tips, and from
bootstrap trees on one set of tips. Either a posterior or
bootstrap collection of trees from the same set of tips will
share shape features because of the phylogenetic signal
in the data. In contrast, we resample from the isolate
collection each time and the trees we compare do not
have the same set of labels.

Implementation
We have used R throughout. An R package is available

on github at https://github.com/carolinecolijn/

treetop. The implementation assumes full binary trees
and includes metrics d1 and d2 with the option of
weighting, as well as a “tree lookup” function that
returns the tree associated with an integer in labeling
scheme �2.

RESULTS

Label-Based Description of Tree Shapes
Figure 2 illustrates the labels at the nodes of two binary

trees. The label of the root node uniquely defines the tree
shape. Indeed, tree isomorphism algorithms use similar
labeling (Hopcroft and Tarjan 1972; Lueker and Booth
1979; W 1979; Colbourn and Booth 1981; Sayward 1981).
If Ra and Rb are the root nodes of binary trees Ta and
Tb, the tree shapes are the same if and only if �2(Ra)=
�2(Rb). The map between trees and labels is bijective:
every positive integer corresponds to a unique tree shape
and vice versa.

Metrics are an appealing way to compare sets of
objects; defining a metric defines a space for the set of
objects—in principle allowing navigation through the
space, study of the space’s dimension and structure, and
the certainty that two objects occupy the same location if
and only if they are identical. The labeling scheme gives
rise to several natural metrics on tree shapes, based on
the intuition that tree shapes are similar when they share
many subtrees with the same labels.

Simulated Random Trees
There are several ways to sample random trees

in ways known to produce trees of different shapes
(in particular, different asymmetry). These include
models capturing equal versus different speciation
rates, continuous time BD processes with different
rates and others (see Methods). We used the metric
arising from our labeling scheme to compare these.
Figure 3 shows a visualization of the tree-tree distances
between trees from different random models. The
metric groups trees from each process together and
distinguishes between them well. Summary statistics
such as tree imbalance also distinguish some of these
groups well (particularly the PDA, Aldous, Yule and
biased speciation model); indeed, we have elsewhere
related the basic reproduction number to the number
of cherries (Plazzotta and Colijn 2016), and because the
cherry is a symmetric configuration, trees with a high
frequency of cherries will be more symmetric than those
with a low frequency of cherries.

Tropical Versus Seasonal Influenza
We also compared trees inferred from sequences

of the HA protein in influenza A H3N2 sequences.
Influenza A is highly seasonal outside the tropics
(Russell et al. 2008), with the majority of cases occurring
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a b

FIGURE 2. Illustration of the labels of the nodes of binary trees. Tips have the Label 1. Labels of internal nodes are shown in black. The only
difference between the trees in (a) and (b) is that in (b), the bottom-most tip from (a) has been removed. As a consequence, most of the labels are
the same.

in winter. In contrast, there is little seasonal variation
in transmission in the tropics. In addition, over long
periods of time, influenza evolves in response to pressure
from the human immune system, undergoing evolution
particularly in the surface HA protein. This drives the
’ladder-like’ shape of long-term influenza phylogenies
(Koelle et al. 2010; Volz et al. 2013; Westgeest et al. 2012;
Luksza and Lässig 2014), but would not typically be
apparent in shorter-term data sets. With this motivation,
we compared tropical samples to USA sample. Figure 4
shows that the tropical and USA flu trees are well
separated by the metric. In addition, we used DAPC
(Jombart et al. 2010) to determine which shapes separate
the two groups. These shapes are those with high
loadings on the first (and only substantial) principal
component. We show them in Figure 4, listing their
labels and coloring them according to Sackin imbalance.
The two groups are different in imbalance, and the
metric allows us to determine which sub-shapes occur
with different frequencies to separate the groups. In
the Supplementary Material available on Dryad, we
compare the imbalance and numbers of cherries across
the various groups of trees.

Incorporating Tree Size, Branch Lengths, and Other
Properties

Perhaps as it should be, the dominant difference
between a tree with ten tips and one with one hundred
tips is the size of the tree (and for this reason we have
focused our application on comparing trees of the same
size). The largest contribution to the distances will result
from comparing the number of instances of the Label 1
(tip) in two trees; this is necessarily larger than any other
label copy number, and furthermore, a tree with more
tips can have more cherries, pitchforks and any other
subtree than a tree with fewer tips.

However, it is straightforward to construct metrics that
compare tree shapes of different sizes with respect to

their proportional frequencies of subtrees. We based the
metric d2 on vectors whose ith components were the
number of sub-trees of label i; we can divide these vectors
by the number of tips na in the tree: v̂a = 1

na
va, and include

a component of v̂ proportional to the number of tips ie
v̂a(0)=�na. We then define a new metric, again based on
the Euclidean norm,

d′
2(Ta,Tb)=||v̂a − v̂b||

with �>0. With small �, d′
2 will be small when the

proportional frequencies of sub-trees are very similar
(even if the trees are different sizes), but will only be
0 if the trees have identical vectors and the same number
of tips. Furthermore, if there are particular labels i that
are of interest - for example those with relatively few
tips, for a “tip-centric” tree comparison, weights w can
be chosen and applied to the vectors, such that the
i′th component of each vector is multiplied by the i′th
weight, vw

a (i)=wiva(i), to emphasize some entries more
than others :

dw(Ta,Tb)=||vw
a −vw

b ||.
The same weighting can of course be applied to v̂ in d′

2.
The labeling scheme induces natural metrics on tree

shapes, but does not capture the lengths of branches.
These are biologically relevant in many examples,
because they reflect the (inferred) amount of time or
genetic distance between evolutionary events, although
particularly for branches deep in the tree structure
they may be difficult to infer accurately. Branch lengths
or other features of trees—including the number
of lineages through time, diversity measures, tip-tip
distance profiles, imbalance measures and bootstrap
values—can be incorporated into metrics based on our
scheme. As our metric satisfies d(T1,T2)=0 ⇐⇒ T1 =T2,
any distance function of the form

d(T1,T2)=w1di(T1,T2)+w2C(T1,T2), (5)
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FIGURE 3. Top: Six sample trees, one from each of six different random processes. Bottom: Multi-dimensional scaling (MDS) plots showing
that trees from each process are grouped together in the metric. Bottom left: trees from a BD model with different values of R0 =�/�. Bottom
right: trees derived from the Yule, PDA, Aldous and biased models, each with 500 tips.

where C(T1,T2) obeys the triangle inequality will be a
metric (though not necessarily Euclidean), even if the
features in the comparison C do not uniquely define a
tree. In Equation (5), d is a metric if C is a pseudo-metric.

We can create Euclidean metrics that combine lengths
and other features with our shape comparisons. To do
this, we describe trees a and b with vectors Va and
Vb. The first F components of V capture F comparable
summaries or length-based statistics, and the remaining
components count the label frequencies (as in v). Weights
can be applied as above, component wise, to define Vw

a .

In this way, we can create any number of Euclidean
metrics

d̂(T1,T2)=||Vw
a −Vw

b ||, (6)

where w reflects weightings across the label numbers
and summary features. Summary features or
comparisons could include spectral differences, Sackin
or Colless imbalance, Kullback–Leibler divergence
between lineages-through-time plots, maximum
likelihood parameter estimates, mean bootstrap values,
bootstraps corresponding to each shape label, or other
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FIGURE 4. Comparisons between trees from H3N2 flu virus samples. Central panel: multi-dimensional scaling plot showing that the metric
separates trees from the tropics (red) and from the USA (blue). Left and right panels: top-ranked sub-trees that distinguish the two groups, as
determined by discriminant analysis of principal components (DAPC); labels correspond to the labeling scheme. Depth of color corresponds to
Sackin imbalance (see Supplementary Material available on Dryad).

features. Because d̂ can only be equal to 0 if T1 and T2 are
the same shape (because of the components of V that
include the shape label), d̂ is a Euclidean metric. This
extends the shape metric to incorporate branch lengths
and to emphasize features of interest (believed to be
informative of an underlying process), while retaining
the advantages of a true distance metric. Supplementary
Material Figure S4 available on Dryad illustrates this
approach on the tropical and USA trees, showing an
multi-dimensional scaling plot of d̂, where the first
component of V is the ratio of the mean terminal branch
lengths to the mean internal branch lengths in each tree.
While the main shape separation between tropical and
USA tree shapes is preserved, there is an informative
length dimension illustrating the presence of outliers
with high mean terminal branch length.

The labeling scheme maps tree shapes and natural
numbers in a bijective way: each tree has a unique
label (the label of its root node) and each natural
number (positive integer) specifies a unique tree. In the
Supplementary Material available on Dryad, we show
how this can be used to map tree shapes bijectively to
the integers and then to the rational numbers. Because
addition and multiplication are defined on the integers
we can use these maps to “add” and “multiply” trees,
and to define a convex metric on tree shapes – a metric
such that there is a tree shape directly in between any
two distinct tree shapes. The convex metric allows us to
compute averages of sets of trees by taking the averages
of the corresponding rational numbers. Although this is
the first convex metric defined on the space of tree shapes
to our knowledge, its properties are not intuitive and it
is left in the Supplementary Material available on Dryad
for the interested reader.

DISCUSSION

We have developed metrics on unlabeled tree shapes,
and used them to compare simulated and data-derived
trees. The labeling scheme on which the metrics are
based comprises a complete characterization of rooted
tree shapes, and is not limited to bifurcating trees.
Trees from processes known to produce different shapes
are well separated in the metric that arises naturally
from the scheme. This suggests applications in inferring
evolutionary processes and to detecting tree shape bias
(Huelsenbeck and Kirkpatrick 1996; Gascuel 2000; Stam
2002). The structure and simplicity of this comparison
tool carry a number of advantages. Metrics have good
resolution in comparing trees because the distance
is only zero if tree shapes are the same. Empirical
distributions of subtree shapes can easily be found and
compared. And as we have shown, the approach can
be extended to convex metrics on tree shapes, allowing
averaging as well as algebraic operations (addition,
multiplication) in tree space. However, this approach
does not seem likely to give rise to analytically tractable
distributions of tree–tree distances, and in some cases,
may not offer more useful resolution than a well-chosen
collection of summary statistics.

In particular, scalar measures of asymmetry perform
well in distinguishing rooted binary trees. Here,
imbalance measures perform slightly worse on the
continuous-time BD models with R0=2,5 but are
different between the Yule, PDA, biased and Aldous’
random processes. (Matsen 2007) developed a method
to define a broad range of tree statistics. Genetic
algorithms uncovered tree statistics that can distinguish
between the reconstructed trees in TreeBase (Sanderson
et al. 1994) and trees from Aldous’ �-splitting model,
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whereas imbalance measures do not (Blum and François
2006). However, the search-and-optimize approach is
vulnerable to over-fitting, as the space of tree statistics
is large. It is also reasonable to believe that due to
ongoing decreases in the cost of sequencing, studies will
increasingly analyze large numbers of sequences and
reconstructed trees will have many tips. Any single scalar
measure will likely be insufficient to capture enough of
the information in these large trees to perform inference.

Large trees present a problem for many approaches
to inference including phylodynamic methods that
rely on computationally intensive inference methods.
In contrast, our scheme is better able to distinguish
between groups of large trees than small ones (fewer
than 100 tips). The tip-to-root traversal means that
it is very efficient to construct the label set on very
large trees (and the same traversal could, with little
additional computation time, compute other properties
that are naturally computed from tip to root, such
as clade sizes, some imbalance measures and many
of Matsen’s statistics (Matsen 2007)). However, due to
the large number of tree shapes, the labels themselves
become extremely large even for relatively small trees.
Our implementation used MD5 hashing to solve this
problem, but hashing removes the ability to reconstruct
the tree from its label. Also, there are 2128 ≈3·1038

possible hashed strings, which while large is less than
the number of possible tree shapes, even restricting
to 500 tips. Alternative labeling schemes may partially
alleviate this, for example by subtracting from the label
the minimum label for n tips, and only comparing trees of
size n or greater. A related approach was used by (Furnas
1984) in developing algorithms to sample trees.

The large size of the labels is also a challenge when
they are mapped to the integers and rational numbers
(see Supplementary Material available on Dryad) to
define a tree algebra or a convex metric. Small changes
in the label value can correspond to visible changes in
the shapes, and small changes in a shape can correspond
to large changes in the label. Because the bijective maps
are sensitive to small perturbations, the implementation
requires the full label, with no hashing compression.
However, for trees with 500 tips, we encountered
labels of about one million digits. Handling such large
numbers with full accuracy required heavy and slow
computation. The search for the average tree, using the
convex map to the rational numbers presented in the
Supplementary Material available on Dryad, was only
possible for small trees, as the map requires the prime
factorization of the label.

Our scheme captures only the shape of the trees; there
does not appear to be a natural way to incorporate branch
lengths other than appending statistics of branch lengths
to the vectors describing the tree (as we have done,
though this could be done for each label rather than in
aggregate, with a cost for the size of the vector). There are
several non-metric approaches to comparing unlabeled
trees that do include lengths. In particular, Poon’s kernel
method (Poon et al. 2013) compares subset trees that

are shared by two input trees, after first “ladderizing”
the trees (arranging internal nodes in a left-right order
with branching events preferentially to one side). Using
a kernel function, this approach can quantify similarity
between trees. One challenge is that differences in overall
scaling or units of the branch lengths can overwhelm
structural differences. Lengths can of course be re-scaled
(e.g., such that the height of both trees becomes 1), but
results may be sensitive to outliers or to the height of
the highest tip in the tree. Lengths could also be set to 1
to compare shapes only. Recently, Lewitus and Morlon
(LM) (Lewitus and Morlon 2015) used the spectrum
of a matrix of all the node-node distances in the tree
to characterize trees; this is naturally invariant to any
node and tip labels. They used the Kullback–Leibler
divergence between smoothed spectra as a measure
of distance. As it uses all node-node distances, this
approach, requiring the spectrum of a non-sparse 2n−
1×2n−1 matrix for a binary tree of n tips, becomes
infeasible for large trees.

One option is to add one or several terms to the
distance function to incorporate more information,
as outlined above. Combinations of our distances
and other tree comparisons may turn out to be the
most powerful approach to comparing unlabeled trees,
allowing the user to choose the relative importance
of scalar summaries, tree shape, spectra and so on
while retaining the discriminating power of a metric.
Ultimately, discriminating and informative tools for
comparing trees will be essential for inferring the driving
processes shaping evolutionary data.

SUPPLEMENTARY MATERIAL

Data available from the Dryad Digital Repository:
http://dx.doi.org/10.5061/dryad.3r8v1

REFERENCES

Agapow P., Purvis A. (2002). Power of eight tree shape statistics to
detect nonrandom diversification: a comparison by simulation of
two models of cladogenesis. Syst. Biol. 51(6):866–872.

Aldous D. (1996) Probability Distributions on Cladograms. In: Aldous
D., Pemantle R. (eds) Random Discrete Structures. The IMA
Volumes in Mathematics and its Applications, vol 76. Springer, New
York, NY

Aldous D.J. 2001. Stochastic models and descriptive statistics for
phylogenetic trees, from yule to today. Stat. Sci. 16(1):23–34.

Anopheles gambiae 1000 Genomes. 2016. Ag1000G: anopheles gambiae
1000 genomes. Available from: https://www.malariagen.net/
projects/vector/ag1000g.

Bedford T., Riley S., Barr I.G., Broor S., Chadha M., Cox N.J. 2015.
Global circulation patterns of seasonal influenza viruses vary with
antigenic drift. Nature 523(7559):217–220.

Billera L., Holmes S., Vogtmann K. 2001. Geometry of the space of
phylogenetic trees. Adv. Appl. Math. 27(4):733–767.

Blum M., François O. 2006. Which random processes describe the tree
of life? a large-scale study of phylogenetic tree imbalance. Syst. Biol.
55(4):685–691.

Blum, Michael GB, Olivier François, and Svante Janson. 2006. The
mean, variance and limiting distribution of two statistics sensitive
to phylogenetic tree balance. The Annals of Applied Probability,
2195–2214.



2018 COLIJN AND PLAZZOTTA—A METRIC ON PHYLOGENETIC TREE SHAPES 121

Bortolussi N., Durand E., Blum M., François O. 2006. Aptreeshape:
statistical analysis of phylogenetic tree shape. Bioinformatics
22(3):363–364.

Chewapreecha, C., Harris, S.R., Croucher, N.J., Turner, C., Marttinen, P.,
Cheng, L., Pessia, A., Aanensen, D.M., Mather, A.E., Page, A.J. and
Salter, S.J., 2014. Dense genomic sampling identifies highways of
pneumococcal recombination. Nature genetics, 46(3), pp. 305–309.

Colbourn C., Booth K. 1981. Linear time automorphism algorithms
for trees, interval graphs, and planar graphs. SIAM J Comput.
10(1):203–225.

Colijn C., Gardy J. 2014. Phylogenetic tree shapes resolve disease
transmission patterns. Evol. Med. Public Health 2014(1):96–108.

Colless, Donald H. “Relative symmetry of cladograms and
phenograms: an experimental study.” Systematic Biology 44.1
(1995): 102–108.

Dayarian A., Shraiman B. 2014. How to infer relative fitness from a
sample of genomic sequences. Genetics 197(3):913–923.

Furnas G. 1984. The generation of random, binary unordered trees.
J. Classif. 1(1):187–233.

Fusco G., Cronk Q. 1995. A new method for evaluating the shape of
large phylogenies. J. Theor. Biol. 175(2):235–243.

Gascuel O. 2000. Evidence for a relationship between algorithmic
scheme and shape of inferred trees. In: Gaul W., Opitz O., Schader
M. (eds) Data analysis. Springer Berlin Heidelberg. p. 157–168.

Guyer C., Slowinski J. 1991. Comparisons of observed phylogenetic
topologies with null expectations among three monophyletic
lineages. Evolution 45(2):340–350.

Guyer C., Slowinski J. 1993. Adaptive radiation and the topology of
large phylogenies. Evolution 47(1):253–263.

Hein J.C., Wiuf M Schierup. 2004. Gene genealogies, variation and
evolution: a primer in coalescent theory. Oxford: Oxford University
Press.

Hopcroft J., Tarjan R. 1972. Isomorphism of planar graphs. In:
Miller Raymond E., Thatcher James W., Bohlinger Jean D., (eds)
Complexity of computer computations. New York: Springer. p. 131–
152.

Huber K., Spillner A., Suchecki R. Moulton V. 2011. Metrics
on multilabeled trees: interrelationships and diameter bounds.
IEEE/ACM Trans. Comput. Biol. Bioinform. 8(4):1029–1040.

Huelsenbeck J., Kirkpatrick M. 1996. Do phylogenetic methods
produce trees with biased shapes? Evolution 50(4):1418–1424.

Jombart T., Devillard S. Balloux F. 2010. Discriminant analysis of
principal components: a new method for the analysis of genetically
structured populations. BMC Genet. 11:94.

Kendall M., and Colijn C. 2016. Mapping phylogenetic trees to reveal
distinct patterns of evolution. Molecular biology and evolution,
msw124.

Kirkpatrick M., Slatkin M. 1993. Searching for evolutionary patterns in
the shape of a phylogenetic tree. Evolution 47(4):1171–1181.

Koelle K., Khatri P., Kamradt M. Kepler T. 2010. A two-tiered model
for simulating the ecological and evolutionary dynamics of rapidly
evolving viruses, with an application to influenza. J. R. Soc. Interface
7(50):1257–1274.

Lambert A., Stadler T. 2013. Birth–death models and coalescent point
processes: The shape and probability of reconstructed phylogenies.
Theor. Popul. Biol. 90(0):113–128.

Leventhal G., Kouyos R., Stadler T., Wyl V. von, Yerly S., Böni J. 2012.
Inferring epidemic contact structure from phylogenetic trees. PLoS
Comput. Biol. 8(3):e1002413.

Lewitus, Eric, and Helene Morlon. 2015. Characterizing and comparing
phylogenies from their Laplacian spectrum. Syst. Biol. 65:
495–507.

Lueker G., Booth K. 1979. A linear time algorithm for deciding interval
graph isomorphism. J. ACM 26(2):183–195.

Luksza M., Lässig M. 2014. A predictive fitness model for influenza.
Nature 507(7490):57–61.

Maia L.P., Colato A. Fontanari J. 2004. Effect of selection on the topology
of genealogical trees. J. Theor. Biol. 226(3):315–320.

Manceau M., A, Lambert., Morlon H. 2015. Phylogenies support out-
of-equilibrium models of biodiversity. Ecol. Lett. 18(4):347–356.

Matsen F. 2006. A geometric approach to tree shape statistics. Syst. Biol.
55(4):652–661.

Matsen F. 2007. Optimization over a class of tree shape
statistics. IEEE/ACM Trans. Comput. Biol. Bioinform. 4(3):
506–512.

Mooers A., Heard S. 1997. Inferring evolutionary process from
phylogenetic tree shape. Q. Rev. Biol. 31–54.

Plazzotta G., Colijn C. 2016. Asymptotic frequency of shapes in
supercritical branching trees. Journal of Applied Probability:
53(4):1143–1155.

Plazzotta G., Kwan C., Boyd M., Colijn C. 2016. Effects of memory on
the shapes of simple outbreak trees. Sci. Rep. 6:21159.

Pompei, S., Loreto, V., Tria, F. 2012. Phylogenetic properties of RNA
viruses. PLoS One 7(9):e44849.

Poon A., Walker L., Murray H., McCloskey R., Harrigan R., Liang., R.
2013. Mapping the shapes of phylogenetic trees from human and
zoonotic RNA viruses. PLoS One 8(11):e78122.

Price M.N., Dehal P.S., Arkin A.P. 2009. FastTree: computing large
minimum evolution trees with profiles instead of a distance matrix.
Mol. Biol. Evol. 26(7):1641–1650.

Purvis A., Fritz S., Rodríguez J., Harvey P., Grenyer R. 2011. The shape
of mammalian phylogeny: patterns, processes and scales. Philos. T
Roy. Soc. B 366(1577):2462–2477.

Robinson K., Cohen T., Colijn C. 2012. The dynamics of sexual contact
networks: Effects on disease spread and control. Theor. Popul. Biol.
81(2):89–96.

Robinson D., Foulds L. 1981. Comparison of phylogenetic trees. Math.
Biosci. 53(1–2):131–147.

Rosen D. 1978. Vicariant patterns and historical explanation in
biogeography. Syst. Biol. 27(2):159–188.

Rosenberg N. 2006. The mean and variance of the numbers of r-pronged
nodes and r-caterpillars in Yule-Generated genealogical trees. Ann.
Comb. 10(1):129–146.

Russell C.A., Jones T.C., Barr I.G., Cox N.J., Garten R.J., Gregory V.
2008. The global circulation of seasonal influenza a (H3N2) viruses.
Science 320(5874):340–346.

Sackin M. 1972. “Good” and “bad” phenograms. Syst. Zool. 21(2):225–
226.

Sanderson M., Donoghue M., Piel W., Eriksson T. 1994. TreeBASE: a
prototype database of phylogenetic analyses and an interactive tool
for browsing the phylogeny of life. Am. J. Bot. 81(6):183.

Sayward C. 1981. The tree theory and isomorphism. Analysis 41(1):
6–11.

Slowinski J. 1990. Probabilities of n-trees under two models: a
demonstration that asymmetrical interior nodes are not improbable.
Syst. Zool. 39(1):89–94.

Stadler T. 2017. TreeSim: Simulating Phylogenetic Trees. R package
version 2.3. https://CRAN.R-project.org/package=TreeSim.

Stadler T., Kouyos Wyl, V. von, Yerly S., Boni J., Burgisser P. 2012.
Estimating the basic reproductive number from viral sequence data.
Mol. Biol. Evol. 29(1):347–357.

Stadler T., Kühnert D., Rasmussen D., du Plessis L. 2014.
Insights into the Early Epidemic Spread of Ebola in Sierra
Leone Provided by Viral Sequence Data. PLOS Currents
Outbreaks. 2014 Oct 6. Edition 1. doi: 10.1371/currents.outbreaks.
02bc6d927ecee7bbd33532ec8ba6a25f.

Stam E. 2002. Does imbalance in phylogenies reflect only bias?
Evolution 56(6):1292–1295.

Steel M., McKenzie A. 2000. Distributions of cherries for two models
of trees. Math. Biosci. 164(1):81–92.

Stich M., Manrubia S. 2009. Topological properties of phylogenetic trees
in evolutionary models. Eur. Phys. J. B 70(4):583–592.

Volz E., Koelle K., Bedford T. 2013. Viral phylodynamics. PLoS Comp.
Biol. 9(3):e1002947.

W, I. 1979. The design and analysis of computer algorithms. ZAMM J.
Appl. Math. Mech. 59(2):141.

Wakeley J. 2009. Coalescent theory: an introduction. Greenwood
Village: Roberts & Company Publishers.

Westgeest K., de Graaf M., Fourment M., Bestebroer T., van Beek R.
2012. Genetic evolution of the neuraminidase of influenza a (H3N2)
viruses from 1968 to 2009 and its correspondence to haemagglutinin
evolution. J. Gen. Virol. 93(Pt 9):1996–2007.

Wu T., Choi K. 2015. On joint subtree distributions under two
evolutionary models. Theor. Popul. Biol. 108:13–23.



122 SYSTEMATIC BIOLOGY VOL. 67

Supplement for: A Metric on Phylogenetic
Tree Shapes

SUPPLEMENTARY RESULTS

Trees Characteristic of Distinct Groups
The Euclidean nature of the d2 metric allows

techniques such as principal components analysis to
be used to find low-dimensional representations of a
set of trees. We have used discriminant analysis of
principal components (Jombart et al. 2010) to determine
which components (subtree shapes) best distinguish the
tropical versus USA influenza trees, and the simulated
birth–death trees with different birth-to-death ratios
(R0). In both cases, a single axis separates the groups
of trees almost entirely; Fig. S1 illustrates this, showing
the value of the first component.

Since there is only one principal component and it
almost entirely separates the trees into two groups (this
is the case both for the tropical versus USA and for
the birth–death trees), it is straightforward to determine
which subtrees make up this principal component and
therefore best separate the groups. The loadings of the
vector entries vi, corresponding to trees i (1 for a tip,
2 for a cherry and so on), reflect the importance of the
i′th tree in distinguishing the groups. Figure S2 shows
the subtrees that are more frequently present in the two
groups of birth–death trees, in parallel with Fig. 3 in the
main text (for the tropical versus USA trees).

Imbalance, or asymmetry, is the most widely
discussed scalar measure of tree shape. Indeed, for
rooted full binary trees, in the absence of branch length
considerations, the most natural quantity to examine
at each node is the difference between the numbers of
descendants on the two sides (the key quantity in the
Colless imbalance) and/or the path lengths from the
tips to the root. Imbalance does a good job in separating
the groups, but cannot in itself reveal which imbalanced
subtrees are more highly represented in which groups.

We illustrate how the shape metric can be extended to
include branch lengths and other features of the trees,
even if those themselves are not metrics and do not

uniquely define a tree. Let V be a new vector, whose
first k components are various summary features or
other properties. Here, let V(1) be the ratio of the mean
terminal branch length in a tree to the mean internal
branch length. This captures how “star-like” a tree is,
where star-like trees have long-terminal branches and
short-internal ones. Let the remaining components of V
be the counts of the labels, as we have done throughout:
number of 1s, 2s, 3s, and so on. Then the metric d̂ is

d̂(T1,T2)=||w ·Va −w ·Vb||

=
√√√√(w0Va

1 −w2Vb
1)2 +

L∑
i=1

wi(va
i −vb

i )2, (1)

where superscripts refer to which tree a,b the entry is
from, and subscripts 1 and i refer to the entry of the
vector. d̂ is Euclidean because it is the standard Euclidean
distance between two vectors. The weights w should be
chosen to reflect the desired weighting and the natural
scaling of different variables; the counts in v are integers
and the natural unit is “number of occurrences”; to
compare these to branch lengths in substitutions per site
requires a scaling choice. In Fig. S4, we use a weight of
w0 =1 and wi =0.00067 for all i, to compensate for the fact
that the mean branch length is much less than 1. Figure S4
illustrates that metric d̂ retains the shape separation and
additionally identifies similarity between outliers in the
length statistic.

EXTENSION TO MULTIFURCATIONS AND SAMPLED ANCESTORS

A polytomy, or multifurcation, is an internal node with
more than two children. In extending the scheme to
handle polytomies, we also extend it to allow for internal
nodes with only one child.

We first explicitly work out the case where the
maximum size multifurcation is 4. Let 0 be the empty
tree. Nodes may have 0, 1, 2, 3, or 4 children, and we
write a general tree as (k,j,l,m), where k, j, l, and m
are the labels of the four trees descending from the
root. Some of these may be empty (0) as not every
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FIGURE S1. Discriminant analysis of principal components: One principal component separates the groups of trees in both cases. Left: tropical
versus USA trees. Right: simulated birth–death trees.
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FIGURE S2. Multidimensional scaling plot comparing the trees from the simulated birth–death process. Lower: Tree shapes that distinguish
the two groups as determined by discriminant analysis of principal components. Color represents groups in the lower panel, so the blue subtrees
are more prevalent among the trees with R0 =5 and the red more prevalent in R0 =2. The trees’ integer labels correspond to the labeling scheme.
Depth of color corresponds to Sackin imbalance, with darker shading corresponding to higher imbalance.

node is a 4-fold polytomy. As in the binary case, we
use the convention that k ≥ j≥ l≥m, and sort the length
four strings lexicographically. Every possible tree T with
a maximum size multifurcation of four has a unique
label �4(T) in this list. We seek to find an explicit
expression for the label �4(T)—the order in the list—for
the tree (k,j,l,m). We begin by fixing k and finding how
many such labels there are, going from (k,0,0,0) up to
(k,k,k,k). Summing these over m<k will give the explicit
expression for the label.

The number of possible labels in the scheme with four
characters, starting with k and sorted lexicographically,
is
(k+3

k
)
. To see this, note that each (k,j,l,m) with k ≥ j≥

l≥m can be thought of as a path on a lattice, starting on
the left at height k and descending to height 0 after three
horizontal steps. The path has a total length of k+3 steps,
and of these, three must be steps to the right and k must
be downward. The number of such paths is the number
of ways of placing three rightwards steps amongst k+3
steps, that is

(k+3
k
)
. Extending this, we obtain the label

�4 of the tree (k+1,0,0,0), noting that �4(k,k,k,k) is the
sum of the numbers of labels beginning with 1, 2, ... k.
�4(k+1,0,0,0)=1+�4(k,k,k,k) (and we write 1 as

(3
3
)
):

�4(k+1,0,0,0)=
k∑

x=0

(
x+3

3

)
.

Rewriting the sum and making use of the identity∑k+c
y=0

(y
c
)=(k+c+1

c+1
)

, we have

�4(k+1,0,0,0) =
k∑

x=0

(
x+3

3

)
=

k+3∑
y=3

(
y
3

)

=
k+3∑
y=0

(
y
3

)
=
(

k+4
4

)
.

To obtain �4(k,j,l,m), we note that

�4(k,j,l,m)=�4(k,0,0,0)+�3(j,0,0)+�2(l,m)

(where �2 is not precisely the same form as in the main
text because here we allow for nodes with only one child).
Following the same logic, this is

�4(k,j,l,m)=
(

k+3
4

)
+
(

j+2
3

)
+
(

l+1
2

)
+m.

As in the binary case, the labels will grow unfeasibly
large, but in principle this is a bijective map between trees
whose maximum size polytomy is 4 and the nonnegative
integers.
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FIGURE S3. Two standard tree summary statistics, the Sackin imbalance and the number of cherry configurations, in the tropical and USA flu
trees, the simulated birth–death trees with different values of the basic reproduction number R0 and in the trees from different random models.

Naturally, there is nothing special about size four
polytomies. If the maximum size is c, the scheme is

�c(xc,xc−1,xc−2,..,.x1)=
c∑

i=1

(
xi +i−1

i

)
.

MATHEMATICAL EXTENSIONS MAPPING TREES TO THE INTEGER

AND RATIONAL NUMBERS

Addition and Multiplication of Tree Shapes Defined by the
Mapping

Natural metrics associated with the labeling scheme
are all based on the bijective map � between the tree
space T and the natural numbers N. Composing � with
bijective maps between N and other countable sets like
the integers (Z), the positive rational numbers (Q+), or

the rationals (Q) opens up further possibilities because
we can take advantage of the properties (addition,
multiplication, distance, etc) of integer and rational
numbers. If � is a bijective map between N and one of
these sets, then the composition �◦� is also bijective,
and we can use it to define addition and multiplication
operations on trees:

T1 ⊕T2 =�−1�−1(�(�(T1))+�(�(T2))
)
,

T1 ⊗T2 =�−1�−1(�(�(T1))·�(�(T2))
)
,

(2)

where + and · are the usual addition and multiplication.
Now the space of trees together with these definitions
of addition and multiplication,

(
T,⊕,⊗), inherits all

the algebraic properties of the set it is mapped into.
For instance,

(
T,⊕,⊗) is a commutative ring if � :N→

Z. These constructions allow algebraic operations in
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FIGURE S4. Multidimensional scaling plot derived from distances d̂,
containing a weighted combination of the shape distance and a length-
based comparison of the ratio between the mean terminal branch
length and the mean internal branch length in each tree.

the tree space T. However the choice of the map �
determines whether these operations are “meaningful”
or “helpful” for applications of branching trees in
biology or other fields. It turns out that the selection of
a meaningful map is challenging.

For example, we can use the labeling scheme to map
tree shapes to the (positive and negative) integers. We
first extend � with �(0)=∅, that is the empty tree no
tips. Consider the following well-known map between
N and Z:

�Z :n→
{

n
2 if n is even
−n+1

2 if n is odd
.

�Z is clearly bijective: Each tree shape is mapped to a
unique integer and each integer corresponds to a unique
tree shape. A representation of 10 trees is provided in
Fig. S5. To "add" or "multiply" trees, we can add or
multiply their corresponding integers and then invert, as
in Equation (2). This may seem intuitive for small trees;
for example the sum of tree number 3 and tree number
−1 gives tree number 2 which has one fewer tip than
tree number 3. For larger trees, however, addition and
multiplication operations are less intuitive and do not
follow the numbers of tips. This map has the advantage
of simplicity but results in a large distance between trees
differing by one tip.

Mapping Tree Shapes to the Rational Numbers
We use the map to the integers, and a map to

the rational numbers, to define a convex metric on
tree shapes. Convexity is the property that there is
a point directly in between two other points (so that
equality holds in the triangle inequality). Define the
following map from N to Q: �Q+ :n→∏∞

i=1p�Z(ai)
i if n>

0, or 0 if n=0. Here, pi are all the prime numbers and∏∞
i=1pai

i is the unique prime decomposition of n+1. �Z

is as defined above, mapping the positive integers to all

integers. For example �Q+ (11)=2�Z(2)3�Z(1) =2−131 =
2/3. �Q+ is injective, from the uniqueness of the prime
factorization and the injectivity of�Z. Therefore it is also
bijective, because N and Q+ have the same cardinality.
Therefore �Q+ ◦� maps tree shapes bijectively to the
nonnegative rational numbers. In turn, T inherits all of
the properties and structure of Q+. A distance metric D
on T can be defined from the usual distance |·| of Q:

D(T1,T2)= ∣∣�Q+
(
�(T1)

)−�Q+
(
�(T2)

)∣∣.
Because the absolute value is a convex metric in Q, this is
a convex metric on unlabeled tree shapes. It can be used
to find averages of a set of trees.

Figure S5 illustrates tree shapes together with their
labels under the map �Z.

A Convex Metric on Tree Shapes
Mapping tree shapes to other sets of numbers can

help us to capture the space of tree shapes in new
ways. A particularly nice property of a metric space
is convexity—if given two trees T1 and T2, there
exists a tree T3 lying directly between them, that
is d(T1,T3)+d(T3,T2)=d(T1,T2). Convex metrics are
appealing because in a convex metric on tree shapes we
can find the average tree shape for a set of trees, define
a center of mass shape, and further develop statistics on
the space of tree shapes.

We use the labeling scheme and a pairing of maps
to construct a convex metric on tree shapes. To do this,
we map tree shapes to the rational numbers, where the
usual absolute value function is a convex metric (as there
is always a rational number directly in between any
two others). We use the prime decomposition, that is
the unique product of prime factors of a number (e.g.,
10=2·5). For a tree shape corresponding to integer n,
we apply �Z to the exponents of all the prime factors of
n+1, and multiply the result (see Methods). For example
�Q+ (19)=2�Z(2)5�Z(1) =215−1 =2/5. We denote this map
�Q; it takes each integer to a unique rational number,
and vice versa (bijective). Applying �Q+ ◦� to tree
shapes maps them bijectively to the nonnegative rational
numbers. We can add or multiply trees’ corresponding
rational numbers to perform operations in the space of
tree shapes. In particular, we can use the usual absolute
value distance function to define a convex metric space
of tree shapes

(
T,D):

D(T1,T2)= ∣∣�Q+
(
�(T1)

)−�Q+
(
�(T2)

)∣∣.
In this space, we can find the average tree of a group
of trees, and a “direct path” between two trees. Given n
trees, the average tree is:

Tm =�−1 ◦�−1
Q+

(∑n
i=1�Q+ ◦�(Ti)

n

)
.

In other words, the average of a set of trees is the
tree corresponding to the average of the trees’ rational
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Tree number −5 Tree number −4 Tree number −3 Tree number −2 Tree number −1

Tree number 1 Tree number 2 Tree number 3 Tree number 4 Tree number 5

FIGURE S5. Some trees and their associated integers using the map �Z of Example 1. The numbering goes from −5 to 5, with the exception
of 0 which corresponds to the “empty tree”.

Tree number 4/17 Tree number 5/17 Tree number 7/17 Tree number 8/17

Average tree: 6/17

FIGURE S6. Trees associated with the rationals 4/17, 5/17, 7/17, 8/17, using the map in Example 2. Because the natural distance is convex in
Q+, it is possible to find the “average” tree, which is the one mapped into 6/17. Moreover, trees mapped to 5/17, 6/17 and 7/17 are part of the
direct path between the trees mapped to 4/17 and 8/17.

numbers under the map we have defined. Figure S6
illustrates this operation.

There are infinitely many ways that we could map tree
shapes to rational numbers and we have chosen one that
is relatively easy to write down explicitly. Any of them
would give rise to a convex metric on the set of tree
shapes. It would be most desirable if the resulting metric
had some intuitive features—for example, if the trees
lying directly between trees T1 and T2 (with n1 and n2
tips) had an intermediate number of tips between n1 and
n2 inclusively. The convex metric we have constructed
does not have this property, and indeed, since the path

between any two rationals traverses a countable infinity
of other rationals, but there is a finite number of trees
with between n1 and n2 tips, no such metric can exist.
This convex metric also relies on the prime factorisation
of the tree labels, which is a challenge if large labels are
encountered.
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