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Published: 31 August 2016 Multi-photon entanglement has been successfully studlled by many theoretical and experimental
groups. However, as the number of entangled photons increases, some problems are encountered,
such as the exponential increase of time necessary to prepare the same number of copies of entangled
states in experiment. In this paper, a new scheme is proposed based on the Lagrange multiplier and
Feedback, which cuts down the required number of copies of Schrodinger’s Cat state in multi-photon
experiment, which is realized with some noise in actual measurements, and still keeps the standard
deviation in the error of fidelity unchanged. It reduces about five percent of the measuring time of
eight-photon Schrédinger’s Cat state compared with the scheme used in the usual planning of actual
measurements, and moreover it guarantees the same low error in fidelity. In addition, we also applied
the same approach to the simulation of ten-photon entanglement, and we found that it reduces in
priciple about twenty two percent of the required copies of Schrodinger’s Cat state compared with the
conventionally used scheme of the uniform distribution; yet the distribution of optimized copies of the
ten-photon Schrodinger’s Cat state gives better fidelity estimation than the uniform distribution for the
same number of copies of the ten-photon Schrédinger’s Cat state.

From fundamental tests of quantum mechanics’ to quantum teleportation, quantum key distribution, and quan-
tum communications®™, the quantum entanglement has wide applications in different areas. Recently, a single
photon has been recognized to teleport multiple degrees of freedom simultaneously, which includes spin and
orbital angular momentum?®. Also the Greenberger-Horne-Zeilinger (GHZ) states created in experiment have
been obtained by combining the momentum and polarization®-'°. Several experiments have been performed to
validate multi-photon entanglement®3°-12 In some of these experiments and also in related experiments*-'°, an
indispensable tool is the entanglement witness for certification of entanglement. Generally, the expectation value
of entanglement witness can be evaluated by fidelity'®. The precise estimation of fidelity requires many identical
copies of the prepared state'”. On the other hand, the coincidence count rate of multi-photon entangled states
decreases exponentially with a linear increase in the number of entangled photons, which is generated by the
phenomenon of the nonlinear process of parametric down-conversion in BBO'"-?2. Hence, collecting sufficient
copies of multi-photon entanglement state costs much longer time, for example, in eight-photon entanglement it
takes 170 hours to produce the sufficient copies of eight-photon Schrodinger’s cat (SC) state (See the label of Fig. 3
of ref. 7). Up to now, a study of ten-photon entanglement or more is inaccessible in experiment since the coinci-
dence count rate of ten-photon entanglement state is less than 9 counts per hour’. It needs nearly three months to
prepare sufficient copies, for example, 110 copies of the ten-photon SC state to certify entanglement according to
the current technology. (See Appendix “Preparation of Ten-photon SC state”).

Discrimination of a quantum state by adaptive process is developed recently. The adaptive process is to split
the conventional measurement processes into several pieces and to choose the current measurement suita-
bly based on the results of previous measurements. The standard of selection is to minimize the probability of
errors®; the probability is estimated by the known information. Generally, when we actually use the adaptive
process described above we go through two steps: The first step is to get crude information and the second step is
to rectify it and get a precise density matrix?*?°.

In this paper, an efficient method is developed to reduce the number of copies of an unknown state, i.e.,
Schrodinger’s cat state mixed with some noise, to certificate entanglement in the multi-photon experiment.
Specifically, the conventional measurement is split into several steps. For each step, the optimal distribution of
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identical copies of the unknown state on different measurement settings (and the least number of copies as a sum
of all those copies of the unknown state) are calculated by the proposed model. The measurement result from
previous steps provides the value of parameters for future steps. In our model, the unknown state is supposed to
be a pure SC state or SC state in the presence of noise. Since the entanglement validation of SC state is through
fidelity'?, the optimization introduces fidelity as a criterion. When fidelity is greater than 0.5, the experimentally
prepared state is certified to be entangled"®. The target of optimization is to search for the minimum number of
copies of the unknown state that can achieve the error bound of fidelity with small fidelity variation; therefore the
the interval of fidelity variation can be estimated and the minimum number of copies of state is obtained.

Minimum copies of multi-photon Schrodinger’s Cat state
The experimental n-qubit SC state is denoted by a 2" x 2" density matrix p.y,. Its fidelity with the pure state |SC)
is defined as

(ISC)) = (SClp,y, ISC) = Tr(p,,, [SCH{(SC. )

exp

To calculate the F, (|SC)), Eq. (1) can be written as

exp

exP(‘SCD = Tr{pexp

%1 - [%1 — I8¢ (sc|]”.

@
Now setting entanglement witness operator w as:
1
w= —I—|SC)(SC
J1-Iscy(sc o)
in Eq. (2), we arrive at
SC)) = Trlp,_ |11 - w|| =1

exp(| ))_ Ip exPE - w _E_(W)’ (4)

where (w) is the expectation of entanglement witness'®*. Hence, F,,,(|SC)) can be calculated by evaluating (w).
In Eq. (3), |SC) (SC] is decomposed into the form

[SC)(sC| = GMWW+WWWH-ZPMMW

k=1 (5)

where M, = cos(km/n)o, + sin(kw/n)o y1°'16. See Appendix “Entanglement Witness” for more details.
The n-qubit SC state requires at least n + 1 settings to calculate fidelity (see Observation 1 in ref. 16). Based on
Eq. (5), the standard deviation of fidelity is deduced,

1P(1 — ”“P(I—P)
AFgp = ,\/th— ZZ -
1 j (6)

In Eq. (6), ¢; is the total number of copies of n-qubit entanglement state that projected into the jth measurement
setting, j = 1, 2, ---, n + 1.Its value equals to the sum of accumulated n-fold coincidence counts in all different
bases of the jth setting. Here accidental coincidence count is ignored since it is almost zero when 7 is large. The P,
is equal to the summation of two relative frequencies. One relative frequency is the case that all qubits are pro-
jected into horizontal polarizations (|H) (H|)*", and the other relative frequency is the case that all qubits are
projected into vertical polarizations (| V') {V])*". Here, the meaning of relative frequency is the ratio of the number
of copies of a state projected into a base to the number of copies of the state measured in the all bases belonging to
this setting. Similarly, the P; is the linear combination of relative frequencies of different basis in the jth setting. It
should be noteworthy that measurement setting means a group of complete basis into which copies of a state are
projected and relative frequencies gained simultaneously. The details are presented in the appendix “Standard
Deviation of Fidelity”

We intend to apply fewer copies of the unknown state to estimate fidelity with same accuracy. Let ¢, denote the
given upper bound of standard deviation of fidelity since the number of copies of a state relies on it. Our objective
is to use as few copies of the state as possible, and simultaneously, to narrow down the fidelity to a small interval.
Therefore, the following model is proposed: for n-qubit SC state, we have

n+1
Mlmmlzeth
j=1
Subject to
1P(1—P ”“P(I—P)
\/Z ‘ t ZZ t, =<
1 j (7)

It should be noted that ¢; obtained from Eq. (7) is sufficiently large, since the larger #; s, the higher the probability
the result of Eq. (7) has, which will be discussed in “Characteristics of optimization of the successful probabilities”.
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Based on numerical results, the solution of Eq. (7) has large ¢; in most cases and the probability for the above

model is close to 1. Following is the obtained analytical solution of Eq. (7). Let e/ = ¢, then

LT = P[P — P + S [P - P.)]

13
1P Pj)EJPI(l P) + Y [P — ]
g

®)

The derivation of the Eq. (8) can be found in the section of “Theoretical derivation of minimum copies of
multi-photon Schrédinger’s Cat state”

Results

Direct estimation of fidelity for experimental eight-photon SC state and simulated ten-photon
SCstate. The advantage of our method over the existing approaches can be demonstrated by the experiment
of eight-photon entanglement. When sufficient copies of eight-photon SC state in the presence of noise (pgyhotons)
are projected into different settings in experiment, fidelity is calculated by total accumulated coincidence counts
on different basis and then the eight-photon entanglement can be verified”. In this section, our method is to
change the number of copies of prepared SC state (psorons) measured in different settings. The results show that
total copies of prepared SC state can be reduced, while fidelity precision remains the same.

Our model is applied to eight-photon entanglement, here n = 8. Let the prepared eight-photon SC state in
experiment be pg,o0n» Which is a SC state mixed with noise. In order to compare the optimized results with the
experiment, the error bound of fidelity, &, is set to 0.016, which is the same value as the one used in experiment”.
According to entanglement witness, an eight-photon SC state requires at least nine settings to determine fidelity
uniquely, shown in equation (2) in ref. 7. Let |H) denote horizontal polarization and | V) denote vertical polariza-
tion. Define |—|—) = (|H) + eie\V))/ﬁ, |—) = (\H) — eie\V))/ﬂ, then the nine measurement settings are
defined as

Ssphotonst = {(H)(HD™*, (HY(HDT (V)(V]), - ((V){VD™*),

Ssphotonsz = (| 0) ()%, (14 0) (+, 6D (| = 6) (=, 6]), -,

(|= 6)(— 6D, 6 =0},

Ssphotonss = (| 0) ()%, (14 0) (+, 6D (| 6) (=, 6]), -,

(= 0) (= 6D, 6 = n/8},

Ssphotonsa = 1|+ 0) ()%, (1, 0) (+, 6D (|, 6) (=, 6]), -,

(= 0) (= 6D, 6 = 2m/8},

Ssphotonss = 1|+ 0) (-, 0D, (1, 0) (+, D77 (|-, 0) (=, 6]), -,

(|- 0)(—, 6D, 6 = 37/8),

Ssphotonss = ([ ) (+ 0%, (|+, 0) (+ )77 (|=, O) (. 6]), ---,

(| =, 0)(—, )%, 0 = 4n/8},

Ssphotonsy = 1| 0) ()%, (1 0) (+, 6D (| = 6) (=, 6]), -,
(-
)
(-
)
(-

(|=, 0)(—, 0))*®, 0 = 57/8},

SSphotons,S = {(H" 0 (+) 0‘)®8) (|+, )(+ 9|)®7(‘—, 0)(—, 0‘)) ey
(|=, 0)(—, )%, 0 = 67/8y,

SSphotans,9 = {(‘+’ 0 (+’ 0‘)®8 (|+’ )<+) 9|)®7(‘_> 0)(_: 0‘): RS

(= 9)

Furthermore, 1305 copies of pg,j0ns are prepared in experiment”. Notice that 1305 is not directly given in
the ref. 7, but it is used to draw the graphes and calculate fidelity in ref. 7. This number was provided to us by the
author of that paper. The number can also be roughly calculated by the copies of pgypens Per hour and the total
hours spent. That is 9 x 40 +9 X 2549 x 15 X 7= 1544, in which the coincidence counting rate can be found in
the 11th paragraph of ref. 7 and the hours spent for different settings can be found in the label of Fig. 3 of ref. 7.
Accidental coincidence count is very small in the eight-photon experiment, therefore it is neglected.

A numerical simulation of experimental 8-photon entanglement using our model is performed. Firstly, a set
of copies of a quantum state measured at various settings is defined as “distribution of copies” Three different
distributions (experimentally applied distribution of copies of pg,yen Optimal distribution of copies of the state
obtained from Eq. (8), and uniformity distribution of copies of the state) are considered separately, and compared
with each other. The number of copies of pg,1ns for each case is listed in Table 1. The first column is the tag of set-
ting. The optimal distribution of the copies of Pgerns Calculated by Eq. (8) is listed in the last column. Obviously,
the total number of copies of pgy 0, required is cut down to 1253, thus 52 copies of Pgyperns (about 5 percent) are
saved compared with experiment. Since the coincidence count rate is close to nine (8.88) per hour (in the 11th

0))**, 0 = 7m/8}. )
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Setting Experiment Uniformity Optimization
Sphotons,1 352 145 415
Ssphotons2 200 145 106
Ssphotons.3 107 145 103
Ssphotonsa 100 145 106
Ssphotons,s 110 145 103
Ssphotons.s 111 145 108
Ssphotons.7 106 145 101
Ssphotons.s 116 145 108
Sphotonss 103 145 103
Summation 1305 1305 1253

Table 1. Distribution of copies of g0 under different case. The first row represents the number of copies
Of Pgpporons that is the summation of the number of accumulated coincidence counts projected into all the bases
of the first measurement setting. The following eight rows represent the number of copies of gy that
projected into the other eight settings corresponding to § = 0, 7/8, ---, 7n/8. The last row is the total cost of
copies of Pgyor0ns inl the experiment of ref. 7, uniform distribution and our optimization. The second column is
the cost of number of copies of Pgerns in the experiment for different setting. The third column represents
uniform distribution of copies of pgyren in €ach setting. The last column represents the copies of Pgyuogons
obtained in the optimization.

paragraph of ref. 7), approximately 5.9 hours can be saved in the experiment while keeping the same precision of
fidelity.

For each case, fidelity can be calculated from new relative frequencies obtained by simulating the experimental
process in computer according to the truly precise relative frequencies in different settings. In simulation, the
actual relative frequency is calculated according to Born’s rule. It also requires to know density matrix in this rule.
Fortunately, the density matrix of pg,y.ns can be obtained by experimental data through PhaseLift approach. Its
detail can be found in section of “optimization of multi-qubit experimental and simulated data via density matri-
ces”. Since summation of the real relative frequency of different bases in a same setting is equal to one, the interval
between 0 and 1 is divided into 28 sub-intervals and the range for each of the sub-interval is equal to the value of
the corresponding relative frequency. A random number between 0 and 1 is produced with the equal probability
for each value between 0 and 1. And the interval it lies in is found, and the number of event for this interval adds
up to one. After producing random numbers with the number of copies of pgrns for the setting, different inter-
val gets a different number of event. Then relative frequencies can be calculated. Subsequently, simulated fidelity
is obtained. We also divide the fidelity range from 0 to 1 into 50 equal portions. Event number is added to one
when the calculated fidelity belongs to the corresponding interval. All three situations (experiment, optimization
and uniformity) are repeated for 550 times separately, which means 550 fidelities are calculated. The number of
events per interval is accumulated and observed, as shown in Fig. 1. Figure 1a shows that when all 1305 copies of
Psphotons are applied, the experimental results give better estimation of fidelity than the uniform distribution since
the height of the outline for uniform distribution on the vertical axis is lower than the experimental one. The
outlines for experiment and optimization are also described, which almost coincide with each other. However,
optimization only costs 1253 copies of the pgpe0n Which is smaller than the 1305 copies of pg,o0ns required by
the experiment, as shown in Fig. 1b. The Fig. 1c¢ demonstrates that optimization is also better than the uniform
distribution.

At present there is no way to create enough copies of ten-photon SC state to certify entanglement in exper-
iment. Numerical test is produced to estimate fidelity based on a computer created density matrix p;gpporons
whose fidelity with pure ten-photon SC state is 0.8414. It is carried out in the situation of uniform distribution
in each setting (100 copies of ten-photon SC state for each setting) and optimization. The process is the same as
eight-photon entanglement. Both cases are all repeated for 100 times separately, then the distributions of fidelities
are obtained, as shown in Fig. 2. It is observed that 22.45% copies of simulated ten-photon SC state p;gypofons €210
be saved according to Eq. (8) by comparing with uniform distribution on each setting.

Obviously, the optimization yields a better estimation of fidelity with limited copies of state. The scheme given
here is useful in certifying the multi-qubit entanglement state and can be generalized to any state by changing the
form of constraint of Eq. (7).

Optimization of multi-qubit experimental and simulated data via density matrices. Inaddition
to the direct estimation of fidelity, we also estimate a density matrix first by phaselift”’, and then calculate fidelity.

The model for calculating density matrix is constructed based on the procedures given in refs 28-35; the noise
case is applied?”%,

MinimizeZ| Tr(pM,,,) _fu "
1,V
subject to p > 0, Tr(p) = 1, (10)
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Figure 1. (a) The number of events versus fidelities for both experimental distribution and uniform
distribution. (b) The outlines for experiment and optimization, which almost coincide with each other.
Optimization only costs 1253 copies of pgyporons Which is a smaller number than the 1305 copies of Pgynotons
required by the experiment. (c) The number of events versus fidelities for both optimization distribution and
uniform distribution.
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Figure 2. The distribution of events’ number of fidelity of ten-photon entanglement state (0;ppo0ns)- The
blue vertical line represents the fidelity between the simulated state ;g0 and pure ten-photon SC state,
which equals to 0.8414. Different lines are used to connect adjacent points. Black line represents the optimized
fidelity distribution and red line represents uniform distribution. It is observed that optimized distribution has
more events accumulated near the real fidelity at 0.8414 than uniform distribution.

where p is density matrix, M,,, is positive operator-valued measures (POVMs) in the ji-th bases of the v-th set-
ting, f,,, is the relative frequency in the u-th bases of the v-th setting.

The quantum state tomographies for three, four and eight-photon entanglement are conducted. When putting
the corresponding experimental frequencies f,, , into Eq. (10), the density matrix is calculated out. Our objective is
to use the least copies of an unknown state to obtain a density matrix close to the real one. The real density matrix
Pexp 18 approximately obtained with the use of a large number of copies of the state prepared in experiment. Then,
Pexp 18 applied to gain new frequencies according to Born'’s rule through the simulation of experiment process on
computer. These frequencies are applied to obtain the density matrix p,,. Finally many density matrices p,, are
obtained under different number of copies of the state and compared with the p.,, achieved in the experiment.

Several examples are given below. The density matrix of the three-photon SC state (pey, 3qupiss) is obtained by
using the experimental data and construction method summarized by Eq. (10) with Pauli measurement, as shown
in Fig. 3a. The two large elements on the diagonal of the density matrix pey, 3qui are equal to 0.50188 for |HHH)
(HHH]| and 0.38419 for|[VVV)(VVV/|. The real parts of two main elements on the anti-diagonal are both 0.37238
on|HHH) (VVV|and |VVV)(HHH)|. The imaginary parts are quite small, so are not drawn. The density matrix of
four-photon SC state (pexp_squpirs) is also obtained by using experimental data and phaselift, as shown in Fig. 3b.
The result is obtained by Pauli measurement and Eq. (10). Two large elements on the diagonal of the density
matrix are equal to 0.50637 for| HHHH) (HHHH| and 0.36161 for | VVVV)(VVVV]|. The real parts of elements on
the anti-diagonal are both 0.35944 on|HHHH) (VVVV|and |VVVV) (HHHH]|. Since the p.., 3.1 (Fig. 32) and
Pexp_aqubirs (Fig. 3b) have very small noise and the purity is high, density matrix of three-qubit (34,4, (Fig. 3¢,d)
with much more noise is created for the following simulation. Two large elements on the diagonal of the density
matrix are equal to 0.3716 for| HHH) (HHH| and 0.3412 for | VVV) (VVV/|. The real parts of two main elements on
the anti-diagonal are both 0.3504 on|HHH) (VVV|and | VVV) (HHH]|. The corresponding imaginary part is nearly
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Figure 3. Density matrices (Dex, 3qubits> Pexp_aqubitss P3qubits)- Different colors are applied to represent the value of
elements of density matrices. (a) The real part of experimental density matrix of three-qubit (pey, 3qupiss)- (b) The
real part of experimental density matrix of four-qubit (pey, squpits)- (€) Real part of three-photon density matrix
(P3qupits) b random creation. (d) Imaginary part of three-photon density matrix (p;4,;) by random creation.
The error bound for each element of ey, 3gupits AN Pexy_aqupirs is N0 larger than 0.005.
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Figure 4. The real part of experimental density matrix of eight-photon SC state (pg,0¢0ns)- Different colors
are applied to represent the values of the elements of density matrix.

approach to zero. The density matrix of the eight-photon system (pgyp10ns) is also drawn in Fig. 4. Obviously, only
the real part of elements in four corners of the density matrix are larger than 0.2; other elements are much less
than it, which is the characteristic of SC state. Besides, the imaginary part is too small; therefore, it is not drawn.
By the density matrix of Fig. 3a, we reconstructed the pey, 34 under different number of pauli measurement.
The reconstructed density matrix is p,,. Figure 5 exhibits fidelities and Mean Square Error (MSE) when a different
number of POVMs is applied. When sampling number of POVMs achieves around 45, fidelity is in a stable value
(around 0.7) and the corresponding MSE is near 0.

Similarly, the following four measurement settings are defined for three qubits measurement.
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Figure 5. Fidelities and MSEs’ of state p,; under different number of POVMs. p,, is the estimated density
matrix from peg, sguis- The fidelity is calculated by deelzty = Tr(p,,|SC)(SC|). The MSE (Mean Square

est,pure
EI‘I‘OI‘) is calculated by MSE = Tr [(pest expj»quhzts) (pest exp73quhits) ]

Ssquis1 = {(H)(HDT, (H)HD2(V)(V]), - (VI(VDh

Ssqubitsy = (> O) (> 0D, ([, ) {+, 0D (| = O)(~, b)), -,

(|= 0){=> 6D, 0 = o},

Ssquviss = ([ O)(+, ), (14 0)(+ 0D (| =, ) (= 0]), -+,

(|=, 0)(—, 0D, 6 = 7/3},

S3qubits,4 = {(‘+’ 0)(+’ 0‘)®3 (|+’ )<+> 9|)®2(‘7> 0)(*> 9‘): RS}
(-

(‘7, 0) ‘ ®3,9:27T/3}. (11)

Two measurement settings in ref. 37, projecting the state into S3g,;, and S35 used in ref. 37, can also be
applied to certify entanglement. For the three-qubit SC state, the density matrix (p34,) are measured in four
settings or two settings, respectively, and then the fidelity is estimated, as shown in Fig. 6. It shows the distribution
of number of fidelity between a pure SC state and estimated one when 10000 copies of three-photon SC state
P3qubirs are measured. The fidelity between ps,4 and pure three-qubit SC state is 0.7068. We use Random to rep-
resent the distribution of 500_1000_5000_3500, which represents the number of copies of p;,,4; prepared in four
settings, such as 500 is prepared in the Ss,51, 1000 is for the setting of Ss,,52, 5000 for S35, and 3500 for
S3qubits.a- Optimization means 3630_2570_2670_1130, in which 3630 copies of s, are projected into the setting
Of S3gupits,1» 2570 copies of ps . are projected into S0, 2670 are for the setting of Ss,3, 1130 are for the set-
ting of Sypiss.a- “Uniformity” means 2500_2500_2500_2500, which means all four settings are projected with the
same number of copies of 34,4 (2500). “Two setting” means 5000_5000, which represents the number of copy of
P3quvits Prepared in two settings, such as 5000 is for Ss,5,1, and 5000 for Ss,4,,,- Both two-setting distribution and
the optimized distribution of copies of psg (3630_2570_2670_1130) give the best estimation of fidelity, while
the randomized distribution (500_1000_5000_3500) gives the worst estimation. Christ*® mentioned that a bias
exists for fidelity estimation when the semi-definite constraint is added to the maximum likelihood approach, and
this bias is based on density matrix. Here PhaseLift is applied, and there is no obvious bias for fidelity estimation
when the number of copies of ps,, approaches 10000, as shown in Fig. 6. However, there is an obvious bias when
the number of copies of ;4,4 drops to 1000 and the number for the setting of S;,,:, is switched into the setting
of S3quvits.4 IN two-setting case, as presented in Fig. 7.

Fidelity estimation is also compared and analyzed in different initial conditions, such as the number of copies
of P3gupir> Shown in Fig. 8, which presents 10000 copies of s, provide much better estimation of fidelity than
200 copies of the state. Furthermore, optimization always gives better estimation of fidelity than uniform distri-
bution of copies of g,

Optimization of the number of copies via experimental feedback. Let us note that P; in Eq. (8)
should be known before calculating ¢;, and there is no way to obtain the precise value of P; without density matrix
via Born’s rule or experimental measurement. In “Direct estimation of fidelity for experimental eight-photon SC
state and simulated ten-photon SC state”, we preestimate a density matrix based on the preparation of copies
experimentally. In “Optimization of multi-qubit experimental and simulated data via density matrices’, we esti-
mate a precise density matrix by PhaseLift. Here, we show how to calculate them through the experiment itself.
Take eight-photon SC state experiment as an example. In experiment, pure eight-photon SC state is the target
state that needs to be prepared. It can be taken as a priori to approximately decide P;, such as P, is a value near to
Tr((|H) (H|)®8 |SC)(SC]) + Tr((|V) (V\)®8 [SC)(SC|), and P; is near to a value given by Eq. (32),
j=2,3, -, n+ 1. However, the experimentally prepared state is not pure |[SC) and it takes too long time to
estimate P; precisely, an optimization procedure is proposed based on the experiment. It divides the process of
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Figure 6. The distribution of fidelities between the target pure SC state and the estimated states under
different number of copy distribution on different settings. “Random” means the number of event of fidelity
when distribution of copy of 34, goes “500_1000_5000_35007, in which the 500 copies of state p; ., are
projected into Ss,,,1; 1000 copies of psg,p; is projected into Ssg,p:s. 5000 copies of ps g is projected into the
basis of set 0f 834,153 and 3500 copies of sy, is projected into S;gpis4- Similarly, “Optimization” represents the
event number of fidelity when distribution of copies of s, is “3630_2570_2670_11307, in which 3630 copies
of state s, are projected into Ssg,pis,15 2570 copies of s, is projected into Ssy 523 2670 copies of P,y is
projected into Ssg,,; and 1130 copies of psg is projected into Sy, ,pi4. “Uniformity” means the distribution is
“2500_2500_2500_25007, which represents all is equal to 2500 for the number of copies of state p;,, that
projected into Ssgis 1> Ssqubits > S3qubits.s A S3gupirs.a- “Two Setting” represents the both equals to 5000 for the
copies of Psgi that projected into Ssg,p1 and Ssg,,. The range of fidelity is split into 250 intervals on average
between 0 and 1 to compare the event number. Different number of events that fidelity lies into a certain interval
is gained, such as, if the calculated fidelity is 0.005, then it belongs to the interval between 0.004 and 0.008, the
number of events belong to this interval is added to 1, and so forth. Fidelity is estimated for 550 times in all four
situations. Black squares represent the number of events accumulated in each interval for the case of
“500_1000_5000_3500"; Red circles represent for the case of “3630_2570_2670_11307; Blue triangles represent
for the case of “2500_2500_2500_2500" and pink triangles represent for the case of “5000_5000". The fidelity
between pure three-qubit SC state and s, is 0.7068. The points are connected by the lines with the same
color of the points. It is observed that red circles and pink triangles have the most events near this value.
Therefore both the “Optimization” (“3630_2570_2670_1130") and “Two setting” (“5000_5000"), perform better
for the estimation of fidelity. While the black squares for the random one gives the worst estimation.

measurement into a few steps. Instead of measuring one setting for a prolonged time to obtain the frequencies
within small error margins, and then continue to measure the next setting for the same time, and so on. We
divided this total long time into several intervals, and changed the order of measurements. The order is to meas-
ure all the required settings one by one for a much shorter time, then based on the measurement results, the P; can
be estimated roughly. After that, the extra number of copies of a quantum state that needs to be prepared and
measured for each setting can be given from Eq. (8) by inputting the rough P;. Afterwards, more copies of the
quantum state are prepared and measured according to the ¢; given. Later on, more precise frequencies can be
obtained and this process can be repeated until the final precision for fidelity is reached. Figure 9 shows the meas-
urement order when the process is conducted only twice. We simulated this process in computer, which only costs
a very short period of time, as shown in Fig. 10.

Specifically, the main process is as follows. We introduce a superscript to represent the number of
steps in optimization. The superscript [ of a parameter represents the parameter applied in the I-th step, i.e. ¢!
represents the value ¢ used in Eq. (8) for the first round of measurement. At the beginning of fidelity
estimation, €' is set to a large number, such as 0.01, and all of P; are originally set to P; = le =1/2,
j=1,2,3,--, n + 1, (P! can also be chosen according to pure target state |SC), such as P} can be a value close to
Tr((|H) (H|)*"|SC)(SC|) + Tr((|V){V)*"|SC){(SC]), so that the suitable solution t] can be obtained by solving
Eq. (8). The experiment is performed according to the t copies of the quantum state. When all ¢} copres of the
prepared quantum state are projected into a measurement setting, P can be obtained. After that, input P] instead
of P and have ¢! become smaller; consequently, thet can be obtarned Then copies of the state with the number

of t? t - t are projected into the jth measurement setting in the second round of experiment, so on and so forth.
Measurement is ended when £ is sufficiently small, obvious,
> > > st (12)

Extra time is needed for optimization; however it is much shorter by comparing with the time required for the
preparation of copies of multi-photon entanglement state, as shown in Fig. 10. The iteration makes the experiment
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Figure 7. The distributions of fidelities between target pure SC state or experiment .y, 34,411 and
estimations obtained from the 1000 copies of 3. The cyan vertical line at 0.7068 represents the fidelity
between s, and pure three-qubit SC state. Green vertical line at 0.82274 represents fidelity between
experiment p_ and pure SC state. In the figure, “a” represents the fidelity between the estimation and
experiment p_ Squbits “D” represents the fidelity between the estimation and target pure state. “499_1_1_499”
represents the glstrlbutlon of fidelity when 499 copies of P3qubits AT projected into the bases of S3q,dm3 1 1 copy of
P3quvits 18 projected into the bases of S35, 1 cOPY Of 3, is projected into Ss 3 and 499 copies of s, are
projected into Ss,;4- The number of events of fidelities between estimations and target pure state in this case is
denoted by pink triangle, pink dashed line is applied to connect them. The number of events of fidelities
between the estimation and experiment in this case is denoted by blue triangle and blue dashed line is applied to
connect them. “363_257_267_113” represents fidelity distribution obtained from optimization distribution on
four settings applied by 1000 copies of experimental three-qubit SC state (pExp wits) Dult by Pauli
measurements. “363_257_267_113” represents 363 copies of P3qubits are pro;ecteciZ into S3qub,,s 1» 257 copies of
P3qubis 18 Projected into S3 g2, 267 copies of psg,p, is projected into Ssg,,; and 113 copies of psg,, is projected
into Ss,pi4- Red circles are applied to denote the events of fidelities between the estimations and experiment.
Red line is applied to connect them. Black squares represent the number of events of fidelity between the
estimation and target pure state. Black line is applied to connect them. It is observed that “363_257_267_113_a”
performs better for fidelity estimation than “499_1_1_499_a”. “363_257_267_113_b” performs better than
“499_1_1_499_b". Therefore, optimization distribution of copies of ps,; performs better than the performance
of two settings.

exp_3qubits

have more pauses between different settings during the measurement process. Mostly, switching settings cost
more time, generally which is about 3 or 4 times of the switching time in conventional measurement. Anyhow the
time required for optimization is much shorter than that spent on the preparation of the copies of multi-photon
entanglement state. Generally, switches and optimizations only cost less than two minutes, while the coincidence
count rate of eight-photon entanglement state is so low that it costs several hours to produce enough copies of the
state for only one setting. Therefore, the time in calculation and switching time can be neglected compared to the
preparation of copies of multi-photon entanglement state.

In the following, a specific example is given. Numerical simulation is applied to a four-qubit SC state mixed
with gaussian noise. The density matrix is p,g,,» Whose trace is equal to one and satisfies semi-definite condi-
tlon The ﬁdehty between pg, and pure SC state is 0.9374. In simulation, parameters are chosen as £! = 0.01,
€2=0.001, ¢*=10.0001, £*=0.00001. The five measurement settings are required and listed as follows:

Squist = AH)HD™, (HYHDZ VIV, o0 VIV,

Ssqubitsz = {([F O){+ 0D (| 0)(+ 6D (| = 0)(— 8., -+,

(|—, 0)(—, O)**, 0 = m/4},

Ssqubitss = [+ O){+, 0D (| 0)(+ 0D (| = 6)(— 8, -+,

(|—, 0)(—, O)**, 0 = 27/4},

Ssqubitsa = {([F O){+, 0D (|, 0)(+, 0D (|, 6)(—, 0, -,

(|- 0)(—, O, 0 = 37/4},

Siquviss = {1 0){+ D7 (|4, O)(+, O (=, 6)(—, 6], -,

(|—, 0)(—, 0)**, 6 = 7} (13)

All the initial numbers of copies of 0, for each setting are set at 5. Other initial parameters for 5 measure-
ment settings are set to: P, =1/2, P, =1/2, Py=1/2, P, = 1/2, P;=1/2, respectively. In Fig. 11, the p,,, is taken
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Figure 8. The distributions of number for events of fidelities between estimations and target pure SC state
when the fidelities are obtained from the density matrices that are constructed by 200, 1000 and 10000
copies of P, The black down triangle connected by black solid line represents the number of events of
fidelities when they are calculated by optimization distribution of total 200 copies of p3,; on all the four
settings. Purple star connected by dashed line represents the number of events of fidelities when it is calculated
by uniform distribution of 200 copies of 34,4 on all the four settings. Blue up triangle connected by solid line
represents the number of events of fidelities when it is calculated by optimization distribution of 1000 copies of
P3qupirs on all the four settings. Magenta diamond connected by dashed line represents the number of events of
fidelities when it is calculated by uniform distribution of 1000 copies of ps ., on all the four settings. Olive
square connected by solid line represents the number of events of fidelities when it is calculated by optimization
distribution of 10000 copies of ps,s on all the four settings. Red circle connected by short dashed line represents
the number of events of fidelities when it is calculated by uniform distribution of 10000 copies of 3,4, on all the
four settings. Optimization distribution of 200 copies of ps, is “73_51_53_23”, which represents the
distribution of fidelity when 73 copies of state ps,; are projected into Sy,13 51 copies of psg is projected
into Sgupis2> 53 copies of Psgpi is projected into Sy,,p53 and 23 copies of ps,, is projected into the bases of
S3qubits.a- Similarly, uniform distribution (“50_50_50_507), (“250_250_250_2507), (“2500_2500_2500_25007),
optimization distribution (“363_257_267_113") and (“3630_2570_2670_11307) all follow the same rule as
“73_51_53_23". Namely, the first number is the number of copy of s, that projected into the setting of
S3qubirs 1> the second number is the number of copy of ps,, that projected into the Ss,,; the third number is the
number of copy of ps g, that projected into S, 3 and the last number is the copies of 4, that is projected
into the bases of S3,15.4- 10000 copies of ps,;; give much smaller error or standard deviation of fidelity than 200.
Optimization always gives more centralized estimation of fidelity than uniform distribution under the same
number of copies of Py,

as the test matrix. Its horizontal axis represents the number of iteration, which means the number of the round
of measurement. The corresponding point is the average number of extra copies of the state p, ., that needs to
be projected into each setting for the next round of measurement. The curve connects the number of required
copies of Py, for each same setting. The error bar is one standard deviation, which is obtained by repeating the
optimization program for 100 times. When the iteration ends, the P; s listed in Table 2.

We define R as the ratio of the ' applied in the current round of measurement to the &'~ ' in the previous round
of measurement, and let R for different rounds of measurement be equal to each other, that is
R=¢%e' = &%e? = ... = £l/e"! = ... The different values are tested to search for the best ratio costing the
least number of copies of a state. Figure 12 shows the number of copies of state randomly created at different R
when its value is between 0.05 and 0.9. It is observed that the most number of copies is required when the ratio is
1/2, it increases at a wave type before this value, and decreases after this value. Specifically, the following proce-
dure is conducted. Initially, the number of copies of a randomly created state is an integer between 4 to 7 for each
setting, P, P,,..., P; are all randomly given values between 0.25 and 0.75, and ¢ is 0.01. Then, a fixed R, such as 0.1,
is applied. It means ¢ is set to 0.001 in the second round of measurement, 0.0001 in the third round, and so on.
Eq. (8) is applied to calculate the required copies (t;) of the state for each round measurement. Then ¢; is summed
up as the total number of the copies of the state in current round of measurement (3_; ¢ j). The iteration stops
when ¢ is smaller than 0.0003. The minimum number of copies of the state can be found by repeating above steps
by changing the R. It is found that the R near 0.15 requires the least number of copies of a randomly created state
(178). The total iteration number for each setting for most created states is about 3 or 4 to achieve the final ¢,
0.0003. It is also noticed that the required number of copies is even less when the R approaches 0.9. However, it is
not suitable to apply the large value for the ratio € since too less copies of a state may lead our model to hold with
a low probability. It will be discussed in the following section.
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Figure 9. Comparison between traditional and optimization measurement of three-qubit state. The

color of line segment represents the different setting. The length of line segment represents the time for the
corresponding measurement. Traditional measurement order is to finish the measurement of each setting one
by one, as shown by the Pastel yellow area. The optimization measurement is iterated twice as shown by the light

blue area.
100
{ |
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o ./—_——-—
o
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The total number of copies of a state

Figure 10. The required time of optimization for different number of copies of a state. The red circle
represents running time of eight-photon optimization. Black square represents running time of four-qubit
optimization. It is observed that the total time to calculate Eq. (8) and simulate the experiment is less than 100
seconds for both cases. Therefore compared with several hours spend to prepare copies of eight-photon state in
experiment. It can be negelected.

Discussion

Characteristics of optimization of the successful probabilities. It is noticed that the summation of
number of copies of an unknown state projected into the same setting must be larger than a certain value, since a
large value can confirm the model to hold with probability close to one.

In the above sections, the minimum number of copies of an unknown state is obtained and its fidelity belongs
to the interval with the certain high probability. Hoeffding’s inequality is a mathematical way to describe the
probability. It states that the sample average X = >"X/t of t independent, not essentially identical distributed,
bounded random variables with Prob[X; € [a;, b;]] = 1fori =1, 2, ---, t satisfies

Prob[X — E[X] < —h]

< exp[—ZchZ/Z(bi - lli)z] (14)
for all k>0, where X; is a variable, a; is the lower bound, b; is the upper bound, ¢ is the number of samples, E [X]
denotes the mean value of X, & is the definite value that equals to the maximum deviation from expectation®,

Now this inequality is applied to certificate experiment of multi-photon entanglement. The measurement
response of a single copy of an unknown state is taken as the value of a single random variable. Since photon
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Figure 11. The change of optimization number of copy of p,.; of fidelity estimation corresponding

to different iteration numbers with different settings. /4, 27/4, 37/4, and 7. “Setting for H/V” represents
the number of copy of p, s projected into Ssg1. “Setting for 6= 7/4” represents for Sy, “Setting for
0=2m/4” represents for S, 3, “Setting for 0= 37/4” represents for Sy 5.4, “Setting for = 7" represents for
Saqubitss Error bar represents one standard deviation.
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Figure 12. The required copies of a state for different R. For each R, numerical test is conducted for 10 times.
Black square is used to represent the number of copies of the state. Error bar is mean standard deviation. The
number of copies of state rises at wave type when the R increases but no larger than 1/2 and decreases with the R
when the R is larger than 1/2.

P, 0.9339
P, 0.0316
P, 0.9491
P, 0.0325
Ps 0.9474

Table 2. The final P; when iteration ends.

detectors can only give the feedback, 0 or 1, which leads to b;= 1 and a,= 0. X corresponds to a relative frequency,
denoted as f, where j is to distinguish different measurement settings. Hence the expectation E [X] corresponds
to the probability p;. The total copy of a state for the j,, setting is represented by ¢, instead of t. By replacing all of
them, we obtain

Prob[f, — p < —h;] < exp[—2t;h]], (15)
where h; is the deviation from true probability p;. It means

Problf, € (p —hy p + h)] > 1 — 2 exp[—24;h]]. (16)
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Then
Prob[l — f € (1 —p —hyl —=p + h)] > 1~ 2exp[—2tjhj2]. 17)
Therefore,
Probf, — (1= f)) € @p, = h)) = L2(p, + h)) = D] > 1 — 2exp[—2t}h]]. (18)
Let f;— (1 —f) be p;. Hence,
Prob[P; € 2(p; — h)) = L,2(p; + h)) = DI 21 — 2exp[—2t;h7],j=2,3,-, n+ 1. (19)

Let2(pj —hy) — lbeP and2(p +hy) — 1beP+ and based on Eq. (36), k; € [ s k; ] where

k= Mux{ipm - Ph, in(l - Pf)},

(20)
_ (1 1. _ _
ki = Mm{ZPfr(l - P, ZP1 (1-p )}, 1)
kf:M { P+(17P+) P(lfP)}
j=23,n+1, (22)
ki = Min{ P+(1 —P+) P;(1—P; )}
j=23",n+1, (23)
then from Eq. (8), one has
n+1 +
i - > (24)
o J—(Zn+1r)
P € ’ (25)

Therefore thet; € [t; +] in Eq. (8) when the holding probability of model Eq. (7) is considered.

Obviously, h; has the 1mpact ont;" and ;. The larger h; is, the larger the gap has between ;" and t;". Large h;
and ¢, from Eq. (15) are needed to keep results with high probability. However, large t; costs too much experimen-
tal time. Large h; may introduce a very large gap between ;" and ;, which may lead to the wrong number of
copies of an unknown state. Therefore, it requires to choose suitable 4, and ¢,.

By comparing the optimization results with the experiment, it is found that only 986 copies of pg,s are used
compared with the 1305 copies of pg,, in eight photon experiment, which specifies that 24 percent copies of
eight-photon SC state (pgg,s) can be saved. Specifically, 4, is chosen to be 0.2 for all j. According to joint proba-
bility, [; p; is calculated, in which p; is the successful probability for each setting. For eight-photon measurement,

j=1,2, 9, the final probability is 0.9972 for experiment after 1305 copies of pg;, are measured. We
observed same probability is obtained when 110 copies of g, for each setting are used and all h;s’ are chosen as
0.2.

In the above analysis, we assume Hoeffding’s inequality describes the probability precisely. In the following,
numerical simulation is produced to confirm the above mathematical tool. The density matrix (psg,ss;) is calcu-
lated from experimental frequencies, and new relative frequencies are obtained under a certain number of copies
of Psgupis in @ random simulation of experimental process that gets the relative frequency by computer. “P;” is
the summation of relative frequency that the all qubits projected into horizontal polarization and the relative
frequency that the all qubits projected into vertical polarization. The real value of “P,” is 0.8068 when the number
of copy is sufficiently large. When failing probability is set less than 0.0001, Fig. 13 shows how “P,” behaves under
different number of copy of pgy,us- In the figure, red circle and blue triangle are drawn according to Hoeffding’s
inequality, and “P,” can be estimated much more precisely with an increasement of prepared copies of the state
Psqubirs- 1t is observed that all the numerical simulated points lie in the region between upper and lower bounds.
Therefore, Hoeffding’s inequality can be applied to describe the P; in multi-photon entanglement.

Extension of the optimization of the number of copies of a state to quantum-state
tomography

The surprising thing brought to us is the optimization in the fidelity estimation can be extend to quantum state
tomography. The optimization model for tomography is constructed as follows: Let p, be a d x d density matrix of
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Figure 13. The change of P, in the setting of S, corresponding to different number of copies of eight-photon
SC state(g,pi)- Black square represents the numerical simulation, red circle represents the theoretical lower
bound and blue triangle represents the theoretical upper bound. Numerical simulation is repeated for 10 times
for each number of copies. It is observed that all the simulated points lie in the region that consists of point that
is larger than the lower bound and smaller than the upper bound.

real experimental created and p be the estimated density matrix via limited copies of p,. For n qubit state tomog-
raphy, we build

n5
Minimize) | T,
v=1

subject to ||p — p0||F < &p» (26)

where T, represents the number of copies of p, of the vth setting, v distinguishes different measurement settings,
and #, is the total number of measurement setting. According to Born’s rule,

P, = Tr(M#,VpO),
[y = Tr(M,,,p),
w=12-dv=12 - n, (27)

where 1 distinguishes different measurement operators in the same setting, d is the dimension of density matrix,
and P, , is the probability when p, is measured by operator M, ,..
Let p represent the v in Eq. (26). The solution of Eq. (26) is

& (k)

>

T —
? & (28)

where

5

v'=1

S Fon O P ) P = F 0 D Tr (M, M)

Hopt!

1
k, = =
4 2

>

+3

v=1

Z,‘/fwf L ‘/fﬂ’,p(l =S p) Tr(M,, M)

Hopt

W=12,...d,p=1,2,..,n,andv' =1, 2,..., n,. The derivation of the solution of Eq. (26) is shown in “Theoretical
derivation of minimum number of copies of a state in quantum-state tomography”.

Conclusions

We proposed an optimal approach assisting to find the minimum distribution of copies of a state, which is suffi-
cient to certify the entanglement of the state by fidelity. The main purpose is to facilitate an experiment to obtain
better measurement strategy for fidelity estimations, for example, by changing the ratio of the number of copies
of the state in different settings. To estimate fidelity directly from fewer copies of SC state (1253 copies), with
optimized distribution, almost the same distribution of fidelity as the experimental one (1305) can be obtained.
It not only saves time, but also keeps small error of fidelity. About five percent of measurement time (6 hours) is
saved. Additionally, the distribution on the number of copies of ten-photon SC state is also simulated, and 22.45%
of copies of the ten-photon SC state are saved, which further highlights the superiority of our scheme, and reveals
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that the optimized distribution of copies of a state in different settings gives better estimation of the fidelity than
uniform distribution of copies of a state in all settings. Fidelity can also be calculated by the reconstructed density
matrix. The result demonstrates that the optimized distribution provides the best estimation of the true state, the
uniform distribution provides a worse estimation, while randomized distribution provides the worst estimation.
With the increase of the number of copies of the state the differences between different distributions (uniform dis-
tribution and optimized distribution) become much smaller. Besides the state with high similarity with SC state,
this approach can also be extended to other states in parallel. Furthermore, the scheme is extendable to tomogra-
phy when the MSE between the estimated density matrix and real density matrix is limited to a fixed value.

Preparation of ten-photon SC state
From second paragraph of ref. 7, the count rate of eight-photon event is about 2.8 x 10~° Hz. Accidental coinci-
dence counts can be neglected for eight-fold entanglement. Therefore two-photon event count rate is

4/2.8 x 107> Hz. Detecting ten-photon entanglement requires totally five independent pairs of entangled pho-

tons to present at the same time, so the ten-photon coincidence event scales as (/2.8 x 107> x 3600)° = 0.0568
per hour. For ten-photon entanglement, 11 measurement settings are required according to the entanglement
witness of SC state. If only 10 copies of ten-photon SC state are prepared and measured in one setting, then 110
copies of SC state are required. Therefore, the corresponding time is (110/0.0568)hours =1.9366 x 10 hours =
80.6917days ~ 3 months.

Entanglement witness

To calculate F.,,, each term in the decomposition of |SC){SC] is measured to determine its expectation value. For
an eight-qubit SC state, n =8, the expectation values of all the terms on the right hand of Eq. (5) should be calcu-
lated. Specifically the total accumulated coincident counts on the i-th base are defined as n;s, such as n, copies of
Psphotons With all qubits are projected into horizontal polarization |H), and 11,55 copies of pgporans With all qubits are
projected into vertical polarization | V). Relative frequencies on (|H) (H |)®8 or (|V){V]) 8 can be calculated by
n/ (E?ilni) or 1,56/ (E?ilni). To get the expectation value of the third term of Eq. (5), we have

1 ¢ k@8 1 @8 @8 @8
2T fag §k§::1(_1) M| = E[_Tr P Mih + Tt p M5y — Tr p M5
8 8 8
+Tr pogy Mazss — T po, Msrys + Tt o, Mg
o8 8
—Tr Pesp My + Tr Pexp M

18 k@8
= _Z(_l) (Mg )
16451 i (29)
in which (M5, ) represents the expectation of the operator M;-5;. The estimation of expectation value of the oper-
ator M2% = (|+, 0)(+, 0] — |—, 0)(—, 0))*® is equivalent to all the expectations of various combinations of
|+, 0)(+, f|and|—, 0) (—, 0], due to

M5 = (|+ 0)(+, 6] — [—, 0)(—, 6D**
(|4, 0) (+, 0% — (|+, ) (+, D" (|-, 0)(—, 0])

Fo (=, 0)(—, 0% (30)

There are 256 terms in all for a fixed 6. When the number of copies of state projected into different combina-
tions of bases |+, 6) and |—, 6) are collected, the copy numbers corresponding to M5 are calculated from
Eq. (30). Thus, the (M,f?r?s) can be evaluated!®!®. From these measurements, the expectations of different terms
appearing in the decomposition of the SC state entanglement witness are obtained.

Standard deviation of fidelity
The error is calculated from Poisson distribution in Figs 2 and 3 in ref. 10 for each term of Eq. (5).

Based on the experimental data of ref. 7, the all eightfold coincidences are mainly projected into (|H) (H|)*® or
(IVI{(V] Y8 in Ssphotons,1 Setting. When the state is projected into the setting of horizontal or vertical polarization,
the number of copies of pg,,; projected into (|H) (H |)®8 is 148, and the number of copies of pg,,; projected into
(|V){V])*® is 136. The summation of total number is 68 when eight qubits are projected into other bases in
Ssphotons,1- Lherefore, the ratio P of the number projected into (|H) (H\)®8 or (|[V){(V] )*8 to the total number is
(148 +136)/(136 + 148 4 68) = (148 + 136)/352 = 284/352 = 0.8068, the ratio (1 — P,) between the copy that
some qubits are projected into the horizontal polarization |H) and some are projected into vertical polarization
| V) and the total copy of p sphotons for this setting is 1-0.8068 = 0.1932. The small value in P, and 1 — P, is defined
as P,. Similarly, according to Eq. (30), a smaller value between <M(;®;82)7r/8> and1 — <M(%—82)7r/8> is chosen as ﬁj,
j=2,3,---, 9. Therefore, P, = 40/200 = 0.2,P; = 20/107 = 0.1869,P, = 20/100 = 0.2,P; = 21/110 = 0.1909,
P = 23/111 = 0.2072, P, = 19/106 = 0.1792, Py = 24/116 = 0.2069, P, = 20/103 = 0.1942, the largest ratio
among them is 0.2072.

When the number of copy of state in the whole measurement time is large and the relative frequency that the
copy of state projected into a base or several bases in a setting is close to 0, Poisson distribution can be approximated
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by binomial distribution (Page 291 of ref. 41). Notice that the Poisson distribution here is not
for the entangled photons created in BBO in time scale, but the distribution of number of copies of state on
different measurement basis is satisfied. The binomial distribution is a special case of the Poisson binomial
distribution, which is a sum of ¢, independent non-identical Bernoulli trials*’. In our optimization model,
binomial distribution is applied since the number of copy of state is quite large. Let P, represent the

probability that the copy of state is projected into |H)(H[*" or |V){V|*" in the setting of S;, where
S, = {|H)(H*", H)(H [P VY(V], -, |V)(V[*"}. And let P, denote the ratio that the state collapses to other
basesin S, hence P, =1 — P,. Accordlng to Figs 2 and 3 of ref. 10, a value in P, or P is close to 1 and the other is
close to 0 when ¢, is much larger than 20. It satisfies the condition that Poisson bmomlal distribution can be
approximately replaced by binomial distribution. Since the variance of the binomial distribution is #,P,(1 — P))
(Page 277 of ref. 41), then variance of number of events that SC state collapses to |H " or |[V*" is also the same
value since t,P(1 — P,) = t,P,(1 — P)). Therefore the standard deviation is A’t P,(1 — P)). Besides, the P, is
defined as the ratio between the number of copies of state detected on a (|H) (H| Y2 or ( V){V] )®" basis and the
total copies of state in S,. Therefore the standard deviation for the relative frequency is./t,P,(1 — P,) /t;, which is

equal to . ’Pl(l — P))/t,. This result is also used in the Eq. (4) of ref. 24.
From Eq. (1) and Eq. (5),

(ISC)) = Tr(p,

exp

v

—(([HY(HD™" + ([V){V])*™)
_ Tr{@xp S(ENHD + (V)

}
+31eln, |

= STe{p A HY + (V)V}

}

1
n Z(_l) k7r/n

Ni=1

k
_( 1) k7r/n

+221n(_1) Te{p, (M1}

k=1

- lTr{p [(H)(H)™ + (V)(VD*"1}

exp

+z—< D Tr{p, [+, 0) (+, )" = (|4, 6)(+, o)™
k= l

< (J= O)(= 0D + - + (|= ) (= O)"]}

- %Tr{p [(HY(H)™" + (V){(V)®"]}

exp

n k

+ ZH) Te(p, [+, O) (4, 0D + (1 +, )+, 0)""
|— 0) (= 6D + - + (= 0)(— 0D°"]}
Z 1) Tr{p

[+ O)(+ 0D (| = O)(— O]

exp

+ (|+, 0)(+, 0)*"*
x (=, 0)(—, 0) @ (|+, 0)(+, 0]) + -
+ (= ) (= 0)°" " @ (|+, 0)(+, O]} (31)

Define
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Py = Trip, [(H)(H)™" + (V) (V)™"]},
P; = Trip,[(|+, 0)(+, =" + (|+, 6) (+, 6)°" 2,
® (= 0) (= ) + - + (|= 0) (=, )"}
1—P; = Tr{p [(|+, 0) (+ 0D (| = ) (=, ) + (| &) {+, )" >
X (|= 0)(—, 0]) @ (|4, 0)(+, 0]
+ ot (= O (= )" @ (4, 0) (+, 61} (32)

exp

Then Eq. (31) can be rewritten as

1k n —lk
_P+Z( )Pk+1_z(2)(1_Pk+1)
k=1 <N
1 —lk n _1k
:EP‘JFZE( )Pk+l_zu

1 n+1( 1)] 1 n+l 1)] 1

:5P+Z Z

(33)

Here Eq. (30) is applied when n=_8 and k+ 1 is denoted as j in last second step.
According to the previous analysis, the standard deviation of P; is

P(1 —P)
Q’ j=1,2,--9.
j (34)

After further considering the formula of combined standard uncertainty*?, the standard deviation of fidelity
can be derived. We use AF,,, to represent it. Therefore,

OF., [P(1 —P) i
op, t
1Pl —P ”“P(I—P)
B '\/4 t ZZ

n+1
+2
J

—| o,

2
A OF, [P,(1—P)

exp

j

tj (35)

Theoretical derivation of Minimum copies of multi-photon Schrédinger’s Cat state
Let

1

k, = Z131(1 —P),
1

ki = —P(1—P),j=2,3,,n+L1
n

2
e = &, (36)
then the optimization problem is equivalent to

n+1
Minimiz ;
ef1>fz"">tn+1zt]

n+1
subject toy <6,t>0 ki>0j=1,2,n+1
j= lt] (37)

where € and k; are positive real constants, 7 is a positive integer, and t; is a variable of positive integer. In order to
solve Eq. (37) easily, all the variables, including the number of copies of state, ¢, are considered as real. The opti-
mized number of copies of state is then rounded off to the smallest integer greater than the final real #;.

k;
The solution of the optimization problem is assumed to satisfy E”“ —1 = ¢. If the optimal solutlon is not on
the boundary, it means Z”“ k < e. Appropriate reduction in the number of t; can be made, while the inequality
[Z"“ L < 5] is still satlsﬁed Thls is contradictory with the target function ° MmlmlzeZ;‘ﬂ1 t % therefore the

opt1mal solution must exist on the bound.
The detailed process how to find the analytical solution of Eq. (37) will be shown below.
Now let
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1
t=—.
X (38)
By substituting Eq. (38) into Eq. (37), we obtain
n+1
Minimizez —
j=1%j
subject to
D kjx;=e. (39)

The Lagrange multiplier method is applied to solve the problem. Since the target is the minimization of
E;‘;l %, Eq. (39) leads to
J

L= ZxL - )\(ijxj - e).

(40)
To find its minimum, partial derivative for each x  is expressed as
L A=o0.
T (41)
From Eq. (41), the following equation is obtained,
—1
i (42)
The constraint of Eq. (39) is
D kpxj = (43)
From Eq. (42) and Eq. (43), A is given by
2
© (44)

By substituting Eq. (44) into Eq. (42), we arrive at

€
T T e R
(550K (45)
Rewriting Eq. (45) using Eq. (38), we have
()
- e ' (46)
By substituting Eq. (36) into Eq. (46), Eq. (8) is obtained. The optimal results of Eq. (8) can be compared with

experiment when the same coefficient P, and P;s are substituted.

Theoretical derivation of minimum number of copies of a state in quantum-state
tomography
Since p € c%d then

Py = ZP!U/M#,V’

8%
p = Zf#,VM}L,I/’
v (47)
Therefore one has
p=py=2,, = Pu)M,,
0 o 8% v By (48)

Because M, , is orthogonal to each other, that is Tr (M wM ) =0 ifu = p' orv = 1/, then
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[Tr((p — p)p — p))]"

o = pyll,
1/2

Z(fw — P, ) Tr(M, M)
v

2 1/2
1 —
> —fwj (T Jus) Tr(M,,,,

8% v

M)
(49)

In the last step of Eq. (49), standard deviation of binomial distribution is applied, which can be found at the
first paragraph of “Standard deviation of fidelity” in appendix for detail. When the measurement operator M,, ,
belongs to the same setting v, they have the identical number of copies T}, , of py, i.e.T) , = T,, = --- = T . We
denote them to be T,. Then model of Eq. (26) is equivalent to

nS
Minimize) | T,
v=1
subject to

2
ng d 1 —
2.2 ,/—f”'”( o) Tr(M,,, M;,)
v=1p=1 TV

<& (50)

1/2

It is easy to find that the target of Eq. (50) is similar to Eq. (7) except the larger required number of settings
and different coefficients.

Let Zzzlqu,u (1 - fu,v )Tr (MH‘VM:’V)] bek,and e = ¢, then the model has the following form
nS
Minimizez T,

v=1

ng k
subjecttod —~ <&, T, > 0,k, >0, v=1,2, -+, n,.

s

1/:1T1/ (51)

Obviously, it has a similar form to Eq. (37), therefore its solution is the same as that of Eq. (8)

_ Ak k)
€

T

Y (52)
If M,,, is non-orthogonal to each other, then
lp = ppll, = {Trllp = p)(p — )1}
1
2
= Z (fM:V - Pp,l/)(f:u/),,/ - Pﬂ/,V/)Tr(M;L,VM[f/,V/)
;L,l/,,u/,l/
1/2
_ Z \/v’;,u(l _f;b,l/) \/f;u,w(l _f}.L/,V/)Tr(M M, )
A A s Y82
JIR7NTIR74 T,u,l/ T[t/,V/ (53)

Let):, \/fﬂ LA =f,.) \/fﬂ, o (U= f 0, ) Tr (M, M ) bek, . Applying the similar substitutions as
used in the orthogonal case, we have

nS
Minimize T,
v=1
subject to zns: L <e,
v,'=1 ﬁ\/ TV/
>0,T,>0,k,, >0,

v=1,2,-,n,v =12 -, n. (54)

S

Substituteq = 1/T, the constraint in the optimization becomes
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ns ns nS
< kpor + >k, q,/2
p=1v'=1 v=1
<e. (55)

Let
S s
k, = —{ka, + ka},
2 v'=1 v=1

then the non orthogonal case has a similar result with the orthogonal one Eq. (51) except the different coefficient.

(56)

References
. Einstein, A., Podolsky, B. & Rosen, N. Can quantum-mechanical description of physical reality be considered complete? Phys. Rev.
47,777-780 (1935).
. Lee, J,, Min, H. & Oh, S. D. Multipartite entanglement for entanglement teleportation. Phys. Rev. A 66, 052318 (2002).
. Tang, Y.-L. et al. Measurement-device-independent quantum key distribution over 200 km. Phys. Rev. Lett. 113, 190501 (2014).
. Vallone, G. et al. Experimental satellite quantum communications. Phys. Rev. Lett. 115, 040502 (2015).
Wang, X.-L. et al. Quantum teleportation of multiple degrees of freedom of a single photon. Nature 518, 516-519 (2015).
. Huang, Y.-F. et al. Experimental generation of an eight-photon Greenberger-Horne-Zeilinger state. Nature communications 2, 546
(2011).
. Yao, X.-C. et al. Observation of eight-photon entanglement. Nature photonics 6, 225-228 (2012).
8. Pan, J.-W,, Bouwmeester, D., Daniell, M., Weinfurter, H. & Zeilinger, A. Experimental test of quantum nonlocality in three-photon
Greenberger-Horne-Zeilinger entanglement. letters to nature 403, 515-519 (2000).
9. Resch, K. J., Walther, P. & Zeilinger, A. Full characterization of a three-photon Greenberger-Horne-Zeilinger state using quantum
state tomography. Phys. Rev. Lett. 94, 070402 (2005).
10. Gao, W.-B. et al. Experimental demonstration of a hyper-entangled ten-qubit Schrédinger cat state. Nature physics 6, 331 (2010).
11. Bouwmeester, D., Pan, J. W,, Daniell, M., Weinfurter, H. & Zeilinger, A. Observation of three-photon Greenberger-Horne-Zeilinger
entanglement. Phys. Rev. Lett. 82, 1345-1349 (1999).
12. Lu, C.-Y. et al. Experimental entanglement of six photons in graph states. Nature physics 3, 91-95 (2007).
13. Bourennane, M. et al. Experimental detection of multipartite entanglement using witness operators. Phys. Rev. Lett. 92, 087902
(2004).
14. Giihne, O. & Toth, G. Entanglement detection. Physics Reports 474, 1-75 (2009).
15. Horodecki, R., Horodecki, P., Horodecki, M. & Horodecki, K. Quantum entanglement. Rev. Mod. Phys. 81, 865 (2009).
16. Giihne, O, Lu, C.-Y., Gao, W.-B. & Pan, J.-W. Toolbox for entanglement detection and fidelity estimation. Phys. Rev. A 76, 030305
(2007).
17. Gisin, N. & Massar, S. Optimal quantum cloning machines. Phys. Rev. Lett. 79, 2153 (1997).
18. Pan, J.-W. et al. Multiphoton entanglement and interferometry. Rev. Mod. Phys. 84, 777-838 (2012).
19. Kwiat, P. G. et al. New high-intensity source of polarization-entangled photon pairs. Phys. Rev. Lett. 75, 4337-4341 (1995).
20. Crosse, J. A. & Scheel, S. Coincident count rates in absorbing dielectric media. Phys. Rev. A 83, 023815 (2011).
21. Ghosh, R. & Mandel, L. Observation of nonclassical effects in the interference of two photons. Phys. Rev. Lett. 59, 1903 (1987).
22. Parigi, V., Zavatta, A., Kim, M. & Bellini, M. Probing quantum commutation rules by addition and subtraction of single photons to/
from a light field. Science 317, 1890-1893 (2007).
23. Higgins, B. L., Booth, B. M., Doherty, A. C., Bartlett, S. D., Wiseman, H. M. & Pryde, G. J. Mixed State Discrimination Using
Optimal Control Phys. Rev. Lett. 103, 220503 (2009).
24. Mabhler, D. H., Rozema, L. A., Darabi, A., Ferrie, C., Blume-Kohout, R. & Steinberg, A. M. Adaptive Quantum State Tomography
Improves Accuracy Quadratically Phys. Rev. Lett. 111, 183601 (2013).
25. Hou, Z., Zhu, H., Xiang, G.-Y, Li, C.-E & Guo, G.-C. Experimental verification of quantum precision limit in adaptive qubit state
tomography arXiv: 1503, 00264 (2015).
26. Giihne, O. et al. Detection of entanglement with few local measurements. Phys. Rev. A 66, 062305 (2002).
27. Lu, Y. p., Liu, H. & Zhao, Q. Quantum state tomography and fidelity estimation via Phaselift. Annals of physics 360, 161-179 (2015).
28. James, D. E. V,, Kwiat, P. G., Munro, W. J. & Whit, A. G. Measurement of qubits. Phys. Rev. A 64, 052312 (2001).
29. Banaszek, K., D'’Ariano, G. M., Paris, M. G. A. & Sacchi, M. E Maximum-likelihood estimation of the density matrix. Phys. Rev. A
61,010304 (1999).
30. Gross, D,, Liu, Y.-K., Flammia, S. T., Becker, S. & Eisert, ]. Quantum state tomography via compressed sensing. Phys. Rev. Lett. 105,
150401 (2010).
31. Donoho, D. L. Compressed sensing. IEEE Trans. Inform. Theory 52, 4 (2006).
32. Liu, W. T., Zhang, T, Liu, J. Y., Chen, P. X. & Yuan, J. M. Experimental quantum state tomography via compressed sampling. Phys.
Rev. Lett. 108, 170403 (2012).
33. Candes, E. ], Strohmer, T. & Voroninski, V. Phaselift: exact and stable signal recovery from magnitude measurements via convex
programming. Communications on Pure and Applied Mathematics 66, 1241-1274 (2013).
34. Demanet, L. & Hand, P. Stable optimizationless recovery from phaseless linear measurements. Journal of Fourier Analysis and
Applications 20, 199-221 (2014).
35. Eldar, Y. C. & Mendelson, S. Phase retrieval: stability and recovery guarantees. Applied and Computational Harmonic Analysis 36,
473-494 (2014).
36. Candes, E. . & Li, X. d. Solving quadratic equations via phaselift when there are about as many equations as unknowns. Foundations
of Computational Mathematics 14, 1017-1026 (2014).
37. Toth, G. & Giihne, O. Detecting genuine multipartite entanglement with two local measurements. Phys. Rev. Lett. 94, 060501 (2005).
38. Schwemmer, C. et al. Systematic errors in current quantum state tomography tools. Phys. Rev. Lett. 114, 080403 (2015).
39. Hoeftding, W. Probability inequalities for sums of bounded random variables. J. Am. Stat. Assoc. 58, 301 (1963).
40. Moroder, T. et al. Certifying systematic errors in quantum experiments. Phys. Rev. Lett. 110, 180401 (2013).
41. DeGroot, M. H. & Schervish, M. J. Probability and Statistics Fourth Edition (China Machine Press, Beijing, 2012).

AUTA W =

~

SCIENTIFICREPORTS | 6:32057 | DOI: 10.1038/srep32057 20



www.nature.com/scientificreports/

42. Wang, Y. H. On the number of successes in independent trials. Statistica Sinica 3(2), 295-312 (1993).
43. Ku, H. H. Notes on the use of propagation of error formulas. Journal of Research of the National Bureau of Standards (National
Bureau of Standards) 70C(4): 262, 0022-4316 (1966).

Acknowledgements

The authors would like to thank Prof. Jian-wei Pan, Prof. Chaoyang Lu and other members of their group for
providing their experimental data. The authors also would like to thank Dr. Wenkai Yu and Dr. Yulong Liu
for helpful discussions. We further express our sincere gratitude to Prof. K. Fujikawa, Prof.Adam Liwo and
Mr. Waqas Mahmood for making revisions of article. The authors would like to greatly thank Prof. Mo-Lin Ge for
the valuable discussions. This work is supported by NSF of China with the Grant Nos 11275024 and 11475088.
Additional support was provided by the Ministry of Science and Technology of China (2013YQ030595-3, and
2013AA122901).

Author Contributions
Y.L. constructed the model and performed the numerical simulations, Q.Z. supervised the research. All authors
contributed to the preparation of this manuscript.

Additional Information
Competing financial interests: The authors declare no competing financial interests.

How to cite this article: Lu, Y. and Zhao, Q. Minimum Copies of Schrodinger’s Cat State in the Multi-Photon
System. Sci. Rep. 6, 32057; doi: 10.1038/srep32057 (2016).

This work is licensed under a Creative Commons Attribution 4.0 International License. The images

& or other third party material in this article are included in the article’s Creative Commons license,
unless indicated otherwise in the credit line; if the material is not included under the Creative Commons license,
users will need to obtain permission from the license holder to reproduce the material. To view a copy of this
license, visit http://creativecommons.org/licenses/by/4.0/

© The Author(s) 2016

SCIENTIFICREPORTS | 6:32057 | DOI: 10.1038/srep32057 21


http://creativecommons.org/licenses/by/4.0/

	Minimum Copies of Schrödinger’s Cat State in the Multi-Photon System

	Minimum copies of multi-photon Schrödinger’s Cat state

	Results

	Direct estimation of fidelity for experimental eight-photon SC state and simulated ten-photon SC state. 
	Optimization of multi-qubit experimental and simulated data via density matrices. 
	Optimization of the number of copies via experimental feedback. 

	Discussion

	Characteristics of optimization of the successful probabilities. 

	Extension of the optimization of the number of copies of a state to quantum-state tomography

	Conclusions

	Preparation of ten-photon SC state

	Entanglement witness

	Standard deviation of fidelity

	Theoretical derivation of Minimum copies of multi-photon Schrödinger’s Cat state

	Theoretical derivation of minimum number of copies of a state in quantum-state tomography

	Acknowledgements
	Author Contributions
	﻿Figure 1﻿﻿.﻿﻿ ﻿ (a) The number of events versus fidelities for both experimental distribution and uniform distribution.
	﻿Figure 2﻿﻿.﻿﻿ ﻿ The distribution of events’ number of fidelity of ten-photon entanglement state (ρ10photons).
	﻿Figure 3﻿﻿.﻿﻿ ﻿ Density matrices (ρexp_3qubits, ρexp_4qubits, ρ3qubits).
	﻿Figure 4﻿﻿.﻿﻿ ﻿ The real part of experimental density matrix of eight-photon SC state (ρ8photons).
	﻿Figure 5﻿﻿.﻿﻿ ﻿ Fidelities and MSEs’ of state ρest under different number of POVMs.
	﻿Figure 6﻿﻿.﻿﻿ ﻿ The distribution of fidelities between the target pure SC state and the estimated states under different number of copy distribution on different settings.
	﻿Figure 7﻿﻿.﻿﻿ ﻿ The distributions of fidelities between target pure SC state or experiment ρexp_3qubits and estimations obtained from the 1000 copies of ρ3qubits.
	﻿Figure 8﻿﻿.﻿﻿ ﻿ The distributions of number for events of fidelities between estimations and target pure SC state when the fidelities are obtained from the density matrices that are constructed by 200, 1000 and 10000 copies of ρ3qubits.
	﻿Figure 9﻿﻿.﻿﻿ ﻿ Comparison between traditional and optimization measurement of three-qubit state.
	﻿Figure 10﻿﻿.﻿﻿ ﻿ The required time of optimization for different number of copies of a state.
	﻿Figure 11﻿﻿.﻿﻿ ﻿ The change of optimization number of copy of ρ4qubits of fidelity estimation corresponding to different iteration numbers with different settings.
	﻿Figure 12﻿﻿.﻿﻿ ﻿ The required copies of a state for different R.
	﻿Figure 13﻿﻿.﻿﻿ ﻿ The change of P1 in the setting of S1 corresponding to different number of copies of eight-photon SC state(ρ8qubits).
	﻿Table 1﻿﻿. ﻿  Distribution of copies of ρ8photons under different case.
	﻿Table 2﻿﻿. ﻿  The final Pj when iteration ends.



 
    
       
          application/pdf
          
             
                Minimum Copies of Schrödinger’s Cat State in the Multi-Photon System
            
         
          
             
                srep ,  (2016). doi:10.1038/srep32057
            
         
          
             
                Yiping Lu
                Qing Zhao
            
         
          doi:10.1038/srep32057
          
             
                Nature Publishing Group
            
         
          
             
                © 2016 Nature Publishing Group
            
         
      
       
          
      
       
          © 2016 Macmillan Publishers Limited
          10.1038/srep32057
          2045-2322
          
          Nature Publishing Group
          
             
                permissions@nature.com
            
         
          
             
                http://dx.doi.org/10.1038/srep32057
            
         
      
       
          
          
          
             
                doi:10.1038/srep32057
            
         
          
             
                srep ,  (2016). doi:10.1038/srep32057
            
         
          
          
      
       
       
          True
      
   




