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Abstract
Background: Linkage disequilibrium (LD) plays a fundamental role in population genetics and in the current surge of 
studies to screen for subtle genetic variants affecting complex traits. Methods widely implemented in LD analyses 
require samples to be randomly collected, which, however, are usually ignored and thus raise the general question to 
the LD community of how the non-random sampling affects statistical inference of genetic association. Here we 
propose a new approach for inferring LD using a sample un-randomly collected from the population of interest.

Results: Simulation study was conducted to mimic generation of samples with various degrees of non-randomness 
from the simulated populations of interest. The method developed in the paper outperformed its rivals in adequately 
estimating the disequilibrium parameters in such sampling schemes. In analyzing a 'case and control' sample with β-
thalassemia, the current method presented robustness to non-random sampling in contrast to two commonly used 
methods.

Conclusions: Through an intensive simulation study and analysis of a real dataset, we demonstrate the robustness of 
the proposed method to non-randomness in sampling schemes and the significant improvement of the method to 
provide accurate estimates of the disequilibrium parameter. This method provides a route to improve statistical 
reliability in association studies.

Background
Linkage disequilibrium (LD) has long been one of the
central topics in evolutionary and population genetics.
Linkage disequilibrium refers to non-random association
of alleles at different linked or unlinked loci in a popula-
tion. Inference about LD provides useful information for
distinguishing between alternative evolutionary models
of genetic polymorphisms within or divergence between
populations [1]. The current surge of population based
association studies has reported identification of causal
genetic variants of disease susceptibilities in humans [2]
and complex genetic variation in plants and animals [3,4].
The kernel of these studies is inference of LD between the
genetic variants and functional loci that are closely genet-
ically linked. Thus, adequate prediction of LD is obvi-
ously crucial for reliability and accuracy of these studies.

The coefficient of LD between two biallelic loci is
defined as D = fAB - fA fB in a randomly mating population,

where fAB, fA and fB are frequencies of gametes AB, alleles
A and B in the population. The genetic parameter has
been re-parameterized into different forms for various
purposes of LD analysis [5]. Hill proposed the well known
"chromosome counting" method to estimate the parame-
ter by using data of genotypes at the two loci from a ran-
dom sample [6]. It has been widely used in population
genetic analyses and studies on linkage disequilibrium
based mapping [7,8]. The principle of the analysis has
also been employed to develop widely used methods for
predicting haplotypes of DNA markers in natural popula-
tions [9,10]. In practice, however, it is very rare that the
samples for LD analyses are truly randomly collected
from the population under study. For example, the sam-
ples used in many association studies or population
genomics analyses were so collected that the frequencies
of some genotypes are artificially inflated to ensure that
genotypes involving a rare allele are well represented
[11,12]. Weir and Cockerham explored the consequences
of implementing the method to estimate LD by using the
samples in which some genotypes are missing and
stressed that the method should not be used to estimate
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the parameter from non-random samples [13], but nei-
ther appropriate theory nor method has been developed
for inferring population disequilibrium from non-ran-
dom samples.

In this paper, we develop a new method to calculate the
maximum likelihood estimate of the coefficient of linkage
disequilibrium between genes at any pair of polymorphic
loci in any randomly matting population by making use of
samples of genotype data, which are non-randomly col-
lected from the population of interest. On the basis of
simulation studies, we demonstrate that bias in estimates
of the disequilibrium parameter from Hill's method aris-
ing from the use of non-random samples can be substan-
tially reduced by implementing the new method. We
compared analyses of a 'case and control' dataset of β-
thalassemia using three different methods: Hill's, haplo-
type prediction by the computer software PHASE2.1.1
and the method developed in the present study.

Results
We developed a likelihood-based statistical approach to
estimate the coefficient of linkage disequilibrium
between a pair of polymorphic loci in a natural popula-
tion and to test for significance of the disequilibrium by
making use of the samples that are not randomly col-
lected from the population. The method uses information
from the conditional distribution of genotypes at one
locus given genotypes at the other in formulating the sta-
tistical analysis with non-random samples. This is in con-
trast to the approach proposed by Hill [6], which relies on
information of a joint distribution of genotypes at the
polymorphic loci and estimates the disequilibrium
parameter from using the samples randomly collected
from the population under question. Hill's method has
been extended or converted into various forms/
approaches that are widely used in the current surge of
genetic association studies and population genetic analy-
ses [11,12,14-18]. Here, our analysis is focused on Hill's
method (H) and the method (L) developed in the present
study.

To explore the adequacy of the methods H and L in
estimating LD and their statistical power in detecting LD,
we first conducted a simulation study to generate samples

collected from the simulated population by sampling with
various degrees of non-randomness. We then imple-
mented the methods to analyze both the simulated data-
sets and the real data of 20.693 kb DNA sequence
surrounding the β-globin gene from a 'case and control'
study with β-thalassemia [19].

Simulation Study
The study considered three schemes of sampling individ-
uals from a simulated population in which the distribu-
tion of genotypes at the marker and disease loci was as
described by Table 1 for any given set of simulation
parameters p, q and D. Sampling Scheme I involved n
individuals being sampled completely randomly from the
simulated populations. Sampling Scheme II generated the
samples in which either individuals with a specific marker
genotype or individuals with a specific marker-disease
genotype were missing. Finally, Sampling Scheme III
mimicked the generation of the case-control samples
used in most association studies, in which the cases and
controls were present in the sample in equal proportions.
In addition, we explored influence of various 'case and
control' proportions on statistical power of the 'case and
control' design for detecting LD. The computer programs
designed for simulating linkage disequilibrium between
two bi-allelic loci can be found elsewhere [20], and were
modified to generate the samples in the present study.

Table 2 lists the means and standard deviations of 1,000
estimates of the linkage disequilibrium coefficient from
Hill's method (Method H) and the method proposed in
the present study (Method L) by making use of random
samples of 200 individuals from 12 different simulated
populations (Sampling Scheme I). Allele frequencies at
the marker and disease loci were directly calculated from
the samples. Both methods adequately estimate the dis-
equilibrium parameters although the estimates from
Method L may have slightly smaller standard deviations
than those from Method H.

In Sampling scheme II, individuals were randomly sam-
pled from 6 simulated populations but those with either a
specific marker genotype (ni• = 0, i = 1, 2, 3 corresponding
to MM, Mm or mm) or a marker-disease genotype (nii =
0, i = 1, 2, 3 corresponding to MMAA, MmAa or mmaa)

Table 1: Conditional probability distribution of disease genotypes for a given marker genotype

MM Mm mm

AA Aa aa AA Aa aa AA Aa aa

Q2 2Q(1 - Q) (1 - Q)2 QR Q + R - 2QR (1 - Q)(1 - R) R2 2R(1 - R) (1 - R)2

n11 n12 n13 n21 n22 n23 n31 n32 n33

Q = q + D/p and R = q - D/(1 - p)
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were excluded in the sampling process. The sampling
continued until the required number of individuals were
obtained (n = 200). From the samples so obtained, we cal-
culated the allele frequencies, p and q, and then estimated
D by use of both methods (H and L). Means and standard
deviations of the D estimates, based on 1,000 simulations,
are summarized in Table 3. In most cases, the two meth-
ods accurately estimate the disequilibrium parameters.
However, when individuals with heterozygous genotypes
at the marker locus were absent (n2• = 0) in the sample,
Method H underestimated the parameters in the simu-
lated populations 3-5. In contrast, Method L estimated
the parameters adequately in these cases. In the cases
where individuals with a specific marker-disease geno-
type were not present in the sample, Method H severely
underestimated the disequilibrium, for instance, when
n11 = 0 in simulated population 4 and n33 = 0 in simulated
population 3. The biased estimates were substantially
improved by making use of Method L. One may argue
that different performance of the two methods could be
due to the limited sample size (n = 200). We compared
the methods with using much larger sample sizes (n =
400, 800) and observed that the same pattern in mean
estimates of the disequilibrium parameter as demon-
strated in Table 3 with n = 200 (Additional file 1).
Another question that may naturally rise from this sam-
pling scheme is how much genotypic distribution at the
simulated marker and disease loci deviates from that
expected under Hardy-Weinberg equilibrium. The signif-
icance test shows that these genotype distributions in the

samples generated from the sampling schemes highly sig-
nificantly deviate from the Hardy-Weinberg expectations
(Additional file 2), revealing remarkable non-randomness
of the samples with respect to the populations from
which these samples were collected.

Sampling scheme III considered the scenario that the
disease allele had a low frequency but generated an equal
number of the case individuals (i.e. either a homozygote
or a heterozygote of the disease allele) and the controls
(i.e. a homozygote of the wild type allele). To mimic the
sampling scheme, we randomly generated a given num-
ber of 'case' or 'control' individuals for each of seven sim-
ulated populations. From these individuals, 100 'case' and
another 100 'control' individuals were randomly col-
lected, making a constant sample size of 200. The samples
so generated make a severely non-random collection of
the cases but they present a typical example of the sam-
ples widely used in many current genetic association
studies with a case-control design in which roughly an
equal number of sporadic case individuals and control
individuals were collected from the population under
question [11,14-19]. Use of the samples so collected
raised a question of how the allele frequency parameters,
p and q, can be calculated and used to estimate the dis-
equilibrium parameter, D. We proposed to calculate p,
the marker allele frequency, from the control sub-sam-
ples, and explored two alternative ways to obtain the
value of q, the disease allele frequency. Firstly, q was
obtained from an independent population survey such as
a prior epidemiological study or population survey. To

Table 2: Prediction of Sampling Scheme I

Pop. p q (Dmin, Dmax) D
 ± s.d.  ± s.d.

1 0.5 0.5 (-0.25, 0.25) 0.20 0.1999 ± 0.0078 0.2004 ± 0.0078

2 0.5 0.5 (-0.25, 0.25) 0.10 0.1002 ± 0.0145 0.1003 ± 0.0145

3 0.3 0.3 (-0.09, 0.21) 0.09 0.0898 ± 0.0133 0.0899 ± 0.0125

4 0.7 0.7 (-0.09, 0.21) 0.09 0.0895 ± 50.0133 0.0896 ± 0.0126

5 0.3 0.5 (-0.15 0.15) 0.10 0.0997 ± 0.0120 0.0998 ± 0.0111

6 0.5 0.3 (-0.15, 0.15) 0.10 0.0995 ± 0.0121 0.0993 ± 0.0109

7 0.5 0.5 (-0.25, 0.25) -0.20 -0.1995 ± 0.0081 -0.1998 ± 0.0081

8 0.5 0.5 (-0.25, 0.25) -0.10 -0.0996 ± 0.0146 -0.0997 ± 0.01460

9 0.3 0.3 (-0.09, 0.21) -0.09 -0.0896 ± 0.0074 -0.0899 ± 0.0068

10 0.7 0.7 (-0.09, 0.21) -0.09 -0.0897 ± 0.0073 -0.0899 ± 0.0065

11 0.3 0.5 (-0.15 0.15) -0.10 -0.1000 ± 0.0124 -0.1000 ± 0.0117

12 0.5 0.3 (-0.15, 0.15) -0.10 -0.0995 ± 0.0120 -0.0993 ± 0.0111

Linkage disequilibrium parameters were estimated based on 1000 simulations of n = 200 individuals from 12 different populations: p and q are 
the frequencies of alleles of the marker (M) and trait (A), D is the coefficient of linkage disequilibrium between the marker and the disease loci, 
Dmin and Dmax are respectively the minimum and maximum possible coefficients of linkage disequilibrium given allelic frequencies p and q,  
and  are the estimates from Methods H and L respectively, and the means and standard deviations, s.d., calculated from 1000 simulations.
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assimilate this scenario, we used the stimulated value of q
in estimation of D. Secondly, we explored the use of q val-
ues directly estimated from the case-control sample in
estimation of D.

Table 4 compares the means and standard deviations of
the LD estimates, D, using Methods H and L on the data
from the 1,000 case-control simulations. Although the
disease allele frequencies (q) were obtained from true
value of simulated parameter (i.e. from a population sur-
vey in practice), estimates of the disequilibrium coeffi-

cient using Method H ( ) were seriously biased from
their corresponding true values, sometimes even outside
the theoretical boundaries for the parameters. In con-
trast, the Method L estimated the disequilibrium parame-
ters (DL) adequately in all seven simulated situations.
When the disease allele frequencies were estimated
directly from the case-control samples and incorporated
into the algorithms to estimate the parameter D, both the
methods yielded biased estimates of the simulated
parameters. However, the estimates from Method L devi-
ate less from the corresponding true values than those
from Method H. It should be noted that Method H pro-
duced biased estimates from the case-control samples
and the bias was more severe when the population fre-
quency of the disease allele was used than when the fre-
quency was directly estimated from the case-control
samples. An detailed examination found that this was
because, in the former, Method H always produced the

estimates of the haplotype frequency, , which were
outside their theoretical boundaries.

To explore influence of population size of the case-con-
trol samples on estimation and detection of the disequi-
librium, we calculated estimates of the disequilibrium
coefficient and the corresponding LOD scores using
Method L in the case-control samples with an equal pro-
portion of 'case and control' individuals but different total
sample sizes. Table 5 summarizes the means and standard
deviations of 1,000 repeated estimates of the disequilib-
rium coefficients and the corresponding LOD scores. It
can be seen that the disequilibrium parameters are esti-
mated adequately from the method by use of the case-
control sample with a size as small as only 100 individu-
als. The LOD scores and the test statistic for significance
of the disequilibrium, increase as the sample size
increases.

Table 6 lists the means and standard deviations of 1,000
repeated estimates of the disequilibrium coefficient and
the corresponding LOD score values from the case-con-
trol samples of 200 individuals but with varying propor-
tions of the cases and controls. Variation in the
proportion of case individuals in the sample does not
show observable influence on adequacy of estimates of
the disequilibrium parameter but the LOD score values
constantly increase with the increased proportion of con-
trols.

DH
∧

g
∧

11

Table 3: Prediction of Sampling Scheme II

Pop. D n1• = 0 n2• = 0 n3• = 0 n11 = 0 n22 = 0 n33 = 0

1 0.20
 ± s.d.

 ± s.d.

0.18 ± 0.01
0.20 ± 0.03

0.20 ± 0.01
0.20 ± 0.01

0.18 ± 0.01
0.20 ± 0.03

0.17 ± 0.01
0.18 ± 0.04

0.17 ± 0.01
0.17 ± 0.01

0.17 ± 0.01
0.18 ± 0.04

2 0.10
 ± s.d.

 ± s.d.

0.09 ± 0.02
0.10 ± 0.02

0.10 ± 0.01
0.10 ± 0.01

0.09 ± 0.02
0.10 ± 0.02

0.05 ± 0.02
0.06 ± 0.02

0.07 ± 0.01
0.07 ± 0.01

0.05 ± 0.02
0.06 ± 0.02

3 0.09
 ± s.d.

 ± s.d.

0.08 ± 0.02
0.09 ± 0.01

0.06 ± 0.01
0.10 ± 0.04

0.10 ± 0.02
0.09 ± 0.01

0.07 ± 0.01
0.08 ± 0.01

0.04 ± 0.01
0.09 ± 0.06

0.00 ± 0.02
0.04 ± 0.01

4 0.09
 ± s.d.

 ± s.d.

0.10 ± 0.02
0.09 ± 0.01

0.06 ± 0.01
0.09 ± 0.01

0.08 ± 0.01
0.09 ± 0.01

0.00 ± 0.02
0.04 ± 0.02

0.04 ± 0.01
0.06 ± 0.01

0.07 ± 0.01
0.08 ± 0.01

5 0.10
 ± s.d.

 ± s.d.

0.08 ± 0.01
0.10 ± 0.01

0.06 ± 0.01
0.10 ± 0.01

0.12 ± 0.01
0.10 ± 0.01

0.07 ± 0.01
0.08 ± 0.01

0.07 ± 0.01
0.08 ± 0.01

0.05 ± 0.02
0.06 ± 0.02

6 0.10
 ± s.d.

 ± s.d.

0.09 ± 0.01
0.10 ± 0.01

0.10 ± 0.01
0.10 ± 0.01

0.09 ± 0.01
0.10 ± 0.01

0.07 ± 0.01
0.08 ± 0.01

0.07 ± 0.01
0.08 ± 0.01

0.05 ± 0.02
0.06 ± 0.02

Means and standard deviations of coefficients of linkage disequilibrium were estimated from 1,000 repeats for Methods H and L when 
200 individuals were generated from the Sampling Scheme II in which either a marker genotype (ni• = 0, i = 1,2,3) or a marker-disease 
genotype (nii = 0, i = 1,2,3) was missing. The population numbers are the same as those in Table 2 and D is the true value of the 
disequilibrium coefficient.
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Analysis of β-thalassemia dataset
β-thalassemia is an autosomal recessive hemoglobinopa-
thy caused by mutations in the β-globin (HBB) gene
(OMIM 141900). The disorder is one of the most com-
mon inherited hemoglobinopathies in the world, with
estimates of carrier frequencies ranging from 3 to 10% in
some areas of the tropics and subtropics including south-
ern China [19,21,22]. A frame shift mutation in codons 41
and 42, a 4-bp deletion (-CTTT), of the human β-globin
gene represents the most common β-thalassemia muta-
tions in East and Southeast Asia. The population fre-
quency of the deletion is as high as 3% in South China
[19]. To survey the distribution of linkage disequilibrium
among the polymorphic sites surrounding the β-globin
gene, Zhang et al collected a sample of 40 Chinese indi-
viduals, including 16 βCD41/42 thalassemia heterozygotes
and 24 normal individuals [19]. They directly sequenced
a 15.933-kb DNA region spanning 20.693 kb of the β-
globin cluster surrounding the deletion and detected 50
bi-allelic sites in the sequenced region. All individuals in
the sample were genotyped at the polymorphic markers.
This dataset represents a typical example of the selected
sample in which disease carriers are deliberately enriched
and no homozygote of the disease allele (i.e. at the dele-
tion locus) is present in the sample.

To evaluate linkage disequilibria across the sequenced
region, the haplotypes in the sample were first predicted
by use of the computer software PHASE2.1.1 developed
by Stephens et al [10], and the predicted haplotypes were
then used to calculate the coefficients of linkage disequi-
librium. We implemented the haplotype-based method
and the two methods (H and L) to analyze the sequence
data and calculated the coefficient of linkage disequilib-
rium between the disease mutation, which was set as

position 0, and each of the other polymorphic sites. We
used the population frequency of 3% for the disease caus-
ing allele in the analysis and illustrate the distribution of
estimates of the disequilibrium between each of the poly-
morphic sites and the disease causing mutation in Figure
1(a) together with the lowest and highest bounds for the
disequilibrium parameter which were inferred from the
maker allele frequency estimates and the population fre-
quency of the disease causing allele. It can be seen that
the LD estimates from the present method could differ
substantially from the other two methods. Importantly,
the LD estimates by the former lie properly between the
corresponding theoretical bounds whilst the estimates by
the latter two may be severely out of the bounds, suggest-
ing serious bias in the estimates to the true parameters.
Figure 1(b) shows the LOD score values for the LD esti-
mates from the three methods and demonstrates that the
present method provides much more likely estimates of
linkage disequilibria in the vicinity of the disease causing
site than the other methods under comparison. The data
analysis clearly indicates that the method developed here
is robust to non-randomness of the samples by which
linkage disequilibrium is statistically inferred.

Discussion
The past decade has witnessed great progress in high-
throughput detection and genotyping of single nucleotide
polymorphisms (SNPs) in the genomes of plants, animals
and humans. This has stimulated tremendous interest in
mapping and identifying subtle genetic variants contrib-
uting to phenotypic variation of complex traits in natural
populations through detecting linkage disequilibrium
maintained in the populations by close linkage between
alleles at genetic polymorphic sites and at trait loci. How-

Table 4: Prediction of Sampling Scheme III

p q (Dmin, Dmax) D q was from population survey q was from sample estimation

 ± s.d.  ± s.d.  ± s.d.  ± s.d.

0.6 0.005 (-0.003,0.002) -0.002 -0.011 ± 0.149 -0.002 ± 0.000 -0.113 ± 0.015 -0.071 ± 0.011

0.5 0.01 (-0.005,0.005) 0.004 0.280 ± 0.011 0.004 ± 0.001 0.108 ± 0.013 0.080 ± 0.013

0.5 0.02 (-0.010, 0.010) 0.008 0.273 ± 0.010 0.008 ± 0.001 0.110 ± 0.014 0.081 ± 0.013

0.3 0.03 (-0.009, 0.021) 0.010 0.191 ± 0.026 0.011 ± 0.002 0.104 ± 0.019 0.057 ± 0.018

0.7 0.04 (-0.028, 0.012) 0.010 0.309 ± 0.016 0.011 ± 0.002 0.071 ± 0.012 0.061 ± 0.017

0.3 0.05 (-0.015, 0.035) 0.020 0.192 ± 0.044 0.021 ± 0.004 0.122 ± 0.017 0.066 ± 0.017

0.5 0.10 (-0.050, 0.050) 0.040 0.227 ± 0.008 0.045 ± 0.006 0.124 ± 0.014 0.088 ± 0.012

Simulation parameters for the case-control sampling scheme and means and standard deviation of estimates of the disequilibrium coefficients, 
 and , from Methods H and L respectively. p, q and D are simulated values of population allele frequencies at the marker and disease 

loci and linkage disequilibrium respectively. (Dmin, Dmax) are the theoretical minimum and maximum values of D. The disequilibrium coefficients 
were calculated when the marker allele frequency, p was calculated directly from the control sub-samples while the disease allele frequency q 
was either from population survey or directly estimated from the case-control samples.
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ever, a common concern of association studies is the high
proportion of false positive or false negative tests of asso-
ciation of trait phenotype with causal genetic polymor-
phisms as well as the limited statistical power in detecting
genuine associations [23,24]. A rich pool of literature has
been focused on exploring factors that cause these prob-
lems and seeking for solutions to them. The most promi-
nent among these is population stratification that could
cause both false positive and false negative inferences of
association [25].

Although it has been well established that skewed sam-
pling from a population with a linkage equilibrium distri-
bution of multi-locus genotypes may result in spurious
linkage disequilibrium [26], there has not been a compre-
hensive investigation of the consequences of non-random
samples on statistical inference of LD from populations
under disequilibrium. We demonstrate in the present
study that the use of non-random samples could result in
severely biased estimates of LD from the method pro-
posed for random samples. The simulation study showed
that the estimates could be so biased as to be outside the
theoretical limits of the corresponding simulated values
and the biases can be either up- or downwards. These
results indicate that the non-randomness of the sample

may result in considerable false positive or false negative
inference of the disequilibrium parameter and, in turn,
false positives or false negatives in association analyses in
which significant degree of marker-disease association
implies significant linkage disequilibrium. Instead of con-
sidering the joint probability distribution of genotypes at
the marker and disease loci in estimating LD from ran-
dom samples [6,13], we propose the use of the condi-
tional probability distribution of disease genotypes given
any marker genotype in developing a new method to esti-
mate the parameter. The method avoids or effectively
alleviates the influence of non-random presentation of
any marker-disease genotype in the samples on the
parameter estimation. On the basis of simulation studies,
we show that the method yields equally adequate esti-
mates of LD to the method previously proposed [6] and
currently widely cited in the literature when individual
genotypes are randomly sampled from the populations.
However, the method confers significant improvement
over the current method when the parameter estimation
is made from using artificially selected samples. Method-
ologically, the improvement in the parameter estimation
of the method developed in the present study over the
current methods [6,13] can be explained by their differ-

Table 5: Prediction from case-control samples with various sample sizes

p q D n = 100 n = 200 n = 400 n = 800

 ± s.d.

0.6 0.005 -0.002 0.002 ± 0.001 -0.002 ± 0.002 -0.002 ± 0.000 -0.002 ± 0.000

0.5 0.010 0.004 0.004 ± 0.001 0.004 ± 0.001 0.004 ± 0.000 0.004 ± 0.000

0.5 0.020 0.008 0.008 ± 0.002 0.008 ± 0.001 0.008 ± 0.001 0.008 ± 0.001

0.3 0.030 0.010 0.010 ± 0.003 0.011 ± 0.002 0.010 ± 0.002 0.010 ± 0.001

0.7 0.040 0.010 0.010 ± 0.004 0.011 ± 0.002 0.010 ± 0.002 0.010 ± 0.001

0.3 0.050 0.020 0.021 ± 0.005 0.021 ± 0.004 0.021 ± 0.003 0.021 ± 0.002

0.5 0.100 0.040 0.044 ± 0.008 0.045 ± 0.006 0.046 ± 0.004 0.045 ± 0.003

LOD ± s.d.

0.6 0.005 -0.002 1.852 ± 1.047 3.619 ± 1.467 6.913 ± 2.112 13.774 ± 2.927

0.5 0.010 0.004 1.949 ± 1.036 3.692 ± 1.454 7.397 ± 1.959 14.390 ± 2.809

0.5 0.020 0.008 2.010 ± 1.045 3.843 ± 1.483 7.657 ± 2.070 14.955 ± 2.832

0.3 0.030 0.010 1.545 ± 1.047 2.957 ± 1.395 5.596 ± 1.977 11.085 ± 2.717

0.7 0.040 0.010 1.115 ± 0.707 2.093 ± 1.043 3.958 ± 1.377 7.682 ± 2.063

0.3 0.050 0.020 2.325 ± 1.278 4.393 ± 1.690 8.648 ± 2.452 17.191 ± 3.332

0.5 0.100 0.040 2.493 ± 1.100 4.860 ± 1.549 9.560 ± 2.165 18.948 ± 2.994

Means and standard deviations of the estimates of the disequilibrium coefficients and the corresponding LOD score from using various sizes 
of case-control samples.
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ence in extracting information of linkage disequilibrium
between the two loci of interest from the samples under
study. The present method uses the conditional probabil-
ity distribution of genotypes at one locus on any given
genotype at the other locus as illustrated in Table 1.
When the sample of study is collected in such a way that
genotype(s) at one of the two loci undergo selection, for
example, the case-control samples where genotypes at the
disease locus are strongly selected, the joint distribution
of genotypes at the two loci in the sample deviates greatly
from the joint genotypic distribution in the population
from which the sample is collected. However, the condi-
tional distribution of genotypes at one locus given any
genotype at the other selected or unselected locus in the
sample remains approximately the same as that in the
population. Hence the analysis based on the conditional
genotypic distribution is more robust to non-randomness
of the samples to infer linkage disequilibrium in popula-
tions of interest than that based on the joint genotypic
distribution.

The 'case and control' design used in many association
studies to screen for genetic polymorphisms in significant
association with phenotypic variation probably illustrates
the most popular example of LD analysis with non-ran-

dom samples [11,12,14-18]. Although the base popula-
tions under investigation may be randomly mating with
respect to genotypes at marker-disease loci, the samples
used in the studies are collected so that case individuals
are well represented and thus create severely non-ran-
dom presentation of the populations. Given that the anal-
ysis of the samples is to infer the situation in the base
populations, accurate inference of LD from the samples is
obviously crucial for reliability of these analyses. The β-
thalassemia data analysis in the present study represents
a typical example of such studies. The analysis with the
dataset, although very limited in sample size, highlights
the importance of adequately tackling the non-random-
ness in the 'case and control' studies in order to achieve
reliable assessment of LD. It clearly demonstrates the
robustness of the method developed in the present study
to the non-randomness. Previous methods, which are
widely implemented in the current literature of 'case and
control' studies are only suitable for analysis with random
samples and so can result in seriously biased inference of
the disequilibrium parameter.

A practical problem that is raised to accurately infer LD
from 'case and control' samples is the need for accurate
estimates of allelic frequencies at both marker and puta-

Table 6: LD estimation from case and control samples with varying proportions

p q D c:c = 3/4:1/4 c:c= 2/3:1/3 c:c = 1/3:2/3 c:c = 1/4:3/4

 ± s.d.

0.6 0.005 -0.002 0.002 ± 0.000 -0.002 ± 0.000 -0.002 ± 0.000 -0.002 ± 0.000

0.5 0.010 0.004 0.004 ± 0.001 0.004 ± 0.001 0.004 ± 0.001 0.004 ± 0.001

0.5 0.020 0.008 0.008 ± 0.001 0.008 ± 0.001 0.008 ± 0.001 0.008 ± 0.002

0.3 0.030 0.010 0.010 ± 0.003 0.010 ± 0.003 0.010 ± 0.002 0.010 ± 0.003

0.7 0.040 0.010 0.010 ± 0.003 0.011 ± 0.002 0.010 ± 0.002 0.010 ± 0.003

0.3 0.050 0.020 0.021 ± 0.004 0.021 ± 0.004 0.021 ± 0.004 0.021 ± 0.004

0.5 0.100 0.040 0.043 ± 0.007 0.044 ± 0.006 0.045 ± 0.006 0.045 ± 0.007

LOD ± s.d.

0.6 0.005 -0.002 1.814 ± 0.855 2.420 ± 1.063 4.707 ± 2.172 5.362 ± 2.695

0.5 0.010 0.004 1.906 ± 0.832 2.493 ± 0.997 4.915 ± 1.994 5.715 ± 2.502

0.5 0.020 0.008 1.969 ± 0.812 2.579 ± 1.029 5.112 ± 2.160 5.916 ± 2.653

0.3 0.030 0.010 1.481 ± 0.812 1.950 ± 1.025 3.888 ± 2.011 4.463 ± 2.519

0.7 0.040 0.010 1.063 ± 0.580 1.453 ± 0.724 2.714 ± 1.368 3.130 ± 1.783

0.3 0.050 0.020 2.162 ± 0.966 2.982 ± 1.161 5.876 ± 2.446 6.695 ± 3.029

0.5 0.100 0.040 2.275 ± 0.816 3.152 ± 1.071 6.657 ± 2.241 7.616 ± 2.772

Means and standard deviations of the estimates of the disequilibrium coefficients and the corresponding LOD score from use of case-control 
samples of a constant size of 200 individuals but with varying proportions between the 'case and control' individuals, c:c.

DL
∧
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Figure 1 Linkage disequilibrium analysis of the β-thalassemia sample. Distribution of linkage disequilibrium between each of polymorphic sites 
and the β-thalassemia causing mutation in a 20.693 kb region surrounding the human β -globin gene. (a) Estimates of the coefficients of LD from three 
different methods. The dot lines represent the lowest and highest theoretical bounds of the disequilibrium parameter, which are defined by allele 
frequencies at the polymorphic marker and disease causing sites. (b) The LOD score values calculated for the LD estimates from the three methods.
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tive disease loci. We propose the use of control samples
to calculate marker allelic frequency because there is usu-
ally not any prior selective criterion imposed on the
marker genotypes of those individuals to be included in
the control samples. It is shown that accurate estimates of
the allele frequency are the basis for accurate estimation
of the disequilibrium parameter (Table 4), but neither the
'cases' or 'controls' separately or together are likely appro-
priate to estimate the allele frequency at the putative dis-
ease locus. In the scenario where epidemiological
information is available for disease candidates such as the
β-thalassemia data considered in the present study, the
allele frequency estimate from a prior population survey
may be used to meet this need. Alternatively, one can
search the LOD score profile (equation 1) for the MLE of
the disequilibrium parameter over various q values and
choose the MLE of D calculated from the q value at which
the likelihood profile reaches the maximum. Figure 2
illustrates such an example with the β-thalassemia data
analysis and shows that the MLE of D was obtained when
q took a value of ~3%, which is near to the estimate from
the previous population survey [19].

Methodologically, the present study has been focused
on the most prominent linkage disequilibrium measure,
D as defined above. There are several other measures,
such as D' or r2 etc, frequently used in the literature of
genetic association study or population genetic analysis.
These latter measures are either a scaled or standardized
form of the basic disequilibrium parameter D. Bias in
estimate of D will be inherent to that of transformed ver-
sions of the parameter. For example, we re-analyzed the
β-thalassemia data by using r2, which is defined as D2/
p(1-p)q(1-q) in the present notation, as the disequilib-
rium measure and showed the analysis in Additional file
3. The disequilibrium distribution shows an almost iden-
tical pattern to that demonstrated in Figure 1, in which D
was the disequilibrium measure.

One of the key properties of 'case and control' designs is
its statistical power in detecting association between a
genetic polymorphic marker to the phenotype of a dis-
ease trait. It has been widely accepted that level of LD is a
critical factor in determining the power of 'case and con-
trol' designs to detect significance of genetic association
[27,28]. Several studies have focused on investigating fac-
tors affecting statistical power of the 'case and control'
design, including marker allele frequency and errors in
marker genotype and trait phenotype [29-31]. An equal
proportion of cases and controls were proposed in these
studies and implemented in many real 'case and control'
experimental analyses [11,31]. The present study investi-
gated the impact of using varying proportions of the
cases and controls on the power of the 'case and control'
design in detecting linkage disequilibrium and shows
that, for a given size of the 'case and control' sample,

increasing the proportion of the 'cases' decreases rather
than increases the statistical power (Table 6). In fact,
increasing the proportion of control individuals in the
'case and control' samples alleviates the effects of non-
randomness of the samples. This result indicates a need
of reconsideration of the commonly accepted sampling
strategy for 'case and control' study designs. We re-exam-
ined the question by implementing the chi-square based
test proposed to test for significance of difference in
marker allele frequency between cases and controls. The
analysis was summarized as an Additional file 4 and
shows that use of an equal proportion of cases and con-
trols in the case-control design is favoured for a higher
statistical power to detect the genetic associations. How-
ever, it has been well established that the chi-square
based association test is highly vulnerable to deviation of
genotypic distribution from the Hardy-Weinberg equilib-
rium [32]. Any violation to the equilibrium may result in
severe type I error. Moreover, it is clear from Additional
file 2 that the equilibrium does not usually hold in these
samples.

It is well established that LD based association analysis
is effective only for the genes underlying Mendelian traits
or the genes with major genetic effects on polygenic traits
[23,33]. In the present study we assumed that genotypes
at the putative disease locus are observable as are those at
the marker locus. The assumption holds for Mendelian
traits but may be questionable for quantitative traits. In
fact, the theoretical model and analysis developed in the
present study can be incorporated into the statistical
framework we previously developed for detecting and
estimating linkage disequilibrium between a genetic
marker and a locus affecting a quantitative trait showing
continuous or dichotomous phenotypic variation
[20,34,35]. The quantitative genetic model allows allelic
frequencies at the marker and trait loci, the coefficient of
linkage disequilibrium between the two loci, genetic
effects at the trait locus and the residual variance compo-
nent to be modelled and inferred. Integration of the two
models enables the non-randomness of samples to be
properly accounted for in the statistical inference on the
genetic parameters.

Conclusions
We demonstrated that the non-randomness may cause
seriously biased assessment of LD when using the current
methods originally developed for random samples. We
have developed a new approach for inferring LD from
samples with various degrees of non-randomness, and
showed the significantly improved robustness of the pres-
ent approach over the current methods when non-ran-
dom samples were to evaluate LD through intensive
simulation studies and analysis of a case and control sam-
ple of β-thalasemia. As accurate estimation of the dis-
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equilibrium parameter is crucial for any association
study, in which the case/control design represents a typi-
cal example of non-random samples, the present paper
highlights the importance of tackling the problem of
using non-random samples to the community of LD anal-
ysis, and in addition, provides a route to improve statisti-
cal reliability in association studies.

Methods
Inferring LD from Using Nonrandom Samples: we
consider two biallelic loci M (marker locus) and A (dis-
ease locus). There are two alleles at the marker locus, M
and m, with population frequencies p and 1-p respec-
tively and two alleles at the disease locus, A and a, with
population frequencies q and 1-q. For simplicity, but

without loss of generality, we denote by D, the coefficient
of linkage disequilibrium between genes at the two loci.
The conditional probability (fij) of genotypes at one of
two loci given a genotype at the other locus can be
expressed in term of these genetic parameters when
assuming random mating in the population. For example,
the disease genotype distribution given any marker geno-
type is presented in Table 1.

Among a random sample collected from such a random
mating population, let nij be the number of individuals
with the jth (j = 1, 2, 3) genotype at the disease locus and
the ith (i = 1, 2, 3) genotype at the marker locus. The log-
arithm of the likelihood function of the genetic parame-
ters, p, q and D, given the observations nij has the form:

Figure 2 LOD score profile. LOD score profiles for the MLE of linkage disequilibrium between the disaese causing mutant and each of two linked 
polymorphic markers M516 and M2046 over different values of disease allele frequency. The two markers are of 516 and 2046 bp to the disease caus-
ing mutant site.
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Although there are three parameters in the log-likeli-
hood function, our focus is on D, the coefficient of link-
age disequilibrium. We will investigate and discuss
impacts of the other two parameters, p and q, on statisti-
cal inference on D. The maximum likelihood estimation
(MLE) of D can be calculated from the equation

which can be solved explicitly by using Mathematica
[36] and from a polynomial equation with power of 5

Mathematical forms for ai (i = 0, 1, 2, ..., 5) are given in
Additional file 5 (on the website of BMC Genomics).
Although an analytical solution does not exist, equation
(2) can be solved numerically [37]. The equation has at
least one real root because a5 = 4n > 0 where n is the sam-
ple size. If multiple real roots were found, we determined

, the maximum likelihood estimate of D, by comparing
their corresponding likelihood values. It should be
noticed that a meaningful estimate of D must not be
beyond its theoretical bounds {max(-pq,-(1 - p)(1 -
q),min(p(1 - q),(1 - p)q)}. Thus, the MLEs of the parame-
ter were chosen from possible roots of the equation (2)
that lies in the theoretical bounds and corresponds to the
highest likelihood. With the MLE and the likelihood
function, one can test for significance of the disequilib-
rium parameter using the likelihood ratio test statistic

which asymptotically follows a chi-square distribution
with 1 degree of freedom. It should be noticed that the
above analysis is based on the conditional probability dis-
tribution of genotypes at one locus given any genotype at
the other of the two loci.

Inferring LD from Using Random Samples: By
assuming use of samples randomly collected from a ran-
domly mating population, Hill (1974) proposed estimat-
ing the MLE of frequency of haplotype MA, say g11,
through an iterative procedure, which is well known as
the "chromosome counting" algorithm in the literature
[6]. Mano et al highlighted that the iterative algorithm
may lead to local maxima and proposed conditions for
their existence [38]. Weir and Cockerham [13] showed
that a more robust approach to calculate the MLE of g11 is
to solve it from the cubic equation given below

where b0 = -(2n11 + n12 + n21)pq, b1 = 2npq - (2n11 + n12 +
n21)(1 - 2p - 2q) - n22(1 - p - q), b2 = 2n(1 - 2p - 2q) - 2(2n11

+ n12 + n21) - n22 and b3 = 2n. With ,  and  the
MLE of g11, p and q respectively, the MLE of the coeffi-
cient of disequilibrium coefficient, D, can be calculated as

. Weir and Cockerham stressed that calculation

of  by solving the cubic equation may avoid the sce-
nario of the iterative procedure may be diverging or con-
verging but to the wrong roots [13]. Because b3 = 2n < 0,
the cubic must have at least one real root. The theoretical
bounds for g11 are given by {max(0, p + q - 1), min(p,q)}
[13]. Significance of the MLE of D can also be tested
through a likelihood ratio test statistic with a form similar
to equation (3). However, to evaluate the likelihood func-
tion, one needs to use the joint genotype probability dis-
tribution given by Hill [6]. It should be noticed that the
above analysis is based on the joint probability distribu-
tion of genotypes at the two loci of interest.

The above analyses show that the disequilibrium
parameter can be estimated and detected from the two
methods. In the Results section, we explored the perfor-
mance of these methods at inferring the linkage disequi-
librium using a simulation study and by analysis of real
data.
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