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ABSTRACT: Discerning the kinetics of photoluminescence (PL)
decay of packed quantum dots (QDs) and QD-based hybrid
materials is of crucial importance for achieving their promising
potential. However, the interpretation of the decay kinetics of QD-
based systems, which usually are not single-exponential, remains
challenging. Here, we present a method for analyzing photo-
luminescence (PL) decay curves of fluorophores by studying their
statistical moments. A certain combination of such moments,
named as the n-th order moments’ ratio, Rn, is studied for several
theoretical decay curves and experimental PL kinetics of CdSe
quantum dots (QDs) acquired by time-correlated single photon
counting (TCSPC). For the latter, three different case studies using the Rn ratio analysis are presented, namely, (i) the effect of the
inorganic shell composition and thickness of the core−shell QDs, (ii) QD systems with Förster resonance energy transfer (FRET)
decay channels, and (iii) system of QDs near a layer of plasmonic nanoparticles. The proposed method is shown to be efficient for
the detection of slight changes in the PL kinetics, being time-efficient and requiring low computing power for performing the
analysis. It can also be a powerful tool to identify the most appropriate physically meaningful theoretical decay function, which best
describes the systems under study.

1. INTRODUCTION
The relaxation processes that shape the decay of excitons in
quantum dots (QDs), specifically in systems of packed QDs
and in hybrid systems, are one of the critical processes that
determine the suitability of these materials for a potential
application.1−6 Therefore, discerning the kinetics of photo-
luminescence (PL) decay of QDs in these systems is of crucial
importance for their characterization and possible improve-
ment to realize their promising potential.
However, one of the challenges arising from the behavior of

QDs is the interpretation of the decay kinetics of these
systems, which could range from single-exponential to
nonexponential decay curves.7 Time-resolved luminescence
measurements performed by means of time-correlated single
photon counting (TCSPC) represent a powerful method for
the acquisition of time-resolved fluorescence data.1 Commer-
cial data analysis programs, such as PicoQuant’s software
EasyTau 2 or FluoFit, Hamamatsu HPD-TA software,
HORIBA Scientific’s DAS6 decay analysis software, and
Fluoracle FAST (Fluorescence Analysis Software Technology)
of Edinburgh Instr., provide the ability to analyze data in terms
of functions consisting of sums of a limited number of discrete
exponential decay components, and it is one of the most
popular methods for fitting PL decay curves.8−15 This

approach allows one to simulate the luminescence decay
curves with distinct lifetimes of various fluorophores, and QD
systems are no exception, but it is truly valuable when the
system’s model permits a physical interpretation of such a
functional form, e.g., if there are different excited species in the
system that relax with different characteristic times. Otherwise,
such a function contains many free parameters without a clear
physical meaning, making the analysis and interpretation
cumbersome.7 Another popular method is the use of the
stretched exponential or Kohlrausch function.7,16−20 Although
having a strong physical basis in several relaxation phenomena,
it is often employed as a purely phenomenological approach.21

We would like to emphasize that a stretched exponential
functional form has been shown to have a straightforward
physical meaning in the case of luminescence decay in
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condensed matter, in particular, in ensembles of colloidal
QDs.22−24

In nanocrystal (NC) QD systems, the complex PL decay
kinetics resulting from interactions between the NCs and with
their environment may be the signature of an infinite
(continuous or discrete) distribution of rate constants. One
reason for this is the unavoidable NC size dispersion. One
approach in the literature25,26 consists in choosing a certain
mathematical form of the probability distribution function
(PDF) of decay rates (or “lifetime” constants, τ). The
relationship between a PL decay curve, I(t), and the PDF is
given by

=I t H e( ) ( ) dt

0 (1)

where H(τ), the PDF, can be obtained from the PL decay
kinetics using several approaches: (i) data analysis with a
theoretical model that may be supported by Monte Carlo
simulations,27 (ii) data analysis by methods that do not require
an a priori assumption of the PDF form, by calculating the
Laplace transform of I(t),25,28 and (iii) data analysis with a
model mathematical function describing I(t).
An alternative way to characterize a probability distribution

function is to consider its statistical moments.29 We may
extend it to a temporal distribution of the emission intensity,
i.e., the PL decay kinetics itself. This approach, presented and
illustrated in this paper, has the advantage of being model-free
in quantifying the I(t) function and avoiding its fitting. A
comparison of the experimental results with appropriate
theoretical models (such as PL decays affected by the Förster
resonance energy transfer, FRET) in the presence of acceptors
distributed either randomly or according to certain geometries
(Figure 1) is presented in Section 4, based on a discrete and
relatively small set of parameters, namely, the statistical
moments of I(t).

2. STATISTICAL MOMENTS AND THE RN RATIO
The statistical moment of order n of I(t) is given by29

t
I t t t

I t t

( ) d

( ) d
n

n
0

0 (2)

where n is a positive integer. The first moment ⟨t⟩ is known as
the average PL decay time, and the second order one, ⟨t2⟩, is

related to the variance, D = ⟨t2⟩ − ⟨t⟩2. The third moment,
⟨t3⟩, is a measure of the skewness, i.e., asymmetry of the time-
resolved distribution, and the fourth moment, ⟨t4⟩, is called the
kurtosis, the measure of heaviness of the tail of the distribution
compared to the normal distribution of the same variance.
Higher-order moments are harder to interpret, but generally,
they give a finer description of the shape of I(t) (and also the
PDF).
By studying the moments of the PL kinetics and finding the

correlation with the moments of known theoretical decay
curves, one can attain, for example, a more detailed knowledge
of the spatial distribution of emission donors and acceptors. In
the experimental data treatment, the integration is made until
the last available time bin, although one can use an
extrapolation of the tail of the decay to increase the range of
integration. We remind that numerical integration, even with
noisy data, is a less problematic procedure than, e.g.,
approximation of a function.
It is convenient to introduce the following dimensionless

ratio between different moments

=R
t t

t t
t t

t
/

/n

n n

n n

n n

n

1

1 2

2

1 2 (3)

where n ≥ 2 is required. As will be seen below, this ratio gives a
simple and easily checkable trend for different theoretical
decay functions.

3. DECAY FUNCTIONS
3.1. Single and Multiexponential Functions. A single-

exponential function describes the decay of an isolated
population of fluorophores in the excited state corresponding
to a population decay over time of the form f(t) ≡ I(t)/I(0) =
exp(−t/τD), where I(0) is an amplitude that depends on the
concentration of energy donors and τD is the intrinsic lifetime
of an excited donor (the inverse of the spontaneous emission
rate) of the fluorophore. The single-exponential function’s
moment of order n is given by ⟨tn⟩ = τDn n! and, by eq 3, the
ratio Rn is simply given by

=R
n

n
n

1
, ( 2)n (4)

For n ∈ [2,+∞], the values of Rn are in the range Rn ∈ [2,1],
where Rn = 1 is the asymptote. Notice that in this case, Rn does
not depend on the decay time, τD. Thus, any time-resolved

Figure 1. Schematics of two FRET systems, including one donor QD (green circle) and multiple acceptors (red circles): (a) “fixed-shell” geometry
of acceptors forming a sphere of a radius a, to be considered in Section 3.3.2, and (b) a two-dimensional (2D) homogeneous distribution of
acceptors with the normal distance h to the donor, to be considered in Section 3.3.3.
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data which is well described by a single-exponential function
must show a behavior of Rn according to eq 4.
The double-exponential function [f(t) = a1 e−t/τ1 + a2 e−t/τ2,

with a1 + a2 = 1, assuming f(t = 0) = 1] leads to an analytical
form of the Rn ratio given by

=

= + +
+

= + +
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+ +
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which depends on the ratio of the characteristic times, ξ = τ2/
τ1.
One can generalize the An coefficients for a l-exponential

function, f(t) = ∑lal e−t/τl (with ∑lal = 1) as

=
+

A
a a

a
( )( )

( )
n

l l l
n

l l l
n

l l l
n

1 1

2
(6)

which can also be simplified in the same way as in the last line
of eq 5. Thus, the Rn ratio for a l-times multiexponential
function has 2l − 2 independent parameters. The high number
of free variables yields complicated algorithms for adjusting
experimental data represented by Rn ratios to that of the
“theoretical” multiexponential function, just as the difficulty
occurring in fitting PL kinetics. Furthermore, the high number
of variables, if not reduced by the physical system’s model,
makes the usefulness of such a fitting procedure relatively
low.21

3.2. Stretched Exponential (or Kohlrausch) Function.
The Kohlrausch function, exp(−Atβ) (A, β = const), was
introduced in the 19th century in the context of discharge of a
capacitor. In studies of the relaxation of complex systems, the
Kohlrausch function with β < 1 (stretched exponential) is
frequently used as a purely empirical decay law, although there
are theoretical arguments to justify its common occurrence.21

In the field of molecular luminescence, it has firm grounds on
several models of luminescence quenching,7,21,30 namely, the
diffusion-controlled contact quenching with β = 1/2, and in
the resonance energy transfer by the dipole−dipole mechanism
(FRET), being β = 1/6; 1/3; and 1/2 for 1 to 3 dimensional
systems.28 Other values of β are obtained for different
multipole interactions, being β = 3/8 and 3/10, for the
dipole−quadrupole and quadrupole−quadrupole mechanisms,
respectively, in 3 dimensions.28 In Huber’s approximation,
energy transport as measured by fluorescence anisotropy also
shows the same time dependence as the direct energy transfer
and is characterized by the same values of β.28 The Kohlrausch
decay law is usually convenient as a fitting function, even in the
absence of a model, given that it allows judging, in a simple
way, deviations from the single-exponential behavior through
the parameter β.
The expression for the donor luminescence intensity decay

is given by a modified stretched exponential function as31,32
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where the parameter p depends on the concentration of
acceptors and the Förster radius (this relation will be

considered in the next section). Function 7 has the advantage
of mathematical simplicity, with just one additional parameter
compared to the simple exponential decay. As known, the
FRET mechanism was originally introduced for molecular
emitters,31,33 and eq 7 first appeared in that context.32,34 More
recently, it was used to describe QD ensembles.7,21−23

Moreover, it works well in a wide variety of settings for
interpolation, extrapolation, and classification of near-expo-
nential decay. The Rn ratio for the Kohlrausch function will be
presented in the next section for the special case of β = 1/2.
3.3. Decay Functions for Some Particular Distribu-

tions of Acceptors. Let us consider an ensemble of QDs,
donors, and acceptors occupying a volume V. The presence of
the acceptors introduces an additional decay channel for an
excited donor, which alters the donor decay function. We shall
assume that the process of electromagnetic (EM) energy
transfer from a donor to an acceptor is irreversible. The
survival probability of such an excited donor with respect to
FRET, in the presence of N acceptors located at points Ri
relative to the donor QD, after a time t of its excitation is

{ } = [ ]t R tR( , ) exp ( )i
i

N

i
(8)

where Ri = |Ri| and γ(r) is the rate of resonance energy transfer
between donor and acceptor via dipole−dipole interaction,
which can be written as33

= i
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jjj y
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zzzr
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1

D

0
6

(9)

Here, R0 is the Förster radius and τD is the radiative lifetime of
the isolated donor.35

The positions of individual acceptors are random, and their
local concentration fluctuates. This effect can be taken into
account by considering a random distribution of the number of
acceptors occupying a physically infinitesimal volume, even if
the average concentration is constant (see Section S1 of
Supporting Information, SI). Assuming that the total number
of acceptors is sufficiently large and their average distribution
in space can be approximated by a continuous function, CA(r),
the donor emission decay function due to FRET, can be
expressed as34,36

{ }= { [ | | ]}t C tr r r( ) exp d ( ) 1 exp ( )
V

A (10)

The overall decay function f(t) = I(t)/I(0) has the form

= ·f t t t( ) exp( / ) ( )D (11)

The function ϕ(t), eq 10, depends strongly on the acceptor
concentration in space around the QD donors, CA(r). Below,
we present three decay functions corresponding to some
model spatial distributions of the acceptors.

3.3.1. Three-Dimensional (3D) Homogeneous Distribu-
tion. The first simple approximation is to consider a
homogeneous concentration of acceptors in 3D space, CA(r)
= C0. This approximation can be visualized in a QD ensemble
dispersed in a solvent. In this way, the integral in eq 10 can be
evaluated using spherical coordinates as
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giving an expression for the donor decay rate
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where =N C R0
4
3 0 0

3 is the number of acceptors in a sphere
with the Förster radius, R0. This expression corresponds to the
stretched exponential decay, eq 7, with β = 1/2 and

=p N0.
Using eq 13, its ratio of moments Rn is given by
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where U(a, b, z) is the confluent hypergeometric function.37

This expression is independent of the lifetime of the donor, τD,
and only depends on N0, the single fitting parameter in this
case.

3.3.2. Fixed-Shell Distribution. This model distribution
corresponds to all relevant acceptors placed at a fixed distance
a from a single donor (see Figure 1a). Let N be the average
number of acceptors per donor. For different donors, the
number of acceptors in the shell fluctuates, taking the values j
= 0, 1,···, Nmax. We shall assume that Nmax is large and j obeys
the Poisson distribution, with the probabilities given by

=
!

w e N
jj

N
j

(15)

The average survival probability of an excited donor
surrounded by such an acceptor shell can be written as

= = [ ]

[ ]

=
w e
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N j j
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where we assumed Nmax → ∞ in the second line. Therefore,
we have
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and, thus, the donor emission decay function for the fixed-shell
distribution function is given by
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This model system can represent a cluster of acceptors linked
to a donor. If the donor−acceptor distances within the cluster
are not the same but do not exceed a certain parameter a, it
can be shown that the result will be different from eq 18 only
by a numerical factor ξ, i.e., a → ξa.
Introducing an average acceptor concentration, C0 = 3N/

(4πa3), eq 18 can be rewritten as
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where N0 is the number of acceptors in a sphere of radius R0
(Förster radius) and α = R0/a. These definitions allow us to
compare the decay functions for the homogeneous distribution
and fixed-shell distributions for the same N0. The latter
depends on the parameter α, which is inversely proportional to
the acceptors’ distance to the donor within a cluster. The
statistical moments of this function could not be obtained in an
analytical form. However, numerical calculations show that the
Rn ratio of moments does not depend on the donor lifetime τD
and is entirely determined by the parameters N0 and α.36

3.3.3. 2D Homogeneous Distribution of Acceptors. Such a
geometry, shown schematically in Figure 1b, was used in
several experimental works to estimate the FRET parameters
for QDs.38,39 Introducing a two-dimensional (2D) concen-
tration of acceptors, cA, and using cylindrical coordinates so
that

=C c z hr( ) ( , ) ( )A A (20)

where h is the separation between the donor QD and the
acceptor plane, the integral in eq 10 is rewritten as
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where in the second line it has been assumed that cA(ρ, ϕ) =
const, b = (h/R0)2, and E4/3 denotes the exponential integral
function of order 4/3. For h ≪ R0, the second term in eq 21
can be neglected, and we get the stretched exponential
function with = 1

3
. Let us mention that experimentally

estimated values of the Förster radius for CdSe/ZnS core−
shall QDs were on the order of 10−20 nm.39,40 Inserting eq 21
into eq 11 gives the final expression for the donor decay rate as
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where pA = πR02cA and Γ is the γ function.
For b ≪1, eq 22 reduces to
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This result was previously derived using a different approach.41

For the approximate expression of the decay function, eq 23,
one can obtain an analytical expression for the statistical
moments
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where 1F2 is the generalized hypergeometric function
37 and

= ( )C pA
2
3
. We do not present here the respective ratio of

moments Rn, calculated from eq 22, because its analytical form
is cumbersome. However, one can easily prove that this Rn
ratio does not depend on the donor lifetime, τD. (The same
applies to the Rn ratios of the homogeneous and fixed-shell
distribution.) Thus, the Rn ratio of the plane acceptor
distribution is entirely determined by the effective number of
acceptors within a circle of the Förster radius, pA.
It is interesting to compare the values of R2 for different

spatial distributions of acceptors. For b → 0 and large cA, eq 24
yields limc dA→∞Rn=2

plane ≈ 5.6, compared to the value Rn=2
hom ≈ 3.3

for a homogeneous 3D distribution of acceptors (β = 1/2),
according to eq 14. On the other hand, for b ≫ 1, i.e., when

the donor is far from the plane of acceptors, R2plane → 2, the
value characteristic of a single-exponential decay, as expected.

3.3.4. 2D Homogeneous Distribution of Plasmonic
Nanoparticles (NPs). Even though the optical properties of
plasmonic nanoparticles (NPs) are obviously different from
acceptor QDs, we can apply the model presented in Section
3.3.3 to describe the EM energy transfer from donor QDs to
the NP layer. Plasmonic NPs may be seen as antennas coupled
to point emitters (QDs); however, large Ohmic losses in the
metal lead to emission quenching that suppresses strong
coupling between the antenna and the emitter, so the net result
is determined by the interplay between the near-field
enhancement effect and the quenching.42 In any case, the
emission decay time after a pulsed excitation becomes shorter
in the presence of plasmonic NPs. This effect can be described
by an effective decay rate γ = γ0 + Γ, where γ0 is the
spontaneous decay rate of an isolated emitter and Γ stands for
both radiation rate enhancement and losses associated with the
NPs and can be related to the dyadic Green function.43 The
latter can be calculated analytically in the quasistatic limit
(both the NP radius, a, and the distance to the emitter, r, are
much smaller than the wavelength, = c k2 / 2 /1 1)
and expressed in terms of a multipole expansion.42 The dipole
term, dominating at distances r ≫ a, of the radial component
of the dyadic Green function reads
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where ϵm is the metal dielectric function (notice that the term
in parentheses is the NP’s polarizability). The NP-induced
decay rate is given by43

= · ·
c

d G d2
Im( (r, ) )

2
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where d is the transition dipole moment of the emitter.
Combining eqs 25 and 26, the NP-induced decay rate for a
radially oriented emitter normalized to the spontaneous
emission rate is
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The near-field enhancement of the emission rate peaks at the
localized surface plasmon resonance (LSPR) frequency
determined by Re(ϵm + 2ϵ1) = 0, but apart from the LSPR,
the right-hand side of eq 27 is proportional to Im(ϵm) and
represents Ohmic losses, i.e., the NP acts as a PL quencher.
Indeed, the PL quenching was observed experimentally for
QDs placed in the vicinity of a layer of plasmonic NPs.44,45

Therefore, like acceptor QDs, the plasmonic NPs irreversibly
absorb EM energy emitted by the donors. Note that the
dependence of Γ on the emitter-NP distance is the same (r−6)
as in the case of a donor−acceptor QD pair, eq 9, and we can
introduce an effective “Förster radius” from eq 27,
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Therefore, the expressions derived in Section 3.3.3 remain
valid for the system considered here.
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4. CASE STUDIES
4.1. Case Study I�Effect of QD’s Inorganic Shell

Composition. In this study, we investigated core−shell QDs
with CdSe core (2.3 nm in diameter) of fixed size and different
inorganic shell compositions (Table 1). First, we synthesized
QDs with ZnS shells of different thicknesses using the same
synthesis technique as in a previous study by Krivenkov et al.,46

and we used their solutions in hexane with a concentration of
10−6 M. Samples with ZnS shell thicknesses of 1, 3, and 5
monolayers (MLs) were used, and their extinction and PL
spectra are presented in Figure 2a. We measured their PL
decay kinetics at the wavelengths of the emission peaks using a
TCSPC system with excitation by pulsed 400 ps laser at 532
nm wavelength, ensuring average exciton occupancy per one
QD of less than 10% (Figure 2b). One can see that the PL
lifetime tends to increase with an increase in shell thickness.
We also calculated the Rn ratio for these PL decay kinetics and
plotted it in Figure 2c. It turns out that these emitters show a
non-monoexponential behavior, except for the sample with 5
monolayers (MLs) of ZnS shell. This non-monoexponential
behavior can be explained by the presence of a fraction of
charged QDs in the solution (see Section S4 of the SI for

further discussion). The increase of the thickness of the ZnS
shell to 5 MLs completely blocks the charge transfer from the
QD core to the trap states and prevents the formation of the
“dark fraction” with a different PL lifetime. The trend of the
monoexponential behavior with the increase of the thickness of
the ZnS shell is also clear in the Rn analysis by the constant
decrease of R2 and R3 until reaching values close to the Rn=2 = 2
and Rn=3 = 4/3 values of the single-exponential function.
Another way to increase the charge localization in the QD

core is using the multicomponent shell that contains 1 ML of
ZnS, 1 ML of CdS, and another 1 ML of ZnS. As shown in the
literature, such a composition leads to a drastic increase of the
PL QY up to 100%.47 We used such QDs with the core size of
2.3 nm; their extinction and PL spectra are presented in Figure
2d. We measured the PL decay kinetics of the solution of QDs
(black dots in Figure 2e) and calculated the Rn ratios (black
squares in Figure 2f). One can see that the PL decay kinetics is
purely monoexponential, which probably is related to the
strong localization of the charge inside the core due to the
complex composition of the inorganic shell. We also measured
the PL decay kinetics of a single QD in a PMMA matrix (red
dots in Figure 2e). To do that, we fabricated a 10 nm thick

Table 1. Properties of the Samples of CdSe QDs with ZnS Shell46 Used in Case Study I and CdSe QDs with ZnS/CdS/ZnS
Multicomponent Shell47 Used in Case Study I and Case Study III

sample core [diameter (nm)] shell [thickness (MLs)] medium concentration

CdSe/ZnS QD solution CdSe [2.3] ZnS [1] hexane <10−6 M
CdSe/ZnS QD solution ZnS [3] hexane <10−6 M
CdSe/ZnS QD solution ZnS [5] hexane <10−6 M
CdSe/ZnS/CdS/ZnS QD solution ZnS/CdS/ZnS [1/1/1] hexane <10−6 M
single CdSe[ZnS/CdS/ZnS] QD in PMMA PMMA <1 μm−2

Figure 2. Investigation of the effect of shell thickness and environment on the PL decay kinetics for different samples. (a) Extinction (dash-dot
lines) and PL spectra (solid lines) of CdSe/ZnS QDs with different thicknesses of ZnS layer (1 ML�black lines, 3 MLs�red lines, 5 MLs�blue
lines). (b) PL decay kinetics of CdSe/ZnS QDs with different thicknesses of ZnS layer (1 ML�black dots, 3 MLs�red dots, 5 MLs�blue dots).
(c) Experimental Rn ratios for CdSe/ZnS QDs with different thicknesses of ZnS layer (1 ML�black squares, 3 MLs�red circles, 5 MLs�
triangles). (d) Extinction (blue dash-dot line) and PL spectra (solid red line) of CdSe/ZnS/CdS/ZnS QDs. (e) PL decay kinetics of CdSe/ZnS/
CdS/ZnS QDs in solution (black dots) and in poly(methyl methacrylate) (PMMA) matrix (red dots). (f) Experimental Rn ratios for CdSe/ZnS/
CdS/ZnS QDs in solution (black squares) and in PMMA matrix (red circles).
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PMMA film with QDs inside, following the procedure from the
study of Krivenkov et al.48 and used a MicroTime 200
fluorescent microscope with a 100 ps excitation source at the
485 nm wavelength (details of the procedure of preparation
and thickness measurements of QD in PMMA films and single-
particle measurements are provided in Sections S2 and S3 of
the SI).
One can see from Figure 2 that the lifetime decreased from

31 to 15 ns, but the PL decay kinetics are still close to
monoexponential as confirmed by the Rn analysis (red dots in
Figure 2f). The lifetime decrease corresponds to the increasing
amount of defects in the QDs due to their interaction with the
PMMA matrix and the probable loosing of some ligands during
the deposition. However, the composite shell structure
prevents the transfer and long-living trapping of the charge
from the core of QD to the QD surface. Thus, the charging of
the QD core was suppressed during the measurement time (30
s), and measured QD emission was almost always a result of
radiative recombination of an exciton but not of radiative
recombination of a trion (charged exciton). These conditions
lead to the decrease of the PL QY and PL lifetime but not to
the formation of the short-living component in the PL decay
kinetics. Thus, the proposed method of analysis of PL decay
kinetics can be indicative of the presence of a dark fraction in

the QD ensemble without making additional measurements of
the quantum yield.
4.2. Case Study II�FRET in CdSe QD Ensembles. In

this study, we investigated two different ensembles of QDs
showing the emission peaks at 520 and 610 nm, respectively
(see Figure 3a, the estimated average size of the CdSe core was
2.5 and 5 nm, respectively). The idea was to study the
influence of larger (acceptor) QDs on the emission kinetics of
the smaller (donor) ones, mediated by nonradiative energy
transfer mechanisms such as FRET, previously investigated in a
number of works.49−51 The core-only CdSe QDs, capped with
sodium bis(2-ethylhexyl)sulfosuccinate (AOT) organic ligand
shell, were either deposited as “monosize” or mixed composite
films embedded in PMMA. Their synthesis followed the
procedures reported in previous studies.26,52 Using TCSPC,
PL kinetics were acquired at the wavelength of the donor QD
emission, 520 nm; they are presented in Figure 3b. One can
observe that all kinetics show a non-monoexponential
behavior, which can be understood by admitting the existence
of trap states leading to a fraction of charged QDs even in
solution. Furthermore, the PMMA environment yields an
additional effect in the shape and lifetime of the kinetics, as
understood in Case study I.

Figure 3. Experimental results for CdSe QD ensembles: (a) Absorption and normalized PL spectra for two species of CdSe QDs of different mean
size with the emission peaks at 520 (donors) and 610 nm (acceptors), respectively, in a toluene solution; (b) PL decay kinetics for three different
CdSe QD systems: (i) nominally monosize ensemble of QDs dispersed in a PMMA film (black dots), (ii) two-size ensemble of QDs dispersed in a
PMMA film (red dots); (c) Rn ratios calculated for the experimental kinetics of panel (b).

Figure 4. Simulation of the experimental data for the two CdSe QD ensembles of Figure 3 in terms of the Rn ratios calculated for three different
models: (1) a phenomenological double-exponential function (black dashed lines), (2) stretched exponential decay function for β = 1/2
corresponding to a homogeneous distribution of acceptors in space (red dashed lines), and (3) the fixed-shell acceptor distribution decay function
(green dashed lines). Two panels represent different QD ensembles: (a) Nominally monosize QDs dispersed in a PMMA film; (b) mixture of 2.5
and 5 nm QDs dispersed in a PMMA film.
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The addition of the 5 nm sized acceptor QDs changes the
overall shape of the decay kinetics of the 2.5 nm sized donor
QDs, showing a clear decrease of the decay time. This effect
can be attributed to the opening of a new decay channel of
excited donors via FRET. The analysis of the Rn ratios of these
kinetics, shown in Figure 3c, demonstrates a noticeable
increase of Rn=2 and Rn=3 in the QD two-size mixed ensemble
compared with the donor-only (nominally monosize QDs)
one, with the introduction of the FRET channel.
To compare the Rn ratios for different theoretical decay

functions discussed in Section 3, we carried out simulations of
the experiment-based histograms of the Rn ratios; the results
are shown in Figure 4. One can observe that the homogeneous
distribution decay function is the one that worse fits the
experimental points, constantly overestimating Rn≥2, whereas
the double-exponential function and the fixed-shell distribution
decay function reproduce the experimental data quite well.
Regarding the donor−acceptor QD mixture embedded in a
PMMA matrix, Figure 4b, although both fits shown by black
and green dashed lines are good, the fixed-shell distribution
decay function looks slightly better for small n. Both functions
have just two adjustable parameters, but those of the fixed-shell
distribution, the effective number of acceptors per donor, N0,
and the ratio of the Förster radius and the average acceptor−
donor distance in units of R0, α, appear more natural in the
context of a system where FRET and QD clustering are
possible.
4.3. Case Study III�QDs Near a Layer of Plasmonic

NPs. In this study, we investigated PL decay kinetics in a layer
of QDs covered with a PMMA spacer of controlled thickness
and overcoated with a layer of silver plasmonic nanoparticles
(NPs). We used the same core−multishell CdSe/ZnS/CdS/
ZnS QDs as in Case Study I; their extinction and PL spectra
are presented in Figure 2d. A water solution of 12 nm silver
nanospheres was obtained by reduction of silver nitrate with
sodium borohydride in the presence of poly(vinylpyrrolidone)
(Mw = 10 kDa) described in a previous work.

48 Silver NPs
were applied by dropping the water solution to the surface of
the PMMA film covering the QD layer, so first, we measured
the effect of water on the PL decay kinetics of QDs (red
symbols in Figure 5a,b). As compared to bare QDs in PMMA
(black symbols), this led to a decrease of the PL lifetime and
an increase of R2. It can be explained by the water-induced
formation of defects that increased the nonradiative recombi-
nation rate.
Then, we investigated the effect of the layer of silver NPs on

the QD PL decay kinetics (green, cyan, and blue curves in

Figure 5a) and found a strong decrease in the PL lifetime,
which was previously explained by the electromagnetic (i.e.,
Förster-type) energy transfer from QD excitons to the silver
NPs.48 This was achieved using PMMA spacers with precisely
controlled thicknesses (see the SI for details). The thinner the
layer of PMMA between QDs and silver NPs, the shorter the
QD-NPs distance and shorter QD PL lifetime. Moreover, in
this case, we also found a strong change in the Rn ratios
completely different from the single-exponential behavior seen
for the QDs in solution (Figure 2b,c).
Figure 5b presents the Rn ratios calculated from the

experimentally measured kinetics of Figure 5a (symbols) and
those obtained by eq 24 (presented by dashed lines, although,
of course, they correspond only to discrete values of n). The
dimensionless concentration, pA, was kept constant for the
three samples, while b = (h/R0)2 was treated as a fitting
parameter. Using the Drude model parameters for Ag from the
literature,53 we estimate R̃0 ≈ 25 nm for the NPs used in this
study at λ = 560 nm. The fitted values correspond to R0, that is,
roughly 2−3 times larger than the above theoretical estimate
from eq 28. This discrepancy might be attributed to deviations
from the plane distribution of NPs and their partial
agglomeration. (Notice that the PL kinetics were acquired
from a single QD; thus, fluctuations in its position with respect
to the quenchers were quite possible.) Nevertheless, the
tendency with the decreasing h (stronger energy transfer) is
well reproduced by the model, although the “fitting” is
imperfect for the case of h = 10 nm (and even worse for h = 5
nm, not shown in the figure). The latter can be understood by
the “proximity effect” for the lowest spacer thicknesses when
the emitter−quencher separation becomes smaller than the NP
size and the dipole approximation eq 25 becomes insufficient.

5. DISCUSSION AND CONCLUSIONS
We presented a new approach to the analysis of PL decay
kinetics in ensembles of QDs (or other point emitters) using
the ratios of their statistical moments, Rn, defined by eq 3. It
has clear advantages over the standard method of fitting decay
curves with a certain predefined function containing a number
of parameters. The calculation of the statistical moments is
model-free and numerically robust, and the comparison with
different physical models takes place based on the conveniently
defined Rn ratios. We showed its potential for use in different
QD systems as a simple and efficient tool for monitoring the
effects of the QD inorganic shell, QDs’ clustering, or
environment that introduced FRET-type de-excitation chan-
nels. The Rn ratios for several theoretical decay functions were

Figure 5. Effect of the layer of silver plasmonic nanospheres on the PL decay kinetics of a single CdSe/ZnS/CdS/ZnS QD localized in PMMA
matrix for different PMMA spacer thicknesses, as indicated: (a) QD PL decay kinetics, (b) Rn ratios evaluated from the experimental data and
theoretical distribution according to the model of Section 3.3.3 (β = 1/3) with other parameters (defined in Section 3.3.3) as indicated on the plot.
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obtained, such as the single- and double-exponential functions
and the Kohlrausch function for β = 1/2 (corresponding to
FRET in the presence of a homogeneous spatial distribution of
acceptors), the fixed-shell, and 2D acceptor distribution decay
functions introduced in this work. It is easy to see from the Rn
dependence upon n (Figure 2) that the decay kinetics of well-
separated QDs with multilayer inorganic shells are purely
single-exponential, which is probably because of elimination of
traps that could lead to interference of slower relaxation
processes. (For the sake of completeness, let us mention that
the sometimes used Becquerel decay function54 that takes into
account complicated trapping and re-trapping processes
occurring in phosphors25 is not suitable for the proposed
method because the integrals defining higher-order moments
do not converge for t → ∞.)
The moment analysis is particularly suitable when emitter

relaxation channels related to electromagnetic energy transfer
to other species are present in the system. In our Case Study II,
the Rn ratio for experimental decay kinetics of CdSe has shown
a considerable difference in its variation with n when analyzing
the PL decay kinetics recorded at the peak of the donor
emission band for the two-size mixture of CdSe QDs
embedded in PMMA, which we interpreted as a consequence
of the FRET mechanism. These Rn values fit well the fixed-shell
spatial distribution of acceptors modeling their clustering
around a donor QD. In principle, one can estimate the Förster
radius from the fitting parameters of this distribution.36

Furthermore, the value of R2 is clearly distinctive between
different spatial distributions of acceptors, as noticed at the end
of Section 3.3.3. The tendency of increasing R2 values as the
spacer thickness diminishes in the Case Study III is in line with
the theoretical prediction for the EM energy transfer from an
excited donor to the plane of plasmonic NPs acting as
quenchers. Only the case of the thinnest spacer (Figure 5b) is
not covered by the theory presented in Section 3.3.3, but it can
be accounted for the high proximity of the emitter−quencher
pair leading to interactions beyond the dipole−dipole
approximation. Indeed, the quadrupole term in the dyadic
Green function, scaling as r−8, becomes important and even
dominating.42 It is easy to show by a calculation similar to eq
21 that the Kohlrausch term has β = 1/4 in this case. We
verified that R2 increases and the ratio R3/R2 becomes smaller
(i.e., the Rn curve becomes steeper) as β decreases from 1 to
≈0.2, so the case β = 1/4 describes the Rn distribution for h =
10 nm in Figure 5b better. Therefore, the model described in
Section 3.3.3, with the adaptation to plasmonic acceptors
presented in Section 4.3, provides a good qualitative
understanding of this system.
To conclude, with the study here presented, we hope to

introduce the Rn ratio analysis as a new method for analyzing
PL kinetics in different light-emitting systems, which is
computationally efficient compared to the conventional PL
curve-fitting and rather informative in terms of the environ-
ment and details of the emitters. In particular, the developed
approach paves the way to a more accurate characterization
and improvement of the properties of QDs and QD-based
materials essential for their promising optoelectronic applica-
tions.
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