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A B S T R A C T   

This paper introduces a new trading strategy in investment: including the asset (Asset A) with the 
highest mean, the asset (Asset B) that stochastically dominates many other assets, and the asset 
(Asset C) with the smallest standard deviation in their portfolio to form portfolios in the efficient 
frontier for emerging and developed markets that could get higher expected utility and/or ex-
pected arbitrage opportunities. To test whether our proposed new trading strategy performs 
better, we set a few conjectures including the conjectures that investors should include any one, 
two, or three of Assets A, B, and C from emerging and developed markets. We test whether the 
conjectures hold by employing both mean-variance and stochastic dominance (SD) approaches to 
examine the performance of the portfolio formed by using hedge funds from emerging and 
developed markets with and without Assets A, B, and C, the naïve 1/N portfolio, and all other 
assets studied in our paper. We find that most of the portfolios with assets A, B, and C++ sto-
chastically dominate the corresponding portfolio without any one, two, or all three of the A, B, 
and C strategies and dominate most, if not all, of the individual assets and the naïve 1/N portfolio 
in the emerging and developed markets, implying the existence of expected arbitrage opportu-
nities in either emerging or developed markets and the market is inefficient. In addition, in this 
paper, we set a conjecture that combinations of portfolios with no arbitrage opportunity could 
generate portfolios that could have expected arbitrage opportunity. Our findings conclude that 
the conjecture holds and we claim that this phenomenon is a new anomaly in the financial market 
and our paper discovers a new anomaly in the financial market that expected arbitrage oppor-
tunity could be generated. 

We also conduct an out-of-sample analysis to check whether our proposed approach will work 
well in the out-of-sample period. Our findings also confirm our proposed new trading strategy to 
include Assets A, B, and C in the portfolio is the best strategy among all the other strategies used 
in our paper and gets the highest expected wealth and the highest expected utility for the 
emerging and developed markets. Our findings contribute to the literature on the emerging and 
developed markets of hedge funds and the reliability of alternative risk frameworks in the 
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evaluation. Our findings also provide practical experience to academics, fund managers, and 
investors on how to choose assets in their portfolio to get significantly higher expected utility in 
emerging and developed markets.   

1. Introduction 

A group of literature studies trading strategies [1–9]. Recently, Lv et al. [10,11] concluded that including both the asset with the 
highest mean and the asset with the smallest variance could be a better choice than without including both two assets or either in one’s 
investment even though the mean-variance rule concludes that choosing both two assets or either is indifferent from choosing some 
other assets. According to this finding, we introduced a new trading strategy in investment: to include the asset (Asset A) with the 
highest mean, the asset (Asset B) that stochastically dominates many other assets, and the asset (Asset C) with the smallest standard 
deviation in their portfolio to form the portfolio in the efficient frontier for emerging and developed markets. 

On the other hand, Lv et al. [10,11] only found that including both the asset with the highest mean and the asset with the smallest 
variance could generate portfolios that enable investors to obtain higher expected utility but not expected wealth. Is it possible that 
combinations of portfolios with no arbitrage opportunity could generate portfolios that could have expected arbitrage opportunity? As 
far as we know, theories in the literature [12–18], including the theory of stochastic dominance (SD), only find that combinations of 
portfolios with no arbitrage opportunity could generate portfolios that could enable investors to obtain higher expected utility but 
could not generate portfolio that have expected arbitrage opportunity. In this paper, we conjecture that it is possible that combinations 
of portfolios with no arbitrage opportunity could generate portfolios that could generate portfolios that could have expected arbitrage 
opportunity. 

To test whether our beliefs hold, we set a few conjectures including the conjecture that among all the assets investors want to invest, 
investors should include any one, two, or three of Assets A, B, and C from emerging and developed markets. We test whether our 
conjecture holds, we employ both the mean-variance rule and stochastic dominance approach to examine the performance of the 
portfolios formed by different hedging funds from emerging and developed markets, including the portfolio with Assets A, B, and C and 
other portfolios, including the portfolio without Assets A, B, and C, the naïve 1/N portfolio, and all other assets in the emerging and 
developed markets studied in our paper. 

We find that most of the portfolios with assets A, B, and C stochastically dominate the corresponding portfolio without any one, 
two, or all three of the A, B, and C strategies and dominate most, if not all, of the individual assets and the naïve 1/N portfolio in the 
emerging and developed markets, including some first-, second, and high-order dominance relationships. This implies that there are 
expected arbitrage opportunities in the hedge fund market and the market of the hedge fund is inefficient. Our findings also confirm 
that our proposed trading strategy to include all Assets A, B, and C in the portfolio is the best in the sense that investors could get the 
highest expected wealth and/or the highest expected utility than any individual asset, the naïve 1/N portfolio, and any portfolio that 
include any one or two assets A, B, and C in the portfolio or not include any of A, B, and C assets in the portfolio for the emerging and 
developed markets. We also conduct an out-of-sample analysis to check whether our proposed approach will work well in the out-of- 
sample period. Our findings contribute to the advancement of knowledge on the outcomes of hedge fund strategies and the reliability 
of alternative risk frameworks in the evaluation. Our findings also provide practical experience to academics, fund managers, and 
investors on how to choose assets in their portfolio to get significantly higher expected utility in emerging and developed markets. 

We note that stochastic dominance analysis is a very good approach to evaluate the performance between any pair of assets because 
it has been formally proven that regardless of any distribution, if one asset statistically dominates another asset, then any risk-averse 
investor will have a higher expected utility of the dominating asset to the dominated asset [19]. Nevertheless, there are many other risk 
measures, for example, the mean-variance rule, Sharpe ratio, Sortino ratio, Rachev ratio, Information ratio, Jensen’s Alpha, VaR, 
C-VaR, Omega ratio, Farinelli and Tibiletti ratio, Kappa ratio, etc. in measuring the performances of the assets. These measures are 
considered to be good measures if the comparison by using these measures is the same as the comparison by using the stochastic 
dominance approach. Nonetheless, the comparison of using some of these measures is found to be equivalent to that of the stochastic 
dominance approach only under some conditions [15,20–23] and it is easy to find examples to show that one asset, say, Asset A, is 
preferred to another asset, say, Asset B, or two assets are indifferent by using one measure that is not stochastic dominance approach 
but risk-averse investors could have a higher expected utility for Asset B to Asset A. Readers may read such examples in Refs. [17–19]. 
Thus, the stochastic dominance approach is superior to any of these measures and our paper uses the stochastic dominance approach in 
the comparison. 

To the best of our knowledge, this paper is the first paper in the literature to propose above trading strategies. Our research enriches 
the body of knowledge concerning hedge funds in both emerging and developed markets and the reliability of alternative risk 
frameworks. Furthermore, our findings also provide practical insights for academics, fund managers, and investors seeking to optimize 
assets in their portfolio to get significantly higher expected utility in both emerging and developed markets. In addition, our paper also 
conducts an out-of-sample analysis to check whether our proposed approach will work well in the out-of-sample period. 

The remaining part of the paper is organized as follows. Section 2 provides a literature review of the related literature. Section 3 
presents the data and the theoretical foundation. Section 4 discusses the empirical results. Sections 5 and 6 discuss the results of the 
robustness test and preferences for different types of investors. Section 7 draws inferences from the novel empirical findings. Section 8 
concludes the study. 
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2. Literature review 

Over the past three decades, hedge funds, with less regulatory rigidity and more trading flexibility, have attracted a great deal of 
institutional and wealthy individual investors and have rapidly grown into important investment vehicles, either for investment in 
themselves or as parts of a portfolio. This comprehensive literature review systematically explores academic and practitioner studies 
that assess hedge fund performance, role within portfolios, and behavior during crisis periods. 

Numerous studies have focused on hedge fund performance, yielding various findings. Bali et al. [24] demonstrate that hedge 
funds’ timing ability improves their future performance, survival probability, and capital attraction. Brown et al. [25] show that hedge 
funds tend to decrease volatility, following a good performance, and increase volatility, following a bad performance. Ackermann et al. 
[26] demonstrate a strong positive correlation between performance rate and risk-adjusted return and Liang [27] obtain similar re-
sults. Brown et al. [28] highlighted the positive risk-adjusted returns of offshore hedge funds. Sialm et al. [29] found that while funds of 
funds benefit from local advantages but at the same time, create market segmentation that can destabilize the underlying hedge funds. 

Agarwal and Naik [30] employed option-based and buy-and-hold strategies to analyze hedge fund risk exposures. Titman and Tiu 
[31] provided insights into the behavior of well-informed hedge funds, emphasizing lower factor risk exposure and improved Sharpe 
ratios, information ratios, and alphas. Fung and Hsieh [32] identified seven asset-based style factors explaining 80 % of monthly return 
variations in hedge funds. Jagannathan et al. [33] observed significant performance persistence in superior funds. Aiken et al. [34] and 
Aragon et al. [35] revealed that hedge funds with lower funding risk provide higher returns, essentially due to the increased exposure 
to equity-mispricing anomalies. Heuson et al. [36] shed light on the importance of skewness in hedge fund returns as an indicator of 
managerial skill in avoiding large drawdowns. 

In addition, Agarwal and Naik [37] point out that different hedge fund strategies depend upon different markets. Agarwal and Naik 
[38] find that a mix of alternative and passive-indexing investments provide better risk-return tradeoffs. Fung and Hsieh [39] show 
that the global macro fund is positively correlated with U.S. stocks across various equity-market environments, and it underperforms 
equities in up markets and outperforms equities in down markets. Sialm [29] also describes that funds of hedge funds overweigh their 
investments in hedge funds located in the same geographical areas and that funds with a stronger local bias exhibit superior 
performance. 

Hedge funds are often used by investors as a risk reduction tool to decrease portfolio volatility and create more stable return 
patterns. Do et al. [40] shows that Australian hedge funds included as a part of a portfolio were able to improve returns, irrespective of 
strategy. Lhabitant and Learned [41] emphasized the role of hedge funds in eliminating specific portfolio risks, although diversifi-
cation of some hedge fund strategies might seem highly attractive in mean-variance terms but becomes less when considering the 
skewness and kurtosis. Moreover, Bollen et al. [42] describe that hedge fund allocations successfully reduced portfolio volatility in 
during specific subperiods but failed to improve the Sharpe ratio, highlighting the nuanced trade-offs associated with hedge fund 
inclusion. Otruba et al. [43] further demonstrate that hedge funds enhance the risk-return profile of portfolios while reducing the 
probability of underfunding. Amin and Kat [44] demonstrate that hedge funds improve the portfolios’ risk-return profile, when mixed 
with the S&P 500, but fail to do so as a standalone investment. 

In addition, some literature care more on constructing portfolio allocation for hedge funds. Cvitanic et al. [45] create optimal hedge 
fund strategies, noting that increased risk reduces hedge fund allocations, with low-beta hedge funds serving as strong alternatives to 
risk-free assets. Morton et al. [46] use utility functions with an expected regret component to construct portfolio allocation for hedge 
funds. Giamouridis and Vrontos [47] adopt static and dynamic models of time-varying covariances/correlations to construct portfolio 
allocations and discover that portfolios based on dynamic models achieve higher out-of-sample returns, lower risk, and lower tail risk. 

A group of literature has explored hedge fund behavior during crises and financial distress. Liang and Kat [48] show that hedge 
funds were strongly affected by economic crises, while their role as triggers of crises remains uncertain. Schaub and Schmid [49] 
highlighted the challenges faced by hedge funds with illiquid portfolios, resulting in lower returns and alphas. Capocci and Hübner 
[50] and Stoforos et al. [51] show that hedge funds suffered from losses and struggled to achieve higher absolute returns during crises. 
It also highlights the benefits of relative value arbitrage during the Asian crisis. Under conditions of high volatility and financial stress, 
Jordão and De Moura [52] show Brazilian hedge funds struggled to generate significant alpha values. 

Several studies have analyzed the impact of COVID-19 pandemic on hedge funds. Ben Khelife et al. [53] provided strong evidence 
of the pandemic’s effects on fund managers’ performance, except for the Managed Futures and the Relative Value funds strategies, 
while Berglund et al. [54] show that other strategies appear to have been less impacted. Sung et al. [55] argued that hedge funds reduce 
investments during market regime changes, such as shifts from normal to crisis situations. 

Various methodologies are employed to study the hedge fund performance, ranging from the classical CAPM model [56] to the 
multi-factor models [57,58] to the panel model [59], two-stage peer group benchmarking approach [60], and performance measures 
for hedge fund returns based on stochastic discount factors. 

Stochastic dominance is widely used in comparing the performance of different assets and different portfolios in different efficient 
frontiers, offering valuable insights into their relative performance. For example, Fong et al. [61] and Chan et al. [18] used stochastic 
dominance to assess the performance between the traditional stocks and the internet stocks. Hoang et al. [62] find that stock portfolios 
including gold stochastically dominate those without gold quoted in Paris in the diversification of French portfolios, while Hoang et al. 
[63] find that risk-averters prefer portfolios with gold in the efficient frontier, regardless of Shari’ah-compliant or conventional stocks. 
On the other hand, Hoang et al. [64] find that risk averters prefer not to include gold quoted on the Shanghai Gold Exchange in their 
stock-bond portfolios, contrasting with DeMiguel et al. [65]. Bouri et al. [66] find that investors prefer to invest in portfolios with wine 
in the efficient frontier to gain higher expected utility. Furthermore, Venkataraman and Rao [67] derive the statistic that could test for 
third-order stochastic dominance, develop a program to determine the efficient funds, and find the existence of the second and third 
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orders for some funds over other funds. 
Recently, a growing body of literature employ stochastic dominance theory to evaluate hedge fund performance. Wong et al. [68] 

were pioneers in employing stochastic dominance (SD) techniques to evaluate hedge fund portfolios, concluding that the SD approach 
serves as a superior filter in hedge fund selection compared to traditional methods. Molyboga et al. [69] argued that the standard tests 
for persistence in hedge fund ignore performance reporting delays and advocated using a group of tests incorporating large-scale 
simulations framework and stochastic dominance methodology, mirroring practices in institutional investment. Canepa et al. [70] 
discovered that top-performing hedge funds follow a distinct strategy than mediocre-performing hedge funds by accepting risk factors 
that anticipate the troubling economic conditions prevailing after 2006. 

To bridge gaps in existing literature, this paper introduces a novel trading strategy for investment. We apply portfolio optimization, 
mean-variance rule, and stochastic dominance theory to examine this new trading strategy, assess hedge fund performance, and 
conduct an out-of-sample analysis to analyze the impact of COVID-19. Our findings provide valuable insights for academics, fund 
managers, and investors, offering guidance on asset selection for higher expected utility in both emerging and developed markets, 
while making a significant contribution to the literature in this field. 

3. Data, methodology, and conjectures 

3.1. Data 

Obtained from a large database of Hedge Fund Research (HFR),1 the hedge fund data used in this paper are the monthly hedge fund 
indexes from December 1989 to March 2020. Due to some missing data on several strategies, in this paper, we only consider hedge 
funds from the following six HFR types of strategies from emerging and developed markets: equity hedge, event-driven, fund of funds, 
macro index, relative value, in which the equity hedge indices contain Equity Hedge (Total) index and Equity Market Neutral Index, 
event-driven indexes consist of Event-Driven (Total) Index, Distressed Index, and Merger Arbitrage Index, fund of funds indexes 
contain Fund of Funds Composite Index, Conservative Index, and Strategic Index, macro index only contains Marco (Total) Index, 
relative value indexes contain Relative Value (Total) Index and Fixed Income-Convertible Arbitrage Index and regional index contains 
only Emerging Markets (Total) Index. Also, we use Fund Weighted Composite Index to represent the overall performance of all the 
hedge fund indexes, and 6-M TB2 (six-month Treasury bill) to represent the risk-free asset. Furthermore, all price indexes are converted 
into returns, for example, since the data are originally provided in an annualized rate form, the returns of hedge fund indexes are the 
first difference of the natural logarithm of the price index and the bond yields are divided by 1200 to get the monthly yields. For 
simplicity, we use the first or first two capital initial letters of the index to denote the return of the index. Thus, we use EH, RV, EMN, 
ED, D, and TB to represent Equity Hedge (Total) Index, Relative Value (Total) Index, Equity Market Neutral Index, Event-Driven (Total) 
Index, Distressed Index, and six-month Treasury bill, respectively, and all other abbreviations can be obtained similarly. 

To gain a better understanding of the movements of different hedge fund indices, we exhibit in Fig. 1 the historical performances of 
the indices for different hedge fund strategies from December 1989 to March 2020. From the figure, we find that in general, the indices 
of different hedge fund strategies exhibit an upward trend during the entire period we studied except during the periods of the global 
financial crisis (in 1998, 2000, 2008) and COVID-19 in 2020 that there exist serious downtrends for each index except the Equity 
Market Neutral Index, which performs relatively moderate stable during the crises. In addition, Fig. 1 shows that the Equity Hedge 
(Total) Index (the series above nearly all other series in the entire period.) outperforms all the other indices in general. 

3.2. Methodology 

Under uncertainty conditions, two well-known approaches can be used to compare the performance of different series, which, in 
turn, help investors in their asset selection. One approach is the mean-variance rule [71] and the other is the stochastic dominance (SD) 
approach [72]. The former provides a quick review of the preferences of the indices while the latter gives a proper reveal of the 
references based on information from the entire distribution of each index. In addition, it is well known that portfolio optimization 
could provide a better return by choosing a portfolio from the efficient frontier. Thus, in this paper, we will apply portfolio optimi-
zation (PO), mean-variance (MV) rule, and stochastic dominance (SD) approach to determine which assets investors should include in 
their portfolios. 

3.2.1. Portfolio optimization (PO) approach 
We let r = (r1,…, rp)

T be the returns of assets, S= (s1,…, sp)
T with mean u = (u1,…, up)

T and covariance Σ = (σij). Investors could 
apply the portfolio optimization (PO) theory to obtain the return of the optimal portfolio [71]: 

R = max ωT u 

subject to ωT1 ≤ 1 and ωTΣ ω ≤σ2
0 where 1 = (1,…,1)T, σ2

0 is the given level of risk, and ω= (ω1,…,ωp)
T with ωi(i= 1,…,p) be the 

fraction of the capital invested in asset si in which ω could be (non) negative when a short sale is (not) allowed. Readers may refer to 

1 www.hedgefundresearch.com.  
2 https://fred.stlouisfed.org. 
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Refs. [73,74] to get better estimation approaches to estimate the return of the optimal portfolio. 

3.2.2. Mean-variance (MV) rules 
The mean-variance (MV) rule suggests that investors prefer asset X to asset Y if 

uX > uY and uX > uY 

Readers may refer to Ref. [19] therein for more details. And the preferences of the MV rule and the SD theory are equivalent under 
some conditions [4,75,76]. Thus, the MV rule is a good criterion in asset selection. 

3.2.3. Stochastic dominance (SD) approach 
The stochastic dominance (SD) approach is one of the most effective tools for asset selection because ranking assets by the SD rule 

has been proven to be equivalent to the expected-utility maximization and it does not have any restriction on the distributions of assets 
and the forms of utility, only require the utility to be increasing concave [19]. 

We let X and Y be returns of assets or portfolios with cumulative distribution functions (CDFs), F and G, probability density 
functions (PDFs), f and g, and means, uXanduY , respectively, and for any integer j, we use the following notations throughout the paper: 

Mj(x) =
∫ x

a Mj− 1(t)dt with M0 = m for m = f , g; M = F,G.Thus, X dominates Y by FASD (SASD, TASD) denoted by X≻1Y (X≻2Y,
X≻3Y) if F1(x) ≤ G1(x) (F2(x) ≤ G2(x), F3(x) ≤ G3(x)) for all x, where FSD, SSD, TSD denote first-, second-, and third-order SD, 
respectively, For X≻3Y, it requires uX > uY . In addition, for any integer n, Un is a set of utility functions for the nth-order investors such 
that Un = {u : (− 1)i+1u(i)≥ 0,i= 1,…,n}, where u(i) is the ith derivative of the utility function u. Wong and Ma [76] and others extend 
the theory to non-derivative utility. We note that in this paper, we assume all investors are risk averse, and thus, the nth-order investors 
are the nth-order risk averters. 

While there are several stochastic dominance tests [77–80], we apply the SD test developed by Davidson and Duclos [81] and 
modified by Bai et al. [82] to investigate the preference for investors in this paper because Lean et al. [83] and others and show that SD 
test developed by Davidson and Duclos [81] has good power and decent size. 

Assuming that {fi} and {gi} are observations drawn from the returns X and Y of assets or portfolios with CDFs F and G, respectively, 
we use the following SD test: 

Tj(x)=
F̂j(x) − Ĝj(x)

̅̅̅̅̅̅̅̅̅̅̅̅

V̂j(x)
√ j= 1, 2, 3 .

where 

V̂ j(x)= V̂ Fj (x)+ V̂ Gj (x) − V̂ FGj (x); Mj(x)=
1

Nm(j− 1)!
∑Nm

i=1
(x − mi)

j− 1
+ ;  

V̂ Mi (x)=
1

Nm

[
1

Nm((j− 1)!)2

∑Nm

i=1
(x − mi)

2(j− 1)
+ − M̂j(x)2

]

,M =F,G;m= f , g;  

Fig. 1. The historical performances of hedge fund strategies.  

W.-K. Wong et al.                                                                                                                                                                                                      



Heliyon 9 (2023) e22486

6

V̂ FMi (x)=
1

Nm

[
1

Nm((j− 1)!)2

∑Nm

i=1
(x − mi)

(j− 1)
+ (x − gi)

(j− 1)
+ − F̂ j(x)Ĝj(x)

]

.

to test the following hypotheses: 
H0 : Fj ≡ Gj against three alternatives H1 : Fj ∕≡Gj,H1l : Fj≻jGj,H1r : Fj≺jGj; 
We note that Tj(x) will follow N (0,1) asymptotically if H0 holds. Readers may refer to Davidson and Duclos [81] and Bai et al. [82, 

84] for more information on the test. We also note that in this paper, we use the SD test proposed by Davidson and Duclos [81] and Bai 
et al. [82,84] but not the test proposed by Kouaissah [85] because we compare one prospect (a portfolio formed by using our approach) 
with another prospect (a corresponding portfolio did not form by using our approach) but do not compare the dominance of each 
component of one prospect with the other prospect. 

3.3. Conjectures 

In this paper, we propose a new trading strategy in investment. We believe that among all the assets investors want to consider to be 
included, he could get higher expected utility in emerging and developed markets if they include the following assets in the portfolios: 

Asset A: an asset with the highest mean, 
Asset B: an asset that stochastically dominates most of the other assets, and. 
Asset C: an asset with the smallest standard deviation. 
We note that we do not choose the asset with the highest Sharpe ratio in the portfolio because we have chosen Asset A with the 

highest mean and Asset C with the smallest standard deviation, and thus, the portfolio formed by using our strategy could have a high 
Sharpe ratio. Nonetheless, it could be a good extension of our paper to include the asset with the highest Sharpe ratio in the portfolio 
and compare it with including both Assets A and C in the portfolio, to see which approach has better performance. 

Thus, we first set the following conjectures: 
Conjecture 1A: investors could get higher expected utility if they include Asset A to form a portfolio in the efficient frontier of 

emerging and developed markets; 
Conjecture 1B: investors could get higher expected utility if they include Asset B to form a portfolio in the efficient frontier of 

emerging and developed markets; and. 
Conjecture 1C: investors could get higher expected utility if they include Asset C to form a portfolio in the efficient frontier of 

emerging and developed markets. 
We then set the following conjectures: 
Conjecture 2A: investors could get higher expected utility if they include both Assets A and B to form a portfolio in the efficient 

frontier of emerging and developed markets; 
Conjecture 2B: investors could get higher expected utility if they include Assets A and C to form a portfolio in the efficient frontier of 

emerging and developed markets; and. 
Conjecture 2C: investors could get higher expected utility if they include Assets B and C to form a portfolio in the efficient frontier of 

emerging and developed markets. 
In addition, we set the following conjecture: 
Conjecture 3: investors could get higher expected utility if they include Assets A, B, and C to form a portfolio in the efficient frontier 

of emerging and developed markets. 
We believe that the best strategy for investors is to include the asset with the highest mean, the asset that dominates most of the 

other assets, the naive diversified portfolio was formed by using the 1/N portfolio strategy and the asset with the smallest standard 
deviation to form a portfolio in the efficient frontier than all other strategies we stated in the above conjectures. Thus, we set the 
following conjectures: 

Conjecture 4A: investors could get higher expected utility if they choose the portfolios from the efficient frontier formed by Assets A, 
B, and C and other assets of emerging and developed markets than the portfolios from the efficient frontier formed by Assets A and B, 
and other assets but without Asset C; 

Conjecture 4B: investors could get higher expected utility if they choose the portfolios from the efficient frontier formed by Assets A, 
B, and C and other assets of emerging and developed markets than the portfolios from the efficient frontier formed by Assets A and C, 
and other assets but without Asset B; 

Conjecture 4C: investors could get higher expected utility if they choose the portfolios from the efficient frontier formed by Assets A, 
B, and C and other assets of emerging and developed markets than the portfolios from the efficient frontier formed by Assets B and C, 
and other assets but without Asset A; 

Conjecture 4D: investors could get higher expected utility if they choose the portfolios from the efficient frontier formed by Assets A, 
B, and C and other assets of emerging and developed markets than the portfolios from the efficient frontier formed by Assets A and 
other assets but without Assets B and C; 

Conjecture 4E: investors could get higher expected utility if they choose the portfolios from the efficient frontier formed by Assets A, 
B, and C and other assets of emerging and developed markets than the portfolios from the efficient frontier formed by Assets B and 
other assets but without Assets A and C; and. 

Conjecture 4F: investors could get higher expected utility if they choose the portfolios from the efficient frontier formed by Assets A, 
B, and C and other assets of emerging and developed markets than the portfolios from the efficient frontier formed by Assets C and 
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other assets but without Assets A and B. 
DeMiguel et al. [65] show that the naive diversified portfolio was formed by using the 1/N portfolio strategy. In this paper, we also 

test whether the portfolios we proposed in this paper outperform the naive 1/N portfolio, we set the following conjecture: 
Conjecture 5: investors could get higher expected utility if they include any asset we proposed in this paper, including Asset A with 

the highest mean, Asset B which stochastically dominates most of the other assets, and Asset C, with the smallest standard deviation to 
form a portfolio in the efficient frontier of emerging and developed markets than the 1/N portfolio strategy, any individual asset in the 
portfolio, and the portfolios without the assets we proposed in this paper. 

As far as we know, literature only found that combinations of portfolios with no arbitrage opportunity could generate portfolios 
that could enable investors to obtain higher expected utility but could not generate portfolio that have expected arbitrage opportunity. 
To extend the literature, we set the following conjecture in this paper: 

Conjecture 6: it is possible that combinations of portfolios with no arbitrage opportunity could generate portfolios that could have 
expected arbitrage opportunity. 

4. Empirical findings 

In this paper, we will apply portfolio optimization (PO), mean-variance (MV) rule, and stochastic dominance (SD) approach to 
determine which assets investors should include in their portfolios. We first examine the performances among indices obtained by 
using different hedge fund strategies and examine the performance of the 6-M T-bill. We recall that we use the first or first two capital 
initial letters of the index to denote the return of the index. Thus, we use EH, RV, EMN, ED, D, and TB to represent the Equity Hedge 
(Total) Index, Relative Value (Total) Index, Equity Market Neutral Index, Event-Driven (Total) Index, Distressed Index, and six-month 
Treasury bill, respectively, and all other abbreviations can be obtained similarly. Readers may refer to Section 3.1 for the full names of 
all the indices. 

4.1. Comparison among different indices 

We first conduct an analysis to compare the performances among indices obtained by using different hedge fund strategies and 
examine the performance of the 6-M T-bill. To do so, we first exhibit in Table 1 some basic descriptive statistics for the returns of 
indices obtained by using different hedge fund strategies and the return of the 6-M T-bill. 

Table 1 exhibits some basic descriptive statistics including mean, standard deviation (Stdev), skewness, excess kurtosis (Kurtosis), 
and Jarque-Bera (J-B) test for the returns of indices for different hedge fund strategies and the return of 6-M TB. The results show that 
the means of all the returns are significantly positive at a 1 % level. The estimates of mean and standard deviation indicate that, among 
all the returns, the Equity Hedge (EH) Total Index has the highest return of 0.0082 and the Emerging Markets (EM) Total Index has the 
highest risk of 0.0383, while 6-M TB has the smallest return of 0.0022 and the lowest risk of 0.0018. This information can be used to 
obtain the preference among different hedge fund strategies and T-bills by using the MV rule. Since the results are consistent with but 
not as good as the preference by using the SD rule, we skip discussing the results. 

From the table, the estimates of the skewness for all returns are significantly negative at a 1 % level except for 6-M TB, Marco Total 
Index, and Equity Market Neutral (EMN) Index in which both 6-M TB and the Marco (M) Total Index are significantly positive at a 1 % 
level and the EMN Index is not significantly different from zero, implying all returns except 6-M TB, the M and EMN Indices are 
significantly skewed to the left, both 6-M TB and M Index are significantly skewed to the right, and the distribution of the return for the 
EMN Index is symmetric. The estimates of kurtosis for all returns are strongly significantly positive at a 1 % level except 6-M TB, 
implying that all returns except 6-M TB are significantly fat-tailed, while 6-M TB is significantly thin-tailed. In addition, the estimates 
of both skewness and kurtosis and the Jarque–Bera (J-B) test imply that all the returns are rejected to follow normal distributions. 

As displayed in Fig. 1., the EH Index (at the top) outperforms all other strategy indices based on the historical performance of the 
prices.3 For this reason, one may believe that the EH Index is the best choice for investment. But is this the case? From Table 1, we find 
that, YES, the mean of EH Index is the highest among all the assets, but its standard deviation is not the smallest. On the other hand, the 
standard deviation of 6-M TB is the smallest among all the assets, but the mean of 6-M TB is not the highest. Therefore, based on the 
mean-variance rule, one cannot conclude that either the EH Index or 6-M TB is the best choice for investment. Based on the mean- 
variance rule, both EH Index and 6-M TB are indifferent from most of the other assets in our study. To examine the performance of 
different hedge funds and determine which hedge fund should be included in the portfolios to get higher expected utility, we turn to 
apply the SD approach to examine the performance of the returns of indices for different hedge fund strategies and the return of 6-M TB 
and exhibit the results in Table 2. 

Table 2 shows that the indices that dominate most of the other indices are Relative Value (RV) Total Index and 6-M TB, both 
stochastically dominate 9 other indices, and no other index stochastically dominates them. To be precise, the RV Index first-order 
stochastically dominates the C and EMN Indices, second-order stochastically dominates the FWC, ED, EH, M, FFC, EM, and S 
Indices, dominating 9 indices totally, and all the other indices that are not stochastically dominated by the RV Index are indifferent 
from the RV Index, including the D, FICA, MA, and 6-M TB. On the other hand, the 6-M TB third-order stochastically dominates the 
FWC, ED, EH, M, FFC, EM, C, FICA, MA, and S Indices, dominating 9 indices totally, and all the other indices that are not stochastically 

3 We note that one should include other measures like the Sharpe ratio in the selection. 
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dominated by the 6-M TB are indifferent from the 6-M TB, including the M, RV, D, and EMN. Though both the RV Index and the 6-M TB 
stochastically dominate 9 other indices and are indifferent from 4 other indices, we consider the RV Index the most dominant index and 
the 6-M TB the second dominant index because the RV Index first- or second-order dominates 9 other indices but the 6-M TB only third- 
order dominates 9 other indices. Readers may read Table 2 and notice that the third and fourth most dominant indices are the EMN and 
MA indices. We skip a detailed discussion on the comparison. 

From Table 1, we notice that the Equity Hedge (EH) Total Index has the highest return of 0.0082 and the 6-M TB has the lowest risk 
of 0.0018. In addition, Fig. 1 shows that the EH Index is on top of all the other indices for most of the period. One may believe that the 
most dominant index should be the EH Index, not the RV Index. We note that though the EH Index has the highest mean but its mean 
value is not significantly higher than other indices while its variance could be significantly higher than other indices, and thus, it turns 
out that the EH Index is stochastically dominated by 7 other indices, and thus, it is definitely not a favorable index among all the indices 
if one uses the SD rule. Nevertheless, though the EH Index is not a favorable index if one uses the SD rule, it is a favorable index if one 
uses the mean as the measure of judgment while the 6-M TB is not the most favorable index among all the indices if one uses the SD rule 
but it is a favorable index if one uses the variance as the measure of judgment. Thus, in this paper, we consider that there are three most 
favorable indices: the RV Index (according to the SD rule), the EH Index (according to the mean rule), and the 6-M TB (accordingly to 
the variance rule) and we hypothesize that one should include the RV and EH Indices and the 6-M TB in their formation of a portfolio to 
get higher expected utility. We first test whether Conjecture 1A holds in this situation: 

Conjecture 1A: investors could get higher expected utility if they include the EH Index (the index with the highest mean) to form a 
portfolio in the efficient frontier. 

Table 1 
Descriptive statistics for the returns of different indices and the T-bill.  

Index Mean Stdev Skewness Kurtosis J-B 

FWC 0.0072*** 0.0191 − 0.7455*** 2.8927*** 163.3403*** 
ED 0.0074*** 0.0200 − 1.8940*** 9.0091*** 1464.609*** 
EH 0.0082*** 0.0254 − 0.4882*** 2.4033*** 104.0866*** 
M 0.0075*** 0.0200 0.5865*** 1.3555*** 49.7712*** 
FFC 0.0052*** 0.0157 − 0.6653*** 4.3408*** 317.3491*** 
RV 0.0069*** 0.0122 − 2.0408*** 13.1786*** 2916.7214*** 
EM 0.0078*** 0.0383 − 1.0874*** 5.3861*** 518.5106*** 
C 0.0044*** 0.0106 − 1.6617*** 8.2156*** 1204.8192*** 
D 0.0076*** 0.0185 − 1.0467*** 4.5799*** 389.9211*** 
FICA 0.0060*** 0.0181 − 3.6321*** 35.5929*** 20196.5139*** 
MA 0.0057*** 0.0121 − 2.8993*** 17.2847*** 5090.4466*** 
S 0.0063*** 0.0232 − 0.6297*** 4.2484*** 302.3575*** 
EMN 0.0047*** 0.0088 − 0.2218 1.7853*** 52.6528*** 
TB 0.0022*** 0.0018 0.2950** − 1.1731*** 25.7671*** 

Note: This table reports the summary statistics including mean, standard deviation (Stdev), skewness, excess kurtosis, and Jarque-Bera (J-B) test. The 
symbols *, **, and *** denote the significance at 10 %, 5 %, and 1 % levels, respectively. The full names of all the indices are defined in Section 3.1. 
The values highlighted in boldface are the largest return and the smallest variance. 

Table 2 
SD results for the returns of indices for different hedge fund strategies and T-Bill.   

ED EH M FFC EM RV C D FICA MA S EMN TB No. dominate No. dominated 

FWC = = = = ≻2,3 ≺2,3 ≺3 = = ≺2,3 = ≺3 ≺3 1 5 

ED  = = = ≻2,3 ≺2,3 ≺3 = = ≺2,3 = ≺3 ≺3 1 5 

EH   ≺2,3 ≺2,3 ≻2,3 ≺2,3 ≺3 = = ≺2,3 = ≺3 ≺3 1 7 
M    = ≻2,3 ≺2,3 = = = ≺2,3 ≻2,3 ≺2,3 = 3 3 
FFC     ≻2,3 ≺2,3 = = = ≺2,3 = ≺2,3 ≺3 2 4 
EM      ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺3 0 13 
RV       ≻1,2,3 = = = ≻2,3 ≻1,2,3 = 9 0 
C        ≺2,3 = = ≻2,3 = ≺3 5 3 
D         = = = ≺3 = 2 1 
FICA          = = = ≺3 1 1 
MA           ≻2,3 = ≺3 7 1 
S            ≺2,3 ≺3 1 6 
EMN             = 8 1 
6-MTB              9 0 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the first row by the i-order SD and Y =

Z means that Y and Z do not dominate each other. The significance level is 5 %. “No. dominate” (“No. dominated”) is the number of assets in the first 
column that dominate (being dominated by) the assets in other columns. The full names of all the indices are defined in Section 3.1.  
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4.2. Comparison among portfolios with and without index with the highest mean 

In this section, to examine whether Conjecture 1A could hold, we apply the SD approach to compare the performance between 
portfolios with and without the EH Index, the index with the highest mean. Before we make a comparison, we exhibit in Fig. 2 the 
efficient frontiers obtained by using the portfolio optimization method for the portfolios with and without the EH Index in situations in 
which a short sale is allowed and not allowed. 

Fig. 2 shows that the two frontiers almost coincide except the portions at the starting with lower risk and lower return and the 
ending point with higher risk and higher return than the frontier of the portfolio with the EH Index is on top of that without the EH 
Index, especially in the right panel in Fig. 2 in which a short sell is not allowed. To be more precise, the frontiers with the EH Index are 
much higher than that without the EH Index when the risk is greater than 0.015. 

To evaluate the performance between portfolios with and without the EH Index when a short sale is allowed or not allowed, we 
draw 15 portfolios along each efficient frontier. To do so, for each frontier, we divide the return interval into 14 small equal intervals so 
that there are 15 returns (points). For each given mean return, we get the corresponding point along the efficient frontier as the 
corresponding portfolio. Following this approach, we obtain 15 portfolios along the efficient frontier with or without the EH Index. We 
order the 15 points in each efficient frontier. We then employ the SD approach to compare the first point of the portfolio with the EH 
Index with the first point of the portfolio without the EH Index and so on when a short sale is allowed or not allowed and exhibit the 
results in Table 3 of Wong et al. [86]. 

The table shows that except for the 15th pair portfolio when a short sale is not allowed, there exists no stochastic dominance 
between the portfolios with the EH Index and the corresponding portfolios without the EH Index, regardless of whether a short sale is 
allowed or not. While the 15th portfolio with the EH Index second-order stochastically dominates the 15th portfolio without the EH 
Index when a short sale is not allowed. Based on the SD results from the table, we can conclude that investors could get higher expected 
utility if they include the EH Index (the index with the highest mean) to form a portfolio in the efficient frontier, inferring that 
Conjecture 1A could hold only in a small range but at least none of the portfolios without the EH Index stochastically dominates any of 
the corresponding portfolios with the EH Index. One may wonder why including the EH Index, the index getting the largest mean only 
increase their expected utility only in a small range, not in a larger range. The reason is that the standard deviation of the EH Index is so 
large that the EH Index stochastically dominates one index and is stochastically dominated by 7 other indices. Thus, the EH Index is one 
of the least favorable indices (it is the second least favorable index according to Table 2), and hence, it is the advantage of forming a 
portfolio that includes one of the least favorable indices, that is the EH Index, in this case, is not worse off. 

4.3. Comparison among portfolios with and without the most dominant index 

We turn to test whether Conjecture 1B holds that investors could get higher expected utility if they include the RV Index whose 
stochastically dominates most of the other assets to form a portfolio in the efficient frontier. To do so, we follow the approach we stated 
in Section 4.2 to compare 15 portfolios with and without the RV Index from their efficient frontiers to evaluate their performance when 
a short sale is allowed or not allowed. We first exhibit in the left and right panels of Fig. 3 the efficient frontiers between portfolios with 
and without the RV Index when a short sale is allowed or not allowed, respectively, and display their corresponding SD results in 
Table 4 of Wong et al. [86]. 

Fig. 3 shows that the frontier of portfolios with the RV Index is on top of that without the RV Index for nearly the entire range, 
regardless of whether a short sale is allowed or not allowed, according to the theory of efficient frontier, the portfolios with the RV 

Fig. 2. Efficient Frontiers between portfolios with and without Equity Hedge. 
Note: The left and right panels are the Mean-Variance Efficient frontiers when a short sale is allowed or not allowed, respectively. 
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Index in the efficient frontier are preferred to those without the RV Index. However, the table shows that there does not exist any 
stochastic dominance between any of the portfolios with and without the RV Index, regardless of whether a short sale is allowed or not. 
Thus, based on the SD results in the table, we CANNOT conclude that investors could get higher expected utility if they include the RV 
Index (the most dominant index) to form a portfolio in the efficient frontier. Our findings show that, even though the efficient frontier 
seems to get improvement in both return and risk by including the RV Index in the portfolios, the improvement is not significant 
enough to get the stochastic dominance test to be significant, and thus, there does not exist any stochastic dominance between any of 
the portfolios with and without the RV Index and we conclude that Conjecture 1B may NOT hold. 

4.4. Comparison among portfolios with and without index with the smallest variance 

We turn to test whether Conjecture 1C holds that investors could get higher expected utility if they include the 6-M TB with the 
smallest standard deviation to form a portfolio in the efficient frontier. To do so, we follow the approach we stated in Section 4.2 to 
compare 15 portfolios with and without the 6-M TB from their efficient frontiers to evaluate their performance when a short sale is 

Table 3 
SD analysis between portfolios with and without 6-M TB.  

Portfolios with TB Long Short Portfolios without TB 

TB1 ≻3 = TB1′ 

TB2 ≻3 = TB2′ 

TB3 ≻3 = TB3′ 

TB4 ≻3 = TB4′ 

TB5 ≻3 = TB5′ 

TB6 = ≻3 TB6′ 

TB7 = ≻2,3 TB7′ 

TB8 = = TB8′ 

TB9 = = TB9′ 

TB10 = = TB10′ 

TB11 = = TB11′ 

TB12 = = TB12′ 

TB13 = = TB13′ 

TB14 = = TB14′ 

TB15 = = TB15′ 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the last column by 
the i-order SD and Y = Z means that Y and Z do not dominate each other. TBn (TBn′) stands for the portfolio with (without) 6- 
month T-bill for n = 1,…,15. The significance level is 5 %.  

Fig. 3. Efficient Frontiers between portfolios with and without Relative Value. 
Note: The left and right panels of the figure show the Mean-Variance Efficient frontiers when a short sale is allowed or not allowed, respectively. 
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allowed or not allowed. We first exhibit in the left and right panels of Fig. 4 the efficient frontiers between portfolios with and without 
the 6-M TB when a short sale is allowed or not allowed, respectively, and display their corresponding SD results in Table 3. 

Fig. 4 shows that the frontier of portfolios with the 6-M TB is on top of that without the 6-M TB in the beginning and ending periods 
while the two frontiers are close to each other in between, regardless of whether when a short sale is allowed or not allowed, 
accordingly to the theory of efficient frontier, the portfolios with the 6-M TB in the efficient frontier are preferred to those without the 
6-M TB. To be more precise, the frontiers with the 6-M TB are higher than that without the 6-M TB when the risk is smaller than 0.008 
and greater than 0.01 when a short sale is allowed and when the risk is smaller than 0.008 when a short sale is not allowed. Table 3 
shows that the first 5 portfolios with the 6-M TB, that is, TB1-TB5 third-order stochastically dominate the corresponding first 5 
portfolios without the 6-M TB, that is, TB1′-TB5′ and there exists no stochastic dominance between any other pairs of the portfolios 
when a short sale is not allowed; on the other hand, the 6th portfolio with the 6-M TB, that is, TB6 third-order stochastically dominates 
the corresponding 6th portfolio without the 6-M TB, that is, TB6′, and the 7th portfolio with the 6-M TB, that is, TB7 second-order 
stochastically dominates the 7th portfolio without the 6-M TB, that is, TB7′, and there exists no stochastic dominance between any 
other pairs of the portfolios when a short sale is allowed. Our findings do conclude that Conjecture 1C holds marginally that investors 

Table 4 
SD analysis between portfolios with and without EH and 6-M TB.  

Portfolios with both EH and TB Long Short Portfolios without both EH and TB 

ET1 ≻3 = ET1′ 

ET2 ≻3 = ET2′ 

ET3 ≻3 = ET3′ 

ET4 ≻3 = ET4′ 

ET5 ≻3 ≻3 ET5′ 

ET6 = ≻3 ET6′ 

ET7 = = ET7′ 

ET8 = = ET8′ 

ET9 = = ET9′ 

ET10 = = ET10′ 

ET11 = = ET11′ 

ET12 = = ET12′ 

ET13 = = ET13′ 

ET14 = = ET14′ 

ET15 ≻2,3 = ET15′ 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the last column by the i-order SD and 
Y = Z means that Y and Z do not dominate each other. ETn (ETn′) stands for the portfolio with (without) equity hedge index and 6-month T-bill for 
n = 1,…,15. The significance level is 5 %.  

Fig. 4. Efficient Frontiers between portfolios with and without 6-M TB. 
Note: the left and right panels of the figure show the Mean-Variance Efficient frontiers when a short sale is allowed and not allowed, respectively. 
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could get marginally higher expected utility if they include the 6-M TB with the smallest standard deviation to form a portfolio in the 
efficient frontier. 

In this paper, we conjecture that the asset with the highest mean; that is, the EH Index in our study, the asset that stochastically 
dominates most of the other assets; the RV Index in our study, and the asset with the smallest standard deviation; that is, the 6-M TB in 
our study, should be included in forming their portfolio to get much higher expected utility, and thus, we set Conjectures 1A, 1B, and 
1C. 

Nevertheless, our findings show that most of the portfolios formed by using one of the EH and RV Indices and the 6-M TB do not 
stochastically dominate the corresponding portfolio without one of the EH and RV Indices and the 6-M TB, except some of the 
portfolios with the 6-M TB marginally dominate the corresponding portfolios without the 6-M TB and one of the portfolios with the EH 
Index, that is EH15, second-order stochastically dominates the corresponding portfolio without the EH Index, that is EH15’ when a 
short sale is not allowed, implying that Conjecture 1B does not hold and both Conjectures 1A and 1C hold marginally. So, do our 
conjecture that including the asset with the highest mean, the asset that stochastically dominates most of the other assets, and the asset 
with the smallest standard deviation will get much higher expected utility holds? In order to study the issue, we turn to compare the 
performance between portfolios with and without any two of the EH and RV Indices and the 6-M TB as shown in the next section. 

4.5. Comparison among portfolios with and without the EH and RV indices 

We turn to examine whether Conjecture 2A holds that investors could get higher expected utility if they include both the EH Index 
(with the highest mean) and the RV Index (whose stochastically dominates most of the other assets) to form a portfolio in the efficient 
frontier. To do so, we follow the approach we stated in Section 4.2 to compare 15 portfolios with and without the EH and RV Indices 
from their efficient frontiers to evaluate their performance when a short sale is allowed or not allowed. We first exhibit in the left and 
right panels of Fig. 5 the efficient frontiers between portfolios with and without both the EH and RV Indices when a short sale is 
allowed or not allowed, respectively, and display their corresponding SD results in Table 6 of Wong et al. [86]. 

Fig. 5 shows that the frontier of portfolios with both the EH and RV Indices is on top of that without the EH and RV Indices for nearly 
the entire range, regardless of whether when a short sale is allowed or not allowed. Table 6 of Wong et al. [86] shows that the re-
lationships for all pairs of assets are “equal” except RE15 ≻2,3RE15′, in the long position, and thus, we do not display them in this paper 
to save space. Thus, accordingly to the theory of efficient frontier, the portfolios with both the EH and RV Indices in the efficient 
frontier are preferred to those without the EH and RV Indices. Nonetheless, the table shows that except for the 15th pair portfolio 
(RE15) when a short sale is not allowed, there is no stochastic dominance between any portfolio with both the EH and RV Indices and 
the corresponding portfolios without the EH and RV Indices, regardless of whether a short sale is allowed or not. The only exception 
case is that the 15th portfolio (RE15) with both the EH and RV Indices second-order stochastically dominates the 15th portfolio (RE15′) 
without the EH and RV Indices when a short sale is not allowed. Based on the SD results from the table, we can conclude that 
Conjecture 2A holds only for RE15 when a short sale is not allowed but does not hold for any other cases that investors could get higher 
expected utility if they compare RE15 with RE15’ when a short sale is not allowed but does not hold for any other cases. 

Fig. 5. Efficient Frontiers between portfolios with and without Equity Hedge and Relative Value. 
Note: The left and right panels of the figure show the Mean-Variance Efficient frontiers when a short sale is allowed and not allowed, respectively. 
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4.5.1. Comparison among portfolios with and without the EH index and the 6-M TB 
We turn to examine whether Conjecture 2B holds that investors could get higher expected utility if they include both the EH Index 

(with the highest mean) and 6-M TB (with the smallest standard deviation) to form a portfolio in the efficient frontier. To do so, we 
follow the approach we stated in Section 4.2 to compare 15 portfolios with and without the EH Index and 6-M TB from their efficient 
frontiers to evaluate their performance when a short sale is allowed or not allowed. We first exhibit in the left and right panels of Fig. 6 
the efficient frontiers between portfolios with and without the EH Index and 6-M TB when a short sale is allowed or not allowed, 
respectively, and display their corresponding SD results in Table 4. 

Fig. 6 shows that the frontier of portfolios with the EH Index and the 6-M TB is on top of that without the EH Index and the 6-M TB in 
the beginning and ending periods while the two frontiers are close to each other in between, regardless of whether when a short sale is 
allowed or not allowed. According to the theory of efficient frontier, the portfolios with the EH Index and the 6-M TB in the efficient 
frontier are preferred to those without the EH Index and the 6-M TB. To be more precise, the frontiers with the EH Index and the 6-M TB 
are higher than that without the 6-M TB when the risk is smaller than around 0.008 and greater than 0.01 when a short sale is allowed 
and when the risk is smaller than 0.008 and greater than 0.015 when a short sale is not allowed. Table 4 shows that the first 5 portfolios 

Table 5 
SD analysis between portfolios with and without RV and 6-M TB.  

Portfolios with both RV and TB Long Short Portfolios without both RV and TB 

RT1 ≻3 = RT1′ 

RT2 ≻3 = RT2′ 

RT3 ≻3 = RT3′ 

RT4 ≻3 = RT4′ 

RT5 ≻3 = RT5′ 

RT6 ≻3 ≻3 RT6′ 

RT7 ≻2,3 ≻3 RT7′ 

RT8 = ≻2,3 RT8′ 

RT9 = ≻2,3 RT9′ 

RT10 = ≻2,3 RT10′ 

RT11 = ≻2,3 RT11′ 

RT12 = ≻2,3 RT12′ 

RT13 = = RT13′ 

RT14 = = RT14′ 

RT15 = = RT15′ 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the last column by the i-order SD and 
Y = Z means that Y and Z do not dominate each other. RTn (RTn′) stands for the portfolio with (without) relative value index, and 6-month T-bill for 
n = 1,…,15. The significance level is 5 %.  

Table 6 
SD analysis between portfolios with EH, RV, and 6-M TB and portfolios without EH, RV, and 6-M TB.  

Portfolios with EH, RV, and TB Long Short Portfolios without EH, RV, and TB 

ERT 1 ≻3 = ERT1′ 

ERT 2 ≻3 = ERT2′ 

ERT 3 ≻3 = ERT3′ 

ERT 4 ≻3 = ERT4′ 

ERT 5 ≻3 ≻3 ERT5′ 

ERT 6 ≻2,3 ≻3 ERT6′ 

ERT 7 ≻2,3 ≻2,3 ERT7′ 

ERT 8 ≻2,3 ≻2,3 ERT8′ 

ERT 9 ≻3 ≻2,3 ERT9′ 

ERT 10 = ≻2,3 ERT10′ 

ERT 11 = ≻2,3 ERT11′ 

ERT12 = = ERT12′ 

ERT 13 = = ERT13′ 

ERT 14 = = ERT14′ 

ERT 15 ≻2,3 = ERT15′ 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the last column by the i-order SD and 
Y = Z means that Y and Z do not dominate each other. ERTn (ERTn′) stands for the portfolio with (without) equity hedge index, relative value index, 
and 6-month T-bill for n = 1,…,15. The significance level is 5 %.  
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with the EH Index and the 6-M TB, that is, ET1- ET5 third-order stochastically dominate the corresponding first 5 portfolios without the 
EH Index and the 6-M TB, that is, ET1′-ET5′, ET15 second-order stochastically dominates ET15′, and there exists no stochastic 
dominance between any other pairs of the portfolios when a short sale is not allowed. On the other hand, ET5 and ET6 third-order 
stochastically dominate ET5′ and ET6′ and there exists no stochastic dominance between any other pairs of the portfolios when a 
short sale is allowed. Our findings do conclude that Conjecture 2B holds marginally that investors could get marginally higher expected 
utility if they include the EH Index with the highest mean and 6-M TB with the smallest standard deviation to form a portfolio in the 
efficient frontier. 

4.6. Comparison among portfolios with and without the RV index and the 6-M TB 

We turn to test whether Conjecture 2C holds that investors could get higher expected utility if they include the RV Index whose 
stochastically dominates most of the other assets and 6-M TB with the smallest standard deviation to form a portfolio in the efficient 
frontier. To do so, we follow the approach we stated in Section 4.2 to compare 15 portfolios with and without the RV Index and 6-M TB 
from their efficient frontiers to evaluate their performance when a short sale is allowed or not allowed. We first exhibit in the left and 

Fig. 6. Efficient Frontiers between portfolios with and without Equity Hedge and 6-M TB. 
Note: The left and right panels of the figure show the Mean-Variance Efficient frontiers when a short sale is allowed and not allowed, respectively. 

Fig. 7. Efficient Frontiers between portfolios with and without Relative Value and 6-M TB. 
Note: The left and right panels of the figure show the Mean-Variance Efficient frontiers when a short sale is allowed and not allowed, respectively. 

W.-K. Wong et al.                                                                                                                                                                                                      



Heliyon 9 (2023) e22486

15

right panels of Fig. 7 the efficient frontiers between portfolios with and without the RV Index and 6-M TB when a short sale is allowed 
or not allowed, respectively, and display their corresponding SD results in Table 5. 

Fig. 7 shows that the frontier of portfolios with the RV Index and 6-M TB is on top of that without the RV Index and 6-M TB for 
nearly the entire range, regardless of whether when a short sale is allowed or not allowed, accordingly to the theory of efficient 
frontier, the portfolios with the RV Index and 6-M TB in the efficient frontier are preferred to those without the RV Index and 6-M TB. 
Table 5 shows that the first 6 portfolios with the RV Index and 6-M TB, that is, RT1- RT6 third-order stochastically dominate the 
corresponding first 6 portfolios without the RV Index and 6-M TB, that is, RT1′-RT6′, RT7 second-order stochastically dominates RT7′, 
and there is no stochastic dominance between any other pairs of the portfolios when a short sale is not allowed. On the other hand, RT6 
and RT7 third-order stochastically dominates RT6′ and RT7′, RT8-RT12 s-order stochastically dominates RT8′ − RT12′ and there is no 
stochastic dominance between any other pairs of the portfolios when a short sale is allowed. Since there is much second-order sto-
chastic dominance, the findings not only conclude that Conjecture 2C holds marginally but also conclude that Conjecture 2C holds 
significantly and that investors could get significantly higher expected utility if they include both the RV Index and 6-M TB to form a 
portfolio in the efficient frontier. 

4.7. Comparison among portfolios with and without index with the EH and RV indices and the 6-M TB 

We now test whether Conjecture 3 hold that investors could get significantly higher expected utility if they include the EH Index 
with the highest mean, the RV Index that stochastically dominates most of the other assets and 6-M TB with the smallest standard 
deviation to form a portfolio in the efficient frontier than all the other cases we studied previously in this paper. To do so, we follow the 
approach we stated in Section 4.2 to compare 15 portfolios with and without both the EH and RV Indices and 6-M TB from their 
efficient frontiers to evaluate their performance when a short sale is allowed or not allowed. We first exhibit in the left and right panels 
of Fig. 8 the efficient frontiers between portfolios with and without the EH and RV Indices and 6-M TB when a short sale is allowed or 
not allowed, respectively, and display their corresponding SD results in Table 6. 

Fig. 8 shows that the frontier of portfolios with the EH and RV Indices and 6-M TB is on top of that without the EH and RV Indices 
and 6-M TB for nearly the entire range, regardless of whether when a short sale is allowed or not allowed, accordingly to the theory of 
efficient frontier, the portfolios with the EH and RV Indices and 6-M TB in the efficient frontier are preferred to those without the EH 
and RV Indices and 6-M TB. Table 6 shows that the first 5 portfolios with the EH and RV Indices and 6-M TB, that is, ERT1- ERT5 third- 
order stochastically dominate the corresponding first 5 portfolios without the EH and RV Indices and 6-M TB, that is, ERT1′-ERT5′, 
ERT9 third-order stochastically dominates ERT9′, ERT6- ERT8 and ERT15 second-order stochastically dominate ERT6′-ERT8′ and 
ERT15′, and is no stochastic dominance between any other pairs of the portfolios when a short sale is not allowed. On the other hand, 
ERT5 and ERT6 third-order stochastically dominate ERT5′ and ERT6′, ERT7- ERT11 second-order stochastically dominate 
ERT7′-ERT11′ and there is no stochastic dominance between any other pairs of the portfolios when a short sale is allowed. Our findings 
do conclude that Conjecture 3 holds not only significantly that investors not only get significantly higher expected utility if they 
include the EH and RV Indices and 6-M TB to form a portfolio in the efficient frontier, but also it is significantly higher than all other 
cases we studied previously because there are much more second-order stochastic dominances than all other cases we studied pre-
viously. Thus, we believe that the best strategy for investors is to include the asset with the highest mean, the asset dominates most of 
the other assets and the asset with the smallest standard deviation to form a portfolio in the efficient frontier. 

Fig. 8. Efficient Frontiers between portfolios with and without the EH and RV Indices and the 6-M TB. 
Note: The left and right panels of the figure show the Mean-Variance Efficient frontiers when a short sale is allowed and not allowed, respectively. 
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To see whether our belief will come true, we make Conjectures 4A to 4F. To save space, we only test Conjectures 4A to 4C as 
discussed in the following subsections. 

4.8. Comparison among portfolios with the EH and RV indices and 6-M TB and those with the EH and RV indices but without 6-M TB 

We now test whether Conjecture 4A holds that investors could get significantly higher expected utility if they include the EH Index 
with the highest mean, the RV Index that stochastically dominates most of the other assets and 6-M TB with the smallest standard 
deviation to form a portfolio in the efficient frontier than the portfolios from the efficient frontier formed by the EH and RV Indices and 
other assets but without 6-M TB. To do so, we follow the approach we stated in Section 4.2 to compare 15 portfolios with both the EH 
and RV Indices and 6-M TB from their efficient frontiers with the portfolios with both the EH and RV Indices to evaluate their per-
formance when a short sale is allowed or not allowed. We display their corresponding SD results in Table 7. 

Table 7 shows that the first 6 portfolios with the EH and RV Indices and the 6-M TB, that is, ERT1- ERT6 third-order stochastically 
dominate the corresponding first 6 portfolios with the EH and RV Indices but without 6-M TB, that is, ER1- ER6, and there is no 
stochastic dominance between any other pairs of the portfolios when a short sale is not allowed. On the other hand, ERT6 and ERT7 
third-order stochastically dominate ER6 and ER7 and there is no stochastic dominance between any other pairs of the portfolios when a 
short sale is allowed. Our findings do conclude that Conjecture 4A holds that investors could get higher expected utility if they include 
the EH and RV Indices and 6-M TB to form a portfolio in the efficient frontier than the portfolios from the efficient frontier formed by 
the EH and RV Indices and other assets but without 6-M TB. 

4.9. Comparison among portfolios with the EH and RV indices and 6-M TB and those with the EH index and 6-M TB but without the RV 
index 

We now test whether Conjecture 4B holds that investors could get significantly higher expected utility if they include the EH Index 
with the highest mean, the RV Index whose stochastically dominates most of the other assets and 6-M TB with the smallest standard 
deviation to form a portfolio in the efficient frontier than the portfolios from the efficient frontier formed by the EH Index, 6-M TB, and 
other assets but without the RV Index. To do so, we follow the approach we stated in Section 4.2 to compare 15 portfolios with both the 
EH and RV Indices and 6-M TB from their efficient frontiers with the portfolios with both the EH Index and 6-M TB to evaluate their 
performance when a short sale is allowed or not allowed. We display their corresponding SD results in Table 11 of Wong et al. [86]. We 
note that Table 11 of Wong et al. [86] shows that the relationships for all pairs of assets are “equal”, and thus, we do not display them in 
this paper to save space. 

The table shows that there is no stochastic dominance between any of the (ERT) portfolios with the EH and RV Indices and 6-M TB 
and the (ET) portfolios with the EH Index and 6-M TB but without the RV Index, regardless of whether a short sale is allowed or not. 
Thus, based on the SD results in Table 11 of Wong et al. [86], we CANNOT conclude that investors could get higher expected utility if 
they choose the ERT portfolios than the ET portfolios, inferring that Conjecture 4B may NOT hold. To conduct deeper analysis, we 
count (ERT1, ERT2) how many portfolios the ERT portfolios dominate, (ERT1a, ERT2a) how many portfolios the ERT portfolios are 
dominated, (ET1, ET2) how many portfolios the ET portfolios dominate, and (ET1a, ET2a) how many portfolios the ET portfolios are 
dominated for long-only and Short-allowed strategies, respectively. By comparing ERTi with ETi and comparing ERTia with ETia for i 
= 1,2, we will know whether ERT or ET is better. To do so, we exhibit in Table 8(9) to show ERT1 (ERT2) and ERT1a (ERT2a) and 
exhibit in Table 10(11) to show ET1 (ET2) and ET1a (ET2a) for long-only and Short-allowed strategies, respectively. From Tables 8 and 

Table 7 
SD analysis between portfolios with the EH and RValue Indices and 6-M TB and portfolios with the EH and RV Indices but without 6-M TB.  

Portfolios with EH, RV, and 6-M TB Long Short Portfolios with EH and RV 

ERT1 ≻3 = ER1 
ERT2 ≻3 = ER2 
ERT3 ≻3 = ER3 
ERT4 ≻3 = ER4 
ERT5 ≻3 = ER5 
ERT6 ≻3 ≻3 ER6 
ERT7 = ≻3 ER7 
ERT8 = = ER8 
ERT9 = = ER9 
ERT10 = = ER10 
ERT11 = = ER11 
ERT12 = = ER12 
ERT13 = = ER1 3 
ERT14 = = ER14 
ERT15 = = ER15 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the last column by the i-order SD and 
Y = Z means that Y and Z do not dominate each other. ERTn stands for the portfolio with equity hedge index, relative value index, and 6-month T-bill 
and ERn stands for the portfolio with both equity hedge index and relative value index for n = 1,…,15. The significance level is 5 %.  
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Table 8 
SD analysis between ERT portfolios, the individual assets, and the naïve 1/N portfolio under Long-only strategy.   

FWC ED EH M FFC RV EM C DIS FICA MA S EMN TB Pn No. dominate/dominated 

ERT1 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
ERT2 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
ERT3 ≻3 ≻3 ≻3 ≻3 ≻2,3 = ≻2,3 ≻2,3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
ERT4 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 = ≻3 ≻2,3 ≻2,3 = ≻3 13/0 
ERT5 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻3 ≻2,3 ≻2,3 ≻2,3 = ≻3 14/0 
ERT6 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
ERT7 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≺3 ≻2,3 ≻1,2,3 ≻3 ≻3 ≻2,3 ≻2,3 ≻3 = ≻2,3 13/1 
ERT8 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 = = ≻2,3 10/0 
ERT9 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻3 ≻2,3 = = ≻2,3 = = ≻2,3 10/0 
ERT10 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻3 ≻2,3 = = ≻2,3 = = ≻2,3 10/0 
ERT11 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻3 ≻2,3 = = ≻2,3 ≻3 = ≻2,3 11/0 
ERT12 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 ≻3 = = 11/0 
ERT13 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 ≻3 = = = ≻2,3 ≻3 = = 8/0 
ERT14 = = ≻2,3 = = = ≻2,3 ≻3 = = = ≻2,3 ≺3 = = 4/1 
ERT15 = = = ≺2,3 ≺2,3 ≺2,3 ≻2,3 ≺3 = = ≺2,3 = ≺3 ≺3 ≺2,3 1/8 
Pn = = ≻2,3 = = = ≻2,3 = = = = ≻2,3 ≺2,3 ≺3  3/2 
Total 13/0 13/0 14/0 13/1 12/1 3/2 15/0 14/1 12/0 3/0 7/1 14/0 10/2 0/1 11/1 144/9 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the first row by the i-order SD and Y = Z means that Y and Z do not dominate each other. 
ERTn stands for the portfolio with equity hedge index, relative value index, and 6-M TB for n = 1,…,15. The significance level is 5 %. The full names of all the indices are defined in Section 3.1. Total only 
counts the total number of dominate and the total number of dominated for ERT1 to ERT15, it does not include the total number of dominate and the total number of dominated for Pn.  
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Table 9 
SD analysis between ERT portfolios and individual assets and the naïve 1/N portfolio under Short-allowed strategy.   

FWC ED EH M FFC RV EM C DIS FICA MA S EMN TB Pn No. dominate/dominated 

ERT1 ≻3 ≻3 ≻3 = ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 = ≺3 ≻3 10/1 
ERT2 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 ≻2,3 ≻3 13/0 
ERT3 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻2,3 ≻3 ≻3 = ≻3 ≻3 ≻3 ≻2,3 ≻3 13/0 
ERT4 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 = ≻3 ≻2,3 ≻2,3 ≻3 ≻3 14/0 
ERT5 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻3 15/0 
ERT6 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻3 14/0 
ERT7 ≻2,3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
ERT8 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻1,2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
ERT9 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 14/0 
ERT10 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 14/0 
ERT11 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 ≻1,2,3 ≻2,3 ≻1,2,3 = ≻2,3 14/0 
ERT12 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻3 ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 ≻1,2,3 ≻2,3 ≻1,2,3 = ≻2,3 14/0 
ERT13 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 13/0 
ERT14 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 13/0 
ERT15 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 ≻1,2,3 ≻2,3 ≻1,2,3 = ≻2,3 13/0 
Pn = = ≻2,3 = = = ≻2,3 = = = = ≻2,3 ≺2,3 ≺3  3/2 
Total 15/0 15/0 15/0 14/0 15/0 9/0 15/0 15/0 15/0 11/0 15/0 15/0 14/0 4/1 15/0 187/0 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the first row by the i-order SD and Y = Z means that Y and Z do not dominate each other. 
ERTn stands for the portfolio with equity hedge index, relative value index, and 6-M TB for any n = 1,…,15. The significance level is 5 %. The full names of all the indices are defined in Section 3.1. Total 
only counts the total number of dominate and the total number of dominated for ERT1 to ERT15, it does not include the total number of dominate and the total number of dominated for Pn.  
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Table 10 
SD analysis between portfolios with Equity Hedge and 6-M TB and the individual assets and the naïve 1/N portfolio under Long-only strategy.   

FWC ED EH M FFC RV EM C DIS FICA MA S EMN TB Pn No. dominate/dominated 

ET1 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 ≺3 ≻3 12/1 
ET2 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
ET3 ≻3 ≻3 ≻3 ≻3 ≻2,3 = ≻2,3 ≻2,3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
ET4 ≻3 ≻3 ≻3 ≻3 ≻2,3 = ≻2,3 ≻2,3 ≻3 = ≻3 ≻2,3 ≻2,3 = ≻3 12/0 
ET5 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 = ≻2,3 ≻2,3 = ≻3 13/0 
ET6 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≺3 ≻2,3 ≻2,3 ≻3 = ≻2,3 ≻2,3 ≻2,3 = ≻2,3 12/1 
ET7 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≺3 ≻2,3 ≻2,3 ≻3 = = ≻2,3 = = ≻2,3 10/1 
ET8 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 = ≻2,3 = = ≻2,3 = = ≻2,3 9/0 
ET9 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 = ≻2,3 = = ≻2,3 = = ≻2,3 9/0 
ET10 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 = ≻2,3 = = ≻2,3 = = ≻2,3 9/0 
ET11 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻3 ≻2,3 = = ≻2,3 ≻3 = = 10/0 
ET12 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 ≻3 ≻2,3 = = ≻2,3 ≻3 = = 9/0 
ET13 ≻3 ≻3 ≻2,3 = = = ≻2,3 ≻3 = = = ≻2,3 ≺3 = = 6/1 
ET14 = = ≻2,3 = = ≺3 ≻2,3 ≻3 = = = ≻2,3 ≺3 = = 4/2 
ET15 = = = ≺2,3 ≺2,3 ≺2,3 ≻2,3 ≺3 = = ≺2,3 = ≺3 ≺3 ≺2,3 1/8 
Total 13/0 13/0 14/0 12/1 11/1 1/4 15/0 11/1 12/0 1/1 5/1 14/1 8/3 0/2  130/15 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the first row by the i-order SD and Y = Z means that Y and Z do not dominate each other. ETn 
stands for the portfolio with both equity hedge index and 6-M TB for any n = 1,…,15. The significance level is 5 %. The full names of all the indices are defined in Section 3.1.  
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Table 11 
SD analysis between portfolios with Equity Hedge and 6-M TB and the individual assets and the naïve 1/N portfolio under Short-allowed strategy.   

FWC ED EH M FFC RV EM C DIS FICA MA S EMN TB Pn No. dominate/dominated 

ET1 ≻3 ≻3 ≻3 = ≻3 = ≻3 ≻3 = = ≻3 ≻3 = = ≻3 9/0 
ET2 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 ≻2,3 ≻3 13/0 
ET3 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻2,3 ≻3 ≻3 = ≻3 ≻3 = = ≻3 11/0 
ET4 ≻3 ≻3 ≻3 ≻3 ≻2,3 = ≻2,3 ≻2,3 ≻3 = ≻3 ≻2,3 ≻3 = ≻3 12/0 
ET5 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 = ≻3 14/0 
ET6 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻3 14/0 
ET7 ≻2,3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
ET8 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
ET9 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻1,,2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 13/0 
ET10 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻1,2,3 ≻2,3 = ≻2,3 ≻2,3 = = ≻2,3 11/0 
ET11 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻1,2,3 ≻2,3 = = ≻2,3 ≻2,3 = ≻2,3 11/0 
ET12 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,,2,3 = ≻2,3 ≻1,,2,3 ≻2,3 = = ≻2,3 ≻2,3 = ≻2,3 11/0 
ET13 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,,2,3 = ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 ≻2,3 = ≻2,3 11/0 
ET14 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 ≻1,,2,3 = = 10/0 
ET15 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻1,2,3 = = 12/0 
Total 15/0 15/0 15/0 14/0 15/0 4/0 15/0 15/0 14/0 6/0 11/0 15/0 12/0 1/0  167/9 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the first row by the i-order SD and Y = Z means that Y and Z do not dominate each other. ETn 
stands for the portfolio with both equity hedge index and 6-M TB for any n = 1,…,15. The significance level is 5 %. The full names of all the indices are defined in Section 3.1. Total only counts the total 
number of dominate and the total number of dominated for ERV1 to ERV15, it does not include the total number of dominate and the total number of dominated for Pn.  
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Table 12 
SD analysis between portfolios with Relative Value and 6-M TB and the individual assets and the naïve 1/N portfolio under Long-only strategy.   

FWC ED EH M FFC RV EM C DIS FICA MA S EMN TB Pn No. dominate/dominated 

RT1 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
RT2 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
RT3 ≻3 ≻3 ≻3 ≻3 ≻2,3 = ≻2,3 ≻2,3 ≻3 = ≻3 ≻3 ≻3 = ≻3 12/0 
RT4 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 = ≻3 ≻2,3 ≻2,3 = ≻3 13/0 
RT5 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻3 ≻3 ≻2,3 ≻2,3 = ≻3 14/0 
RT6 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
RT7 ≻2,3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 = ≻2,3 ≻2,3 ≻2,3 = ≻2,3 13/0 
RT8 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≺3 ≻2,3 ≻2,3 ≻3 = ≻2,3 ≻2,3 = = ≻2,3 11/1 
RT9 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 = = ≻2,3 10/0 
RT10 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 = ≻2,3 = = ≻2,3 = = ≻2,3 9/0 
RT11 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 = ≻2,3 = = ≻2,3 ≻3 = ≻2,3 10/0 
RT12 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 = ≻2,3 = = ≻2,3 ≻3 = ≻2,3 10/0 
RT13 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 = ≻2,3 = = ≻2,3 ≻3 = = 9/0 
RT14 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = = ≻2,3 = = = = ≻2,3 ≻3 = = 7/0 
RT15 ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺2,3 = ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺2,3 ≺3 ≺2,3 0/14 
Total 14/1 14/1 14/1 13/1 13/1 4/2 14/0 9/1 13/1 2/1 8/1 14/1 11/1 0/1  144/14 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the first row by the i-order SD and Y = Z means that Y and Z do not dominate each other. 
RTn stands for the portfolio with both relative value index and 6-M TB for any n = 1,…,15. The significance level is 5 %. The full names of all the indices are defined in Section 3.1. Total only counts the 
total number of dominate and the total number of dominated for ERV1 to ERV15, it does not include the total number of dominate and the total number of dominated for Pn.  
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Table 13 
SD analysis between portfolios with Relative Value and 6-M TB and the individual assets and the naïve 1/N portfolio under Short-allowed strategy.   

FWC ED EH M FFC RV EM C DIS FICA MA S EMN TB Pn No. dominate/dominated 

RT1 ≻3 ≻3 ≻3 = ≻3 = ≻3 ≻3 = = ≻3 ≻3 = ≺3 ≻3 9/1 
RT2 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 ≻2,3 ≻3 13/0 
RT3 ≻3 ≻3 ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 = ≻3 ≻3 ≻3 ≻2,3 ≻3 13/0 
RT4 ≻3 ≻3 ≻3 ≻3 ≻2,3 = ≻2,3 ≻2,3 ≻3 = ≻3 ≻3 ≻3 ≻3 ≻3 13/0 
RT5 ≻3 ≻3 ≻3 ≻3 ≻2,3 = ≻2,3 ≻2,3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻3 ≻3 14/0 
RT6 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻3 14/0 
RT7 ≻3 ≻3 ≻3 ≻3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
RT8 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
RT9 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
RT10 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 14/0 
RT11 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻2,3 14/0 
RT12 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 = ≻2,3 14/0 
RT13 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 = ≻2,3 14/0 
RT14 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 ≻1,2,3 ≻2,3 ≻1,2,3 = ≻2,3 13/0 
RT15 ≻2,3 ≻2,3 ≻2,3 ≻2,3 ≻2,3 = ≻2,3 ≻1,2,3 ≻2,3 ≻1,2,3 ≻2,3 ≻2,3 ≻1,2,3 = ≻1,2,3 13/0 
Total 15/0 15/0 15/0 14/0 15/0 8/0 15/0 15/0 14/0 11/1 15/0 15/0 14/0 4/1  185/1 

Note: Y≻iZ (Y≺iZ) means that Y in the first column significantly dominates (is significantly dominated by) Z in the first row by the i-order SD and Y = Z means that Y and Z do not dominate each other. 
RTn stands for the portfolio with both relative value and 6-M TB for any n = 1,…,15. The significance level is 5 %. The full names of all the indices are defined in Section 3.1.  
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10, we find that (ERT1, ET1) = (144, 130) and (ERT1a, ET1a) = (9, 15) and from Tables 9 and 11, we find that (ERT2, ET2) = (187, 
167) and (ERT2a, ET2a) = (0, 9). This means that the ERT portfolios dominate 144 and 187 portfolios while the ET portfolios dominate 
only 130 and 167 assets/portfolios and, on the other hand, the ERT portfolios are dominated by only 9 and 0 assets/portfolios while the 
ET portfolios are dominated by 15 and 9 portfolios for long-only and Short-allowed strategies, respectively. This shows that the ERT 
portfolios dominate much more assets/portfolios than the ET portfolios and the ERT portfolios are dominated by much less or even 
0 assets/portfolios than the ET portfolios for both long-only and Short-allowed strategies, respectively, which, in turn, conclude that 
Conjecture 4B DOES hold. 

4.10. Comparison among portfolios with the EH and RV indices and 6-M TB and those with the RV index and 6-M TB but without the EH 
index 

We now test whether Conjecture 4C holds that investors could get significantly higher expected utility if investors could invest in an 
(ERT) portfolio in the efficient frontier formed by using the EH Index with the highest mean, the RV Index whose stochastically 
dominates most of the other assets and 6-M TB with the smallest standard deviation than the (RT) portfolios from the efficient frontier 
formed by the RV Index, 6-M TB, and other assets but without the EH Index. To do so, we follow the approach we stated in Section 4.2 
to compare 15 ERT portfolios and the corresponding RT portfolios to evaluate their performance when a short sale is allowed or not 
allowed. We display their corresponding SD results in Table 12 of Wong et al. [86]. 

The table shows that there is no stochastic dominance between any ERT portfolio and its corresponding RT portfolio, regardless of 
whether a short sale is allowed or not, except the 15th pair portfolio in which the ERT15 portfolio second-order stochastically 
dominates the RT15 portfolio when a short sale is not allowed. Thus, based on the SD results from Table 12 of Wong et al. [86], we can 
conclude that Conjecture 4C holds only for the 15th pair of the ERT portfolio when a short sale is not allowed, implying that Conjecture 
4C only holds marginally. To conduct deeper analysis, we count (ERT1, ERT2) how many portfolios the ERT portfolios dominate, 
(ERT1a, ERT2a) how many portfolios the ERT portfolios are dominated, (RT1, RT2) how many portfolios the RT portfolios dominate, 
and (RT1a, RT2a) how many portfolios the RT portfolios are dominated for long-only and Short-allowed strategies, respectively. By 
comparing ERTi with RTi and comparing ERTia with RTia for i = 1,2, we will know whether ERT or RT is better. To do so, we exhibit in 
Table 8(9) to show ERT1 (ERT2) and ERT1a (ERT2a) and exhibit in Table 12(13) to show RT1 (RT2) and RT1a (RT2a) for long-only 
and short-allowed strategies, respectively. From Tables 8 and 12, we find that (ERT1, RT1) = (144, 144) and (ERT1a, RT1a) = (9, 14) 
and from Tables 9 and 13, we find that (ERT2, RT2) = (187, 185) and (ERT2a, RT2a) = (0, 1). This means that there exists no 
dominance between ERT portfolios and RT portfolios for long-only strategies and the ERT portfolios dominate 187 portfolios while the 
RT portfolios dominate 185 portfolios and, on the other hand, the ERT portfolios are dominated by only 9 and 0 portfolios while the RT 
portfolios are dominated by 14 and 1 portfolios for long-only and Short-allowed strategies, respectively. Thus, the above findings show 
that not only ERT15 portfolio outperforms the RT15 portfolio when a short sale is not allowed but also the ERT portfolios dominate 
much more portfolios than the RT portfolios, but also find that the ERT portfolios dominate more assets/portfolios and are dominated 
by much fewer assets/portfolios than the RT portfolios for both long-only and Short-allowed strategies, respectively, which, in turn, 
conclude that Conjecture 4C DOES hold. 

4.11. Comparison among portfolios with the EH and RV indices and 6-M TB and Individual Funds or the naïve 1/N portfolio 

Our analysis confirms that Conjecture 3 and Conjectures 4A to 4F hold. To save space, we skip the discussion for the results of 
Conjectures 4D to 4F. We skip our discussion to compare the (ERT) portfolios with any Individual Fund because the results are obvious 
when one looks into the results from Tables 8 and 9 Now, we turn to test whether Conjecture 5 holds that investors could get higher 
expected utility if investors could invest in an (ERT) portfolio in the efficient frontier formed by using the EH Index with the highest 
mean, the RV Index whose stochastically dominates most of the other assets and 6-M TB with the smallest standard deviation than the 
1/N portfolio strategy. To do so, we exhibit in the second last column of Tables 8 and 9 whether the ERT portfolio stochastically 
dominates or is dominated by the 1/N portfolio strategy for long-only and Short-allowed strategies, respectively. Table 8 shows that 
the first 5 ERT portfolios; that is, ERT1-ERT5, third-order stochastically dominate the naïve 1/N portfolio, Pn, ERT6- ERT11 second- 
order stochastically dominate Pn, and ERT15 is second-order stochastically dominated by Pn, and there is no stochastic dominance 
between any other pairs of the portfolios when a short sale is not allowed; with 11 ERT portfolios stochastically dominated Pn and one 
ERT portfolio, that is, ERT15, is stochastically dominated by Pn for long-only strategy and, on the other hand, Table 9 shows that all 
ERT portfolio; that is, ERT1-ERT15, second- or third-order stochastically dominate the naïve 1/N portfolio Pn without exception for 
short-allowed strategy, inferring that Conjecture 5 DOES hold strongly. 

5. Out-of-sample analysis 

We follow the approaches used by Bruni et al. [87] and others to conduct the out-of-sample analysis and present the results in this 
Section. To do so, we choose the 363-month period from December 1989 to March 2020 as the in-sample (holding) period and choose 
the following-up 12-month period from April 2020 to March 2021 as the out-of-sample (testing) period. We note that the out-of-sample 
period happens to fall into the COVID-19 pandemic period entirely. To simplify our analysis, we only conduct the out-of-sample 
analysis by using the results from Table 6. We first obtain the weights of portfolios for portfolios with (without) the EH and RV 
Indices and 6-M TB from the portfolios in the holding period. We then use the same weights to form the portfolios with (without) the 
EH and RV Indices and 6-M TB from the portfolios in the testing period and denote them by ERTi (ERTi’) for i = 1 to 15 and for Pn and 
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Pn’. We then follow Bruni et al. [87] and others to apply five common measures for portfolio optimization, including the Sharpe Ratio, 
Sortino Ratio, Rachev Ratio, Information Ratio, and Jensen’s Alpha to compare the performances of the portfolios with and without the 
EH and RV Indices and 6-M TB when using both long-only and short-allowed approaches in the out-of-sample period from April 2020 
to March 2021 and present the results in Tables 14 and 15, respectively. We note that we obtain the results for the entire period 
including both the holding and testing periods (from December 1989 to March 2021) and for the holding period (from December 1989 
to March 2020). We have reported these results in Wong et al. [86]. Readers could read Wong et al. [86] to know the results. In this 
paper, to save space, we only report the results for the testing period from April 2020 to March 2021. 

From Table 14, we find that out of 15 ERT portfolios, there are 12 portfolios using our suggested strategy to include the EH and RV 
Indices and 6-M TB having higher Sharpe ratios, and 8 portfolios using our suggested strategy having higher Jensen’s Alpha than the 
corresponding portfolios without our suggested strategy; however, there are fewer portfolios using our suggested strategy have higher 
values in Sortino Ratio, Rachev Ratio, and Information Ratio than the corresponding portfolios without our suggested strategy under 
the Long-only strategy. From Table 15, we find that out of 15 ERT portfolios, there are fewer portfolios using our suggested strategy 
having higher values in Sharpe Ratio, Sortino Ratio, Rachev Ratio, Information Ratio, and Jensen’s Alpha than the corresponding 
portfolios without our suggested strategy under the Short-allowed strategy. Based on the results of Tables 14 and 15, one may conclude 
that the portfolios using our suggested strategy, in general, do not outperform the corresponding portfolios without our suggested 
strategy. Nevertheless, the results could be due to the fact that the out-of-sample period happens to fall into the COVID-19 pandemic 
period entirely so the distributions of the portfolios have changed completely in the COVID-19 pandemic period when using the Sharpe 
Ratio, Sortino Ratio, Rachev Ratio, Information Ratio, and Jensen’s Alpha. 

6. Inferences and discussions 

We draw inferences based on our results regarding arbitrage opportunity, market efficiency, and our conjectures. We first discuss 
the inference on the arbitrage opportunity. 

Table 14 
Measures for portfolios with the EH and RV Indices and 6-M TB under Long-only strategy for the testing period (April 2020 to March 2021）.   

Sharpe Sortino Rachev Info. R Jensen’s 

ERT1 1.5616 Inf − 60.0607 ¡1.3714 0.0001 
ERT1′ 0.8644 4.9868 3.8837 − 1.4612 − 0.0030 
ERT2 1.4361 16.5284 9.1684 ¡1.3683 0.0001 
ERT2′ 0.8532 5.6788 4.7353 − 1.4633 − 0.0033 
ERT3 1.2915 10.3511 6.1336 ¡1.3790 ¡0.0000 
ERT3′ 0.8957 7.1473 6.7545 − 1.4383 − 0.0032 
ERT4 1.2478 9.6394 5.9063 ¡1.3875 ¡0.0002 
ERT4′ 0.9653 8.9276 8.2348 − 1.3955 − 0.0028 
ERT5 1.2231 9.2374 5.7850 − 1.3941 ¡0.0003 
ERT5′ 1.0357 11.2268 9.6259 ¡1.3319 − 0.0023 
ERT6 1.1997 8.4711 5.3962 − 1.3959 ¡0.0005 
ERT6′ 1.0978 14.2066 11.2700 ¡1.2426 − 0.0018 
ERT7 1.1893 8.3004 5.3416 − 1.3907 ¡0.0006 
ERT7′ 1.1534 18.3134 13.4939 ¡1.1252 − 0.0014 
ERT8 1.1885 8.4702 5.491001 − 1.3723 ¡0.0007 
ERT8′ 1.2021 23.9533 16.4641 ¡0.9793 − 0.0009 
ERT9 1.1864 8.2840 5.3749 − 1.3293 − 0.0008 
ERT9′ 1.2442 31.3019 20.5799 ¡0.8088 ¡0.0004 
ERT10 1.2064 8.1281 5.1285 − 1.2508 − 0.0007 
ERT10′ 1.2802 40.8845 26.6569 ¡0.6226 0.0001 
ERT11 1.3169 8.4010 5.0350 − 1.0895 0.0002 
ERT11′ 1.3109 56.5518 36.4634 ¡0.4317 0.0006 
ERT12 1.3598 7.1777 4.2471 − 0.8934 0.0009 
ERT12′ 1.3361 72.6362 46.4062 ¡0.2531 0.0011 
ERT13 1.3688 18.3949 12.9113 − 0.2071 0.0012 
ERT13′ 1.3491 32.9201 21.0221 ¡0.1465 0.0015 
ERT14 1.2706 11.8184 7.7706 0.7979 − 0.0015 
ERT14′ 1.3435 18.3303 11.7391 − 0.0746 0.0020 
ERT15 1.1853 9.0415 6.4204 0.9695 ¡0.0046 
ERT15′ 1.1363 6.0597 3.7106 0.5947 ¡0.0023 
Pn 1.3799 26.5758 16.7397   
Pn′ 1.3798 35.3222 22.0791   

Note: ERTn (ERTn′) stands for the portfolio with (without) equity hedge index, relative value index, and 6-month T-bill for n = 1,…,15.and Pn (P′
n) is 

the naïve 1/N portfolio with (without) equity hedge index, relative value index, and 6-month T-bill.  
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6.1. Arbitrage opportunity 

In this section, we examine whether Conjecture 6 set in this paper holds that combinations of portfolios with no arbitrage oppor-
tunity could generate portfolios that could have expected arbitrage opportunity. To do so, we first look into Table 2 and find that there 
is no SD relationship or there exist second- or third-order SD among all the assets being examined in this paper. We then look into 
Tables 3–8, and other tables, and there is no SD relationship or there exist second- or third-order SD among all the portfolios being 
examined in the related sections of our paper. Nevertheless, we do find some first-order SD relationships in Tables 9, 11 and 13 be-
tween different portfolios/assets. For example, from the SD results in Tables 8, 9, 11 and 13, our findings show that there exist several 
pairings of the first-order stochastic dominance between portfolios along the efficient frontiers and the individual assets (e.g. the C, 
FICA, and EMN Indices), especially when a short sale is allowed. For example, the 10th − 15th portfolios, that is, ERT10 – ERT15, in the 
efficient frontier formed by the EH and RV Indices and the 6-M TB, first-order stochastically dominate the C Index and ERT11 – ERT15 
first-order stochastically dominate the FICA Index, when a short sale is allowed. In addition, the 9th − 12th portfolios, that is, ET9 – 
ET12, in the efficient frontier formed by the EH Index, 6-M TB, and other assets but without the RV Index, first-order stochastically 
dominate the C Index, and the 10th − 15th portfolios, that is, RT10 – RT15, in the efficient frontier formed by the RV Index, 6-M TB, and 
other assets but without the EH Index, first-order stochastically dominate the C Index, when a short sale is allowed. 

Arbitrage opportunities will appear if there exists any first-order stochastic dominance relationship [88,89]. Investors will, 
therefore, increase their wealth and expected utilities if they sell the dominated asset and hold long the dominant asset. When a 
first-order stochastic dominance exists, investors may only increase their expected wealth, rather than increase their wealth [21]. 
Thus, our findings imply that there are arbitrage opportunities in either emerging or developed markets for investors between port-
folios along the efficient frontiers and the individual assets of hedge fund strategies including the C, FICA, and EMN Indices when a 
short sale is allowed and investors will get higher expected wealth as well as a higher expected utility if they sell the dominated asset 
and hold long the dominant asset. 

We note that in the finance literature, there are only very few FSD relationships discovered in the finance literature. For example, 
Tsang et al. [90] did find some FSD relationships in the rental yield of the Hong Kong property market. However, since the rental yield 

Table 15 
Measures for portfolios with the EH and RV Indices and 6-M TB under the short-allowed strategy for the testing period (April 2020 to March 2021）.   

Sharpe Sortino Rachev Info. R Jensen’s 

ERT1 − 0.5599 − 0.6727 0.2446 − 1.3609 0.0003 
ERT1′ 0.8974 8.5707 7.4981 ¡1.1791 0.0001 
ERT2 0.7608 3.3986 3.5321 − 1.3602 0.0003 
ERT2′ 0.9031 9.0220 8.1169 ¡1.1542 0.0001 
ERT3 0.8591 4.5112 4.5955 − 1.3562 0.0003 
ERT3′ 0.9042 9.0451 8.7891 ¡1.1252 0.0002 
ERT4 0.8478 4.4663 4.3707 − 1.3483 0.0003 
ERT4′ 0.9018 8.7360 9.5222 ¡1.0922 0.0002 
ERT5 0.8399 4.4141 4.2054 − 1.3359 0.0003 
ERT5′ 0.8968 8.2518 8.7947 ¡1.0558 0.0002 
ERT6 0.8348 4.3776 4.1176 − 1.3182 0.00025 
ERT6′ 0.8899 7.7176 7.8303 ¡1.0163 0.00026 
ERT7 0.8313 4.3518 4.0631 − 1.2947 0.00026 
ERT7′ 0.8818 7.2028 7.1013 ¡0.9743 0.0003 
ERT8 0.8287 4.3329 4.0261 − 1.2648 0.00026 
ERT8′ 0.8730 6.7362 6.5309 ¡0.9304 0.00033 
ERT9 0.8268 4.3185 3.9992 − 1.2283 0.0003 
ERT9′ 0.8638 6.3251 6.0723 ¡0.8850 0.0004 
ERT10 0.8254 4.3072 3.9788 − 1.1850 0.0003 
ERT10′ 0.8545 5.9668 5.6957 ¡0.8389 0.0004 
ERT11 0.8242 4.2981 3.9628 − 1.1351 0.0003 
ERT11′ 0.8451 5.6556 5.3808 ¡0.7925 0.0004 
ERT12 0.8232 4.2906 3.9500 − 1.0792 0.0003 
ERT12′ 0.8359 5.3848 5.2585 ¡0.7464 0.0005 
ERT13 0.8224 4.2844 3.9394 − 1.0181 0.0003 
ERT13′ 0.8269 5.1483 5.2191 ¡0.7008 0.0005 
ERT14 0.8217 4.2791 3.9305 − 0.9527 0.0003 
ERT14′ 0.8182 4.9406 5.1848 ¡0.6561 0.0005 
ERT15 0.8211 4.2745 3.9230 − 0.8842 0.0003 
ERT15′ 0.8098 4.7574 5.1548 ¡0.6126 0.0006 
Pn 1.3799 26.5758 16.7397   
Pn′ 1.3798 35.3222 22.0791   

Note: ERTn (ERTn′) stands for the portfolio with (without) equity hedge index, relative value index, and 6-month T-bill for n = 1,…,15.and Pn (P′
n) is 

the naïve 1/N portfolio with (without) equity hedge index, relative value index, and 6-month T-bill.  
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cannot be hedged, the FSD relationships in the rental yield of the Hong Kong property market may be able to last after discovery. 
Now, our paper finds that there are several FSD relationships among different hedging fund portfolios and other portfolios/indi-

vidual assets and our findings conclude that Conjecture 6 set in this paper holds that combinations of portfolios with no arbitrage 
opportunity could generate portfolios that could have expected arbitrage opportunity. We note that so far as we know, literature only 
found that combinations of portfolios with no arbitrage opportunity could only generate portfolios that could enable investors to 
obtain higher expected utility but not higher expected wealth [10,61–63,66,91–95]. To be more specific, our findings indicate that 
using hedge fund strategies can create expected arbitrage opportunities in either emerging or developed markets and gain very good 
profit for investors. We claim that the phenomenon that combinations of portfolios with no arbitrage opportunity could generate 
portfolios that could have expected arbitrage opportunity is a new anomaly in the financial market and our paper discovers a new 
anomaly in the financial market that expected arbitrage opportunity could be generated. 

The questions raised then will be whether the FSD relationships among different hedging fund portfolios and other portfolios/ 
individual assets can last. If investors could access such mathematical information timely, they will sell the dominated asset and hold 
long the dominant asset to push up the price of the dominant asset and push down the price of the dominated asset so that the arbitrage 
opportunity would have disappeared [96,97]. Whether the comments suggested by Bernard and Seyhun [96], Larsen and Resnick [97], 
and others will hold for the arbitrage opportunity discovered in our paper for the hedging funds and individual assets will cease after 
our discovery, we will leave it to future study on the issue. 

In addition, it’s worth considering why the portfolios formed by using proposed trading strategy first-order stochastic dominance 
other portfolios/assets in our study period? one plausible explanation is that investors might not have had access to this critical in-
formation during the period. If they could, many investors would probably have bought long on the portfolios formed by using 
proposed trading strategy and short sold on other dominanced portfolios/assets in which case the FSD could have disappeared [96,97]. 
The second question to ponder is why does several pairings FSD relationship exist in so many pairs of portfolios/assets? One plausible 
explanation is that investors may lack the knowledge and tools required to detect FSD because developing this index requires some 
advanced tools like the ones used in this paper. That is the reason for explaining that several pairings FSD relationship still exists in the 
market. 

6.2. Market efficiency 

To examine whether the market is efficient is one of the most important issues in finance. For example, Fama [98] comments that 
technical analysis rejects market efficiency because it attempts to make a profit by exploiting currently available information. In this 
section, we examine whether the market of hedging funds is efficient. As discussed in Section 5.1, there exist first-order stochastic 
dominance relationships among the hedging funds, implying the existence of expected arbitrage opportunities in the market, which, in 
turn, infers that the market of hedging funds is inefficient. Another evidence for market inefficiency is the existence of a higher (than 
one) order of SD among the funds. Falk and Levy [89], Clark and Kassimatis [99], and others suggest that even without FSD, the market 
is inefficient if there are higher-order SD relationships so that investors can increase expected utility but not expected wealth by 
switching from holding the dominated asset to holding the dominant asset. Our empirical results show that there exist many pairs of 
higher-order SD. For example, the first two portfolios, that is, RT1-RT2, in the efficient frontier formed by with Relative Value and 6-M 
TB and other assets but without the EH Index third-order stochastically dominate the EM Index and the 3rd − 14th portfolios, that is, 
ET3 – ET14, in the efficient frontier formed by the RV Index, 6-M TB, and other assets but without the EH Index, second-order sto-
chastically dominate the EM Index, regardless of whether when a short sale is allowed or is not allowed. Thus, there are many 
higher-order SD relationships in the hedge fund market, implying that investors can increase expected utility by selling the dominated 
funds to holding the dominant fund, which, in turn, implies that the market of the hedge fund is inefficient. 

6.3. Conjectures 

The issue of how to improve expected utility is a hot topic for decades. For example, Markowitz [71] proposed using the 
mean-variance rule to form a portfolio can improve expected utility and expected wealth. It is common to have the following beliefs: A) 
some academics and practitioners, for example, Bouri et al. [66] believe that including the asset with the highest mean is a good choice, 
B) some academics, for example, Hoang et al. [94] believe that including the asset that stochastically dominates most of the other 
assets to their portfolios is a good choice, and C) some, for example, Kirchler et al. [100] believe that including the assets with the 
smallest standard deviation is a good choice, and we believe that A, B, and C are not the best choice but D) inclusion of A, B, and C is the 
best (in the sense that investors could get the highest expected wealth and/or the highest expected utility) as what we have conjectured 
in Conjecture 3. To examine whether our conjecture holds, we use the hedging fund data from 1990 to 2010 to compare the per-
formance of A, B, C (as stated in Conjectures 1A, 1B, and 1C), D (as stated in Conjecture 3), and any 2 combinations of a, b, and c (as 
stated in Conjectures 2A, 2B, and 2C) and in this sample, we find that A is the Equity Hedge (EH) Total Index with the highest mean, B is 
the Relative Value (RV) Total Index that stochastically dominates most of the other assets to their portfolios, C is the 6-month Treasury 
Bill (TB) with the smallest standard deviation, and thus, we call “inclusion of A, B, and C” be the ERT portfolio; that is, the portfolios 
along the efficient frontier including the EH and RV Indices and 6-M TB. Nevertheless, our findings show that most of the portfolios 
formed by using one of the A, B, and C strategies as mentioned above do not stochastically dominate the corresponding portfolio 
without one of the A, B, and C strategies, except some of the portfolios in C that marginally dominate the corresponding portfolios 
without C and one of the portfolios with A second-order stochastically dominates the corresponding portfolio without A when a short 
sale is not allowed, implying that Conjecture 1B does not hold and both Conjectures 1A and 1C only hold marginally. So could we 
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conclude our conjecture that including the asset with the highest mean, the asset that stochastically dominates most of the other assets, 
and the asset with the smallest standard deviation will get much higher expected utility does not hold? 

To study whether our conjecture holds, we turn to compare the performance between portfolios with and without any two of A, B, 
and C strategies. Using this comparison, we find that some of the portfolios formed by using two of the A, B, and C strategies sto-
chastically dominate the corresponding portfolio without two of the A, B, and C strategies, except the portfolios formed by the A and B 
strategies, implying that Conjecture 2A does not hold and both Conjectures 2B and 2C hold marginally. This finding only supports our 
conjecture marginally. 

To study whether our conjecture holds, we turn to compare the performance using all A, B, and C strategies together. By using all A, 
B, and C strategies together, we find that most of the portfolios (that is, the ERT portfolios) stochastically dominate the corresponding 
portfolio without any one or any two or all three of the A, B, and C strategies, implying that Conjecture 3 and Conjectures 4A to 4F all 
hold strongly, that investors could get higher expected utility than if they include Assets A, B, and C together to form a portfolio in the 
efficient frontier than using any one or any two of Assets A, B, and C. In addition, we find that most of ERT portfolios stochastically 
dominate all the individual assets and the naïve 1/N portfolio, implying that Conjecture 5 hold strongly that investors could get higher 
expected utility if they include all A, B, and C strategies together than the 1/N portfolio strategy and any individual asset. 

7. Concluding remarks 

In this paper, we introduce a new trading strategy in investment and examine the performance of different hedge funds from 
emerging and developed markets and determine which hedge fund(s) should be included in the portfolios to get higher expected utility 
and/or expected arbitrage opportunities over the period from December 1989 through March 2020 using both portfolio optimization 
and stochastic dominance approaches. According to the knowledge of mean-variance rule and stochastic dominance approach, we 
select the three particular strategies, including the asset, say, Asset A (that is, the Equity Hedge (EH) Total Index), with the highest 
mean, the asset, say, Asset B (that is, the Relative Value (RV) Total Index), that stochastically dominates most of the other assets, and 
the asset, say, Asset C (that is, 6-M T-bill), with the smallest standard deviation, and we believe that including these assets could have a 
greater opportunity to obtain higher expected utility and/or expected arbitrage opportunities. To test our belief, we set up 14 con-
jectures totally, including the conjecture that among all the assets investors want to invest, to examine whether investors should 
include Assets A, B, and/or C in their formation of the portfolio in the efficient frontier of emerging and developed markets could get 
higher expected utility. 

To check whether some or all of our conjectures hold by examining the performance of the portfolios formed by different hedging 
funds from emerging and developed markets along the efficient frontier, we compare not only the performance between portfolios with 
and without any one, two, and all three of A, B, and C strategies, but also the performance between portfolios with all three of A, B, and 
C strategies and portfolios with any one or two of A, B, and C strategies when a short sale is allowed or is not allowed. We find that most 
of the portfolios with assets A, B, and C stochastically dominate the corresponding portfolio without any one, two, or all three of the A, 
B, and C strategies, implying that Conjecture 3 and Conjectures 4A to 4F hold strongly, that investors could get higher expected utility 
and/or expected arbitrage opportunities than if they include Assets A, B, and C together to form a portfolio in the efficient frontier of 
emerging and developed markets than using any one, or two of Assets A, B, and C and without Assets A, B, and C. 

In addition, we compare the performance between portfolios with all three of A, B, and C strategies and the individual assets and the 
naïve 1/N portfolio of emerging and developed markets. We find that most of the portfolios with assets A, B, and C stochastically 
dominate all the individual assets and the naïve 1/N portfolio, implying that Conjecture 5 hold strongly that investors could get higher 
expected utility and/or expected arbitrage opportunities if they include all A, B, and C strategies together than the 1/N portfolio 
strategy and any individual asset. 

Our findings support that the existence of expected arbitrage opportunities in the market of hedge funds and in the period we 
studied, that there are expected arbitrage opportunities in the market of hedge funds. For example. there are expected arbitrage 
opportunities for investors between portfolios along the efficient frontiers and the individual assets of hedge fund strategies, including 
the C, FICA, and EMN Indices when a short sale is allowed and investors will not only get higher expected utility but also get higher 
expected wealth if they sell the dominated asset and hold long the dominant asset. We also find many higher-order SD relationships in 
the hedge fund market, for example, the first 5 portfolios with the EH and RV Indices and 6-M TB third-order stochastically dominate 
the corresponding first 5 portfolios without the EH and RV Indices and 6-M TB, implying that investors can increase expected utility by 
selling the dominated funds to holding the dominant fund, which, in turn, imply that the market of the hedge fund is inefficient. 

From our findings, we conclude that our proposed new trading strategy to include Assets A, B, and C in the portfolio is the best 
strategy among all the other strategies used in our paper in the sense that investors could get the highest expected wealth and/or the 
highest expected utility than inclusion of any one or two assets A, B, and C in the portfolio for the emerging and developed markets. 

In addition, our findings conclude that Conjecture 6 set in this paper holds that combinations of portfolios with no arbitrage op-
portunity could generate portfolios that could have expected arbitrage opportunity and we claim that the phenomenon that combi-
nations of portfolios with no arbitrage opportunity could generate portfolios that could have expected arbitrage opportunity is a new 
anomaly in the financial market and our paper discovers a new anomaly in the financial market that expected arbitrage opportunity 
could be generated. 

Our findings contribute to the advancement of knowledge on the outcomes of hedge fund strategies and the reliability of alternative 
risk frameworks in the evaluation. Our findings also provide practical experience to academics, fund managers, and investors on how 
to choose assets in their portfolio to get significantly higher expected utility. The limitation of our study is that our findings are just 
empirical findings from real data. We do not have any theory to support our claim. Thus, further study of our work includes 

W.-K. Wong et al.                                                                                                                                                                                                      



Heliyon 9 (2023) e22486

28

development of new finance theory to support our claim. As far as we know, this is the first paper to discover that the best portfolio (in 
term of the mean-variance and stochastic dominance approaches) is to include the asset with the highest mean, the asset that sto-
chastically dominates many other assets, and the asset with the smallest standard deviation by using some hedge funds. Extension of 
our study could test whether our conjecture still holds for more hedge funds or other funds [68,101] or to other assets [102], for 
example, energy [103,104], wine [66], futures [92,95,105], warrants [91], iShares [93], gold [62,63,94], internet stocks [61], and 
many others. 

We note that there are many trading strategies [1,2,7–9]. Recently, Lv et al. [10,11] find that using both efficient frontier graphs 
and stochastic dominance analysis could find portfolios that do not lie on the efficient frontier could have higher expected utility than 
the corresponding portfolios in the efficient frontier. We note that stochastic dominance analysis is a very good approach to evaluate 
the performance between any pair of assets because it has been formally proven that regardless of any distribution, if one asset sta-
tistically dominates another asset, then any risk-averse investor will have a higher expected utility of the dominating asset to the 
dominated asset [19]. Nevertheless, there are many other risk measures, for example, the mean-variance rule, Sharpe ratio, Sortino 
ratio, Rachev ratio, Information ratio, Jensen’s Alpha, VaR, C-VaR, Omega ratio, Farinelli and Tibiletti ratio, Kappa ratio, etc. in 
measuring the performances of the assets. These measures are considered to be good measures because the comparison by using these 
measures is the same as the comparison by using the stochastic dominance approach. Nonetheless, the comparison of using some, if not 
all, of these measures is found to be equivalent to that of the stochastic dominance approach only under some conditions [23] and it is 
easy to find examples to show that one asset, say, Asset A, is preferred to another asset, say, Asset B, or two assets are indifferent by 
using one measure that is not stochastic dominance approach but risk-averse investors could have a higher expected utility for Asset B 
to Asset A [19]. Thus, the stochastic dominance approach is superior to any of these measures and our paper uses the stochastic 
dominance approach in the comparison. 

Future research can explore the preference for other types of investors [62,63,94]. It’s important to highlight that our hypothesis is 
not confined solely to portfolios including the Equity Hedge Total Index, Relative Value Total Index, and 6-Month T-bills. We believe 
that our conjecture could hold for most, if not all, combinations of assets. In this paper, we only use the Equity Hedge Total Index, the 
Relative Value Total Index and 6-M T-bills as an illustration to support that our conjecture could hold. Future research could inves-
tigate cases in which our conjecture does not hold. 
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