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Abstract: In this paper, a disturbance observer based on the non-singular terminal sliding mode
control method was presented for the quadrotor in the presence of wind perturbation. First, the
position and attitude dynamical equation of the quadrotor was introduced in the existence of windy
perturbation. It was difficult to exactly determine the upper bound of the perturbations in the practical
systems such as robot manipulators and quadrotor UAVs. Then, a disturbance observer was designed
for the estimation of wind perturbation which was entered to the quadrotor system at any moment.
Afterward, a non-singular terminal sliding surface was proposed based on the disturbance observer
variable. Furthermore, finite time convergence of the closed-loop position and attitude models of
the quadrotor was proved using Lyapunov theory concept. Unlike the existing methods, the new
adaptive non-singular terminal sliding mode tracker for quadrotor unmanned aerial vehicles enabled
accurate tracking control, robust performance, and parameter tuning. Through the combination
of the finite time tracker and disturbance observer, the position and attitude tracking of quadrotor
UAVs could be accurately performed not only in the nominal environment but also in the existence
of different types of perturbations. Finally, simulation results based on the recommended method
were provided to validate the proficiency of the suggested method. Moreover, comparison results
with another existing study were presented to prove the success of the proposed method.

Keywords: quadrotor unmanned aerial vehicle; disturbance observer; non-singular terminal sliding
mode; finite-time convergence; wind perturbation

1. Introduction

Nowadays, quadrotors or unmanned aerial vehicles (UAVs) have attracted more
interest due to their favorable properties such as small size and low cost [1–3]. These
characteristics of quadrotors present challenges in controlling them [4,5]. Moreover, in the
control process of quadrotor UAV, investigation of robustness against exterior perturba-
tions such as wind disturbance and sensor failure are counted as a major part of control
strategy [6,7]. Hence, with the utilization of a disturbance observer, disturbance can be
observed and suppressed immediately, which leads to improvement of performance of
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the quadrotor system [8,9]. Therefore, an advanced control strategy for quadrotor can be
combined with the disturbance rejection technique [10–12].

In [13], for reduction in the complexity of the control design, a dynamical model of
a perturbed quadrotor was decomposed into two different subsystems which could be
controlled independently. Then, the presented nonlinear disturbance observer based on the
backstepping control scheme was designed for the first subsystem while the multivariable
sliding mode control (SMC) was presented for the second subsystem. In [14], an adaptive
neural-discrete time control method based on the fractional-order technique was presented
for the quadrotor in the presence of external disturbances. Additionally, for the rejection
of disturbance, a discrete disturbance observer was proposed to approximate the external
disturbance. In [15], a disturbance observer based on the linear quadratic regulator (LQR)
method was presented for the quadrotors under external disturbances and input saturations.
Moreover, an anti-wind-up scheme was introduced to tackle the input saturation. In [16],
a disturbance observer based on the backstepping control method was proposed for the
control of quadrotor in the presence of exterior disturbance. Afterward, in order to enhance
the transient and steady-state responses of the control method, the prescribed performance
function was introduced. In [17], a nonlinear backstepping control method for tracking
control of quadrotor in the appearance of external disturbance was offered. Afterward, to
reject the disturbance, a disturbance observer was designed in [17]. In [18], an adaptive
feedback control scheme for stabilization of the quadrotor under parameter uncertainty
and external disturbance was suggested. Then, a disturbance observer based on the barrier
function was planned to estimate the external disturbance. In [19], the external disturbance
related to the atmospheric condition was modelled at first. Then, a robust fractional-order
SMC technique was presented for tracking control of quadrotor. In [20], stabilization
of quadrotor in the presence of external disturbance was examined. Furthermore, an
active disturbance observer was presented with the aim of disturbance rejection. Another
challenge in the control of the quadrotor is the position and attitude tracking control of the
quadrotor with fast convergence. Hence, the non-singular terminal sliding mode control
(TSMC) method was adopted with the target of acceleration of reachability of trajectories of
the position and attitude of the quadrotor system [21–27]. In [28], non-singular TSMC was
designed for the tracking control of quadrotor. In [29], a non-singular fast terminal sliding
mode control (FTSMC) based on the time-varying formation tracking was recommended
for quadrotor under external perturbation. In [30], attitude and position tracking control of
quadrotor in the presence of exterior disturbance was investigated. Hence, high-order SMC
disturbance observer was presented in order to estimate disturbance. Then, the composite
non-singular TSMC method was offered for the tracking control [31]. In [32], a non-singular
TSMC was suggested for the attitude control of the quadrotor in the existence of fault
tolerant and exterior disturbance. Furthermore, an observer based on the neural network
was adopted for approximation of the fault tolerant and external perturbation.

According to the review of above-cited papers, there are few comprehensive studies
that have investigated the position and attitude tracking control of quadrotor based on
the non-singular TSMC method using a disturbance observer. For this reason, a new
disturbance observer based on the non-singular TSMC method was proposed with the
aim of position and attitude tracking control of quadrotor UAV in the appearance of wind
perturbation. For easy perception of the innovation of this study, the basic novelties are
summarized below:

- Design of a new disturbance observer combined with non-singular terminal sliding
mode control for approximation of wind perturbation;

- Proposition of a non-singular terminal sliding surface with fast convergence rate for
position and attitude tracking control of quadrotors; and

- Finite time reachability of the proposed sliding surface based on the Lyapunov stability
theory.

For better reading of this paper, the next sections are listed as follows: in Section 2, the
position and attitude dynamic models of quadrotor are introduced under wind perturbation.
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In Section 3, the disturbance observer design is presented. In Section 4, the non-singular
TSMC method is reported. Simulation results are displayed in Section 5. Finally, the
conclusion is stated in Section 6.

2. Model Description of Quadrotor and Some Preliminaries

The under-actuated dynamical model of quadrotor is expressed as [33]:

..
x(t) = 1

m

[
−K f dx

.
x +

(
CφSθCψ + SφSψ

)
uz

]
..
y(t) = 1

m

[
−K f dy

.
y +

(
CφSθSψ − SφCψ

)
uz

]
..
z(t) = 1

m

[
−K f dz

.
z +

(
CφCθ

)
uz

]
− g

..
φ(t) = 1

Ix

[(
Iy − Iz

) .
ψ

.
θ − K f ax

.
φ

2
− JrΩ

.
θ + duφ

]
..
θ(t) = 1

Iy

[
(Iz − Ix)

.
ψ

.
φ− K f ay

.
θ

2
+ JrΩ

.
φ + duθ

]
..
ψ(t) = 1

Iz

[(
Ix − Iy

) .
φ

.
θ − K f az

.
ψ

2
+ CDuψ

]
(1)

where by definition of ux(t) = CφSθCψ + SφSψ and uy(t) = CφSθSψ − SφCψ as supplemen-
tary control inputs, the dynamical model of the quadrotor is considered as:

..
x(t) = 1

m

[
−K f dx

.
x + ux(t)uz(t)

]
..
y(t) = 1

m

[
−K f dy

.
y + uy(t)uz(t)

]
..
z(t) = 1

m

[
−K f dz

.
z +

(
CφCθ

)
uz(t)

]
− g

..
φ(t) = 1

Ix

[(
Iy − Iz

) .
ψ

.
θ − K f ax

.
φ

2
− JrΩ

.
θ + duφ(t)

]
..
θ(t) = 1

Iy

[
(Iz − Ix)

.
ψ

.
φ− K f ay

.
θ

2
+ JrΩ

.
φ + duθ(t)

]
..
ψ(t) = 1

Iz

[(
Ix − Iy

) .
φ

.
θ − K f az

.
ψ

2
+ CDuψ(t)

]
(2)

where Sφ = sinφ, Cφ = cosφ, Sθ = sinθ, Cθ = cosθ, Sψ = sinψ, Cψ = cosψ, and Ω = w1 − w2 +
w3 − w4. The terms of uz, uφ, uθ , and uψ signify the control inputs of the quadrotor and
ux(t) and uy(t) are the supplementary control inputs. The parameters of the dynamical
model of quadrotor are given in Table 1.

Table 1. Parameters of dynamical model of quadrotor [33].

Variable Unit Name Variable Unit Name

x, y, z (m) Coordinate axes of quadrotor Ix, Iy, Iz (N·m/rad/s2)
Inertia to the axes

x, y, z

φ, θ, ψ (Rad) Pitch, Roll, Yaw angles CD (N·m/rad/s) Drag factors

K f dx, K f dy, K f dz (N/rad/s) Drag coefficients Jr (N·m/rad/s2) Motor inertia

K f ax, K f ay, K f az (N/rad/s) Aerodynamic fiction factors Kp (N·m/rad/s) Lift power facto

m (kg) Mass of quadrotor w1,w2,w3,w4 (Rad/s) Angular velocities

d (m) Distance between rotation
axes and center
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In the quadrotor system, the following relations hold between angular velocities and
control inputs:

uz(t) = Kp
(
w2

1 + w2
2 + w2

3 + w2
4
)
,

uφ(t) = −Kpw2
1 + Kpw2

3,

uθ(t) = −Kpw2
2 + Kpw2

4,

uψ(t) = Cd
(
w2

1 − w2
2 + w2

3 − w2
4
) (3)

By definition of the new variables as α1 =
−K f dx

m , α2 =
−K f dy

m , α3 =
−K f dz

m , α4 =
Iy−Iz

Ix
, α5 =

−K f ax
Ix

, α6 = − Jr
Ix

, α7 = Iz−Ix
Iy

, α8 =
−K f ay

Iy
, α9 = Jr

Iy
, α10 =

Ix−Iy
Iz

, α11 =
−K f az

Iz
,

β1 = d
Ix

, β2 = d
Iy

, and β3 = CD
Iz

, the dynamical equations are rewritten as:

..
x(t) = α1

.
x(t) + uz

m ux(t),
..
y(t) = α2

.
y(t) + uz

m uy(t),
..
z(t) = α3

.
z(t)− g +

(CφCθ)
m uz(t),

..
φ(t) = α4

.
ψ(t)

.
θ(t) + α5

.
φ

2
(t) + α6Ω

.
θ(t) + β1uφ(t),

..
θ(t) = α7

.
ψ(t)

.
φ(t) + α8

.
θ

2
(t) + α9Ω

.
φ(t) + β2uθ(t),

..
ψ(t) = α10

.
φ(t)

.
θ(t) + α11

.
ψ

2
(t) + β3uψ(t).

(4)

Now, consider the state-space vector of the quadrotor system as

[x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12]
T = X(t) =

[
x,

.
x, y,

.
y, z,

.
z, φ,

.
φ, θ,

.
θ, ψ,

.
ψ
]T

and

the vector of the wind perturbation as D(t) =
[
dx, dy, dz, dφ, dθ , dψ

]T . Then, Equation (4)
can be rewritten in the state-space form as

.
x1(t) = x2(t),

.
x2(t) = α1x2(t) +

uz(t)
m ux(t) + dx(t),

.
x3(t) = x4(t),

.
x4(t) = α2x4(t) +

uz(t)
m uy(t) + dy(t),

.
x5(t) = x6(t),

.
x6(t) = α3x6(t)− g +

CφCθ

m uz(t) + dz(t),
.
x7(t) = x8(t),

.
x8(t) = α4x12(t)x10(t) + α5x8

2(t) + α6Ωx10(t) + β1uφ(t) + dφ(t),
.
x9(t) = x10(t),

.
x10(t) = α7x12(t)x8(t) + α8x10

2(t) + α9Ωx8(t) + β2uθ(t) + dθ(t),
.
x11(t) = x12(t),

.
x12(t) = α10x8(t)x10(t) + α11x12

2(t) + β3uψ(t) + dψ(t)

(5)

3. Disturbance Observer Design

In this part, for the rejection of the external disturbance related to the wind perturba-
tion, a new disturbance observer was designed to estimate the perturbation at any moment.
For this reason, the disturbance observer variable was defined as:
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Vx(t) = Wx(t)− x2(t)
Vy(t) = Wy(t)− x4(t),

Vz(t) = Wz(t)− x6(t),

Vφ(t) = Wφ(t)− x8(t),

Vθ(t) = Wθ(t)− x10(t),

Vψ(t) = Wψ(t)− x12(t)

(6)

where Wi(t) is determined by the following law:

.
Wx(t) =

[
−kxVx(t)− bx(t)sign(Vx(t))− εxV

nx
mx

x (t) + α1x2(t) +
uz(t)

m ux(t)
]

.
Wy(t) =

[
−kyVy(t)− by(t)sign(Vy(t))− εyV

ny
my

y (t) + α2x4(t) +
uz(t)

m uy(t)

]
.

Wz(t) =
[
−kzVz(t)− bz(t)sign(Vz(t))− εzV

nz
mz

z (t) + α3x6(t)− g +
CφCθ

m uz(t)
]

.
Wφ(t) =

[
−kφVφ(t)− bφ(t)sign(Vφ(t))− εφV

nφ
mφ

φ (t) + α4x12(t)x10(t) + α5x8
2(t) + α6Ωx10(t) + β1uφ(t)

]
.

Wθ(t) =

[
−kθVθ(t)− bθ(t)sign(Vθ(t))− εθV

nθ
mθ

θ (t) + α7x12(t)x8(t) + α8x10
2(t) + α9Ωx8(t) + β2uθ(t)

]
.

Wψ(t) =

[
−kψVψ(t)− bψ(t)sign(Vψ(t))− εψV

nψ
mψ

ψ (t) + α10x8(t)x10(t) + α11x12
2(t) + β3uψ(t)

]
,

(7)

where ni’s and mi’s are two odd positive numbers (ni < mi). The terms
.

Wi(t) are defined
as (7), where the time derivates of the disturbance observer variables Vi(t) satisfy the finite
time convergence criterion. The design coefficients ki’s and εi’s are some positive constants.
The disturbance observer d̂i(t), (∀i = x, y, z, φ, θ, ψ) is found as

d̂i(t) = −kiVi(t)− bi(t)sign(Vi(t))− εiVi(t)
ni
mi (8)

where bi ≥ |di|max ≥ |di|.

Theorem 1. Consider the disturbed nonlinear quadrotor system (5) and the disturbance observer
(8). Hence, the exterior disturbance related to the wind perturbation is estimated and the disturbance
estimation error converges to zero in the finite time.

Proof. Taking the time derivative of (6), it yields:

.
Vx(t) =

.
Wx(t)−

.
x2(t)

.
Vy(t) =

.
Wy(t)−

.
x4(t),

.
Vz(t) =

.
Wz(t)−

.
x6(t),

.
Vφ(t) =

.
Wφ(t)−

.
x8(t),

.
Vθ(t) =

.
Wθ(t)−

.
x10(t),

.
Vψ(t) =

.
Wψ(t)−

.
x12(t)

(9)

where using (5) and (7), we have:
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.
Vx(t) =

[
−kxVx(t)− bx(t)sign(Vx(t))− εxV

nx
mx

x (t) + α1x2(t) +
uz(t)

m ux(t)− α1x2(t)− uz(t)
m ux(t)− dx(t)

]
.

Vy(t) =

[
−kyVy(t)− by(t)sign(Vy(t))− εyV

ny
my

y (t) + α2x4(t) +
uz(t)

m uy(t)− α2x4(t)− uz(t)
m uy(t)− dy(t)

]
.

Vz(t) =
[
−kzVz(t)− bz(t)sign(Vz(t))− εzV

nz
mz

z (t) + α3x6(t)− g +
CφCθ

m uz(t)− α3x6(t) + g− CφCθ

m uz(t)− dz(t)
]

.
Vφ(t) =

[
−kφVφ(t) −bφ(t)sign(Vφ(t))− εφV

nφ
mφ

φ (t) + α4x12(t)x10(t) + α5x8
2(t)

+α6Ωx10(t) + β1uφ(t)− α4x12(t)x10(t)− α5x8
2(t)− α6Ωx10(t)

−β1uφ(t)− dφ(t)
]

.
Vθ(t) = [−kθVθ(t) −bθ(t)sign(Vθ(t))− εθV

nθ
mθ

θ (t) + α7x12(t)x8(t) + α8x10
2(t)

+α9Ωx8(t) + β2uθ(t)− α7x12(t)x8(t)− α8x10
2(t)− α9Ωx8(t)

−β2uθ(t)− dθ(t)]

.
Vψ(t) =

[
−kψVψ(t)− bψ(t)sign(Vψ(t))− εψV

nψ
mψ

ψ (t) + α10x8(t)x10(t) + α11x12
2(t) + β3uψ(t)

−α10x8(t)x10(t)− α11x12
2(t)− β3uψ(t)− dψ(t)

]

(10)

Removing the similar expression leads to:

.
Vi(t) = −kiVi(t)− bi(t)sign(Vi(t))− εiVi(t)

ni
mi − di(t). (11)

Considering the positive-definite Lyapunov function as:

L1i(Vi(t)) = 0.5Vi(t)
2 (12)

where taking time derivative of (12) and using (11), the following result is found as:

.
L1i(Vi(t)) = Vi(t)(−kiVi(t)− bi(t)sign(Vi(t))− εiVi(t)

ni
mi − di(t)) (13)

After simplification, it can obtain:

.
L1i(Vi(t)) ≤ −kiVi

2(t)− bi(t)|Vi(t)| − εiVi(t)
ni
mi

+1 − di(t)|Vi(t)| (14)

whereas −di(t)|Vi(t)| ≤ |di(t)||Vi(t)|, so it can gain:

.
L1i(Vi(t)) ≤ −kiVi

2(t)− bi(t)|Vi(t)| − εiVi(t)
ni
mi

+1
+ |di(t)||Vi(t)| (15)

Based on the assumption bi ≥ |di|max ≥ |di|, we have:

.
L1i(Vi(t)) ≤ −kiVi

2(t)− bi(t)|Vi(t)| − εiVi(t)
ni
mi

+1
+ bi(t)|Vi(t)| (16)

where removing the same terms of the above equation leads to:

.
L1i(Vi(t)) ≤ −kiVi

2(t)− εiVi(t)
ni
mi

+1 (17)

According to Equation (17), it can be concluded that the disturbance observer variable
Vi(t) converges to zero in the finite time. The disturbance estimation error can be calculated
by:

d̃i(t) = d̂i(t)− di(t) (18)

Using (5) and (8) and substituting them into (18), one can gain:
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d̃x(t) =
[
−kxVx(t)− bx(t)sign(Vx(t))− εxV

nx
mx

x (t) + α1x2(t) +
uz(t)

m ux(t)−
.
x2(t)

]
d̃y(t) =

[
−kyVy(t)− by(t)sign(Vy(t))− εyV

ny
my

y (t) + α2x4(t) +
uz(t)

m uy(t)−
.
x4(t)

]

d̃z(t) =
[
−kzVz(t)− bz(t)sign(Vz(t))− εzV

nz
mz

z (t) + α3x6(t)− g +
CφCθ

m uz(t)−
.
x6(t)

]
d̃φ(t) =

[
−kφVφ(t)− bφ(t)sign(Vφ(t))− εφV

nφ
mφ

φ (t) + α4x12(t)x10(t) + α5x8
2(t) + α6Ωx10(t) + β1uφ(t)−

.
x8(t)

]

d̃θ(t) =

[
−kθVθ(t)− bθ(t)sign(Vθ(t))− εθV

nθ
mθ

θ (t) + α7x12(t)x8(t) + α8x10
2(t) + α9Ωx8(t) + β2uθ(t)−

.
x10(t)

]

d̃ψ(t) =

[
−kψVψ(t)− bψ(t)sign(Vψ(t))− εψV

nψ
mψ

ψ (t) + α10x8(t)x10(t) + α11x12
2(t) + β3uψ(t)−

.
x12(t)

]

(19)

Considering the Equation (7), it attains:

d̃x(t) =
.

Wx(t)−
.
x2(t),

d̃y(t) =
.

Wy(t)−
.
x4(t),

d̃z(t) =
.

Wz(t)−
.
x6(t),

d̃φ(t) =
.

Wφ(t)−
.
x8(t),

d̃θ(t) =
.

Wθ(t)−
.
x10(t),

d̃ψ(t) =
.

Wψ(t)−
.
x12(t)

(20)

Respect to the Equation (9), we obtain:

d̃i(t) =
.

Vi(t) (21)

Since the disturbance observer variable Vi(t) converges to origin in the finite time
(Equation (17)), then the time derivative of Vi(t) becomes zero in the finite time, i.e.,
.

Vi(t) = 0, and the estimation error d̃i(t) reaches zero. Therefore, the disturbance observer
(8) estimates the exterior disturbance related to the wind perturbation. �

4. Non-singular Terminal Sliding Mode Control

In this paper, the main control objective was the tracking control of the quadrotor in the
presence of wind perturbation based on the non-singular terminal SMC using disturbance
observer. For this reason, tracking error was defined as

Ex(t) = x1(t)− xd(t),

Ey(t) = x3(t)− yd(t),

Ez(t) = x5(t)− zd(t),

Eφ(t) = x7(t)− φd(t),

Eθ(t) = x9(t)− θd(t),

Eψ(t) = x11(t)− ψd(t)

(22)

where xd(t), yd(t), zd(t), φd(t), θd(t), and ψd(t) are desired values, and the non-singular
terminal sliding mode surface is defined as:

σi(t) =
.
Ei(t) + `iEi(t) + γi

∫ t

0

(
Ei

η1(τ) +
.
Ei

η2(τ)
)

dτ + Vi(t) (23)
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with `i and γi as the positive constants (∀i = x, y, z, φ, θ, ψ), and η1 = c1
c2

,η2 = c3
c4

where
ci’s are the odd integer positive constants with c1 < c2 and c3 < c4.

In order to satisfy the finite time convergence of non-singular terminal sliding surface
(23) to the origin, the subsequent theorem is provided:

Theorem 2. Consider the position and attitude dynamical model of the quadrotor under wind
perturbation as (5) and the non-singular terminal sliding surface (23). If the finite time position and
attitude controllers with the rapid reaching law are designed as:

ux(t) = − m
uz(t)

[
α1x2(t)−

..
xd(t) + d̂x(t) + `x

.
Ex(t) + γx

(
Ex

η1(t) +
.
Ex

η2(t)
)

+b1x

(
Cx
|σx(t)| − 1

)
sign(σx(t)) + b2x|σx(t)|ax sign(σx(t))

]
uy(t) = − m

uz(t)

[
α2x4(t)−

..
yd(t) + d̂y(t) + `y

.
Ey(t) + γy

(
Ey

η1(t) +
.
Ey

η2(t)
)

+b1y

(
Cy
|σy(t)| − 1

)
sign

(
σy(t)

)
+ b2y

∣∣σy(t)
∣∣ay sign

(
σy(t)

)]
uz(t) = − m

CφCθ

[
α3x6(t)− g− ..

zd(t) + d̂z(t) + `z
.
Ez(t) + γz

(
Ez

η1(t) +
.
Ez

η2(t)
)

+b1z

(
Cz
|σz(t)| − 1

)
sign(σz(t)) + b2z|σz(t)|az sign(σz(t))

]
uφ(t) = − 1

β1
[α4x12(t)x10(t) + α5x8

2(t) + α6Ωx10(t)−
..
φd(t)

+d̂φ(t) + `φ

.
Eφ(t) + γφ

(
Eφ

η1(t) +
.
Eφ

η2(t)
)

+b1φ

(
Cφ
|σφ(t)| − 1

)
sign

(
σφ(t)

)
+b2φ

∣∣σφ(t)
∣∣aφ sign

(
σφ(t)

)
]

uθ(t) = − 1
β2
[α7x12(t)x8(t) + α8x10

2(t) + α9Ωx8(t)−
..
θd(t) + d̂θ(t) + `θ

.
Eθ(t)

+γθ

(
Eθ

η1(t) +
.
Eθ

η2(t)
)
+ b1θ

(
Cθ
|σθ(t)| − 1

)
sign(σθ(t))

+b2θ |σθ(t)|aθ sign(σθ(t))
]

uψ(t) = − 1
β3
[α10x8(t)x10(t) + α11x12

2(t)−
..
ψd(t) + d̂ψ(t) + `ψ

.
Eψ(t)

+γψ

(
Eψ

η1(t) +
.
Eψ

η2(t)
)
+ b1ψ

(
Cψ
|σψ(t)| − 1

)
sign

(
σψ(t)

)
+b2ψ

∣∣σψ(t)
∣∣aψ sign

(
σψ(t)

)]

(24)

with b1i, b2i > 0, 0 < ai < 1 and Ci = 1 + (b2i/b1i), then the non-singular TSMC surface reaches
zero in the finite time and the reachability condition is satisfied.

Proof. Time derivative of non-singular terminal sliding surfaces (23) is obtained as:

.
σi(t) =

..
Ei(t) + `i

.
Ei(t) + γi

(
Ei

η1(τ) +
.
Ei

η2(τ)
)
+

.
Vi(t) (25)

where applying (5) and (22), we have

.
σx(t) =

[
α1x2(t) +

uz(t)
m ux(t)−

..
xd(t) + `x

.
Ex(t) + γx

(
Ex

η1(t) +
.
Ex

η2(t)
)
+

.
Vx(t) + dx

]
.
σy(t) =

[
α2x4(t) +

uz(t)
m uy(t)−

..
yd(t) + `y

.
Ey(t) + γy

(
Ey

η1(t) +
.
Ey

η2(t)
)
+

.
Vy(t) + dy

]
.
σz(t) =

[
α3x6(t)− g +

(CφCθ)
m uz(t)−

..
zd(t) + `z

.
Ez(t) + γz

(
Ez

η1(t) +
.
Ez

η2(t)
)
+

.
Vz(t) + dz

]
.
σφ(t) =

[
α4x12(t)x10(t) + α5x8

2(t) + α6Ωx10(t) + β1uφ(t)−
..
φd(t) + `φ

.
Eφ(t) + γφ

(
Eφ

η1(t) +
.
Eφ

η2(t)
)
+

.
Vφ(t) + dφ

]
.
σθ(t) =

[
α7x12(t)x8(t) + α8x10

2(t) + α9Ωx8(t) + β2uθ(t)−
..
θd(t) + `θ

.
Eθ(t) + γθ

(
Eθ

η1(t) +
.
Eθ

η2(t)
)
+

.
Vθ(t) + dθ

]
.
σψ(t) =

[
α10x8(t)x10(t) + α11x12

2(t) + β3uψ(t)−
..
ψd(t) + `ψ

.
Eψ(t) + γψ

(
Eψ

η1(t) +
.
Eψ

η2(t)
)
+

.
Vψ(t) + dψ

]
(26)
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From (21) one attains:
d̂i(t) = di(t) +

.
Vi(t) (27)

Substitution of (27) into (26), it can achieve:

.
σx(t) =

[
α1x2(t) +

uz(t)
m ux(t)−

..
xd(t) + `x

.
Ex(t) + γx

(
Ex

η1(t) +
.
Ex

η2(t)
)
+ d̂x(t)

]
.
σy(t) =

[
α2x4(t) +

uz(t)
m uy(t)−

..
yd(t) + `y

.
Ey(t) + γy

(
Ey

η1(t) +
.
Ey

η2(t)
)
+ d̂y(t)

]
.
σz(t) =

[
α3x6(t)− g +

(CφCθ)
m uz(t)−

..
zd(t) + `z

.
Ez(t) + γz

(
Ez

η1(t) +
.
Ez

η2(t)
)
+ d̂z(t)

]
.
σφ(t) =

[
α4x12(t)x10(t) + α5x8

2(t) + α6Ωx10(t) + β1uφ(t)−
..
φd(t) + `φ

.
Eφ(t) + γφ

(
Eφ

η1(t) +
.
Eφ

η2(t)
)
+ d̂φ(t)

]
.
σθ(t) =

[
α7x12(t)x8(t) + α8x10

2(t) + α9Ωx8(t) + β2uθ(t)−
..
θd(t) + `θ

.
Eθ(t) + γθ

(
Eθ

η1(t) +
.
Eθ

η2(t)
)
+ d̂θ(t)

]
.
σψ(t) =

[
α10x8(t)x10(t) + α11x12

2(t) + β3uψ(t)−
..
ψd(t) + `ψ

.
Eψ(t) + γψ

(
Eψ

η1(t) +
.
Eψ

η2(t)
)
+ d̂ψ(t)

]
.

(28)

Substituting the non-singular terminal sliding mode controller (24) in (28), one can find:

.
σi(t) = −b1i

(
Ci
|σi(t)| − 1

)
sign(σi(t))− b2i|σi(t)|ai sign(σi(t)) (29)

Construct the Lyapunov function as:

L3i(t) = 0.5σi
2(t) (30)

where differentiating (30) and using (29) give:

.
L3i(t) = σi(t)

(
−b1i

(
Ci
|σi(t)| − 1

)
sign(σi(t)

)
− b2i|σi(t)|ai sign(σi(t))), (31)

which leads to: .
L3i(t) = −b1i

(
Ci
|σi(t)| − 1

)
|σi(t)| − b2i|σi(t)|ai+1 (32)

From (30) the term |σi(t)| is equal to 20.5L3i
0.5(t). Therefore, Equation (32) is written as:

.
L3i(t) = −20.5b1i

(
Ci
|σi(t)| − 1

)
L3i

0.5(t)− 20.5(ai+1)b2iL3i
0.5(ai+1)(t) < 0 (33)

where it guarantees that the non-singular terminal sliding (23) with the fast reaching law is
convergent to the origin in the finite time. �

In the non-singular terminal sliding mode stabilizing controllers (24), two significant
terms are given, i.e., b1i

(
Ci
|σi(t)| − 1

)
sign(σi(t)) and b2i|σi(t)|ai sign(σi(t)). Using these

terms, the rapid reaching law is found as:

.
σi(t) = −b1i

(
Ci
|σi(t)| − 1

)
sign(σi(t))− b2i|σi(t)|ai sign(σi(t)) (34)

When |σi(t)| > 1, the first sentence in (34) becomes the dominant law and the change
rate of the first term is larger than that of the second term; then, it speeds up the reaching
rate. When |σi(t)| < 1, the second sentence in (34) plays a dominant role and increases the
accuracy rate. When the initial value of the non-singular terminal sliding surface is greater
than one, that is, σi(t0) > 1, the motion process from the initial value to the sliding mode is
separated to two phases as follows:

Phase (a): σi(t0)→ σi(t) = 1 . One attains σi(t) > 1; then b1i

(
Ci
|σi(t)| − 1

)
> b2i|σi(t)|ai

is true and the second term of (34) is neglected. Then, the fast reaching law (34) is changed
to:

.
σi(t) ≈ −b1i

(
Ci
|σi(t)| − 1

)
(35)
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where by integrating it, we have:∫ ti

0
dt ≈ − 1

b1i ln Ci

∫ 1

σi(t0)
d
(

ln
(

1− Ci
−σi(τ)

))
dτ (36)

Therefore, the convergence time of this phase is calculated by:

ti ≈
ln
(

1− Ci
−σi(t0)

)
− ln

(
1− Ci

−1)
b1ilnCi

(37)

Phase (b): σi(t) = 1→ σi(t) = 0 . In this phase, we obtain b1i

(
Ci
|σi(t)| − 1

)
< b2i|σi(t)|ai .

Then, the second term in (34) has a prominent role. Thus, the reaching law (34) is changed to:

.
σi(t) ≈ −b2i|σi(t)|ai (38)

Taking integration of Equation (38), one achieves:∫ tj

0
dt ≈ − 1

b2i

∫ 0

1

1
σi(t)

ai
dσi(τ) (39)

The convergence time of this phase is calculated as:

tj ≈
1

b2i(1− ai)
(40)

Therefore, the total convergence time tT is found as:

tT ≈ ti + tj =
ln
(

1− Ci
−σi(t0)

)
− ln

(
1− Ci

−1)
b1ilnCi

+
1

b2i(1− ai)
(41)

Additionally, when the initial sliding surface is less than −1, namely σi(t0) < −1, the
motion process from the initial states to the sliding mode is separated to the following phases:

Phase (a’) σi(t0)→ σi(t) = −1 . We have σi < −1 and b1i

(
Ci
|σi(t)| − 1

)
> b2i|σi(t)|ai ;

then, the first term of (34) has a dominant effect and the second term is ignored. Conse-
quently, the fast reaching law (34) is written as:

.
σi(t) ≈ b1i

(
Ci
|σi(t)| − 1

)
(42)

where by integrating (42), one has:∫ ti′

0
dt ≈ − 1

b1ilnCi

∫ −1

σi(t0)
d
(

ln
(

1− Ci
σi(t)

))
(43)

The convergence time is then calculated as:

ti′ ≈
ln
(

1− Ci
σi(t)

)
− ln

(
1− Ci

−1)
b1ilnCi

(44)

Phase (b’) σi(t) = −1→ σi(t) = 0. In this phase, one has b1i

(
Ci
|σi(t)| − 1

)
< b2i|σi(t)|ai .

Thus, the second term of (34) has the main role. The fast reaching law (34) is changed to:

.
σi(t) ≈ b2i(−σi(t))

ai (45)
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where taking integral of the above equation, we have:∫ tj′

0
dt ≈ 1

b2i

∫ 0

−1

1
(−σi(τ))

ai
dσ(τ) (46)

The convergence time of this phase is calculated as:

tj′ ≈
1

b2i(1− ai)
(47)

Thus, the resulted convergence time is calculated by:

tT′ ≈ ti′ + tj′ =
ln
(

1− Ci
σi(t)

)
− ln

(
1− Ci

−1)
b1ilnCi

+
1

b2i(1− ai)
(48)

The block diagram of non-singular TSMC method based on the disturbance observer
is illustrated in Figure 1.
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Figure 1. Block diagram of non-singular terminal SMC based on disturbance observer.

As it is shown in the block diagram of the proposed control method, the variables
of the quadrotor system were obtained based on the dynamical model. Then, the desired
values are determined and the tracking errors Ei(t) were obtained based on subtraction of
actual and desired values of state trajectories. Afterward, the disturbance observer variables
Vi(t) were defined according to the supplementary variables Wi(t) and quadrotor’s state
variables. Now, with the usage of the disturbance observer variables and tracking errors,
the sliding variables σi(t) were defined. Moreover, the disturbance observer d̂i(t) was
gained by using the disturbance observer variable Vi(t). Then, the control inputs ui(t) were
obtained based on the disturbance observer and sliding variable and were entered to the
quadrotor system. This control loop is repeated at any moment.
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5. Simulation Results

In the subsequent section, simulation results of the quadrotor system using the pro-
posed method presented in the previous sections are shown. Moreover, for the demon-
stration of the suggested method, simulation results were compared with the proposed
method in [1]. The values of the parameters of quadrotor are given in Table 2.

Table 2. Parameters of the quadrotor’s system [33].

Variable (Unit) Quantity Variable (Unit) Quantity

m (kg) 0.486 K f dy (N/rad/s) 5.5670 × 10−4

d (m) 0.25 Ix (N·m/rad/s2) 3.8278 × 10−3

Cd (N·m/rad/s) 3.2320 × 10−2 Iy (N·m/rad/s2) 3.8278 × 10−3

Jr (N·m/rad/s2) 2.8385 × 10−5 Iz (N·m/rad/s2) 7.6566 × 10−3

K f ay (N/rad/s) 5.5670 × 10−4 K f dz (N/rad/s) 6.3540 × 10−4

K f az (N/rad/s) 6.3540 × 10−4 Kp (N·m/rad/s) 2.9842 × 10−3

K f dx (N/rad/s) 5.5670 × 10−4 K f ax (N/rad/s) 5.5670 × 10−4

Furthermore, the designing parameters which have been obtained by a trial-and-error
method are given in Table 3. In Figures 2 and 3, position and attitude tracking of the
quadrotor are shown. Based on these figures, it can be observed that finite time tracking of
position and attitude desired was performed properly and the proposed method showed
faster tracking with respect to the method of [1]. Hence, time histories of the position and
attitude tracking errors are displayed in Figures 4 and 5 which confirms the finite time
tracking using non-singular TSMC. Additionally, the reachability time of the proposed
method was better that method of [1]. Time responses of sliding surfaces are illustrated
in Figures 6 and 7. From these figures, it can be stated that sliding surfaces based on the
non-singular TSMC method converged to zero in finite-time and showed good performance
compared with the recommended sliding surface in [1]. Control inputs which were obtained
based on the non-singular TSMC method were exhibited and compared with the control
input which was obtained using the method of [1] in Figures 8 and 9. Estimation of the wind
perturbations which were entered to the quadrotor system is depicted in Figures 10 and 11.
It can be concluded that wind perturbations are approximated in finite time. Moreover,
transient and steady performance of the proposed observer was higher than the suggested
observer in [1]. The estimation error of the proposed observer related to the position and
attitude of the quadrotor are displayed in Figures 12 and 13, respectively, and compared
with the estimation error of the observer designed in [1]. It can be observed that the
proposed observer owns better and faster transient and steady-states responses compared
to the observer of [1].

According to these simulation outcomes, it can be inferred that, proposed non-singular
terminal sliding surface (23) has better and faster performance respect to the suggested
sliding surface in [1]. Furthermore, disturbance observer (8) can operate and estimated
wind perturbations more better than suggested disturbance observer in [1]. All in all, the
proficiency and success of proposed method is proved in comparison with method of [1].
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Table 3. Parameters of the control strategy, ∀i = x, y, z, φ, θ, ψ.

Variable Quantity Variable Quantity

[xd(t), yd(t), zd(t)] [0.5, 0.5, 1] mi 9

φd(t) π
3 sin

(
π
3 + t

)
γi 0.1

θd(t) π
6 sin

(
π
6 + t

)
ai 3/5

ψd(t) π/4 ni 7

`i, 50 di(t), ∀i = φ, θ, ψ 1− 0.39 sin(2πt) + 0.39 cos(πt)

ki 2 di(t) , ∀i = x, y, z
Pulse generator

(Pulse width: 50, period: 5,
amplitude: 1)

εi, 0.1 xi(0) , ∀i = 1, . . . , 12 0.1

η1, η2 7/9 b1,i 500
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Figure 11. Estimation of wind perturbation entered to the attitude of quadrotor.
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Figure 12. Estimation error of the observer for position of quadrotor.
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Figure 13. Estimation error of the observer for attitude of quadrotor.
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6. Conclusions

In this paper, the dynamical model of the quadrotor was presented in position and
attitude subsystems. A dynamical model of each subsystem was obtained under wind
disturbances. The disturbance observer was designed for approximation of the wind
perturbation. Afterward, with the target of position and attitude tracking control of
the quadrotor in the existence of wind perturbation, the non-singular terminal sliding
mode control method was offered. Additionally, with the usage of the Lyapunov stability
theory, finite time reachability of the closed-loop position and attitude was acknowledged.
Finally, the simulation and comparison results were provided to confirm the validity of the
recommended method respect to other methods.
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