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Abstract Piezo1 is an ion channel that gates open when mechanical force is applied to a cell
membrane, thus allowing cells to detect and respond to mechanical stimulation. Molecular
structures of Piezo1 reveal a large ion channel with an unusually curved shape. This study analyzes
how such a curved ion channel interacts energetically with the cell membrane. Through membrane
mechanical calculations, we show that Piezo1 deforms the membrane shape outside the perimeter
of the channel into a curved ‘'membrane footprint’. This membrane footprint amplifies the
sensitivity of Piezo1 to changes in membrane tension, rendering it exquisitely responsive. We
assert that the shape of the Piezo channel is an elegant example of molecular form evolved to
optimize a specific function, in this case tension sensitivity. Furthermore, the predicted influence of
the membrane footprint on Piezo gating is consistent with the demonstrated importance of
membrane-cytoskeletal attachments to Piezo gating.

DOI: https://doi.org/10.7554/eLife.41968.001

Introduction

Piezo ion channels transduce mechanical stimuli into electrical activity (Coste et al., 2010). These
channels — Piezo1 and Piezo2 in mammals — underlie many important processes in biology, including
cell volume regulation in erythrocytes, cardiovascular system development, and touch sensation
(Maksimovic et al., 2014; Ranade et al., 2014a; Ranade et al., 2014b; Cahalan et al., 2015). In
electrophysiological experiments Piezo channels seem to be exquisitely sensitive to applied mechan-
ical force: when the membrane of a cell is poked gently with a probe, or when pressure is applied to
stretch a small patch of cell membrane on a gigaseal pipette, Piezo channels open (Coste et al.,
2010; Lewis and Grandl, 2015).

Studies have addressed how Piezo channels ‘sense’ and open in response to mechanical force. In
one approach Piezo channels, purified and reconstituted into droplet bilayers, opened when force
was applied by swelling a droplet (Syeda et al., 2016). This observation implies that Piezo needs
only the cell membrane to couple mechanical forces to pore opening. In another approach, Piezo
channels in patches excised from cell membrane blebs (Cox et al., 2016), or in cell excised patches
with applied positive or negative pressure (Lewis and Grandl, 2015), open in response to pressure
application. These observations also support the notion that Piezo only needs an intact lipid mem-
brane to transduce force into pore opening.

The reconstitution (Syeda et al., 2016) and excised patch (Lewis and Grandl, 2015; Cox et al.,
2016) experiments suggest the ‘force-from-membrane’ hypothesis for mechanosensitive gating,
which, in its simplest form, invokes lateral membrane tension as the origin of the ‘opening force’
(Sukharev et al., 1999; Perozo et al., 2002, Chiang et al., 2004; Teng et al., 2015). But other
experiments suggest additional possibilities for force exertion. When blebs are formed on the
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surface of a cell by removing local cytoskeletal attachments, certain properties of Piezo mechanosen-
sitive gating change (Cox et al., 2016). And more directly, Piezo gating is altered by applying force
to a tether artificially attached to the channel (Wu et al., 2016). Therefore, while membrane-medi-
ated forces alone appear to be sufficient to open Piezo, tethers attached to the membrane or to the
channel itself also seem to play a role in Piezo gating.

A partial molecular structure of a Piezo channel has been determined (Guo and MacKinnon,
2017; Saotome et al., 2018; Zhao et al., 2018). Piezo is a trimer of 3 identical subunits that form
one central pore and three long arms that extend away from the center. A peculiar aspect of the
structure is that the extended arms, which are made of transmembrane helices, do not lie in a plane
as would be expected if Piezo normally resides in a planar membrane like most other ion channels.
This property of the structure implied that Piezo likely curves the cell membrane locally into a spheri-
cal dome (projecting into the cell), which was confirmed by electron micrographs of small unilamellar
lipid vesicles (Guo and MacKinnon, 2017).

On the basis of Piezo's demonstrated ability to curve lipid membranes locally into a dome, a
mechanism for membrane tension sensitivity — called the membrane dome mechanism - was pro-
posed (Guo and MacKinnon, 2017). Simply stated, the dome shape provides a source of potential
energy for gating — in the form of excess membrane area stored’ by curving the membrane — when
the membrane comes under tension. If the Piezo dome becomes flatter when Piezo opens, then the
projected (in-plane) area of the dome will expand, that is, the available in-plane area of the mem-
brane-Piezo system will increase. Under tension v, the flatter shape will be favored by energy y AA,
where AA is here the change in the projected area of the Piezo dome. Therefore, this model rational-
ized Piezo's peculiar shape as a means to utilize, for gating purposes, the energy stored in a curved
membrane under tension.

However, the membrane dome model of Piezo gating only considered the shape of the mem-
brane within Piezo’s perimeter and not the shape of the surrounding membrane, which is necessarily
coupled to the curvature of the Piezo dome. In the present analysis we study the energetic contribu-
tion to Piezo gating provided by the shape of the surrounding membrane. Through membrane
mechanical calculations, we show that the Piezo dome can strongly curve the surrounding mem-
brane. We find that the energetic coupling between the shape of the Piezo dome and the surround-
ing membrane amplifies Piezo's tension sensitivity, and may explain the experimentally observed
regulation of Piezo gating by membrane-cytoskeletal attachments.

Results

System of Piezo plus membrane

Figure 1A and B show two orientations of the molecular model of Piezo1 in yellow, which from here
on we refer to as Piezo. Shown in grey, a spherical cap is placed such that it intersects the protein
near the middle of the transmembrane helices. This grey surface therefore corresponds to the mid-
bilayer surface of the membrane. We call the grey spherical cap, with its embedded Piezo channel, a
mid-bilayer representation of the Piezo dome. This dome shape, produced by curved Piezo channels
embedded in lipid bilayer membranes, has been confirmed experimentally (Guo and MacKinnon,
2017). The intersection of the grey surface and the Piezo channel, shown in cyan, informs that the
dome surface area is covered by approximately 20% protein and 80% lipid membrane. Note that, if
the unperturbed configuration of the lipid membrane is planar, the Piezo protein must apply,
through its curved structure, a distorting force on the membrane to locally bend the membrane into
a dome shape. And, of course, the membrane applies an opposing force on the protein. The result
is a stable, non-planar equilibrium configuration of the membrane-Piezo system with zero net force,
in which the sum energy of the channel and the membrane is minimized. In the present analysis we
do not consider the flexing of Piezo. Instead, we focus on the membrane shape associated with a
particular (e.g., closed) Piezo configuration (Figure 1A and B).

Since the surrounding lipid membrane connects smoothly to the Piezo dome, the curved shape of
Piezo is expected to induce membrane curvature beyond the perimeter of the Piezo dome. The fun-
damental reason for this is, the energetic cost to curve a membrane contains a term proportional to
the membrane’s mean curvature squared. As a result, a sharp transition from the curved dome shape
to a planar membrane is associated with a higher energy than a gradual transition. This effect is
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Membrane footprint

Piezo dome

Figure 1. Piezo curves the membrane. (A) Side and (B) top-down (projecting into the cell) views of the Piezo
dome. The approximate position of the curved mid-bilayer surface of the Piezo dome is indicated in grey, with the
cyan regions corresponding to the intersection of the mid-bilayer surface and the Piezo protein. (C) The curved
shape of the mid-bilayer surface of the Piezo dome (indicated in grey) deforms the mid-bilayer surface of the
surrounding lipid membrane (indicated in blue) and results in a membrane footprint of Piezo that extends beyond
the size of the dome (see Figure 2A for further details). [The atomic structure of the Piezo protein in (A) and (B)
corresponds to mPiezo1 with Protein Data Bank (http://www.rcsb.org) ID 6B3R.].

DOI: https://doi.org/10.7554/eLife.41968.002

shown in Figure 1C: the grey surface corresponds to the mid-bilayer surface of the dome in
Figure 1A and B and the blue surface to the mid-bilayer surface of the surrounding membrane. We
refer to the region of deformed lipid membrane outside the perimeter of the Piezo dome as Piezo’s
membrane footprint (Phillips et al., 2009). The total energy of the membrane-Piezo system there-
fore has to include Piezo’s membrane footprint in addition to the Piezo dome. As we will show, Pie-
zo's membrane footprint not only influences the total energy of the membrane-Piezo system, but it
also has a very large influence on Piezo’s ability to sense changes in membrane tension.

Shape and energy of the membrane footprint
Of all the possible shapes Piezo’s membrane footprint may adopt, we assume that the dominant
shape corresponds to that associated with the lowest energy. To calculate this lowest energy mem-

brane footprint, we begin with a well-known expression for the lipid membrane deformation energy
(Helfrich, 1973)

1
GMIEKb/(Cl+Cz)ZdA+7AA7 M

where K, is the membrane bending modulus (membrane bending stiffness), y is the membrane ten-
sion, ¢; and ¢, are the principal curvatures of the mid-bilayer surface (which are functions of position
on the membrane), and AA is the decrease in in-plane area associated with deforming the membrane
out of its unperturbed (planar) configuration. The integration is carried out over the surface of the
membrane footprint (see Appendix 1). In the integrand of the membrane bending energy in Equa-
tion 1 we did not include a contribution  cjc; due to the Gaussian curvature of the membrane,
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which is independent of the shape of the membrane footprint, and a contribution due to the mem-
brane spontaneous curvature (Helfrich, 1973). The latter contribution to the membrane bending
energy may need to be considered if the bilayer contains lipids that induce intrinsic curvature.

Next, we minimize Gy by solving a differential equation corresponding to the first variation of
Equation 1 set equal to zero — the Euler-Lagrange equation — subject to specific boundary condi-
tions (Fox, 1987). This solution yields the shape of the lipid membrane when its energy is minimal.
Using this shape, we calculate Gy, by evaluating Equation 1. We used two separate, previously
developed methods - one analytical (Weikl et al., 1998; Turner and Sens, 2004, Wiggins and Phil-
lips, 2005; Li et al., 2017) and one numerical (Peterson, 1985; Seifert et al., 1991; Deserno, 2004;
Bahrami et al., 2016) - to carry out these calculations. The analytical solutions involve a ‘small gradi-
ent’ approximation of Equation 1 and are therefore only accurate for cases in which the membrane
curvature is small. Nevertheless, the analytical solutions provide an important check (see
Materials and methods) on the numerical solutions, which are not limited to membranes with small
curvatures. Because Piezo can be highly curved, the solutions shown in the main text figures were
calculated numerically.

The shape of Piezo’'s membrane footprint — and therefore its associated energy — depends on
three key physical properties of the membrane-Piezo system: the basic shape of the Piezo dome,
the membrane bending modulus K;,, and the membrane tension y. The general shape of Piezo in a
closed conformation is well defined and approximated here as a dome, or spherical cap, of
area 390 nm? and radius of curvature R = R. with R, = 10.2 nm (Guo and MacKinnon, 2017). We
assume that the area of the Piezo dome stays approximately constant independent of the conforma-
tional state of Piezo. The value of K, for membranes with lipid compositions common to cell mem-
branes is well documented, around 20 k3T (Rawicz et al., 2000), and values of vy relevant to living
cells and required to activate Piezo have been described (Lewis and Grandl, 2015; Cox et al.,
2016). Therefore, calculation of Piezo's membrane footprint and its associated energy is a well-
defined mechanics problem involving no free parameters.

R=20nm

Membrane footprint

Piezo dome

Figure 2. Membrane footprint of the Piezo dome. The shape of the Piezo membrane footprint depends on (A) the
radius of curvature of the Piezo dome R, (B) the membrane bending modulus (membrane bending stiffness) K,
and (C) the membrane tension vy. All curves show the cross section of the mid-bilayer surface and its intersection
with the Piezo protein. Unless indicated otherwise, we calculated the Piezo membrane footprint using the value

R = 10.2 nm observed for Piezo in a closed conformation (Guo and MacKinnon, 2017) with K, = 20 kzT and

vy =0.1 kgT/nm?. For Figure 1C we used the same parameter values as in the left panel of Figure 2A. The range
of Kj, considered in (B) corresponds to the approximate range of K, measured for phosphatidylcholine bilayers
with different acyl-chain lengths and degrees of unsaturation (Rawicz et al., 2000). Scale bars, 4 nm.

DOI: https://doi.org/10.7554/eLife.41968.003
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The left panel of Figure 2A shows a cross section through the surface displayed in Figure 1C, cal-
culated as described above, corresponding to R =102 nm, K, =20 k3T, and vy = 0.1 kg7 /nm?
(1 k3T/nm?> =4.114 mN/m at T =298 K). For context on this value of the membrane
tension, commonly studied membranes undergo lysis at around 3.5 kzT/nm? (Rawicz et al., 2000).
Thus, 0.1 k3T /nm? is a modest value of the membrane tension, likely experienced by cell membranes
under non-pathological stress. The left panel of Figure 2A illustrates that, if one includes the mem-
brane footprint, then Piezo has an extensive reach and, as we will show, this reach has significant
functional consequences. But first we inspect how the three physical properties R, K;,, and vy of the
membrane-Piezo system affect the size and shape of Piezo’s membrane footprint. If R were to be
increased (i.e., if Piezo were to become flatter) then the deformation footprint would become less
pronounced and smaller in height (right panel of Figure 2A). The magnitudes of K, and y change
the reach of the membrane footprint: larger K, and smaller y values produce a more gradual
approach to the plane of the membrane (Figure 2B and C). This relationship is expressed by the
characteristic decay length of membrane shape deformations,

A=+/Kp/y, )

which appears in the analytical solution to the Euler-Lagrange equation associated with Equation 1
(Appendix 1, Equations Aé and A7). Substituting Kj, =20 kT and y = 0.1 k3T /nm? yields A = 14 nm,
which means that under these conditions Piezo’s membrane footprint is much larger than the Piezo
protein itself.

The membrane footprint energy, Gy, is graphed in Figure 3 as a function of Piezo's radius of cur-
vature. Gy is greater than or equal to zero because this energy represents the work required to
deform the membrane from a plane into the shape of Piezo’s membrane footprint. Figure 3A shows
the energetic consequence if Piezo could undergo a conformational transition that changes its radius
of curvature: a highly curved Piezo (small R) is associated with a large Gy. We also see that Gy is a
sensitive function of membrane tension. If Piezo becomes flatter when it opens, as was proposed in
the membrane dome mechanism (Guo and MacKinnon, 2017), then the deformation footprint will
contribute to the energetics of gating, as shown (Figure 3B). We denote here the radii of curvature
of the Piezo dome in the closed and open conformational states of Piezo by R, and R,, with R. <R,.
Under finite membrane tension (y>0) Piezo flattening (i.e., a transition from R =R. to R =R,) will
reduce Gy and thus stabilize the flatter, open conformation relative to the closed conformation. In
the absence of membrane tension (y = 0) the membrane footprint is of no energetic consequence.

A =y = 1.0 kgT/nm? B Gu
80 —y = 0.1 kgT/nm?
—y =0.01 kgT/nm?
‘:m' 60 _y - O
X,
s 40+ i
© i
: : y>0
0= - - ‘ H i
10 15 20 25 30 O ¢ ¢ v 0
R [nm] Re Ro

Figure 3. Energy of the Piezo membrane footprint. (A) Energy cost of the Piezo membrane footprint Gy as a function of the radius of curvature of the
Piezo dome R. We calculated Gy by minimizing Equation 1 with the membrane bending rigidity K, = 20 kT and the indicated values of the
membrane tension 7. (B) Schematic of the proposed mechanism for the mechanical activation of Piezo through membrane tension, for which we
assume that the radius of curvature of the Piezo dome in the closed conformational state, R., takes a smaller value than in the open conformational
state, R,.

DOV https://doi.org/10.7554/eLife.41968.004
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Thus, Piezo's membrane footprint would impose a tension-dependent bias, favoring the open con-
formation of Piezo only when tension is applied, and more so when tension is greater.

Piezo’s membrane footprint in the absence of applied tension, which is associated with Gy =0,
deserves a comment because the membrane is still highly curved here (see Figure 2C as y becomes
smaller). If Gy represents the work required to deform the membrane from a plane into the shape of
Piezo's membrane footprint, and Piezo’s membrane footprint is curved, how can Gy be zero? The
explanation is that, in the limit y — 0, the membrane curves in a special way around the Piezo dome
such that the principal curvatures ¢; and ¢, in Equation 1 sum to zero. This special surface, called a
catenoid, would never truly be achieved in this physical system because thermal fluctuations will not
permit zero tension and, potentially, because of deviations of the Piezo dome from a perfect spheri-
cal cap. Nevertheless, in the absence of applied tension the deformation footprint should approach
the approximate shape of a catenoid. As we demonstrate below, this behavior yields fascinating
consequences for Piezo's mechanosensitivity.

Influence of the membrane footprint on gating

The above analysis suggests that Gy, the energy required to form Piezo's membrane footprint,
should influence the gating properties of Piezo. To investigate the nature of this influence, we add
to the Piezo dome energy the energetic contribution due to Piezo’s membrane footprint. The dome
energy, Gp, has three additive contributions (Guo and MacKinnon, 2017): the protein energy G5, in
which we include all contributions to the energy of the membrane-Piezo system that do not depend
on the membrane tension or the membrane shape, the energy required to bend the membrane in
between Piezo’s arms (still part of the dome) against membrane bending stiffness, G, and the work
required to form the dome against membrane tension, G}. The total energy of the membrane-Piezo
system is therefore given by

G=Gh+Gb+G)+Gy. (©)

G is the work required to form both the Piezo dome (i.e., the curved Piezo protein and the curved
membrane between the arms) and Piezo's membrane footprint, starting from a hypothetically planar
standard state. The value of G4 is unknown, G% was estimated previously to be 2.4 7 K}, (approximat-
ing all of the dome area to be occupied by lipids), and G} =y AA with, similarly as above, AA being
the decrease in the in-plane area of the Piezo dome compared to the planar state (Guo and MacKin-
non, 2017). In addition to internal protein interactions, Gf, may include a contribution to the mem-
brane bending energy due to the Gaussian curvature of the membrane (Helfrich, 1973). The Gauss-
Bonnet theorem mandates that, for a fixed membrane topology, this contribution to G% only
depends on the boundaries of the membrane, and hence takes a constant value for a given Piezo
conformational state and membrane composition (Weikl et al., 1998; Wiggins and Phillips, 2005).

Now, if the dome increases its radius of curvature when Piezo opens, then the total energy differ-
ence between the open and closed conformations, AG, is obtained by applying Equation 3 to each
conformation and taking the difference. The upper panel of Figure 4A shows this difference for the
tension-dependent components of AG, AG} and AGy, for a closed to open transition if R, = 10.2 nm
and R, — « (i.e., Piezo being flat in the open conformation), as a function of y. AG}, and AGy, are
plotted separately for comparison. It is immediately clear that AGy, is expected to contribute sub-
stantially to Piezo's tension-dependent gating. Two other possible geometries, corresponding to a
smaller degree of flattening (Figure 4B), or to flattening from a less curved closed state (Figure 4C),
are also shown. We consider the former geometry to explore the decrease in Piezo curvature
required for mechanosensitivity, and the latter geometry because the curvature of the Piezo dome
may be reduced in cellular membrane environments. In all three cases, for tension values likely rele-
vant to Piezo gating, the contribution to the Piezo gating energy due to Piezo’s membrane footprint
is approximately equal to or greater than the tension-dependent contribution due to the Piezo
dome itself.

The tension sensitivity of Piezo gating depends on how steeply AG changes with respect to a
change in vy, dAG/dy. We graph the predicted tension sensitivity of Piezo gating in the lower panels
of Figure 4A-C, again with the contributions due to the Piezo dome and Piezo’'s membrane foot-
print separated for comparison. The negative sign indicates that increasing vy favors the open confor-
mation. For the dome, sensitivity is constant, equal to a constant change in AA. For the membrane
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Figure 4. Energy of Piezo gating. Tension-dependent contributions to the Piezo gating energy (upper panels) and associated tension sensitivity (lower
panels) due to the Piezo dome, AG}, and the Piezo membrane footprint, AGy, as a function of membrane tension for the Piezo dome radii of curvature
(A) R, = 10.2 nm and R, — o, (B) R, = 10.2 nm and R, = 11.2 nm, and (C) R, = 20 nm and R, —  in the closed and open conformational states of
Piezo, respectively. For all calculations, we set the membrane bending rigidity K, = 20 kgT.

DOI: https://doi.org/10.7554/eLife.41968.005

footprint, the magnitude of the sensitivity is not constant and very large for small y. In fact, using the
analytical approach for calculating Piezo’s membrane footprint it can be shown that the tension sen-
sitivity grows without bound as the membrane tension approaches zero. This remarkable result
means that Piezo's membrane footprint renders Piezo exquisitely sensitive in the low-tension regime;
most sensitive to the smallest perturbations around zero tension. The diverging tension sensitivity as
v — 0 is a consequence of the idealized catenoidal membrane footprint that is formed at zero ten-
sion. The membrane footprint is large and curved, but in a special manner. Once an incrementally
small value of membrane tension is applied, this large, previously energy-free, membrane footprint
is available to release in-plane area and to unbend, reducing the free energy of the expanded (open)
conformation relative to the closed conformation.

Figure 5 presents open probability (P,) and gating sensitivity (dP,/dy) curves for the energy val-
ues in Figure 4, applied to a 2-state gating model, for which

Py _AG/T
P e . (4)

The unknown values of G were chosen so that opening occurs within the tension range shown.
Since GJ is unknown, the Piezo gating tension is not a model prediction. The solid and dashed
curves correspond to the gating response with and without inclusion of Piezo’s membrane footprint
energy. The membrane footprint energy shifts the P, curve in the direction of smaller tension values
and steepens it (i.e., increases its sensitivity). The particular gating curves shown here depend on a
specific, simple gating equilibrium scheme and an unknown value of AGE. Because the contribution
of Piezo's membrane footprint to the Piezo gating energy is so large, however, the conclusion that
the position and steepness of the P, curve should exhibit a strong dependence on Piezo’s mem-
brane footprint will apply to a wide range of possible gating schemes.
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Figure 5. Piezo activation through membrane tension. Piezo activation curves P, (upper panels) and associated tension sensitivity (lower panels)
resulting solely from the gating energy due to the Piezo dome, AG = AGp, and from the gating energy due to the Piezo dome together with the Piezo
membrane footprint, AG = AGp + AGy, as a function of membrane tension for the Piezo dome radii of curvature (A) R, = 10.2 nm and R, — o, (B)

R. =10.2 nm and R, = 11.2 nm, and (C) R, = 20 nm and R, — « in the closed and open conformational states of Piezo, respectively. For all calculations,
we set the membrane bending rigidity K;, = 20 kgT. We used the values (A) AGh = 180 ksT, (B) AGh =31 kgT, and (C) AGh =47 kT for the (unknown)
contribution of the protein energy to the Piezo gating energy such that gating occurs within the indicated tension range.

DOI: https://doi.org/10.7554/eLife.41968.006

Modulation of gating through the membrane
Next, we consider the influence of membrane bending stiffness on Piezo gating. We quantify the
magnitude of the membrane bending stiffness by the membrane bending modulus K;,. We are inter-
ested in this dependence because membrane bending stiffness is a function of lipid composition,
which could vary among different cell types and possibly even between different regions within the
same cell. To what extent might membrane bending stiffness influence Piezo’s response to mem-

brane tension? Membrane bending stiffness enters the Piezo gating energy through the dome con-

tribution AG% and the footprint contribution AGy. Figure 6A shows the sum of these two

membrane bending stiffness-dependent contributions to the Piezo gating energy and associated P,

and sensitivity curves for three different values of K,. Note that AGY contributes as a
tension-independent constant, whereas the contribution AG, depends on membrane tension.
Together, AG% and AGy contribute significantly to AG and thus to gating. This implies that Piezo
channels in different cell types and possibly different locations within a cell will exhibit different gat-
ing characteristics.

The membrane footprint induced by Piezo is expected to influence the distribution of molecules

- both lipids and proteins — in the surrounding membrane. Piezo’s membrane footprint should
attract lipids and proteins that exhibit an energetic preference for the curved shape of the mem-
brane footprint, and repel molecules that ‘prefer’ other membrane shapes. Conversely, our model of
Piezo’s membrane footprint implies that the composition of the surrounding membrane should influ-
ence the energetics of Piezo gating. This model prediction raises interesting possibilities for the reg-
ulation of Piezo gating in different membrane environments. The membrane footprint induced by
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Figure 6. Modulation of Piezo gating through the membrane. (A) Membrane bending stiffness-dependent contribution to the Piezo gating energy
AGY + AGy, (left panel) and associated Piezo activation and tension sensitivity curves (middle and right panels) as a function of membrane tension for
the indicated values of the membrane bending stiffness Kj,. (B) Membrane tension-dependent contribution to the Piezo gating energy AG), + AGy (left
panel) and associated Piezo activation and tension sensitivity curves (middle and right panels) as a function of membrane tension for infinite and finite
membrane compartments. For both (A) and (B) we employed the Piezo dome radii of curvature R, = 10.2 nm and R, — o in the closed and open
conformational states of Piezo, respectively. For (B) we used the unconstrained membrane arc lengths 5 nm and 10 nm separating the border of the
Piezo dome and the border of the membrane compartment along the membrane in the radial direction, which correspond to the membrane
compartment diameters § =30 nm and § =40 nm, respectively, and set K, = 20 kgT. We calculated the curves in the middle and right panels of (A) and
(B) from the total energy of the membrane-Piezo system in Equation 3, with the values (A) AG) =270 kT and (B) AGS =280 kzT for the (unknown)
contribution of the protein energy to the Piezo gating energy such that gating occurs within the indicated tension ranges.

DOV https://doi.org/10.7554/eLife.41968.007

Piezo also implies that Piezo channels should interact with each other through the membrane, and
hence influence each other’s local distribution in the membrane and gating properties.

Finally, we consider the effect of membrane compartment size on Piezo gating. In the calculations
presented so far Piezo was assumed to reside in an infinite membrane that approaches a planar con-
figuration far from the channel. But real cell membranes are compartmentalized. For example, cyto-
skeletal attachments, which occur at spatial frequencies of up to tens of nanometers, can restrict the
shapes a membrane can take (Kusumi et al., 2014). Figure 6B shows the sum of the tension-depen-
dent contributions to the Piezo gating energy, AG), and AGy, and associated P, and sensitivity
curves, for different compartmental restrictions. Membrane compartments with diameters S approxi-
mately equal to 30nm and 40nm are compared to an infinite membrane. These compartments
restrict the distance between Piezo's outer perimeter and the edge of the membrane compartment
to distances of 5nm and 10 nm along the membrane in the radial direction, respectively. In general,
the effects of membrane compartmentalization are greater in the low-tension regime. This result can
be understood in terms of the characteristic decay length of membrane shape deformations in Equa-
tion 2: larger values of y reduce the size of Piezo's membrane footprint so that it fits better into the
membrane compartment.
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We also note that the smaller the membrane compartment, the greater influence it has on Piezo
gating. This is because in these particular calculations the membrane is constrained to planarity at
the edge of the membrane compartment, but the effect will in general also depend on the mem-
brane slope constraint at the edge of the membrane compartment. The important point is that
membrane compartmentalization can have a large effect on Piezo gating because membrane com-
partments can alter the shape and therefore the energy of Piezo’s membrane footprint. Experimen-
tally observed effects of cytoskeletal removal on some properties of Piezo gating could reflect the
importance of Piezo’s membrane footprint for Piezo gating (Cox et al., 2016).

In Figure 6 we neglected the contribution to the membrane bending energy due to the Gaussian
curvature of the membrane (Helfrich, 1973). While being independent of the shape of the mem-
brane footprint, the Gaussian contribution to the membrane bending energy depends on the mem-
brane composition and on how the membrane is constrained at the Piezo and membrane
compartment boundaries (Weikl et al., 1998; Wiggins and Phillips, 2005). Contributions to the
membrane bending energy due to the Gaussian membrane curvature may therefore further modu-
late Piezo gating in compartmentalized membranes with heterogeneous lipid compositions.

Discussion

While Piezo channels can exhibit complex gating properties, including inactivation and voltage
dependence, their dominant functional characteristic is that they open in response to mechanical
force (Coste et al., 2010; Lewis and Grandl, 2015). This paper analyzes the influence of Piezo's
unusual dome shape on the lipid bilayer membrane that surrounds the channel. The results depend
on three key properties of the membrane-Piezo system and they are known: Piezo’s shape, the lipid
bilayer bending modulus, and the levels of tension that can be applied to a lipid membrane. Finding
the shape of the lipid membrane surrounding Piezo, and its associated energy, amounts to solving a
simple mechanics problem. And the inescapable conclusion is that Piezo, owing to its unusual shape,
imposes a large structural perturbation — a deformation called a membrane footprint — on its sur-
rounding membrane.

Depending on the applied membrane tension, Piezo’'s membrane footprint can come with a large
energetic cost. Consequently, if Piezo changes its shape, for example if it becomes flatter upon
opening, then the surrounding membrane will weigh in prominently in an energetic sense to Piezo's
tension sensitivity. Moreover, Piezo’s membrane footprint weighs in in such a way that the tension
sensitivity of Piezo gating is greatest in the low-tension regime. This property would seem to render
Piezo poised to respond to the slightest changes in cell membrane tension.

In our analysis of Piezo's membrane footprint we used a spherical dome shape to approximate a
more complex underlying geometry of Piezo. Deviations from a spherical dome shape will alter the
shape and energetics of the membrane footprint. But the basic idea that Piezo's curved shape will
create an energetically important membrane footprint will still apply.

Piezo's large membrane footprint rationalizes what at first seemed to be a contradiction in the
experimental literature. Certain data show the clear importance of the membrane in mediating Pie-
zo's mechanosensitivity (Lewis and Grandl, 2015; Syeda et al., 2016; Cox et al., 2016), while other
data show the importance of tether attachments (e.g., the cytoskeleton) to the channel or the mem-
brane (Cox et al., 2016; Wu et al., 2016). A large membrane footprint essentially demands that
both contributions be energetically important.

Piezo is a very uniquely shaped membrane protein. We think that this shape evolved specifically
to exploit the physical properties of the lipid membrane to create a large membrane footprint,
enabling exquisite tension sensitivity.

Materials and methods

We used Equation 1 to analytically and numerically calculate Piezo's membrane footprint, and its
associated energy, through the Monge (Weikl et al., 1998; Turner and Sens, 2004; Wiggins and
Phillips, 2005, Li et al., 2017) and arclength (Peterson, 1985; Seifert et al., 1991, Deserno, 2004;
Bahrami et al., 2016) parametrizations of surfaces, respectively. Appendix 1-sections 1 and 2 pro-
vide a detailed discussion of these Monge and arclength solutions. All of the results shown in the
main text figures were calculated numerically using the arclength parametrization of surfaces, which
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allows for large membrane curvatures. In Appendix 1-section 3 we compare the analytical and
numerical solutions obtained using the Monge and arclength parametrizations of surfaces. We find
that the Monge parametrization of surfaces tends to overestimate the magnitudes of Piezo’s mem-
brane footprint and its associated membrane deformation energy but yields, for the scenarios con-
sidered in the main text figures, qualitatively similar predictions as the arclength parameterization of
surfaces.

Acknowledgements

We thank Yusong R Guo for preparing Figure 1A and B, and Osman Kahraman and Rob Phillips for
helpful discussions. RM is an Investigator in the Howard Hughes Medical Institute.

Additional information

Funding

Funder Grant reference number  Author

National Science Foundation =~ DMR-1554716 Christoph A Haselwandter
Howard Hughes Medical Insti- Roderick MacKinnon

tute

The funders had no role in study design, data collection and interpretation, or the
decision to submit the work for publication.

Author contributions

Christoph A Haselwandter, Roderick MacKinnon, Conceptualization, Formal analysis, Funding acqui-
sition, Investigation, Visualization, Methodology, Writing—original draft, Writing—review and
editing

Author ORCIDs
Christoph A Haselwandter () http://orcid.org/0000-0002-5012-5640
Roderick MacKinnon () https://orcid.org/0000-0001-7605-4679

Decision letter and Author response
Decision letter https://doi.org/10.7554/elife.41968.018
Author response https://doi.org/10.7554/eLife.41968.019

Additional files

Supplementary files
« Transparent reporting form
DOI: https://doi.org/10.7554/eLife.41968.008

Data availability
All data generated or analysed in this study are available through this manuscript.

References

Agudo-Canalejo J, Lipowsky R. 2016. Stabilization of membrane necks by adhesive particles, substrate surfaces,
and constriction forces. Soft Matter 12:8155-8166. DOI: https://doi.org/10.1039/C65M01481J, PMID: 2750
8427

Auth T, Gompper G. 2009. Budding and vesiculation induced by conical membrane inclusions. Physical Review E
80:031901. DOI: https://doi.org/10.1103/PhysRevE.80.031901

Bahrami AH, Lipowsky R, Weikl TR. 2016. The role of membrane curvature for the wrapping of nanoparticles.
Soft Matter 12:581-587. DOI: https://doi.org/10.1039/C55M01793A, PMID: 26506073

Burden RL, Faires JD. 2011. Numerical Analysis. Ninth edition. Boston: Cengage.

Haselwandter and MacKinnon. eLife 2018;7:€41968. DOI: https://doi.org/10.7554/eLife.41968 11 of 29


http://orcid.org/0000-0002-5012-5640
https://orcid.org/0000-0001-7605-4679
https://doi.org/10.7554/eLife.41968.018
https://doi.org/10.7554/eLife.41968.019
https://doi.org/10.7554/eLife.41968.008
https://doi.org/10.1039/C6SM01481J
http://www.ncbi.nlm.nih.gov/pubmed/27508427
http://www.ncbi.nlm.nih.gov/pubmed/27508427
https://doi.org/10.1103/PhysRevE.80.031901
https://doi.org/10.1039/C5SM01793A
http://www.ncbi.nlm.nih.gov/pubmed/26506073
https://doi.org/10.7554/eLife.41968

e LI FE Research article

Structural Biology and Molecular Biophysics

Cahalan SM, Lukacs V, Ranade SS, Chien S, Bandell M, Patapoutian A. 2015. Piezo1 links mechanical forces to
red blood cell volume. eLife 4:e07370. DOI: https://doi.org/10.7554/eLife.07370, PMID: 26001274

Chiang CS, Anishkin A, Sukharev S. 2004. Gating of the large mechanosensitive channel in situ: Estimation of the
spatial scale of the transition from channel population responses. Biophysical Journal 86:2846-2861.

DOI: https://doi.org/10.1016/S0006-3495(04)74337-4, PMID: 15111402

Coste B, Mathur J, Schmidt M, Earley TJ, Ranade S, Petrus MJ, Dubin AE, Patapoutian A. 2010. Piezo1 and
Piezo2 are essential components of distinct mechanically activated cation channels. Science 330:55-60.

DOI: https://doi.org/10.1126/science.1193270, PMID: 20813920

Courant R, Hilbert D. 1953. Methods of Mathematical Physics. First edition. New York: Interscience Publishers,
Inc.

Cox CD, Bae C, Ziegler L, Hartley S, Nikolova-Krstevski V, Rohde PR, Ng CA, Sachs F, Gottlieb PA, Martinac B.
2016. Removal of the mechanoprotective influence of the cytoskeleton reveals PIEZO1 is gated by bilayer
tension. Nature Communications 7:10366. DOI: https://doi.org/10.1038/ncomms 10366, PMID: 26785635

Deserno M, Bickel T. 2003. Wrapping of a spherical colloid by a fluid membrane. Europhysics Letters 62:767—
774. DOI: https://doi.org/10.1209/epl/i2003-00438-4

Deserno M. 2004. Elastic deformation of a fluid membrane upon colloid binding. Physical Review E 69:031903.
DOI: https://doi.org/10.1103/PhysRevE.69.031903

Foret L. 2014. Shape and energy of a membrane bud induced by protein coats or viral protein assembly.
European Physical Journal E 37:42. DOI: https://doi.org/10.1140/epje/i2014-14042-1

Fox C. 1987. An Introduction to the Calculus of Variations. New York: Dover Publications, Inc.

Gautschi W. 2012. Numerical Analysis. Second edition. New York: Springer Science & Business Media.

DOI: https://doi.org/10.1007/978-0-8176-8259-0

Guo YR, MacKinnon R. 2017. Structure-based membrane dome mechanism for Piezo mechanosensitivity. eLife 6:
€33660. DOI: https://doi.org/10.7554/eLife.33660, PMID: 29231809

Hashemi SM, Sens P, Mohammad-Rafiee F. 2014. Regulation of the membrane wrapping transition of a
cylindrical target by cytoskeleton adhesion. Journal of the Royal Society Interface 11:20140769. DOI: https://
doi.org/10.1098/rsif.2014.0769

Helfrich W. 1973. Elastic properties of lipid bilayers: Theory and possible experiments. Zeitschrift fiir
Naturforschung C 28:693-703. DOI: https://doi.org/10.1515/znc-1973-11-1209, PMID: 4273690

Jiilicher F, Seifert U. 1994. Shape equations for axisymmetric vesicles: A clarification. Physical Review E 49:4728—
4731. DOI: https://doi.org/10.1103/PhysRevE.49.4728, PMID: 9961774

Kibble TWB, Berkshire FH. 2004. Classical Mechanics. Fifth edition. London: Imperial College Press. DOI: https://
doi.org/10.1142/p310

Kusumi A, Tsunoyama TA, Hirosawa KM, Kasai RS, Fujiwara TK. 2014. Tracking single molecules at work in living
cells. Nature Chemical Biology 10:524-532. DOI: https://doi.org/10.1038/nchembio. 1558, PMID: 24937070

Lewis AH, Grandl J. 2015. Mechanical sensitivity of Piezo1 ion channels can be tuned by cellular membrane
tension. elLife 4:e12088. DOI: https://doi.org/10.7554/elife.12088, PMID: 26646186

Li D, Kahraman O, Haselwandter CA. 2017. Controlling the shape of membrane protein polyhedra. Europhysics
Letters 117:58001. DOI: https://doi.org/10.1209/0295-5075/117/58001

Maksimovic S, Nakatani M, Baba Y, Nelson AM, Marshall KL, Wellnitz SA, Firozi P, Woo SH, Ranade S,
Patapoutian A, Lumpkin EA. 2014. Epidermal Merkel cells are mechanosensory cells that tune mammalian
touch receptors. Nature 509:617-621. DOI: https://doi.org/10.1038/nature 13250, PMID: 24717432

Nowalk SA, Chou T. 2008. Membrane lipid segregation in endocytosis. Physical Review E 78:021908.

DOI: https://doi.org/10.1103/PhysRevE.78.021908, PMID: 18850866

Perozo E, Cortes DM, Sompornpisut P, Kloda A, Martinac B. 2002. Open channel structure of MscL and the
gating mechanism of mechanosensitive channels. Nature 418:942-948. DOI: https://doi.org/10.1038/
nature00992, PMID: 12198539

Peterson MA. 1985. An instability of the red blood cell shape. Journal of Applied Physics 57:1739-1742.

DOI: https://doi.org/10.1063/1.334447

Phillips R, Ursell T, Wiggins P, Sens P. 2009. Emerging roles for lipids in shaping membrane-protein function.
Nature 459:379-385. DOI: https://doi.org/10.1038/nature08147, PMID: 19458714

Ranade SS, Qiu Z, Woo SH, Hur SS, Murthy SE, Cahalan SM, Xu J, Mathur J, Bandell M, Coste B, Li YS, Chien S,
Patapoutian A. 2014a. Piezo1, a mechanically activated ion channel, is required for vascular development in
mice. PNAS 111:10347-10352. DOI: https://doi.org/10.1073/pnas. 1409233111, PMID: 24958852

Ranade SS, Woo SH, Dubin AE, Moshourab RA, Wetzel C, Petrus M, Mathur J, Bégay V, Coste B, Mainquist J,
Wilson AJ, Francisco AG, Reddy K, Qiu Z, Wood JN, Lewin GR, Patapoutian A. 2014b. Piezo2 is the major
transducer of mechanical forces for touch sensation in mice. Nature 516:121-125. DOI: https://doi.org/10.
1038/nature13980, PMID: 25471886

Rawicz W, Olbrich KC, MclIntosh T, Needham D, Evans E. 2000. Effect of chain length and unsaturation on
elasticity of lipid bilayers. Biophysical Journal 79:328-339. DOI: https://doi.org/10.1016/S0006-3495(00)76295-
3, PMID: 10866959

Sabass B, Stone HA. 2016. Role of the membrane for mechanosensing by tethered channels. Physical Review
Letters 116:258101. DOI: https://doi.org/10.1103/PhysRevLett.116.258101, PMID: 27391754

Saotome K, Murthy SE, Kefauver JM, Whitwam T, Patapoutian A, Ward AB. 2018. Structure of the mechanically
activated ion channel Piezo1. Nature 554:481-486. DOI: https://doi.org/10.1038/nature25453, PMID: 2
9261642

Haselwandter and MacKinnon. eLife 2018;7:€41968. DOI: https://doi.org/10.7554/eLife.41968 12 of 29


https://doi.org/10.7554/eLife.07370
http://www.ncbi.nlm.nih.gov/pubmed/26001274
https://doi.org/10.1016/S0006-3495(04)74337-4
http://www.ncbi.nlm.nih.gov/pubmed/15111402
https://doi.org/10.1126/science.1193270
http://www.ncbi.nlm.nih.gov/pubmed/20813920
https://doi.org/10.1038/ncomms10366
http://www.ncbi.nlm.nih.gov/pubmed/26785635
https://doi.org/10.1209/epl/i2003-00438-4
https://doi.org/10.1103/PhysRevE.69.031903
https://doi.org/10.1140/epje/i2014-14042-1
https://doi.org/10.1007/978-0-8176-8259-0
https://doi.org/10.7554/eLife.33660
http://www.ncbi.nlm.nih.gov/pubmed/29231809
https://doi.org/10.1098/rsif.2014.0769
https://doi.org/10.1098/rsif.2014.0769
https://doi.org/10.1515/znc-1973-11-1209
http://www.ncbi.nlm.nih.gov/pubmed/4273690
https://doi.org/10.1103/PhysRevE.49.4728
http://www.ncbi.nlm.nih.gov/pubmed/9961774
https://doi.org/10.1142/p310
https://doi.org/10.1142/p310
https://doi.org/10.1038/nchembio.1558
http://www.ncbi.nlm.nih.gov/pubmed/24937070
https://doi.org/10.7554/eLife.12088
http://www.ncbi.nlm.nih.gov/pubmed/26646186
https://doi.org/10.1209/0295-5075/117/58001
https://doi.org/10.1038/nature13250
http://www.ncbi.nlm.nih.gov/pubmed/24717432
https://doi.org/10.1103/PhysRevE.78.021908
http://www.ncbi.nlm.nih.gov/pubmed/18850866
https://doi.org/10.1038/nature00992
https://doi.org/10.1038/nature00992
http://www.ncbi.nlm.nih.gov/pubmed/12198539
https://doi.org/10.1063/1.334447
https://doi.org/10.1038/nature08147
http://www.ncbi.nlm.nih.gov/pubmed/19458714
https://doi.org/10.1073/pnas.1409233111
http://www.ncbi.nlm.nih.gov/pubmed/24958852
https://doi.org/10.1038/nature13980
https://doi.org/10.1038/nature13980
http://www.ncbi.nlm.nih.gov/pubmed/25471886
https://doi.org/10.1016/S0006-3495(00)76295-3
https://doi.org/10.1016/S0006-3495(00)76295-3
http://www.ncbi.nlm.nih.gov/pubmed/10866959
https://doi.org/10.1103/PhysRevLett.116.258101
http://www.ncbi.nlm.nih.gov/pubmed/27391754
https://doi.org/10.1038/nature25453
http://www.ncbi.nlm.nih.gov/pubmed/29261642
http://www.ncbi.nlm.nih.gov/pubmed/29261642
https://doi.org/10.7554/eLife.41968

e LI FE Research article

Structural Biology and Molecular Biophysics

Seifert U, Bernd| K, Lipowsky R. 1991. Shape transformations of vesicles: Phase diagram for spontaneous-
curvature and bilayer-coupling models. Physical Review A 44:1182-1202. DOI: https://doi.org/10.1103/
PhysRevA.44.1182, PMID: 9906067

Seifert U. 1997. Configurations of fluid vesicles and membranes. Advances in Physics 46:13-137. DOI: https://
doi.org/10.1080/00018739700101488

Sukharev Sl, Sigurdson WJ, Kung C, Sachs F. 1999. Energetic and spatial parameters for gating of the bacterial
large conductance mechanosensitive channel, MscL. Journal of General Physiology 113:525-540. DOI: https://
doi.org/10.1085/jgp.113.4.525, PMID: 10102934

Syeda R, Florendo MN, Cox CD, Kefauver JM, Santos JS, Martinac B, Patapoutian A. 2016. Piezo1 channels are
inherently mechanosensitive. Cell Reports 17:1739-1746. DOI: https://doi.org/10.1016/].celrep.2016.10.033,
PMID: 27829145

Teng J, Loukin S, Anishkin A, Kung C. 2015. The force-from-lipid (FFL) principle of mechanosensitivity, at large
and in elements. Pfltigers Archiv - European Journal of Physiology 467:27-37. DOI: https://doi.org/10.1007/
s00424-014-1530-2

Turner MS, Sens P. 2004. Gating-by-tilt of mechanically sensitive membrane channels. Physical Review Letters
93:118103. DOI: https://doi.org/10.1103/PhysRevLett.93.118103, PMID: 15447384

Ursell T, Kondev J, Reeves D, Wiggins PA, Phillips R. 2008. Role of lipid bilayer mechanics in mechanosensation.
In: Mechanosensitive lon Channels. Springer. p. 37-70.

Weikl TR, Kozlov MM, Helfrich W. 1998. Interaction of conical membrane inclusions: Effect of lateral tension.
Physical Review E 5§7:6988-6995. DOI: https://doi.org/10.1103/PhysRevE.57.6988

Weisstein EW. 2017. Spherical cap. From MathWorld — A Wolfram Web Resource. http://mathworld.wolfram.
com/SphericalCap.htm| [Accessed November 29, 2018].

Wiggins P, Phillips R. 2005. Membrane-protein interactions in mechanosensitive channels. Biophysical Journal 88:
880-902. DOI: https://doi.org/10.1529/biophysj.104.047431, PMID: 15542561

Wolfram Research, Inc.. 2017. Mathematica. 11.2. Champaign, IL, Wolfram Research, Inc.

Wu J, Goyal R, Grandl J. 2016. Localized force application reveals mechanically sensitive domains of Piezo1.
Nature Communications 7:12939. DOI: https://doi.org/10.1038/ncomms12939, PMID: 27694883

Zhang R, Nguyen TT. 2008. Model of human immunodeficiency virus budding and self-assembly: Role of the cell
membrane. Physical Review E 78:051903. DOI: https://doi.org/10.1103/PhysRevE.78.051903

Zhao Q, Zhou H, Chi S, Wang Y, Wang J, Geng J, Wu K, Liu W, Zhang T, Dong MQ, Wang J, Li X, Xiao B. 2018.
Structure and mechanogating mechanism of the Piezo1 channel. Nature 554:487-492. DOI: https://doi.org/10.
1038/nature25743, PMID: 29469092

Haselwandter and MacKinnon. eLife 2018;7:€41968. DOI: https://doi.org/10.7554/eLife.41968 13 of 29


https://doi.org/10.1103/PhysRevA.44.1182
https://doi.org/10.1103/PhysRevA.44.1182
http://www.ncbi.nlm.nih.gov/pubmed/9906067
https://doi.org/10.1080/00018739700101488
https://doi.org/10.1080/00018739700101488
https://doi.org/10.1085/jgp.113.4.525
https://doi.org/10.1085/jgp.113.4.525
http://www.ncbi.nlm.nih.gov/pubmed/10102934
https://doi.org/10.1016/j.celrep.2016.10.033
http://www.ncbi.nlm.nih.gov/pubmed/27829145
https://doi.org/10.1007/s00424-014-1530-2
https://doi.org/10.1007/s00424-014-1530-2
https://doi.org/10.1103/PhysRevLett.93.118103
http://www.ncbi.nlm.nih.gov/pubmed/15447384
https://doi.org/10.1103/PhysRevE.57.6988
http://mathworld.wolfram.com/SphericalCap.html
http://mathworld.wolfram.com/SphericalCap.html
https://doi.org/10.1529/biophysj.104.047431
http://www.ncbi.nlm.nih.gov/pubmed/15542561
https://doi.org/10.1038/ncomms12939
http://www.ncbi.nlm.nih.gov/pubmed/27694883
https://doi.org/10.1103/PhysRevE.78.051903
https://doi.org/10.1038/nature25743
https://doi.org/10.1038/nature25743
http://www.ncbi.nlm.nih.gov/pubmed/29469092
https://doi.org/10.7554/eLife.41968

e LI FE Research article Structural Biology and Molecular Biophysics
gy phy:

Appendix 1

DOI: https://doi.org/10.7554/eLife.41968.009

We provide here a detailed description of the mathematical methods we used for the
calculation of the membrane footprint (see Appendix 1—figure 1), and associated membrane
deformation energy, of the Piezo dome. As explained in the main text, we calculated the
membrane footprint of the Piezo dome by finding the stationary membrane shapes associated
with the classic Helfrich energy.

1
GM:EKh/dA(cl—o—czf—i-yAA, (A1)

where the integral runs over the membrane surface surrounding the Piezo dome, ¢; and ¢, are
the local principal curvatures of the membrane surface, K, is the lipid bilayer bending
modulus, vy is the membrane tension, and AA is the decrease in in-plane area due to the
membrane shape deformations induced by the Piezo dome (see also Equation 1 of the main
text). (A given stationary membrane shape may, in principle, be unstable to small
perturbations, and hence may not be physically relevant (Peterson, 1985; Seifert et al., 1991,
Seifert, 1997). Here, we only found one stationary membrane shape for each scenario
considered, and therefore identified this stationary membrane shape with Piezo's membrane
footprint. The functions which make a given functional such as in Equation A1 stationary are
referred to as the extremal functions of this functional (Courant and Hilbert, 1953).) For a
given radius of curvature of the Piezo dome, R, we obtained the energy cost of Piezo's
membrane footprint by substituting the corresponding stationary membrane shape implied by
Equation A1 back into Equation A1 and evaluating the surface integral.

We obtained the stationary membrane shapes associated with Equation A1, and calculated
the corresponding energy cost of Piezo's membrane footprint, using two complementary
mathematical approaches. On the one hand, we used the Monge parametrization of surfaces
to derive exact analytical solutions of the stationary Piezo membrane footprints implied by
Equation A1, and then used Equation A1 to determine the corresponding exact analytic
expressions for Gy, (Weikl et al., 1998; Turner and Sens, 2004; Wiggins and Phillips, 2005;
Ursell et al., 2008; Auth and Gompper, 2009, Sabass and Stone, 2016; Li et al., 2017) (see
Appendix 1-section 1). The Monge parametrization of surfaces is only expected to yield
quantitatively accurate results for the stationary membrane shapes implied by Equation A1 in
the limit of small membrane shape deformations. We therefore used, on the other hand, the
arclength parametrization of surfaces, which can capture arbitrarily large membrane shape
deformations, to numerically solve for the membrane footprint of the Piezo dome and the
corresponding Gy, (Peterson, 1985; Seifert et al., 1991; Jiilicher and Seifert, 1994,
Deserno, 2004; Bahrami et al., 2016) (see Appendix 1-section 2). Our calculations show that,
for the radius of curvature R = 10.2nm measured previously for a closed state of Piezo
(Guo and MacKinnon, 2017), the Piezo-induced membrane shape deformations are
pronounced enough so that the Monge parametrization of Equation A1 does not yield
quantitatively accurate results. We find, however, that on a qualitative level the Monge and
arclength parametrizations of Equation A1 yield similar predictions for the mechanical gating
of Piezo (see Appendix 1-section 3). All of the results shown in the main text were obtained
using the arclength parametrization of Equation A1.
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Appendix 1—figure 1. Cross section of the membrane shape deformations induced by Piezo
for K, = 20 kT and 7y = 0.1 k3T /nm?. Based on the structural data in (Guo and MacKinnon,
2017) we assume that the Piezo dome takes the shape of a spherical cap with fixed cap area
Seap = 0.3 x 47 x 10.22 nm? =390 nm?. We denote the radius of curvature of the Piezo dome by
R, and represent the central pore axis of Piezo by the h-axis and the radial coordinate in the
reference plane by r. Furthermore, we denote the arclength along the profile of Piezo's
membrane footprint by s, with s = 0 at the interface of the Piezo dome and the surrounding
membrane and s >0 away from the Piezo dome. We set R = 10.2 nm (Guo and MacKinnon,
2017) here and obtained Piezo’s membrane footprint by numerically calculating the stationary
membrane shape implied by the arclength parametrization of Equation A1 (Peterson, 1985;
Seifert et al., 1991; Jiilicher and Seifert, 1994; Deserno, 2004; Bahrami et al., 2016) (see
Appendix 1-section 2). The quantities R and S.,, mathematically determine (Weisstein, 2017)
the in-plane radius of the Piezo dome, r = r;, and the cap angle, a. We allowed here the
Piezo-induced membrane shape deformations to decay to a flat membrane shape over an
arbitrarily large s.

DOI: https://doi.org/10.7554/eLife.41968.010

1 Monge parametrization

For membrane profiles with no overhangs, Piezo’s membrane footprint can be represented by
the height of the lipid bilayer midplane Ai(r) as a function of the radial coordinate r, with r =0
corresponding to the central pore axis of Piezo, relative to some reference plane (see
Appendix 1—figure 1). A particularly simple form of the energy in Equation A1 is then
obtained by assuming small membrane shape deformations in the membrane region
surrounding Piezo, |Vh| < 1. To leading order in |Vh| and its derivatives, the resulting Monge
parametrization of Equation A1 takes the form (Weikl et al., 1998; Turner and Sens, 2004,
Wiggins and Phillips, 2005; Ursell et al., 2008; Auth and Gompper, 2009; Sabass and
Stone, 2016; Li et al., 2017)

K,
G=2m / drr [7” (vzh)%r%(w:)2 : (A2)

where, for simplicity, we have dropped the subscript ‘M’ in Equation A1, and we have
neglected terms that are constant in i and its derivatives. Note that the energy in
Equation A2 only depends on h through derivatives of 4, and is therefore invariant under
h— h+ hy, where hy is an arbitrary constant. For systems with rotational symmetry we have the
Laplacian operator

vod  1d (A3)

dr*  rdr

in polar coordinates. The Piezo membrane deformation profile A(r) is obtained by finding,
subject to suitable boundary conditions on i(r), the stationary membrane profile implied by
Equation A2, from which the corresponding membrane deformation energy can be calculated
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via Equation A2. The Monge parametrization of Equation A1, expressed in Equation A2, has
the advantage that it provides simple analytic expressions for the membrane deformation
energy associated with arbitrary conformational states of Piezo.

1.1 Membrane deformation profile

In our simple model of lipid bilayer-Piezo interactions we assume rotational symmetry about
the central pore axis of Piezo with, potentially, a finite membrane compartment size (see the
main text). The most general boundary value problem to be considered for Equation A2 then
corresponds to the membrane deformations in an annulus r; < r < r,,, where r; and r,,
correspond to the radii of the inner and outer rims of the annulus. The value of r; is fixed
(Weisstein, 2017) by the radius of curvature, R, and surface area, S.,, associated with the
Piezo dome (Guo and MacKinnon, 2017) (Appendix 1—figure 1),

Scap 2 12
ol (47R* — Scap) . (A4)
From Equation A4 one finds (Weisstein, 2017) that the angle subtended by the r-axis in

Appendix 1—figure 1 and the tangent to A(r) at the boundary between the Piezo dome and
the surrounding membrane is given by

1
o= tan_l {m [Scap (47TR2 — Scap)] ]/2} . (A5)

We note that, as far as the membrane footprint of the Piezo dome is concerned, Piezo can
effectively be regarded as a conical membrane inclusion of radius r; and opening angle
2a (Weikl et al., 1998; Turner and Sens, 2004; Wiggins and Phillips, 2005; Ursell et al.,
2008; Auth and Gompper, 2009; Sabass and Stone, 2016; Li et al., 2017).

The Euler-Lagrange (Lagrange) equation (Courant and Hilbert, 1953; Kibble and
Berkshire, 2004) associated with Equation A2 is given by (Weikl et al., 1998)

VA(V2=A"?)h=0, (A6)

where A = /K, /v is the characteristic decay length of membrane shape deformations. For
rotationally symmetric systems with the Laplacian operator in Equation A3, Equation A6 has
the general analytical solution (Weikl et al., 1998)

h(r) =Aolo(r/\) + BoKo(r/A) + Co+ DoInr, (A7)

where I; and K are the zeroth-order modified Bessel functions of the first and second kind,
and the constants Ay, By, Cy, and Dy must be fixed through the boundary conditions on A(r) at
r=r;and/or r =r,.

1.2 Boundary conditions

Consistent with previous work (Weikl et al., 1998; Deserno, 2004; Turner and Sens, 2004;
Wiggins and Phillips, 2005; Ursell et al., 2008; Auth and Gompper, 2009; Sabass and
Stone, 2016; Li et al., 2017), we demand continuity of 4(r) and its derivative at the boundary
of the Piezo dome and the surrounding membrane. In particular, we fix the (arbitrary) height
of the membrane-dome boundary relative to the reference plane,

h(r;) =0, (A8)

and impose

@ =tana=a, (A9)
dr

=r
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where « is given by Equation A5. Having fixed h(r;) = 0 via Equation A8, we take h(r) to be
free at the outer (membrane compartment) boundary r = r,, (Courant and Hilbert, 1953). In
other words, we assume that the difference of the membrane heights at the outer and inner
boundaries, h(r,,) — h(r;), can be freely varied when finding the stationary membrane shape
implied by Equation A2, resulting in the boundary condition (Weikl et al., 1998; Auth and
Gompper, 2009, Sabass and Stone, 2016; Li et al., 2017)

%[WH—%} 0. (A10)

r=rp

Equation A10 is sometimes referred to as a ‘zero vertical force boundary condition’ or a
‘natural boundary condition’ (Courant and Hilbert, 1953). Furthermore we take, in analogy to
Equation A9, the membrane gradient to be fixed at the outer boundary (Auth and Gompper,
2009, Li et al., 2017),

dh

— =tanB=b, (A11)
dr|,_

Tim

where we use here the value b = 0 corresponding to a flat membrane at the membrane
compartment boundary. The boundary condition in Equation A11 mathematically expresses
the assumption that the membrane compartment boundary imposes a given (flat) membrane
shape far enough away from Piezo.

The four boundary conditions in Equations A8—A11 determine the four independent
constants Ay, By, Co, and Dy in Equation A7 (Li et al., 2017):

_ bKi(ri/A) — aKi (rn/A)

A . 7 (A12)
BO:bll(ri/)\) ;‘all(rm/)\)7 (A13)
¢, — Kolr/Mh (/M) +a1;(ri//\)1<l (rm/A) = BA/ri. (A14)
Do =0, (A15)

where I, and K; are the first-order modified Bessel functions of the first and second kind, and
1
F= ~ Ky (ri /A (rn JA) — L (i /M) Ky (7 /A)] - (A16)

If, instead of Equations A8 and A10, we had imposed the boundary conditions

h(rm) =0, (A17)
4

- [VPh—A"%h]| =0, (A18)

r=r;

we would have obtained identical expressions for Ay, By, and D in Equations A12-A15, but
Cp would be shifted so as to account for this redefinition of the (arbitrary) height of the
membrane surface relative to the reference plane.

1.3 Analytic membrane deformation energy
Upon substitution of Equation A7 into Equation A2 and application of Gauss's theorem one
obtains (Li et al., 2017)

G: wy{br,n[Aolo(rm//\) +B()K0(rm/)\)] *ar,'[Aolo(r,'/)\) *|>B()1(0(7‘,'/)\)]}7 (A19)

where A and By are given by Equations A12 and A13. Equation A19 is, within the Monge
parametrization of Equation A1, expressed in Equation A2, the exact analytical solution of
the energy cost associated with Piezo’s membrane footprint. For b = 0, Equation A19 reduces
to
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2 1i Ky (1 /A) Io(ri/A) + I (rm/A) Ko (1i/A)

G =mKpa A Ky (ri /N (5 JA) = L (7 /AN K (P JA)

(A20)

Note that Equations A19 and A20 only depend on the particular solutions in Equation A7
containing Bessel functions. These solutions are independent of the coefficient C, in
Equation A7, and we would have obtained expressions identical to those in Equations A19
and A20 if, instead of Equations A8 and A10, we had imposed the boundary conditions in
Equations A17 and A18. This result can be understood by noting that the energy in
Equation A2 only depends on h through derivatives of 4, and hence does not depend on the
absolute value of .

The special case of infinitely large, asymptotically flat membranes (Weikl et al., 1998;
Deserno, 2004; Turner and Sens, 2004; Wiggins and Phillips, 2005; Ursell et al., 2008;
Sabass and Stone, 2016) corresponds to b = 0 and r,, — « in Equations A7 and A19. In this
limit we have [, (r,,/A) — «© and K (r,,/A) — 0. Via Equation A20, Equation A19 then yields

r,-KO(r,-/)\)
—7K,a* - A21
L VAT (a21)
and Equation A7 with Equations A12-A15 reduces to
Ko(r/A)
h(r)=Cy—aA . (A22)
)= Com g )

Equations A21 and A22 agree with previous results (Deserno, 2004; Wiggins and Phillips,
2005) on the protein-induced lipid bilayer midplane deformations implied by the stationary
shapes of Equation A2 in asymptotically flat membranes. The limit y — 0 in Equations A21
and A22 corresponds to A — . Note that we have

Ko(x)= —Inx, (A23)

Ki(%) i (A24)

n

forx < 1. As A — oo, Equation A21 therefore yields
1
G~P1n(ri//\) —0, (A25)

and Equation A22 yields
h(r)=Co+ar;In(r;/X). (A26)

In agreement with previous studies (Deserno, 2004, Auth and Gompper, 2009),

Equations A25 and A26 show that, for a membrane that is asymptotically flat, the energy cost
of Piezo’s membrane footprint vanishes for y = 0, with the membrane taking the shape of a
minimal (catenoidal) surface. While this result followed from the Monge parametrization of
Equation A1 (i.e., in the limit of small membrane shape deformations), the arclength
parametrization of Equation A1 (see Appendix 1-section 2), which is valid for arbitrarily large
membrane shape deformations, also yields for y = 0 and asymptotically flat lipid membranes
minimal (catenoidal) lipid bilayer deformations with zero bending energy (Deserno, 2004).

2 Arclength parametrization

The arclength parametrization of surfaces provides an elegant approach for the representation
of axisymmetric shapes with, potentially, large gradients, and thus complements the Monge
parametrization considered in Appendix 1-section 1. In the arclength parametrization, the
Euler-Lagrange (Lagrange) equations associated with Equation A1 are, in general, highly
nonlinear (Peterson, 1985; Seifert et al., 1991; Jiilicher and Seifert, 1994) and must be
solved numerically. The arclength parametrization of lipid membrane surfaces has allowed the
systematic determination of the minimum energy shapes of axisymmetric lipid bilayer vesicles
(Peterson, 1985; Seifert et al., 1991; Jiilicher and Seifert, 1994; Seifert, 1997), and has
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been used to study the wrapping of spherical and cylindrical colloids by lipid bilayers
(Deserno and Bickel, 2003; Deserno, 2004; Hashemi et al., 2014), endocytosis (Nowak and
Chou, 2008; Bahrami et al., 2016, Agudo-Canalejo and Lipowsky, 2016), and the self-
assembly of protein coats on lipid bilayer membranes (Zhang and Nguyen, 2008;

Foret, 2014).

The arclength parametrization of Equation A1 (Peterson, 1985; Seifert et al., 1991,
Jiilicher and Seifert, 1994) specifies the surface shape as a function of the arclength s along
the contour of the surface profile and the azimuthal angle about the symmetry axis of the
system under consideration which, in the case of Piezo, corresponds to the central pore axis of
Piezo. We denote the coordinate parallel to the axis of symmetry by A(s), the (in-plane)
coordinate perpendicular to the axis of symmetry by r(s), and the angle between the tangent
to the membrane deformation profile and the r-axis by ¥ (s) (Appendix 1—figure 1). (For the
most part, we use here the same notation as Deserno and Bickel,

2003 and Deserno, 2004 for the arclength parametrization of Equation A1.) Note that r(s)
and h(s) are geometrically related to ¥ (s) via

7= cos, (A27)
h=siny, (A28)

where we use the notation i = dr/ds and h = dh/ds in anticipation of s being analogous to the
‘time’ coordinate in classical dynamics. In the arclength parametrization of surfaces, the energy
in Equation A1 takes the form (Peterson, 1985; Seifert et al., 1991; Jiilicher and Seifert,
1994; Deserno and Bickel, 2003; Deserno, 2004; Foret, 2014)

. 2
(Tl) . sin 1/)) +% (1— cos Tl))] (A29)

r

S0
G:WK;,/ dsr
0

subject to the geometric constraints in Equations A27 and A28, where, for simplicity, we have
dropped the subscript ‘M’ in Equation A1, we have set s = 0 at the boundary of the Piezo
dome and the surrounding membrane, s> 0 away from the Piezo dome, and sy — o for an
infinite membrane. The terms ¢ and sin+/r in Equation A29 are the two principal curvatures
of the membrane in the arclength parametrization (the term sint/r can be rationalized by
noting that the planes associated with the two principal curvatures must be perpendicular to
each other, and the radius of curvature = r/sin 4 in the plane perpendicular to the r-i plane in
Appendix 1—figure 1), while the term rcos v yields the in-plane area of Piezo's membrane
footprint (this can be seen by noting from Equation A27 that cost) = dr/ds), with the
undeformed reference state of the membrane corresponding to a flat membrane with 1) = 0.

2.1 Hamilton equations
Incorporating the subsidiary conditions in Equations A27 and A28 (Courant and Hilbert,
1953), the energy in Equation A29 can be expressed as

G= 7TK},/ dsL(lbﬂb, r,F, h) , (A30)
0
where

L=

~7 2
<¢+bmw) +)T22(1 | R T R (A31)

r

in which the Lagrange parameter functions A, (s) and A, (s) must be chosen such that the
constraints in Equations A27 and A28 are satisfied by the extremal functions associated with
Equation A30. The integrand L in Equation A30 is analogous to the Lagrangian function in
classical dynamics (Kibble and Berkshire, 2004), with the arclength s being the analogue of
the time coordinate in classical dynamics.
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The stationary membrane shapes implied by Equation A30 could be obtained by directly
solving the corresponding Euler-Lagrange equations (Courant and Hilbert, 1953; Kibble and
Berkshire, 2004) subject to suitable boundary conditions on Piezo's membrane footprint. In
particular, Equation A30 is a function of the three generalized coordinates g, , = ¢, r, h
capturing the shape of Piezo’s membrane footprint, which implies that the corresponding
Euler-Lagrange equations are given by a set of three coupled ordinary differential equations
(Courant and Hilbert, 1953; Kibble and Berkshire, 2004),

. oL
Ps =3~ (A32)

qs

for 8 = 1, r, h, where the generalized momenta p; are defined by
OL oL . sine

=——=—=9 + , A33
P =4y~ oy r(w - ) (A33)

0L OL
P E—=——=A,, A34
Pr=3g, "o (A34)

oL OL
=—=—=Ay. A35
Dh o (A35)

As an alternative to the direct solution of Equation A32 the extremal functions of

Equation A30 can also be obtained by solving the corresponding Hamilton equations. The
Euler-Lagrange equations generally contain derivatives up to second order with the
corresponding Hamilton equations only containing first-order derivatives (Kibble and
Berkshire, 2004), which can make their (numerical) solution more straightforward.
Furthermore, the Hamiltonian formalism is well suited for finding conserved quantities — that
is, quantities that are constant with s — and making use of them when analyzing the system at
hand (Kibble and Berkshire, 2004). We follow here previous work on the arclength
parametrization of membrane surfaces (Deserno and Bickel, 2003; Deserno, 2004,
Nowak and Chou, 2008; Zhang and Nguyen, 2008; Hashemi et al., 2014; Foret, 2014) and
determine the extremal functions of Equation A30 by (numerically) solving the corresponding
Hamilton equations. To this end, we note that the Hamitonian function associated with g5 and
ps is given by (Kibble and Berkshire, 2004)

H=py)+pi+pph—L. (A36)
Using Equation A31 and Equations A33-A35, Equation A36 yields (Deserno, 2004)

2 o
Hzlﬁfpwwfz—;(lfcosw)+p,cos1p+phsim/), (A37)
4r r A
Note that, as in many (unforced) classical systems (Kibble and Berkshire, 2004), H in
Equation A37 is a function of ¢s and ps only. In particular, H in Equation A37 does not have
an explicit dependence on s, and H is therefore conserved along s (Kibble and Berkshire,
2004). The Hamilton equations are given by (Kibble and Berkshire, 2004)

OH OH

a_ =45, = _[.75 ) (A38)
Ps

05

which, for Equation A37, yields (Deserno, 2004)
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p=to Y (A39)
2r r

i =cos, (A40)
h:sim/), (A41)
o (P 2,
Dy = ( p ph) cos)+ ()\2 +p,) sin, (A42)
. Py @_simp 2

pr== <4r p )—l—/\z(l cost), (A43)
prn=0. (A44)

The solutions of Equations A39-A44 specify the stationary shapes of Piezo's membrane
footprint implied by Equation A29, from which the corresponding membrane deformation
energy can be calculated (numerically) via Equation A29 or via Equation A30.

2.2 Boundary conditions

Equations A39-A44 must be solved subject to the boundary conditions set by the Piezo
dome and the membrane compartment boundary. A first set of boundary conditions is
obtained from simple geometric considerations. In particular, at the boundary of the Piezo
dome and the surrounding membrane, we set

r(0) =Rsina, (A45)
h(0) = —Rcosa, (A46)

which amounts to fixing the origin of the r-h coordinate system (Appendix 1—figure 1).
Having fixed the origin of the r-h coordinate system via Equations A45 and A46, we take r(sp)
and h(so) to be free, that is, we assume that the values of r(sp) and h(sg) can be freely varied
when finding the extremal functions of Equation A30. The corresponding ‘natural’ boundary
conditions are given by (Courant and Hilbert, 1953)

a—lf =0, (A47)
or =5
a—l.‘ =0. (A48)
Oh |,

From Equation A48 with Equation A31 it follows that A,(so) = 0, and Equation A44 with
Equation A35 then yields p, = 0 for 0 < s < sy, that is, the generalized momentum p;, is
conserved along s and drops out of the problem. Using Equations A31 and A34,
Equation A47 can be rewritten as

pr(s0) =Ar(s0) =0. (A49)

A second set of boundary conditions encapsulates the key physical properties of the
specific experimental setup under consideration. In particular, assuming that the tangents to
the membrane profile change smoothly at the boundary of the Piezo dome and the
surrounding membrane (Appendix 1—figure 1), we have

(0) =, (A50)

where « is given by Equation A5. Furthermore, we assume (Deserno, 2004), based on
physical reasoning analogous to that behind Equation A11, that the tangent and curvature of
the membrane profile in the r-h plane are kept fixed at s = s,

P(s0) =B, (A51)

P(s0) =C, (A52)
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where we use here the values 8 =0 and C = 0 corresponding to a flat membrane surface far
enough away from Piezo.

Since B =0 and C = 0 in Equations A51 and A52, we expect from Equation A33 that
pu(s0) = 0 and, hence, Equation A37 yields H = p,(so). (It is assumed here that r(so) is
finite.) Because H in Equation A37 is conserved along s, we have H = p,(s) for 0 < s < s¢. The
boundary condition in Equation A49 thus implies H = p,(sg) = 0 for 0 < s < s9. At s =0, we
therefore have (Deserno, 2004)

ana 2 .
pr(0) =" {1 +2Ai2(1 ) — [Rw(O)]z}, (A53)

where we have used Equation A37 with Equations A33, A45, and A50, and 1)(0) is unknown.
Note that, for a given set of values of (0), ¥(0), and ¢(0), the generalized momentum p, in
Equation A33 is completely determined at s = 0. Since Equations A39-A44 are a set of first-
order (coupled) ordinary differential equations, their solution is fixed by the ‘initial’ conditions
¥(0), 7(0), h(0), py(0), p,(0), and p,(0), with the only unknown being (0). A practical strategy
for obtaining Piezo’s membrane footprint through numerical solution of Equations A39-

A44 is therefore to generate a set of solutions corresponding to different values of (0) and
to select, among these solutions, the specific solution(s) satisfying Equations A51 and A52 up
to some numerical accuracy. Such a ‘shooting’ method (Burden and Faires, 2011,

Gautschi, 2012) has been employed widely for numerically finding the stationary shapes
implied by the arclength parametrization of Equation A1 (Peterson, 1985; Seifert et al.,
1991; Jiilicher and Seifert, 1994; Seifert, 1997; Deserno and Bickel, 2003; Deserno, 2004;
Nowak and Chou, 2008; Zhang and Nguyen, 2008; Foret, 2014; Hashemi et al., 2014,
Agudo-Canalejo and Lipowsky, 2016; Bahrami et al., 2016), and we used the same
approach here.

For completeness, we outline here the basic procedure for the solution of Equations A39-
A44 through the shooting method (Deserno and Bickel, 2003; Deserno, 2004; Nowak and
Chou, 2008; Zhang and Nguyen, 2008; Hashemi et al., 2014; Foret, 2014). First, based on
intuition gained from numerical experimentation, we chose a range of suitable 4(0). More
automated approaches for choosing ¢(0) are also available (Burden and Faires, 2011,
Gautschi, 2012). Note that, to achieve a flat membrane profile far enough away from Piezo,
we generally expect that ¢(0) <0. For the scenarios considered here we have that
—0.4<1)(0) <0. Second, we solved Equations A39-A44 subject to the initial conditions 1(0),
r(0), h(0), py(0), and p,(0) described above with p, = 0 using standard numerical solvers of
ordinary differential equations (Wolfram Research, Inc., 2017) up to some large (but
necessarily finite) maximum value of the arclength. For each of these solutions, we numerically
determined the smallest value of s for which Equations A51 and A52 are satisfied. (In
practice, we only considered here Equation A51 (Deserno, 2004).) For scenarios in which we
assume that Equations A51 and A52 hold only asymptotically for s — o, we identified this
value of s with sy (Deserno, 2004), and selected among all the solutions corresponding to
different ¢(0) the solution with the largest value of sy. (It is assumed here that the exact
solutions of Equations A39-A44 do not oscillate about the boundary conditions
in Equations A51 and A52.) For scenarios in which we assume that membrane
compartmentalization favors solutions with a given value sy = s,,, we selected the solution with
the smallest magnitude of ¥(s,,), and confirmed for this solution that s, approximately
corresponds to the smallest value of s for which Equation A51 is satisfied. (Again, it is
assumed here that the exact solutions of Equations A39-A44 do not oscillate about the
boundary conditions in Equation A51 and A52.) The resulting solutions of Equations A39-
A44 specify the shape of the membrane footprint of the Piezo dome, from which we obtained
the corresponding energy cost of Piezo-induced membrane shape deformations by
numerically evaluating Equation A30 over the integration domain
0 < s < 59 (Wolfram Research, Inc., 2017). We tested this numerical solution procedure
(Deserno and Bickel, 2003; Deserno, 2004; Nowak and Chou, 2008; Zhang and Nguyen,
2008; Hashemi et al., 2014; Foret, 2014) for Piezo's membrane footprint by comparing the
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membrane deformation energies implied by the Monge and arclength parameterizations of
Equation A1 (see Appendix 1-section 3).

3 Comparing arclength and Monge solutions

To check the numerical solution procedure described in Appendix 1-section 2 it is useful to
compare numerical solutions obtained using the arclength parametrization of Equation A1
with the corresponding exact analytical solutions obtained in Appendix 1-section 1 using the
Monge parametrization of Equation A1 (see Appendix 1—figure 2). For infinite (see
Appendix 1—figure 2A) as well as finite (see Appendix 1—figure 2B) membrane
compartment sizes, which we specify in terms of the arclength s,, such that 0 < s < s, we find
that the numerical solutions obtained in the arclength parametrization of Equation A1 agree
with the corresponding analytical solutions obtained in the Monge parametrization of
Equation A1 for small enough membrane shape deformations (large enough R). In the case of
infinite membrane compartments, the decrease in the relative difference of the analytical and
numerical solutions with increasing R, shown in the lower panel of Appendix 1—figure 2A, is
consistent with previous results (Deserno and Bickel, 2003). In the case of finite membrane
compartments we find, in Appendix 1—figure 2B, a similar convergence of analytical and
numerical results with increasing R, with a particularly small relative difference of the analytical
and numerical solutions for y = 1.0 k3T /nm?. This can be rationalized by noting that, for y =
1.0 kT /nm? with K}, = 20 k3T, the characteristic decay length of Piezo-induced membrane
shape deformations, A = \/K,/y=4.5 nm, is of a comparable magnitude as the membrane
compartment size s,, = 5 nm used in Appendix 1—figure 2B.

In Appendix 1—figure 2B, as well as the main text, we implemented finite membrane
compartments by fixing the value of the maximum arclength s,, such that 0 < s < s, and
imposing a flat membrane shape at the membrane compartment boundary. There are other
ways of implementing finite membrane compartments in our physical model of the mechanical
gating of Piezo. In particular, one may define the membrane compartment as having a fixed
surface area, a fixed in-plane area, a fixed in-plane radius, or a fixed arclength. Furthermore,
the boundary of the membrane compartment may locally impose different membrane shapes.
To illustrate how a finite membrane compartment size can affect the mechanical gating of
Piezo, we focused here on the particularly straightforward case of membrane compartments
with a fixed arclength around the Piezo dome and a flat membrane shape at the membrane
compartment boundary. Membrane compartments with other properties would yield different
results. For instance, if the membrane shape at the membrane compartment boundary was
chosen so as to locally match the shape of the corresponding solution obtained for an
asymptotically flat, infinite membrane, a finite membrane compartment would yield, for y>0,
an energy cost of Piezo’s membrane footprint that is decreased compared to the associated
energy cost of Piezo’s membrane footprint for an asymptotically flat, infinite membrane. In
contrast, we find in the main text (and also Appendix 1—figure 2) that, for a flat membrane
shape at the membrane compartment boundary, the energy cost of Piezo’s membrane
footprint is increased in a finite membrane compartment compared to an asymptotically flat,
infinite membrane.

Haselwandter and MacKinnon. eLife 2018;7:€41968. DOI: https://doi.org/10.7554/eLife.41968 23 of 29


https://doi.org/10.7554/eLife.41968

e LI FE Research article Structural Biology and Molecular Biophysics
gy phy:

A Infinite compartment B Finite compartment
0 ==GM: = 1.0 keT/nm? | 14 ==GMW. y = 1.0 kg T/nm?
g —G; v =1.0 kgT/nm? 12 —G{; v = 1.0 kgT/nm?
==G: y =0.1 kgT/nm? ==G; y =0.1 kg T/nm?
5 Ll —G®: y=01kgTim2 | Ky 10} —G®: y = 0.1 kgT/nm?
2 6 MY & MY
s ==GM: y =0.01 kgT/nm? s 8 ==GM — € y =001 kgT/inm?
%2 4 —GY; y =0.01 kg T/nm? 503 6h — G - € y =0.01 kgT/nm?
4 .
2
2 .
0 0 1 1 1 L
40 60 80 100 120 40 60 80 100 120
R [nm] R [nm]
Oy =001 kgT/nm? o2 Oy = 0.01 kgT/nm?-
0.10 s Oy =0.1kgT/nm? - s Oy=0.1kgT/nm?* |
. Oy = 1.0 kg T/nm? 010 o &y =1.0 kg T/nm?

, 0.08F T ] I 008F O ]
2= 2= o -
9 0.06 - <>OI:I 1 S 006} OD 1
s s
T 004r  Og {1 B ol © ©n ]

OO%O%O o QODOD
0.02F Bog, 1 0.02f o 2000g i
& @]nlg)
0.00 I . . %O%O‘%O%O%C 0.00 L . 4 ‘O < %O%O%)%
40 60 80 100 120 40 60 80 100 120
R [nm] R [nm]

Appendix 1—figure 2. Comparison of arclength and Monge solutions. Energy cost of Piezo's
membrane footprint Gy, as a function of the radius of curvature of the Piezo dome R
calculated numerically using the arclength parametrization of Equation A1 (see Appendix 1-

section 2) [G,(;)] and analytically using the Monge parametrization of Equation A1 (see

Appendix 1-section 1) [G,(y)] (upper panels), and corresponding relative difference of the
analytical and numerical solutions (lower panels), for (A) infinite and (B) finite membrane
compartments. We set K, = 20k3T and S, = 0.3 x 47 x 10.2> nm? = 390 nm? (Guo and
MacKinnon, 2017), and used the indicated values of the membrane tension. For (B) we used
an unconstrained membrane arclength s,, = 5 nm separating the boundary of the Piezo dome
and the boundary of the membrane compartment along the membrane in the radial direction.
For ease of visualization, we shifted the curves corresponding to y = 0.01 k3T /nm? by € =

0.4 kgT in the upper panel of (B).

DOI: https://doi.org/10.7554/eLife.41968.011

The Monge parametrization of Equation A1 fails to give quantitatively accurate results for
the large membrane shape deformations implied by the observed Piezo dome structure with
R=10.2nm (Guo and MacKinnon, 2017) (see Appendix 1—figures 3-7). In particular, the
Monge parametrization of Equation A1 overestimates the magnitude of the membrane shape
deformations induced by the Piezo dome (Appendix 1—figure 3). Furthermore, the Monge
parametrization of Equation A1 yields contributions to the Piezo gating energy due to Piezo’s
membrane footprint, AGy,, that are too large by a factor of approximately 4/3 to 12
depending on the specific scenario considered (Appendix 1—figures 5 and 7). However, we
also find that the Monge parametrization of Equation A1 gives the same qualitative results as
the arclength parametrization of Equation A1 for the scenarios considered in the main text
(Appendix 1—figures 3-7).
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Appendix 1—figure 3. Supplement to membrane footprint of the Piezo dome. (A) Same plots
as in Figures 1C and 2 of the main text, with the membrane footprints calculated numerically
using the arclength parametrization of Equation A1 (see Appendix 1-section 2) and (B)
corresponding results with the membrane footprints calculated analytically using the Monge
parametrization of Equation A1 (see Appendix 1-section 1). We use the same labeling

Haselwandter and MacKinnon. eLife 2018;7:€41968. DOI: https://doi.org/10.7554/eLife.41968 25 of 29


https://doi.org/10.7554/eLife.41968

e LI F E Research article

Structural Biology and Molecular Biophysics

conventions for (A) and (B). Scale bars, 4 nm. See Figures 1C and 2 of the main text for
further details.
DOI: https://doi.org/10.7554/eLife.41968.012
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Appendix 1—figure 4. Supplement to energy of the Piezo membrane footprint. (A) Same plots
as in Figure 3A of the main text, with G, calculated numerically using the arclength
parametrization of Equation A1 (see Appendix 1-section 2) and (B) corresponding results with
Gy calculated analytically using the Monge parametrization of Equation A1 (see Appendix 1-
section 1). We use the same labeling conventions for (A) and (B). See Figure 3A of the main
text for further details.

DOI: https://doi.org/10.7554/¢Life.41968.013
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Appendix 1—figure 5. Supplement to energy of Piezo gating. (A) Same plots as in Figure 4 of
the main text, with AGy, calculated numerically using the arclength parametrization of
Equation A1 (see Appendix 1-section 2) and (B) corresponding results with AG), calculated
analytically using the Monge parametrization of Equation A1 (see Appendix 1-section 1). We
use the same labeling conventions for (A) and (B). For ease of visualization, we rescaled AGy,
by C; =1/4, C; = 1/12, or C3 = 3/4 in (B) (left to right panels). See Figure 4 of the main text
for further details.
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Appendix 1—figure 6. Supplement to Piezo activation through membrane tension. (A) Same
plots as in Figure 5 of the main text, with AG), calculated numerically using the arclength
parametrization of Equation A1 (see Appendix 1-section 2) and (B) corresponding results with
AG); calculated analytically using the Monge parametrization of Equation A1 (see Appendix 1-
section 1). We employed the same values of AGY, and use the same labeling conventions, for

(A) and (B). See Figure 5 of the main text for further details.
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Appendix 1—figure 7. Supplement to modulation of Piezo gating through the membrane. (A)
Same plots as in Figure 6 of the main text, with AGy, calculated numerically using the
arclength parametrization of Equation A1 (see Appendix 1-section 2) and (B) corresponding
results with AGy, calculated analytically using the Monge parametrization of Equation A1 (see
Appendix 1-section 1). We use the same labeling conventions for (A) and (B). For ease of
visualization, we rescaled AGy, by C; = 1/4 in the left panels of (B). For (B) we set

AGE =520 kT (upper middle and upper right panels) and AGS =550 k5T (lower middle and
lower right panels) for the (unknown) contribution of the protein energy to the Piezo gating
energy such that gating occurs within the indicated tension ranges. See Figure 6 of the main
text for further details.
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