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Multi-point probability measures along with the dielectric function of Dirac Fermions in mono-layer
graphene containing particle-particle and white-noise (out-plane) disorder interactions on an equal
footing in the Thomas-Fermi-Dirac approximation is investigated. By calculating the one-body carrier
density probability measure of the graphene sheet, we show that the density fluctuation ((72) is related
to the disorder strength (n)), the interaction parameter (r,) and the average density (7) via the relation
¢l rsnf;T1 for whichm — o leads to strong density inhomogeneities, i.e. electron-hole puddles
(EHPs), in agreement with the previous works. The general equation governing the two-body
distribution probability is obtained and analyzed. We present the analytical solution for some limits
which is used for calculating density-density response function. We show that the resulting function
shows power-law behaviors in terms of ¢ with fractional exponents which are reported. The disorder-
averaged polarization operator is shown to be a decreasing function of momentum like ordinary 2D
parabolic band systems. It is seen that a disorder-driven momentum g, emerges in the system which
controls the behaviors of the screened potential. We show that in small densities an instability occurs in
which imaginary part of the dielectric function becomes negative and the screened potential changes
sign. Corresponding to this instability, some oscillations in charge density along with a screening-anti-
screening transition are observed. These effects become dominant in very low densities, strong
disorders and strong interactions, the state in which EHPs appear. The total charge probability measure
is another quantity which has been investigated in this paper. The resulting equation is analytically
solved for large carrier densities, which admits the calculation of arbitrary-point correlation function.

Since the discovery of graphene as a hybrid between metal and insulator, this material with relativistic energy
spectrum of zero-gap Dirac Fermions!? attracts attention due to its unique electronic properties and prospective
applications in nanoelectronics®®. The understanding of the origin and the influence of disorder, as well as inter-
actions in graphene seems to be essential in understanding of the experiments and also in designing
graphene-based electronic devices. The effect of these quantities and the resulting screening are not as easygoing
as ordinary simple metals®. There is a huge literature concerning the interplay of particle interactions and disorder
in mono and multilayer graphene®’-!* which cause variety of phenomenons. Examples of the effect of disorder on
the properties of graphene are its effect on: the compressibility', the electron-phonon interaction'®, the Fano
factor and conductivity®, the magnetoresistance of bilayer graphene'é, the graphene Hall bars'’, the optical prop-
erties of graphene quantum dots'® and the effective electronic mass in bilayer graphene'®. Disorder-based spin-
tronics in graphene®, and Levi-flight transport caused by anisotropically distributed on-site impurities®! are other
examples for which the disorder plays a dominant role. The disorder-mediated Kondo effect*> and the formation
of electron-hole puddles (EHPs) are examples for which the disorder and the inter-particle interactions play vital
roles simultaneously. EHPs are believed to be responsible for the observed minimum conductivity of graphene
: and was predicted theoretically by Hwang et al.*> and Adam et al.** and was also confirmed in experiments in the
© vicinity of the Dirac point**-**, They are characterized by the state in which some strong carrier density inhomo-
geneities with density fluctuations much larger than the average density (for low densities) emerge®. In this case
(for which the transport is governed by the complex network of small random puddles with semi-metal
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character®®) and the similar situations, a many body treatment is needed in which the effect of interaction and the
disorder enter to the play with the same footing. Such an investigation can be found in*® in which it has been
shown that for the gauge field randomness, related to the formation of ripples characterized by a disorder strength
A, displaces the IR fixed point to a* = 4A/773%. This shows the vital role of disorder in electronic properties of
graphene which even can change the role of interaction and cause the system to exhibit the non-Frmi liquid
behaviors®.

The polarization function of the graphene as an important quantity which is sensitive to both the inter-particle
interaction and the disorder has been obtained and analyzed in the cone approximation in the bubble expan-
sion®”*8. For the undoped graphene in one loop approximation of the polarization function (for which the
intra-band excitations are forbidden due to the Pauli principle), it is shown that the static dielectric function e(g)
is a constant®*® and no collective modes are allowed within the PRA approximation. For finite 1 however, the
more general solution of Shung* is applicable which predicts that the potential is screened with the screening
length Ay = £,vy/2€’ky; (v = Fermi velocity, k = Fermi momentum, £, = background dielectric constant). This
predicts the Friedel oscillations in graphene to be of the form cos(2k.r)/ky**’. Based on these results, in
low-densities (in intrinsic or weakly disordered graphene) due to the lack of screening one should take into
account the long-range part of the potential which leads to the issue of logarithmic phase shifts for Coulomb
scatterers®. These results were obtained for disorder-free system and within the RPA approach which is question-
able for the graphene as pointed out by Mishchenko*!. Despite of this huge literature, there is a limited under-
standing concerning the properties of the polarization function in the general form and also the behavior of
multi-body charge density probability measures, especially in the low-density case in which EHPs appear.

A more reliable approach should involve both interaction and disorder simultaneously which is the aim of the
present paper. For this, the Thomas-Fermi-Dirac (TFD) is a proper candidate which has the capacity to bring the
effect of all LDA energies in the calculations as well as the tunable disorder in the same time. We employ this
approach involving exchange-correlation energies and white noise out-plane disorder. For the EHPs, TFD tech-
niques have proved to be very useful and are widely used?***3>2, To obtain disorder corrections to the dielectric
function we develop a diagramatic technique for the TFD theory. We obtain the two-body correlation function
using some stochastic analysis and find the equation governing it. We show that, in addition to the screening
length found by others, there is a characteristic length scale for the screening, namely g, which is related to the
disorder strength and inter-particle interactions via g, = % dn,r? in which n; is the disorder strength, r, is the
dimensionless interaction factor to be defined in the text and d is the substrate distance. For small densities we
show that there occurs an instability in which the imaginary part of the dielectric function becomes negative and
some charge density oscillations with disorder-dependent wave length emerge. At these densities
screening-anti-screening transition occurs along with changing sign of the real screened potential. The disorder
significantly changes the Fourier component of the screened potential for large wave lengths showing the fact that
the large-scale behaviors of the system is mostly affected by the disorder. We characterize the system in the vicin-
ity of this transition in detail. In addition to the one- and the two-body (static) correlation functions, the equation
governing the total probability measure of the system is introduced and analyzed and a closed expression is pro-
posed for it. The proposed expression is valid for large densities.

The paper has been organized as follows: In the next section we present the general construction of the prob-
lem and introduce the TFD theory for determining the ground state of graphene. The one-body probability meas-
ure is obtained in SEC. 2. Section 3 is devoted to finding the two-body probability measure and the dielectric
function. The screened potential as well as the charge density oscillations are argued in this section. The total
probability measure of the system is analyzed in SEC. 4. In the conclusion section we close the paper by high-
lighting the main findings of the paper. Appendix 1 in the Supplementary Material contains the essential rules
for calculating Feynman diagrams for the TFD theory. Appendix 2 and 3 help to facilitate some calculations over
the paper.

General Construction; Ground state of Graphene
The effect of interaction and disorder in graphene has a long story in the literature. It is known that the
random-phase approximation (RPA) fails to describe the interaction effects in graphene which was firstly pointed
out by Mishchenko?!. The renormalization group analysis in the weak coupling limit in the first order approxi-
mation shows that the Coulomb interactions are marginally irrelevant due to the logarithmically divergent veloc-
ity®. In the strong interaction side however, it is shown that the graphene has non-Fermi liquid behaviors with
power-law quasiparticle dispersion®*, the limit which cannot be reached for finite densities away from the Dirac
point. In the weak coupling side, it is known that in contrast to ordinary metals in which the screening makes the
interactions short-ranged, in low-density (intrinsic or weakly disordered) graphene due to the lack of screening
one should take into account the long-range part of the potential which leads to the issue of logarithmic phase
shifts for Coulomb scatterers®. The effect of disorder is however of special importance since, as stated in the
introduction, it may completely change the behavior of the Dirac Fermions”*. TFD theory, as an approach which
has the potential to bring the interaction and disorder in the calculations in the same footing is introduced and
analyzed in this section. We mention some points concerning the TFD theory as a coarse grained method and the
perturbation diagrams which are used in our analysis. The multi-point probability measures and their relations
to the many body disordered response functions are of special importance in this paper which is described in the
next sections.
Let us start by analyzing the zero-temperature polarization operator which is defined by iIl(x, x')=
- UQITH@AGR)
o S c . )
ground state density operator, ¥ and W' are the electron annihilation and creation operators and |2} is the ground

in which T is the time ordering operator, x = (r, t) is the space-time, 7i(x) = @T(x)\fl(x) is the

SCIENTIFIC REPORTS |

(2019) 9:3624 | https://doi.org/10.1038/s41598-019-39254-7 2


https://doi.org/10.1038/s41598-019-39254-7

www.nature.com/scientificreports/

IT(x, xl)averaged = G(r, l‘/)

"

Figure 1. The diagrammatic representation of Eq. 1 for which the first term shows the connected component
of the polarization operator, whereas the second term shows the disconnected component. Note that the
disconnected term is also effectively connected via the external legs corresponding to the disorder which is
averaged*.

> disorder
X x/

state of the system. Defining the density fluctuation operator as 7i(x) = 7i(x) — (Q|(x)|Q) (setting (Q|Q2) = 1)
one finds*:
ill(x — x') = (IH(X, x,))disorder
= h{({QIA)[Q)QAE[Q))
+ I (Q TlAE) A Q2)) 1)

in which the inner () is the quantum expectation value, whereas the outer one stands for the disorder averaging.
(Q|7(x)|©2) is the solution of a quantum model, which is the Thomas-Fermi-Dirac theory in this paper. Note that
although due to the presence of disorder this function (and other correlation functions) is not translational invar-
iant, its disorder-averaged form is invariant. In the disorder-free (and also quenched disordered) systems the
contribution of the first part is apparently trivial, as the averaging over quenched disorder of disconnected dia-
grams does not produce any contributions to the physical observables, in contrast to connecting the loops by
interaction lines (and in contrast to the averaging over annealed disorder). Here we decorate this term by some
external (disorder) as well as Coulomb interaction lines according to TFD theory, whose effects are non-trivial.
In the other words in our effective TFD diagrams we replace the first term by some diagrams, interacting with
external sources and find its contribution self-consistently.

Consider the ground state, and define n(x) = (|7i(x)|{2) which is the ground state density for a particular
configuration of disorder and is not time-dependent (since |€2) has been chosen to be the exact ground state of the
system), i.e.n(x) = n(r). Then, we define the first term of this equation asG(r — r') = (n(r)n(r’))gisorqer i Which
(disorder Shows the averaging over the disorder. Figure 1 shows this equation diagrammatically, in which the sec-
ond part is connected term which has extensively been analyzed in the literature®*. In this figure the single-line
circles show the carrier density at the point x;, i.e. n(x) and the shaded area shows all interaction effects, such as
Coulomb lines and external (disordered) interaction lines. In the present paper we mainly deal with G(r, t’)
which also carries the effects of disorder and Coulomb interactions. We show this function diagrammatically by
a zigzag and two full (double) circles as shown in Fig. 2. The rules for the TFD diagrammatic expansion of this
function have been developed in Appendix 1 (Supplementary Material). In this expansion the wavy lines between
randr’arel/|r — r/| which is the electrostatic potential, the gray circles with a cross inside are the external poten-
tial (disorder), and the double circles with r are the full electronic density #(r). The full-circles (double line circles)
show the full density (see Appendix 1) which is obtained self-consistently according to the employed theory,
which is the TFD equations here. We concentrate mainly on the contribution of this term and its effect on the
response functions. We do not follow the diagrammatic expansion in Fig. 2, but instead we try to find this func-
tion self-consistently, and by using some stochastic phenomena techniques, and find its analytic form in some
limits.

The non-trivial effect of this term on this expectation value can be seen from the following relation* (the full
treatment is postponed to Appendix 1 in the Supplementary Material):

-1 fdzrdzr’V(r — r)G(r, 1')

‘ﬁrst term 2

(el719)) o
from which we see that the change of energy due to this term is 6E ~ 3 qvqo G, in which qu and G, are Furrier com-
ponents of bare coulomb potential v’(r) and G(r) respectively.

To investigate the effect of this term we turn to the TFD theory which contains coarse-graining of the space.
In this case the contribution of the connected (second) term of the Fig. 1 becomes local, i.e. all the contributions
are localized in a region in the close vicinity of the original spatial point, namely x. Therefore the
exchange-correlation term becomes a local term in the Hamiltonian, and the only non-local terms are the Hartree
and disorder terms. Appendix 1 in the Supplementary Material contains some diagrammatic analysis of the prob-
lem and the screened coulomb interaction as well as the spatial charge screening of the coulomb impurities have
been analyzed. The Feynman diagrams need an especial care in this case since in the diagrammatic expansion of
the energy (TFD energy), the only non-local terms are the Hartree and the external disorder interaction terms, as
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Figure 2. The diagrammatic representation of G(r, r’) according to TFD theory. The zigzags between two
points r and r’ (with two double circles at the ends) are G(r, r’), the wavy lines between r and t’ are 1/|r — /|
which is the electrostatic potential, the gray circles with a cross inside are the external potential (disorder), and
the double circles with r are the full electronic density n(r). For the details see Appendix 1. In this expansion the
first term on the right hand (second line) is f; and the second term (third line) is f; in the appendix.

shown in Fig. 2 of Appendix 1 in Supplementary Material. The coulomb potential is screened only via the media-
tor G(r — r’) as depicted in Fig. 4 of Appendix 1 in Supplementary Material, in which the full (double) lines
involve simultaneously the disorder and coulomb interaction lines. The overall result is that considering such a
mediator results in a change in the dielectric function §e(g, w) ~ iqT°(~;(q) in which G is proportional to the

Fourier component of G(r), § is proportional to q (wave vector) and gyisa characteristic wave vector which has
been defined in this appendix (Supplementary Material). All of these quantities will be defined and analyzed in
the following sections.

The determination of G(r, r') need some information about the two-body distribution function. The
multi-body distribution functions play an important role in the condensed matter physics, since the transport
parameters are expressed in terms of these functions via the Kubo formulas. The other example in which we need
such functions is the mean field theories in which the quantum degrees of freedom are reduced (the quantum
fluctuations are killed) and the disorder averaging becomes the most important and challenging problem. The
behavior of multi-point functions depend on the type and strength of the disorder.

For the more general case in which we are interested in calculating multi-point correlation functions with two
insertion points (r and '), the extra contribution comes from the quantities like (f(n(r), n(r'))) (in which fis an
arbitrary function). In such cases we define the pair (or two-body) distribution measure P(n, r; n', ') to write the
mentioned correlation function as*:

{(f(n(xr), n(x))) = fdndn’f(n, n')P(n, r; 1/, t') 3)

for which G(r, r’) is a special case. P(n, r; ', r') is defined as the probability density of charge density to be n at r
and n’ at r'. It is notable that P(n, r; #/, t’) carries simultaneously the effect of the quantum system (Hamiltonian
of the system) as well as the disorder statistics. Therefore finding the multi-point correlation functions reduces to
finding multi-body probability densities. In the following we describe the TFD theory of the graphene monolayer
to be used in the next sections as a quantum mechanical model to calculate these multi-body probability
measures.

In graphene the carrier density is controlled by the gate voltage n = 15V, /47t in which kg is the substrate
dielectric constant and ¢ is its thickness and V, is the gate voltage. The experimental data show a strong depend-
ence on x = n/n; in which #; is the impurity density. In ordinary densities, the conductivity is linear function of x
and for very low xs, it reaches a minimum of order o ~ e*/h which is linked with the formation of EHP’s. Using
local density approximation one can prove that the total energy of the graphene for a disorder configuration and
a density profile is>:
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E = hvg Zﬁ

fdzrsgn(n)\n\%
2 2 ,"(l‘ n(r')
+ 5 fd fd p—
+ 7 fdz [n(®)]n(r) + 1, fdzrVD Yn(r)

— 2 )
thf ra(r @

in which vy is the Fermi velocity, r, = e*/hvgrg is the dimensionless interaction coupling constant, 1 is the chem-
ical potential, g = g g = 41is the total spin and valley degeneracy. The exchange-correlation potential is calcu-

lated to be?’:
1
vV, = Z[1 — gr(gr,)]sgn(n)m|n| In(4k /J4x|n]) (5)
in which k. is the momentum cut-off and () = f The remote Coulomb disorder
0 2)2(«1+x +7ry/8)

potential is calculated by the relation*:

VD(?‘):fdzT'/ p(rl)

N r/|2 + d? (6)

in which p(r) is the charged impurity density and d is the distance between substrate and the graphene sheet. For
the graphene on the SiO, substrate, kg ~ 2.5, so thatr, ~ 0.8,d ~ 1nm, k., = 1/a, where g, is the graphene lattice
constant g, =~ 0.246 nm corresponding to energy cut-off E. ~ 3 eV. One can easily minimize the energy with
respect to n(r) and obtain the following equation®:

1, 2, n(t') o
sgn(n),/|mn| + 5 fd r —|r 7 + 1,V [n] + r,Vp(r) h F 0 @)

which should be solved self-consistently. In this paper we consider the disorder to be white noise with Gaussian
distribution (p(r)) = 0and (p(r)p(r')) = (,d)*6*(x — r').

Let us now concentrate on the scaling properties of this equation excluding V... By zooming out of the system, i.e.
the transformationr — Ar, we see that the equation remains unchanged if we transformn(r) — n(Ar) = A" 2n(r)
as expected from the spatial dimension of n(r). This is because of the fact that V,(Ar) = A™'Vp,(r). This symmetry is
very important, since it causes the system to be self-affine. This scale-invariance in two dimension may lead to
power-law behaviors and some exponents. It may also lead to conformal invariance of the system, and if independ-
ent of type of disorder, brings the graphene surface into a class in the minimal conformal series. The existence of V.
makes things difficult, since V, (r) — V,(A\r) = A~ (ch — Bsgn(n),/n|n| In)) in which 3 = Z(l — gr((gr))
Therefore the rescaled equation is*®:

&(N)sgn(n),f|mn| + % fdlrllrn(_r’i/' + 1V [n] + rVp(r) =0 )

in which {(\) = 1 — Gr,In A. Therefore the first term survive marginally in the infra-red limit and the scale
invariance is expected, even in the presence of V.,

One-Body Probability Density

In this section we concentrate on calculating one-body probability density P, by focusing on Eq. 7. From now on
() stands for the disorder averaging. Using the identities V/ (sgn(n) [7|n|) = legn( n) \/ﬁ Vinand V.V, = — % 3

4k o
L - < we reach to the following identity*®:
\/; 1 sgn(n)ln[w] \.n g ty*
1
Vin=—-rE{x(d +—_’0}
=i {T@ + X0 o
which is essential in the following sections. In this equation E = 2sgn() | | /m and Y;(d ) = f Pr'x(r")V
1—-rf [sgn(n) J:k_“n‘
(Jr — ¢’ + d* "?and x = p, n. An important point is superficial contradiction that we have used V7 which is

\Vﬂ\

ignored in the TFD theory, since it is valid only when
this point at the end of this section.
The differential form of the charge profile is:

& kg (kg is the Fermi wave number). We turn back to
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dn = —rE\dy (d) + %dxnm)]

(10)

Now let us perform some Ito calculations to obtain the probability measure of n(r). We consider a one-body
function f(r) = (f(n(r))) and let P(n, r) be the probability measure of charge density to be n at the position r, so
that f(r) = fan(n, r)f (n). The differential of fis defined as df(r) = (f(n(r) + dn)) — (f(r)), according to
which (B(r) = P(n, r)):

df(r) fdl’,,(r)f(n)dn = (f(n(r) + dn(r)) — f(n(r)))

<6nf(n(r))dn(r) + %aﬁf(r)dn(r)2>

< 1| ) + %dxn(o)]]f)nf(n(r))>
2

.
. <L
2 (11)

Let us consider the above expression term by term. Firstly we note that (dy = 0) which arises from the fact

EXdy,)?

9% (n(x)) >

that p(r) = 0. The remaining two terms, can easily be transformed to the following form by using the integration
by parts:

df (r)

f dB,(x)f (n)
% f dn[a [ERmdx,] + rdllf? Bn(dx) ]lf(n

(12)

If we note that this equation should hold for all arbitrary fs, we can demand that the equality holds for the
integral kernels and obtain:

2
s 02 p2 2

dP(n, 1) = ~10,[Edy B + =0} Ei(dx, V] 13

Now let us concentrate on ((dX )?) and dx,(0). The calculation of these quantities is done to Appendix 1

(Supplementary Material) from wh1ch we see that ((dX 2y = ﬂd"’ dr, and also dy (0) ~ TG dr in which
G, = f d*r / o) ) . If we substitute the above relations in the Eq. 12 1e replacingdx (0)and (dX (d))* with their
averages, we obtam

dP(n, 1) 7rdn rS
dr 2( 4(

Therefore for the homogeneous system, which is independent of the observation point r, the left hand side of
the above equation equals to zero which results to:

DFR)

—=_9,[G,EP] +

(14)

6“‘GnFnPn + lﬂd”izrsan[Fr%Rt] =
2 (15)

By equating the expression inside the bracket to a constant (which is zero for the symmetry considerations) we
obtain the equation governing the distribution of n(r) as follows:

ar{F:(pr)ZPn] = _COGnFnPn = 8npn = _ann (16)

in which ¢ = andT, = ¢ = oF G4 20,InF,. It is worth noting that in obtaining the above differential equation

we have d1v1ded both sides of the equation by F? a task which is true only for non-zero finite F,s. In fact F,, is
everywhere non-zero and well-defined and finite except at n=0and#n — oo for which becomes zero and negative
infinity respectively. Therefore Eq. 16 is everywhere reliable except at n =0 for which, as we will see, becomes
divergent and n — oo for which the solution is not reliable. This divergence at the Dirac point is due to the
non-analytical behavior of V|, in Eq. 9, i.e. the singular behavior of carrier density at the Dirac point. Such a
behavior is missing in the other ordinary two-dimensional electronic systems and is specific to the Dirac electrons
systems, since their kinetic energy densities are proportional to sgn(n) |n|*? whose derivative is not well-behaved
inn=0.

With the above limitation in mind, let us first turn to the asymptotic behaviors of Eq. 16. One may be inter-
ested in the answer for weak coupling limit r, — 0, or the weak disorder limit n; — 0, i.e. large ¢, limit. In this
limit, and considering G, ~ G to be nearly constant, we have [~ gg/m = (', (sgn(n) /7r|n| ) in which

Jinl
= ¢,G- The solution is therefore (P,(r) = P,):
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Figure 3. (a) A comparison between r.F, and +/7 to see the validity region of the solution. (b) Log-log plot of
the solutions P8 <" and P, in a valid range.
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—{’[sgn(n),[ﬂ|n| - L]

hSv

17)

in which S is the area of the sample and P, is the normalization constant. This relation may seem to be unsuited,
since it grows unboundedly for negative values of n. Actually there is no contradiction, due to the presence of G,
whose amount grows negatively for negative n values, which returns the above equation to the expected form. In
fact the original charge equation has electron-hole symmetry for the case y = 0 which should result to an
electron-hole symmetric form of P,. Our approximation (considering G, as a constant) violated this symmetry.
Re-considering this quantity as a dynamical variable retains the mentioned symmetry. It is also notable that the

second term in the exponent # has been inserted due to some symmetry considerations and the above equa-

VF
tion satisfies the original equation of P,,.
In the above equation, the effects of disorder and interaction and ;1 have been actually coded in {'. Large

amounts of ¢'~! ~ i results to a very large charge fluctuations, showing that the interaction and the disorder

G
favor small deviations from mean density, whereas G favors large charge fluctuations. To see how G controls the

charge fluctuations, we note that the limit ;s — 0 (zero-gated graphene) has a direct effect on G. In fact ;1 controls
n

(n) which directly affects [ dr’ ) which is G. In the limit o — 0, we expect that G becomes vanishingly

e —x'|
small, so that (' ' — oo implying large scale density fluctuations, which in turn leads to EHPs.

The total solution of Eq. 16 is B, = P*"® ¢ f(n), in which:

n%(’ﬂsgn(n)A |n|
fn=s———1-1f

|n|

2

sgn(n) — In 4k, J

Jam|n|

In the above equation P/*"& ¢'is the solution 17. As stated above, this solution is reliable for intermediate values
of carrier density. To see the limitations of this solution, let us mention that the TFD solutions are valid only when
‘v,:i)r)‘ &L kp(r) = m|n(r)]. Approximating|§:1| ~ G, ~ n, we find that r,F, < n%. In Fig. 3a we have shown a
plot which compares r,F, and /7 for 5 = 1,7, = 1and 43:‘ = 1. We see that the validity of the solution 18 is
limited. Therefore for very high densities we do not expect ‘that the one-body probability density be of the form
18. By the similar argument, we see that this solution is not the exact solution for n — 0limit. In the Fig. 3b we
have shown P8¢’ and P, for positive ns for ;1 = 0. Both of these functions have decreasing behavior in terms of
the carrier density. In the case (' — oo, P, approaches continuously to P1¢° ¢ which admits larger carrier densi-
ties that is consistent with larger mean densities (n). Before closing this section, let us turn to calculating the
compressibility (k). Knowing that the compressibility is proportional to (#*) — (n)* we can easily do the integrals
and show that, for the un-gated intrinsic graphene y = 0,k ¢’ ~%_ This shows that in the limit (n) >0,k — 00
(since G o (n)) for which a transition is possible. Based on these observations, one may conclude that this transi-
tion is the formation of EHP landscapes.

(18)

Two-body probability density

In this section we consider a two-body functional. i.e. f(r, ¥') = (f(n(r), n(r'))). As stated in previous sections,
fr,r) = f dndn'P(n, r; n, ¥')f(n, n'). The infinitesimal change of f{r, r') caused by the infinitesimal growth of
the charge density is df, = (f(n(r) + dn, n(x"))) — (f(n(r), n(r'))). According to the previous section we have:
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d-ﬁ,r’ = <rSFYl

(5

Just like the calculations of the previous section we write (setting (pr) = 0and definingn = n(r),n’ = n(r'),
B, (r,t') = P(n, r; v/, 1')):

[ e + %dxn(o)]] f(n(r), n(r’>)>

0
on(r)

< Fx(dx )

f(n(r) n(r’))>
(19)

2
df, = f dndn|~rEdx,0f, , + %Fﬁ(dxpfaf,fm, B, (x, ).

(20)

from which, after iteration by parts and symmetrization and using also the definition df. . = f dndn'dp, ,(x, ')f,
we reach at the master equation for P, - ’

iPM/(r, v') = 0], (t, ') 4+ 0, ], (r, ¥)
N

21
in which:
d (dx,)?
Jow(, 1) = 5l EP, .(rx, r’)ﬁ + 1,0,(E/B, ,(x, ') .
4 ’ dr r (22)
In the previous section we have calculated dy, and (dy )* to be respecnvely Gy ~dr and il dr, leading to the
relation (B, ,, = B, ,(r, r')and J, ., = ], /(x, 1')):
Jow = —~=F, [g— + 29, lnF]P /4 OB,
4, f (23)

Let us consider the case r, — 0 or n; — 0, for which F, ~ —sgn(n) +/n and G, = constant. To facilitate the

procedure we restrict the calculations to positive densities (so that sgn(n)J = ./n), having in mind that the
same calculations should be done for negative densities (for which a mmus sign is necessary). In this case ¢
become very large and we have:

dip = ald,(~nP) + O,(n'P)]
N
+ 70,(nd,P) + 0,(1'0,.P)] (24)
2 a T dnzr2 ’ 7
in whicha = rsG/Zm and Y = wo G 2.2 - We try the solution P, ,, = e ¢ (W+W)1J()(r, n, n').

Using this relation and the fact that /e <™ P = —
isfies the following equation:

f(,an( CJﬁP)—i— 2 n ’CmanpoweﬁndthatPosat-

OgPy = V™9 (e TTxOR) + x > . (25)
in whichR = X = 7, x! and{ (. /n; are the dimensionless parameters. To solve this equation we
consider P, to be composed of two parts, ie. B = B, (x)B(n)in which y = = and n=> Then we obtain two

linear differential equations as follows:

XP //Ox +

¢+7R
2 Ple + /\R)x =0

CJ_

'I]PUO  + [1 —n + -— ]PIOX/ =+ AR’)X’ =0

(26)

in which P, = 92 ‘Po, and so on, and A is an arbitrary real number required in the separation of variables method.
This form is not completely a factorized form since, as is seen the equations are not independent due to the presence
of the common factor R. The second equatlon has been written in a form which is more suitable for our analysis. The

initial form has been pp;’ +

e — AR, =0, and we have used the reflection symmetry

1 — —n (note that /7 has been sgn(n)\/_ whlch changes sign under the mentioned operation). This means that
we have two types of solution which is important in our analysis. For a while we suppose that x > x’ and seek for the
solution of the above equation. Let us consider the limit of very small distances, namely ar < /7 for which one can
safely ignore (/X in the first equation and ¢,/ in the second equation with respect to the other terms. The general
solution of the equation Py + xP,, + AB,, = 0and the same for P, is hypergeometric and s:
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Figure 4. (a) The plot of Kummer confluent hypergeometric and the Meijer G functions for various \s. Higher A
functions have some nodes which is forbidden. (b) The plot of G,(R)/G,(R = 0) in terms of R for various rates of (.
Inset: The same plot in the semi-logarithmic form in which the — is evident. (c) The log-log plot of § in terms of (.
Inset: The log-log plots of G,(R,,,,) and Ry, in terms of (. The power-law behaviors are evident in all of these graphs.

1—-A

1+ A]

Bt = Ay = N2+ 8,6l

(27)

a, ..., a
in which |Fy(a; b; — x) is the Kummer confluent hypergeometric function and Gy x| bl Plis the Meijer G
> JORERE)

q
function®®, and A, B, A’ and B, are some constants to be determined by the boundary conditions. For A=0,

FEA+ A2 -y =y '1—e and Gﬁg[xﬁ . A} —¢ X, and for A=1, \F,(1+ A2 —x) = G

0,1
[ X|10_ 1/\ = ye~ X. These functions for A=0, 1 and 2 have been shown in Fig. 4a. To decide about the solutions

we note that as r — oo (y — 0) the statistics of two disjoint parts become independent and we expect
B, (x — 0) — L Intheoppositelimit, forr — 0(x — c0) B, ,, — §(n — n'),so thatforn = #', P, , — 0in this

limit, i.e. B (x — o0) — 0. These properties are only satisfied for Glz’zo[X|10_ )‘] , showing that all

)
A, = A’, =0 for all X’s and B, = B/, =0 for A = 0. Noting that for A=0 Glz,’zo[x|10_1)‘] = ¢ ¥ and
G12>20 _77|10+ 1)‘ = ¢"weseethat P, o exp[——x;"/ for x > x’. The same solution can be done for the case x’ > x

with interchanging the roles of x and x’. This shows that P, , has the following important behavior:

_ \E 4 k=«
Nmdnr? r

in which A is some constant to be determined by normalization of P and P! ¢ and Pl ¢ are the solutions of
Eq. 17, i.e. one-body distribution functions. It is interestingly seen that for the limit r — oo (which is beyond the
approximation which was assumed above) this solution reduces to a factorized form of Eq. 17 which is expected
since in this limit the particles behave as disjoint independent particles and the two-body distribution function

P, = AP (pliree Cexp

(28)
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should be multiplication of two one-body distribution function. The other important limitis r — 0, for which the

factore % guarantees that in this limit P, ,, tends to zero except for the case x = x’ as expected.

A very important quantity is the density-density correlation function G(r) = (n(r)n(0)) which, as stated in the
previous sections has very important information about the density response of the system to an external potential.
It can easily be seen that the density-density correlation function is obtained to be G(r) = ni2 (x(r)x(0)) = nisz(R),
in which:

f dx f dUx(x — RU)I(C, x, U, R)

(x(r)x(0))|. = [ dx [~ dUI(C, x, U, R)

in which I((, x, U, R) = efg(sg“(")mﬂgn("*}zw V7x=RUDe=U a1 d we have used the new variable U = *=*'. We
have evaluated numerically this integral using the iterative integration method with summation steps 6U = dx = 0.001
and precision ratio 1073 in each direction (one for the U-direction and another for n-direction). The result has been
shown in Fig. 4b in which ﬂ has been sketched for various rates of ¢ (R,,,, is the amount of R in which G(R)

shows a peak). It can be shown that G(R=0) ~ ¢ as stated in the end of the previous section. This function tends
tozeroasR — ooas expected. G,(R) has some interesting features. Firstly the tail of this function (for large R’s) behaves
in a logarithmic fashion. To show this we have shown G(R)/G(R,,.,,) in terms of re-scaled R/R,, in a
semi-logarithmic graph in the inset of Fig. 4b for which a —% slope is evident. Except for small (s ((=1 in this graph),
the graphs fit properly to each other with a nearly the same slope. Clearly this behavior can’t remain for very large Rs,
since G,(R) should be positive in all R range. The logarithmic behavior in graphene has been observed in many aspects,
e.g. the logarithmic enhancement of Fermi velocity®, or exchange-driven singularity in the Fermi velocity in intrinsic
graphene®’, but up to the author’s knowledge such a behavior in two-point correlation functions has not been reported
before. The logarithmic behavior is the characteristics of free Boson systems that our effective model for intermediate
spatial scales corresponds to. The other feature of G,(R) is the narrowing of its peak as ( increases, and that R ., and
G (R, are decreasing functions of ¢. The change of these quantities has been shown in the Fig. 4c. It is interestingly
seen that these quantities show some clean power-law behaviors in terms of (. The power-law behavior arises from the
scale-invariance of the TFD equation which was analyzed at the end of SEC. 1. To characterize the behavior of G(R) let
us analyze the width of the G,(R) defined by § = R, — R, in which G(R)) = G(R,) = € 'G,(R,,,)» and also
G(Rpy) and R, in terms of ¢. The behaviors are § ~ (7%, G(R,,,x) ~ ¢ ©and R, ~ ¢ ®inwhich 7 =~ 1.89,
T ~ 2.1and 7, &~ 3.6 ~ 275, which arises to the hyper-scaling relation:

1
0~ Rr%a}b (29)

In the limit in which the interaction is strong enough and (or) the fraction (x) is small enough, i.e. ( is small,
R, becomes large and therefore ¢ increases unboundedly which leads to large density inhomogeneity, i.e. for-
mation of EHPs.

The other important quantity is the Fourier transform of G,(R), i.e. G(g) which is shown to be:

1\ 50
Re[G(q)] = mﬁ[ﬂ] f dRRJ,(GR)G,(R)
(6% 0

in which J,( G(@) = 2 [ dRR) (qR)G (R) Note that the
imaginary part of G(q) vanishes. The presence of dlsorder $nduces a characteristic wave vector 44 = = (so that

q= —) which implies that qd‘ ~ \/72 =

Re [G(q)]/ G(§ = 0) has been sketched in Fig. 5a for various rates of { in a semi-logarithmic scale. For large ¢
values this function is nearly constant for small values of § and starts to falling off rapidly at some g value which
we name g, For g values in the order of (and larger than) q,;,, we enter the phase in which Re[G(g)]/G(g = 0) is
vanishingly small. g, is (-dependent and increases as { increases. It is interestingly seen that G(q = 0) and g, show
power-law behaviors in terms of ¢ with exponents shown in the figure, i.e. a’G(q = 0) ~ ¢ "¢and o~ 1q0 ~
inwhich7g ~ 9/2and 7, ~ 1/2.

To understand where tihese power-law behaviors come from, we should look at the main equation of n(r), i.e. Eq. 7.
This behavior has its roots in the scale invariance of this equation (to see this symmetryletr — Arandn(r) — A 2n(r)
which yields the same equation with a renormalized logarithmic-enhanced coefficient) which cause a scale symmetry
in Eq. 28. In fact if we do the transformations { — /\71C ,x — AxandR — A’R, then we see that G(r) — )\4Gx(r).

The effect of G(g) on the screened potential is very interesting. The Fourier component of the screened potential
(v(9)) in long wave lengths (small g with respect to q,) is crucially changed, so that v, (g — 0) — 0, whereas the
form of v, is not changed with respect to the bare interaction potential for large and intermediate wave numbers. It
has been shown in the inset of Fig. 5¢ from which it is seen that all curves are fitted to 1/q for large g’s. The cross-over
between these two behaviors occur in some g interval. It is seen that there is a characteristic q there (the peak), which
results to some oscillations in the real space. The potential in the real space ¥(R) has some interesting features. For
large R’s and large (’s this quantity falls off just like the bare potential, i.e. 1/R with some oscillations which is evident
in Fig. 5¢ (which results from the peak in the Fourier component). In the small R limit the potential tends to a

. In this relation we have used k; = /7 (n) and G =~ (n).
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Figure 5. (a) The semi-log plot of G(§)/G(§ = 0). In this graph g, is defined as the point above which the graph
falls off rapidly. (b) The power-law behavior of a*G(g = 0) in terms of ¢ with the exponent 2. Inset: The log-log
plot of a'q_ in terms of ¢ with the exponent =.. (c) The real-space screened potential which is deformed
significantly for smaller (’s. For < 3 the potential becomes negative for some R intervals which is the finger print
of some instability. Inset: The semi-log plot of the Fourier component of the screened potential. The potential if
deformed most significantly for small g’s and is magnified for smaller (s, showing that this deformation is
disorder-driven. (d) The real-space screening of charge impurity and its oscillatory behavior for small (s. The right
inset shows the screening at R=0. It is seen that for { ~ 3 changes sign which signals the screening-anti-screening
transition. The average wave length of the oscillatory behavior has been shown in the left inset.

constant value, which cause v(R = 0) to be finite. We see that as ( increases, (R = 0) also increases, as expected for
the free system. Inversely, when ( decreases (( < 3.5) the behaviors change crucially as is seen in the figure and
becomes negative in some R intervals, signaling the instability of the Dirac gas. We think that this signals the EHP
phase in which the density fluctuations become larger than the average density. This change of behavior can also be
seen in the response function én(R) = — f dzquc(q)G(q) which has been shown in Fig. 5d. In the right inset
—6n(R = 0)has been shown in terms of ¢, from which a screening-anti-screening transition is observed for ¢ ~ 3.5.
This corresponds to the change of potential sign, as explained above. An oscillatory behavior appears with the wave
length \,yeroqe sShown in the left inst of this figure for small ('s. The corresponding wave numbers are consistent with
the ones for which the potential v,.(g) shows a peak. The emergent oscillatory behavior is the effect of characteristic
wave number for which the screened potential shows peak.

Before closing this section, it is worth mentioning some points concerning the form of G(g). It is well-known
that for zero temperature case the polarization given by the RPA for mono-layer garphene is constant for g < 2kg
and increases nearly linearly for g > 2kg. This is in sharp contrast to the ordinary two-dimensional electron gas
(2DEG) in which for g > 2kj, it is a decreasing function of q with a discontinuity in the derivative at ¢ = 2k;’.
G(q) (as the contribution of the second term in Fig. 1) shows actually an opposite behavior with the other refer-
ence point g, which is more similar to the behavior of ordinary 2DEG. Therefore one may be interested in the
case in which the second term dominates the first term in Fig. 1, which cause the graphene to behave like ordinary
2DEG. This may be possible for small enough (s (strong interactions, strong disorder and small densities) for
which G(g = 0) is larger and electron-hole puddles are present. The total information concerning the two-body
charge density distribution function has been gathered in Table 1.

The charge probability measure

In this section we seek for the equation governing P({n}) which is the probability measure for the charge config-
uration {n}. This function actually depends not only to n configuration, but also to its gradient:
P({n}) = P({n}, {Vn}). But as we will see the dependence to the local charges is enough when we are looking at
the large carrier densities. Let us suppose that fis an arbitrary local or non-local smooth function of the density
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Table 1. The critical exponents of graphene related to the two-body charge density distribution function with
their definitions.

n, i.e. f f d*rf (n(r), n(r,)g(r, r,) in which r, is some reference point. Without loose of generality we set

g=1to  facilitate the calculations, having in mind that there is some reference point from which the positions are
calculated. Using the the equations of SEC 1, it can therefore be expanded in terms n (defining

fro(n(r)) = f(n(r), n(ry))anddn(r) = n(r + dr) — n(r)):

dfro(n) fdzr[ﬁo(n(r) + dn(r)) _fro("(r))]
[ @5lf, gy () ~ £, (o))

= [ dlo,f, (n(e)dn(r) + 82 2, (D)dn(x)

fdzr‘—ran[dxp(d) + EdX,,(O)] 8nﬁ0(n(r))

+fd2r

where in the second line we have used the fact thatr — r + dr is equivalent tor, — r, — dr due to homogeneity
of the system (of course after averaging over disorder). We can calculate the probability measure of the density,
noting that the average value of f should not depend on r; due to homogeneity of the system. To do averages let us
define D[n] = [], dn(r). The change of the average, due to changing the origin is:

dr,)

2
%F,f(dxp)z 0%, (n(m)

(31)

d [ d [ Dllp(inbf, (n(r)
= [@r [ Dinpmdf, (n)

i d2r<

Noting again that (dx = 0), and representing the averages as the integrals over probability measures, and
doing integration by parts we reach at:

_ran[pr + %dX,,]

2
O.f + ZFXdx )zaif>
2 ! (32)

dfy = = [ [anwid,EpAny,)

2
n %8ﬁ[fjP({n})(dxp)z]]f(n(r))

(33)
Let us return to the Eq. 16 and for convenience define again the used functions as follows:
5;2:)}) = - gi((:)) + 20, InEr) | P({n})
/
G(r) = |d n(r’)
= P
F() = B sgn(n(r)),/|n(r)|
n (sgn(n(r)) + = ln(A|n(r)|)) (34)
inwhich A = (4‘;#)2, B= % and Q = r,8. Now let us try the solution:
Pl = expl 5 [ @ XM i
d ' —rp (35)
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in which H(r', ¥") depends on r’ and r” via the densities, i.e. H(r/, t”) = H(n(x'), n(x")). We obtain:
2n(r")
& — xf?

n(x')n(r) /
——H s p
¥ — o) (x, ¥')]P({n}) (36)

Ll

on(r) FH(. 1)

in which we have used the symmetry H(r, r’) = H(r/, r). The right hand side of the above equation should be
equal to the right hand side of Eq. 34, i.e.

_f . (') 2(SlnFn(l") (e — 1) |P({n})
E,(l')‘l’ _ l_/|2 5"(1”) (37)
Therefore definingn’ = n(r'),n = n(r),n = r — ¢, = &f(r), = E(r), F' = E(r),s = sgn(n), s’ = sgn(n’)

and H = H(r, r') we obtain:
!/
27 '"WH 4 g 'm0 H = 77_1(% + 26(r — )0 InF’

_ _ _.n
20 'nH 4 0 'nn'd,H = 7 ICF + 26(r — ¥')0,InF (38)

in which the second equation is obtained by r < r’ symmetry. Let us first consider the caser = r’ for which we

obtain2H + nd,H = ¢ % and the same equation for n < . By summing two terms we obtain:

A ¢
H+IH=2%
4 (39)

in which [ = l(m‘)n +n'd,) and ¥ = F '+ F'"'. To continue some relations are essential, namely
(L(n*n?) = nzn"&):

[T A R O
4 4| syfnf S’\/W
i) = L( 275 — 1 ]
sF sIn'] (40)

which is used to re-write Eq. 39 in the following form:

L) = f(n, n') (41)

inwhich = nzn’z(H — %gz) and f(n, ') = szn,z[

J anda = % The general solution of the
above equation is as follows:

1 + 1
S\M 3/\/"_,‘

Q

H= CE—I—

[ Al n
i
nn n

e

in which f is an arbitrary function having the property i(x) = }Az(%) to restore then < n’ symmetry of Hand c s

(42)

some constant. It is simply seen that there is no choice butc = 0.

Now let us to turn to the Eq. 38. To satisfy these equations, one should have an asymmetric term to generate
the delta function. Satisfying this discontinuity (which is proportional to 9,In F(n)) is a difficult task and the
inclusion of Vn is needed. Fortunately for the limit r, — 0 or n; — 0 we can neglect this term

(C i ((r)) > 20,InE,(r) ) and the term corresponding to the discontinuity becomes very small. Therefore the above

anafysw is applicable and the final form of H for small densities is as follows:
M gy — 2EC sen(n(e)
7 In()]
x[1+Q 2 sgn(n(r)) + ln4—k‘
7T 4n|n(r)|
+ n(r) < n(r') (43)

With this solution, the exponent of the Eq. 35, i.e.
of nand »'.

- n(r)n(r’ )H(r, r') is well-defined and smooth in all range
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Conclusion

In this paper we have investigated the properties of the disorder-averaged dielectric function by analyzing the
one- and two- body charge density distribution functions of mono-layer graphene. For calculating them, we have
used the Thomas-Fermi-Dirac (TFD) approach, taking into account the tunable disorder and inter particle inter-
actions on an equal footing. To use the TFD theory for calculating the linear screening, we developed a diagram-
matic technique and in the first order approximation in disorder strength, the polarization operator and charge
modulation due to external potential have been obtained. The one- and the two- body charge density distribution
functions were obtained using some stochastic analysis which carries both the effect of white-noise out-plane
disorder and the interaction. The closed form of the functions were obtained for high density and low
inter-particle interaction limits. By analyzing the one-body distribution function we found that the charge density
fluctuations is proportional to ¢! ~ r.n?7 ' in which ;s the disorder strength, r. is the interaction strength and
7 is the average density of the system, therefore the electron-hole puddles can appear in the low density limit
fi — 0. By analyzing the two-body charge density distribution function we obtained that:

42 |n — |

2.2

n; r r

P(n, r; n, 0) Piarge CP,lﬁrge(exp

(44)

in which P8 ¢ is the one-body distribution function in the large ¢ limit. Using this function and some other
analytical investigations we showed that some power-law behaviors in terms of ( raise, specially for R,,,, which is
the length scale at which the static density-density correlation function G,(R) shows a peak. It was found that
G(R) falls off logarithmically for large R’s, i.e. G,(R)**#* o logR. The exponents of the scaling relations have
been reported in the text. An interesting effect of disorder and interaction is changing the screened potential both
in the Fourier and direct spaces. It was that in addition to ky a disorder-driven characteristic momentum (q.,)
emerges in the system that controls the behaviors of the screened potential. The Fourier component of screened
potential changes significantly for small wave numbers. for small enough (’s (small densities where EHPs can
appear) we have observed an instability in which the imaginary part of the dielectric function becomes negative
and some oscillations are observed for the charge density én(r). The oscillations are absent for larger ( values
(larger densities or smaller inter-particle interactions and disorder strengths). Along with this change, a
screening-anti-screening transition occurs in which 6n(0) changes the sign. The observed instability is certainly
affected by the higher order contribution, but we think that it should show itself for small enough densities, since
the effect increases in a power-law fashion with ¢.

In the last part of the paper we have calculated the total distribution measure of the mono-layer graphene
sheets. The resulting equation has been analytically solved for large (limit and was shown to be of the quadratic
form. For smaller (’s we think that derivatives of charge densities should come to calculations which is the subject
of our future research.
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