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Mathematical modeling 
analysis on the dynamics 
of university students animosity 
towards mathematics with optimal 
control theory
Shewafera Wondimagegnhu Teklu* & Birhanu Baye Terefe

Animosity towards mathematics is a very common worldwide problem and it is usually caused 
by wrong information, low participation, low challenge tolerance, falling further behind, being 
unemployed, and avoiding the advanced math classes needed for success in many careers. In this 
study, we have considered and formulated the new SEATS compartmental mathematical model 
with optimal control theory to analyze the dynamics of university students’ animosity towards 
mathematics. We applied the next-generation matrix, Ruth-Hurwitz criteria, Lyapunov function, 
and Volterra-Lyapunov stable matrices to show local and global stability of equilibrium points of the 
model respectively. The study demonstrated that the animosity-free equilibrium point is both locally 
and globally asymptotically stable whenever the model basic reproduction number is less than unity, 
whereas the animosity-dominance equilibrium point is both locally and globally asymptotically stable 
when the model basic reproduction number is greater than unity. Finally, we applied numerical ode45 
solvers using the Runge–Kutta method and we have carried out numerical simulations and shown 
that applying both prevention and treatment controls is the best strategy to minimize and possibly 
eradicate the animosity-infection in the community under consideration.

Mathematics is everywhere in individuals life and culture throughout the world28. Students’ attitudes typically 
defined as consisting of cognitive (beliefs), affective (emotions), and conative (behavior) dimensions and play 
a key role in their academic accomplishment and their mental attitude may maximize their capability in the 
subject matter1,11. In other words attitudes toward mathematics have been defined as lovingness or disliking of 
mathematics, a trend to engage in or quash mathematical activities, a belief that one is beneficial or not beneficial 
at mathematics, and a belief that mathematics is important or useless and it can be classified into four various 
appraising terms: the emotions that the student automatically associates with the concept ’mathematics, evalu-
ations of situations that the student expects to follow as a result of performing mathematics, the emotions that 
the student goes through during mathematics-related actions, and the value of mathematics-related goals in the 
students’ global aim structure8–10. The students’ attitudes towards mathematics impact their academic accom-
plishment; thus, a more mental attitude may maximize their capability in the subject matter1. Preventions and 
control measures against animosity such as cognitive tutors, intelligent tutoring systems, psychological treat-
ment, and adaptive learning environments are all variations of the same common theme: instructional systems 
that hold empiric models of the student to estimate student conducts and knowledge and to act upon these 
estimates to make a pedagogic movement as students’ bring forward towards earning expertise and domination 
of the target area3.

Mathematical knowledge and skills are crucial for the scientific and technological development and economic 
success of societies, for world countries. This is because mathematics skills are very widely essential in under-
standing other disciplines including social sciences, engineering, sciences, arts, and outspread to all areas of sci-
ence, technology as well as business enterprises and hence mathematics has been became a key in all sciences27. 
Poor mathematical skills in students depressed them from a large number of professions because mathematical 
background knowledge is the pre requisite for entrance in any profession12,22. Those with low mathematics 
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abilities are likely to have a more negative attitude towards mathematics and will not have the tendency to amend 
their mathematics skill. Researches indicated that poor attitudes towards mathematics are related to lower levels 
of achievement in the subject26. The main cause of the animosity towards mathematics especially in developing 
nations are attitudes of the learners, uninteresting lessons and low motivation of teachers attitude, confidence of 
learners, lack of teaching experiences, economic conditions, parents’ educational level, teacher competency in 
math education, teacher’s personality, intellectual factor, communication, stress, the pressure to perform well, 
lack of appropriate teaching methods, many numbers of student in the class over demanding tasks21,27. Even 
though, decreasing numbers of students choosing to study mathematics and natural science have been major 
issue, mathematics has been as a fundamental forerunner to success in worldwide modern society5,21. Since 1995, 
many theoretical researches have been conducted a series of international assessments of educational achieve-
ment in mathematics and science31.

Mathematical modeling approach using deterministic method7,13,16,19,23,30 or stochastic method11,18,32–34 or 
fractional order method20,24,25 have been scientific efforts to link and discover real world situations using math-
ematical models which have fundamental decision-making tools for the analysis of dynamics of communicable 
diseases and can be used for analyzing a number of real-world physical dynamical situations. The main purpose 
of this study is going to develop and analyze the new compartmental mathematical model with optimal control 
theory to analyze the animosity of higher institutions especially university students towards mathematics with 
tutorial and psychological treatment prevention and control measures. This mathematical model study is a first 
attempt in the thematic area, to carry out the proposed study we have faced a lack of mathematical modeling 
analysis literatures on higher institutions (university) students’ animosity against mathematics and hence we have 
reviewed other literatures that are nearly related in our study. Mamo, Dejen Ketema, 202019 constructed a new 
Susceptible, Exposed, Infected Deny (SEID) racism expansion compartmental mathematical model, that explains 
the racism dissemination throughout a community under consideration. His study was mainly concentrated 
on the racism transmission on societal networks. He has been constructed and examined his proposed model 
theoretically and verified numerically. Applying the next-generation matrix approach, he has got the basic repro-
duction number of the model and the model basic reproduction number is almost correlated to the expansion 
of racism. Kooken, Janice W, et al. 2012115 developed and presented the results of growth and establishment of 
the Cyclical Self-Regulated Learning (SRL) model simulation, a model of student knowledge and metacognitive 
learning mathematics experiences within an intelligent tutoring system (ITS). Their analysis results provide the 
establishment of the Cyclical SRL Model, emotion, performance in the ITS, and confirming the interplay of grit. 
Their simulation model enables mathematical simulations depicting a variety of student scope types and preven-
tion styles and confirming deeper future student learning explorations. Van der Merwe, A, et al. 201835 presented 
interconnected algorithmic results that utilize mathematical programming models to bring forth and provide 
learning feedback in the form of academic performance status reports. Yadav, Anuradha, Prashant K. Srivastava, 
and Anuj Kumar36 proposed and analyzed (PSQ) model where P stands potential smokers, S stands smokers and 
Q stands quitters for understanding of the dynamics of smoking behavior in a population. They first assumed 
that smokers are quitting smoking which is influenced by the level of determination of individuals. Higher degree 
of determination will lead to less chances of relapsing. Further the impact of education on potential smokers is 
also considered. They have shown that when individuals are educated about the fatality of the diseases caused 
by smoking they will refrain from smoking in future. Khyar, Omar, Jaouad Danane, and Karam Allali14 explored 
mathematically the dynamics of giving up smoking behavior. For this purpose, they performed a mathematical 
analysis of a smoking model and suggested some conditions to control this serious burden on public health. The 
model under consideration describes the interaction between the potential smokers (P), the occasional smokers 
(L), the chain smokers (S), the temporarily quit smokers ( QT ), and the permanently quit smokers ( QP ). Existence, 
positivity, and boundedness of the proposed problem solutions are proved. Local stability of the equilibriums is 
established by using Routh–Hurwitz conditions. Moreover, the global stability of the same equilibriums is fulfilled 
through using suitable Lyapunov functional. In order to study the optimal control of their problem, they took 
into account a two controls’ strategies, the government prohibition of smoking in public areas which reduces the 
contact between nonsmokers and smokers, the educational campaigns and the increase of cigarette cost which 
prevents occasional smokers from becoming chain smokers. The existence of the optimal control pair is discussed, 
and by using Pontryagin’s minimum principle, these two optimal controls are characterized. Finally, numerical 
simulations are performed in order to check the equilibriums stability, confirm the theoretical findings, and 
show the role of optimal strategy in controlling the smoking severity. Alkhudhari, Zainab, Sarah Al-Sheikh, and 
Salma Al-Tuwairqi2 derived and analyzed a mathematical model of smoking in which the population is divided 
into four classes: potential smokers, smokers, temporary quitters, and permanent quitters. In their model they 
studied the effect of smokers on temporary quitters. Two equilibriums of the model are found: one of them is the 
smoking-free equilibrium and the other corresponds to the presence of smoking. They examined the local and 
global stability of both equilibriums and support their results by using numerical simulations.

The main limitations of this study are: using non-modelling studies scholars shown us the problem is common 
in the community, however, in this study we faced problems to find more related literatures to the study and well 
organized real data of university students’ animosity towards mathematics. Studies of researchers we reviewed 
did not considered and developed university students’ animosity against mathematics mathematical modelling 
analysis and hence it makes this study has never been done by other scholars abroad. In our study we formulated 
and analyzed a new compartmental mathematical model with optimal control theory to minimize and possibly 
eradicate university students’ animosity towards mathematics from the community and which shows the novelty 
of the study in the thematic area. Therefore, we are motivated by the limitations of the study to undertake this 
study and to fulfill the gap. The remaining part of the study is organized as; the deterministic model is constructed 
in Sect. Deterministic model formulation and is analyzed in Sect. Qualitative investigation of the deterministic 
model; the stochastic touch is explained in Sect. The transition probability; optimal control analysis is carried 
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out in Sect. Optimal control analysis of the deterministic model; numerical analysis has been performed in 
Sect. Numerical analysis, and conclusion of the study are carried out in Sect. Conclusion respectively.

Deterministic model formulation
In this study we considered the total number of students N(t) in a given time t  and we divide it in to four dis-
joint classes. Those are susceptible, exposed, animosity infected and treated classes denoted by S, E, A, and T 
respectively. The state variables are describe as follows.

	 i.	 Animosity-susceptible students. Those are a group of student who are entering in to the university without 
a strong feeling of dislike or hatred of mathematics includes students who are interested in mathematics 
and became animosity infected whenever they meet with infected groups and it is denoted by S(t).

	 ii.	 Animosity-exposed students. Those are a group of student who are taking mathematics course in the 
university and have closed contact with animosity student and hearing bad attitude towards mathematics 
and it is denoted by E(t). Those animosity exposed individuals may be animosity-infected or not.

	 iii.	 Animosity-infected students. Those are a group of students who have a strong feeling of dislike or hatred or 
enmity that tends to display itself in mathematics and score lower grade in the university and it is denoted 
by A(t).

	 iv.	 Animosity-treated students. Those are a group of students who are taking different tutorial and psycho-
logical treatments by their advisor and lecturers, we call it treated and denoted by T(t).

Basic assumptions and parameters definitions of the model

•	 The animosity-susceptible group S(t) increases by student who are newly entering in to the university with 
the rate � , and by the number of student who are purely accept psychological treatment of their mentor and 
take their tutorial effectively with the rate of α , decreases due to the contact of animosity infected students 
with the rate β where the total number of students is constant with equal birth and death rate µ.

•	 The animosity-exposed group E(t) increases by the students who have closed contact with animosity infected 
students and hearing about the animosity of mathematics with the rate β and decreases by the rate γ who are 
animosted mathematics.

•	 The animosity infected group A(t) is increases by the rate γ and decreases by the tutorial and psychological 
treatment rate δ at any time t.

•	 The treated group T(t) increases by the psychological treatment rate δ and decreases by the conversion rate 
α from treated class at any time t.

•	 Students in all compartments are decrease by the natural death rate µ . Assume the total number of students 
is constant.

•	 The parameter � = µN is the recruitment rate of freshman university students.

Based on the model assumptions and descriptions above the flow chart (schematic diagram) of the flow of 
students is given in Fig. 1.

Using the model assumptions, parameter definitions and Fig. 1 the dynamical system of the study is given by

E 
T 

T 

S 

A 

T 

Figure 1.   Schematic diagram for flow of the students’ dynamics.
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We considered all model parameter values are non-negative and to analyze the mathematical model simply, 
the variables of the model (1) can be scaled as

After substituting the time derivative of system (2) in system (1), we have got the new simplified system 
given by

The total number of university students is constant, i.e.

Due to the scaled model of system (1), we have got the total number of students as

Then the mathematically and biologically feasible domain of the system (3) is

The model is both mathematically and biologically meaningful if following important lemma holds.

Lemma 1  The set � is positively invariant to the system (3).

Proof  Symbolize y(t) = (s(t), e(t), v(t), z(t))T and the system (3) can be rewritten as.

where f (y(t)) = [(µ+ αz − βsv − µs,βsv − (µ+ γ )e, γ e − (µ+ δ)v, δv − (µ+ α)z)]T .
Obviously the feasible region � is closed set, and we want to prove if the initial condition f (0) ∈ � , then the 

solution  f (t) ∈ � for all t ≥ 0.
Take ∂� consists five the hyperspaces P1,P2, P3, P4 , P5 such that

With outer normal vectors w1 = (0, 0, 0,−1) ; w2 = (0, 0,−1, 0) ; w3 = (0,−1, 0, 0) ; w4 = (−1, 0, 0, 0) ; 
w5 = (1, 1, 1, 1) respectivelly.

If the dot product of  f (y) the and normal vectors ( w1;w2;w3;w4;w5 ) of the boundary lines are less than zero 
then y(t) ∈ � for all t ≥ 0.i.e.;

(1)

dS

dt
= �+ αT − βSA− µS,

dE

dt
= βSA− (µ+ γ )E,

dA

dt
= γE − (µ+ δ)A,

dT

dt
= δA− (µ+ α)T .

(2)s(t) =
S(t)

N(t)
, e(t) =

E(t)

N(t)
, v(t) =

A(t)

N(t)
, z(t) =

T(t)

N(t)
,

(3)

ds

dt
= µ+ αz − βsv − µs,

de

dt
= βsv − (µ+ γ )e,

dv

dt
= γ e − (µ+ δ)v,

dz

dt
= δv − (µ+ α)z,

N(t) = S(t)+ E(t)+ A(t)+ T(t) = N .

s(t)+ e(t)+ v(t)+ z(t) = 1.

� = {(s, e, v, z) : s + e + v + z = 1}.

dy(t)

dx
= f

(

y(t)
)

,

P1 = {(s, e, v, 0) : s, e, v ∈ [0, 1], s + e + v ≤ 1},

P2 = {(s, e, 0, z) : s, e, z ∈ [0, 1], s + e + z ≤ 1},

P3 = {(s, 0, v, z) : s, v, z ∈ [0, 1], s + v + z ≤ 1},

P4 = {(0, e, v, z) : e, v, z ∈ [0, 1], e + v + z ≤ 1},

P5 = {(s, e, v, z) : s, e, v, z ∈ [0, 1], s + e + v + z ≤ 1},

f
(

y(t)
)

|y(t)∈P1 ,w1 = −δv + (µ+ α)z ≤ 0
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This shows that all solutions of the system (3) entered in � . Hence the feasible region � is positively invariant 
which means the system (3) is both mathematically and biologically well posed in �30.

Qualitative investigation of the deterministic model
Animosity‑free equilibrium point.  In the absence of animosity towards mathematics the time independ-
ent solution of the system (3) is said to be the animosity-free equilibrium point denoted by E0 and after some 
steps of computations we have got E0 =

(

s0, e0, v0, z0
)

= (1, 0, 0, 0).

Basic reproduction number.  Take X = (s, e, v, z)T , and system (3) rewritten as

where

Then by applying Mathematica we have got

and

Then the largest spectral radius of fv−1 is the basic reproduction number of system (3) denoted by R0 which 
is given by R0 =

βγ
(µ+γ )(µ+δ)

.

Animosity‑Dominance equilibrium point.  In the presence of animosity towards mathematics, the time 
dependent solution of the system (33) is said to be animosity-dominance equilibrium point denoted by E∗ given 
by E∗ = (s∗, e∗, v∗, z∗) where after some steps of calculations we have got

f
(

y(t)
)

|y(t)∈P2 ,w2 = −γ e + (µ+ δ)v ≤ 0

f
(

y(t)
)

|y(t)∈P3 ,w3 = −βsv + (µ+ γ )e ≤ 0

f
(

y(t)
)

|y(t)∈P4 ,w4 = βsv + µs − µ− αz ≤ 0

f
(

y(t)
)

|y(t)∈P5 ,w5 = 0

dX

dt
= fi − vi ,

fi =

[

βsv
0

]

,

f =

(

0 β 0

0 0 0

0 0 0

)

, v+i (x) =

(

0

γ e
δv

)

, v−i (x) =

(

(µ+ γ )e
(µ+ δ)v
(µ+ α)z

)

, and

v−i (x)− v+i (x) = vi =

(

(µ+ γ )e
(µ+ δ)v − γ e
(µ+ α)z − δv

)

.

v =

(

µ+ γ 0 0

−γ µ+ δ 0

0 −δ µ+ α

)

v(−1) =







1
(µ+γ )

0 0
γ

(µ+γ )(µ+δ)
1

(µ+δ)
0

γ δ
(µ+γ )(µ+δ)(µ+α)

δ
(µ+δ)(µ+α)

1
(µ+α)







fv−1 =





βγ
(µ+γ )(µ+δ)

β
(µ+δ)

0

0 0 0

0 0 0



.

s∗ =
1

R0
,

e∗ =
(µ+ δ)

(

1
R0

− 1

)

γµ(µ+ α)

γ (αδγ − (µ+ α)(µ+ δ)(µ+ γ ))
,
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Note: The animosity-dominance equilibrium point E∗  is exists when R0 ≥ 1.

Stability analysis of equilibrium points. 
Theorem 3.1  Routh-Hurwitz Criteria 13,23.
Suppose the characteristic polynomial of the matrix A is given by PA(�) = det(�I − A) = �

n + a1�
n−1 + . . . ..+ an  

and define k matrices as follows:

where the (l,m) term in the matrix Hj is a2l−1  for  0 < 2l −m < k, 1 for 2l < m , 0 for  2l < mor 2l > k +m.

Then all eigenvalues have negative real parts, that is, the steady-state is stable if and only the determinants of all 
Hurwitz matrices are positive etHj > 0 j = 1, 2, 3, ..k.

To show the local stability use linearization principle and Lyapunov function for the global stability of the system 
(3) equilibrium points respectively. Linearity of the system (3) determined by the help of Jacobean matrix is given by

Theorem 3.2  The animosity-free equilibrium point is locally asymptotically stable if R0 < 1.

Proof  The Jacobean matrix of the system (3) at the animosity-free equilibrium point is.

From the Jacobean matrix, the characteristics equation is obtained as

Clearly from (−µ− �)(−(µ+ α)− �), we obtained �1 = −µ,�2 = −(µ+ α) are real, negative and distinct. 
After some calculations the remaining two eigenvalues from the quadratic equation.

�
2 + ((µ+ α)+ (µ+ δ))�+ (µ+ α)(µ+ δ)(1−R0) = 0 , are real, negative and distinct if R0 < 1 . Thus, 

the animosity-free equilibrium point E0 is locally asymptotically stable whenever R0 < 1 otherwise it is unsta-
ble.	�  �

v∗ =

(

1
R0

− 1

)

γµ(µ+ α)

(αδγ − (µ+ α)(µ+ δ)(µ+ γ ))
,

z∗ =
δ

(

1
R0

− 1

)

γµ(µ+ α)

(µ+ α)(αδγ − (µ+ α)(µ+ δ)(µ+ γ ))

H1 = (a1),H2 =

(

a1 1

a3 a2

)

,H3 =

(

a1 1 0

a3 a2 a1
a5 a4 a3

)

,

Hj =







a1 1 0 0 . . . 0

a3 a2 a1 1 . . . 0

a5 a4 a3 a2 . . . 0

a2j−1 a2j−2 a2j−3 a2j−4 . . . aj






,Hk =











a1 1 0 . . . 0

a3 a2 a1 . . . 0

. . . . . . 0

. . . ..

0 0 .. aj











,

J(s, e, v, z) =







−µ− βv 0 −βs α

βv −(µ+ γ ) βs 0

0 γ −(µ+ δ) 0

0 0 δ −(µ+ α)






.

(4)J(1, 0, 0, 0) =







−µ 0 α 0

0 −(µ+ γ ) β 0

0 γ −(µ+ δ) 0

0 0 δ −(µ+ α)







∣

∣

∣

∣

∣

∣

∣

−µ− � 0 α 0

0 −(µ+ γ )− � β 0

0 γ −(µ+ δ)− � 0

0 0 δ −(µ+ α)− �

∣

∣

∣

∣

∣

∣

∣

= 0.

⇒ (−µ− �)[(−(µ+ γ )− �)(−(µ+ δ)− �)(−(µ+ α)− �)− βγ (−(µ+ α)− �)] = 0.

⇒ (−µ− �)(−(µ+ α)− �)[(−(µ+ γ )− �)(−(µ+ δ)− �)− βγ ] = 0.

⇒ (−µ− �)(−(µ+ α)− �)
[

�
2 + ((µ+ γ )+ (µ+ δ))�+ (µ+ γ )(µ+ δ)− βγ

]

= 0.

⇒ (−µ− �)(−(µ+ α)− �)
[

�
2 + ((µ+ γ )+ (µ+ δ))�+ (µ+ γ )(µ+ δ)(1−R0)

]

= 0.
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Theorem 3.3  The animosity-dominance equilibrium point is locally asymptotically stable if R0 > 1.

Proof  The Jacobean matrix of the system (3) at the animosity-dominance equilibrium E∗ point is.

Then the eigenvalue of the system (5) is obtained from the characteristics equation

The characteristics polynomial after simple simplification is

 where

By Routh–Hurwitz stability criteria Theorem 3.1 above or by referring13,23, all eigenvalues of (6) have negative 
real parts see in17,29 whenever R0 > 1 . Hence whenever R0 > 1, then the animosity-dominance equilibrium 
point is locally asymptotically stable.	�  �

Theorem 3.4  The animosity-free equilibrium point is globally stable if R0 < 1.

Proof  Consider the Lyapunov function v(a, z) = me + na , where m =
βγ

(µ+γ )(µ+δ)
 , and n =

β
(µ+δ)

,
l(e, v) = me + nv =

βγ
(µ+γ )(µ+δ)

e + β
(µ+δ)

v, ,

(5)J
�

s∗, e∗, v∗, z∗
�

=







−βv∗ − µ 0 −βs∗ α

βv∗ −(µ+ γ ) βs∗ 0

0 γ −(µ+ δ) 0

0 0 δ −(µ+ α)







∣

∣

∣

∣

∣

∣

∣

−(βv∗ + µ)− � 0 −βs∗ α

βv∗ −(µ+ γ )− � βs∗ 0

0 γ −(µ+ δ)− � 0

0 0 δ −(µ+ α)− �

∣

∣

∣

∣

∣

∣

∣

= 0

p(�) =�
4 +

[((

µ+ βv∗
)

+ (µ+ α)
)

+ ((µ+ γ )+ (µ+ δ))
]

�
3

+
[((

µ+ βv∗
)

+ (µ+ α)
)

((µ+ γ )+ (µ+ δ))+
(

µ+ βv∗
)

(µ+ α)
]

�
2

+
[(

µ+ βv∗
)

(µ+ α)((µ+ γ )+ (µ+ δ))
]

�+ βs∗βv∗γ ((µ+ α)+ �)+ αβv∗γ δ.

(6)p(�) = a4�
4 + a3�

3 + a2�
2 + a1�+ a0.

a4 = 1,

a3 =
((

µ+ βv∗
)

+ (µ+ α)
)

+ ((µ+ γ )+ (µ+ δ)),

a2 =
((

µ+ βv∗
)

+ (µ+ α)
)

((µ+ γ )+ (µ+ δ))+
(

µ+ βv∗
)

(µ+ α),

a1 =
(

µ+ βv∗
)

(µ+ α)((µ+ γ )+ (µ+ δ)),

a0 = s∗βv∗γ ((µ+ α)+ �)+ αβv∗γ δ,

s∗ =
1

R0
,

v∗ =

(

1
R0

− 1

)

γµ(µ+ α)

(αδγ − (µ+ α)(µ+ δ)(µ+ γ ))
.

⇒ l(e, v) =
βγ

(µ+ γ )(µ+ δ)
e +

β

(µ+ δ)
v

⇒
dl

dt
=

βγ

(µ+ γ )(µ+ δ)
(βsv − (µ+ γ )e)+

β

(µ+ δ)
((γ e − (µ+ δ)v))

⇒
dl

dt
=

ββvγ

(µ+ γ )(µ+ δ)
−

βγ (µ+ γ )e

(µ+ γ )(µ+ δ)
+

βγ e

(µ+ δ)
−

β(µ+ δ)v

(µ+ δ)

⇒
dl

dt
=

(

ββγ

(µ+ γ )(µ+ δ)
−

β(µ+ δ)

(µ+ δ)

)

v +

(

βγ

(µ+ δ)
−

βγ (µ+ γ )

(µ+ γ )(µ+ δ)

)

e
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Thus dldt < 0 , if R0 < 1 and the equality dvdt = 0 holds if v = 0 and hence according LaSalle’s invariant principle 
used in30 the model animosity-free equilibrium point E0 is globally asymptotically stable when R0 < 1.

Global stability analysis of animosity‑dominance equilibrium.  The aim of this section is to investi-
gate the global stability of E∗ in the positively invariant set � with the aid of Volterra–Lyapunov stable matrices. 
To organize this, we express the Lyapunov function as:

where v1, v2, v3, v4 are positive constant. The time derivative of L(s, e, v, z) belongs the solution of the system (3) is

By adding and subtracting the expression  βs∗v in the first and second closed bracket, we obtain

where

V = diag(v1, v2, v3, v4) , and

To establish the global stability of the animosity-dominance equilibrium point E∗ , we investigate the matrix 
A defined in Eq. (9) is Volterra–Lyapunov stable. We concisely explain the following basic definitions related to 
Volterra–Lyapunov stable matrices stated in6.

Let Anxn be a real matrices then.

(D1) All the eigenvalues of A have negative (positive) real parts if and only if there exists a matrix H > 0 
such that ATBT > 0 < 0(> 0).
(D2) The nonsingular matrix Anxn is Volterra–Lyapunov stable if there exists a positive diagonal n× n matrix 
V such that A+ ATVT < 0.
(D3) The nonsingular matrix Anxn is diagonal stable if there exists a positive diagonal n× n matrix V such 
that VA+ ATVT > 0.

Lemma 2  The matrix A =

[

a11 a12
a21 a22

]

, is Volterra–Lyapunov stable if and only if:

i.   a11 < 0,

ii.   a22 < 0,

Lemma 3  Consider the nonsingular matrix   Anxn =
[

aij
]

, n ≥ 2 , Vnxn = diag(v1, v2, ..vn) , and C = A−1 , such that.

i.  ann > 0,

⇒
dl

dt
= β

(

βγ

(µ+ γ )(µ+ δ)
− 1

)

v +

(

βγ

(µ+ δ)
−

βγ

(µ+ δ)

)

e

⇒
dl

dt
= β

(

βγ

(µ+ γ )(µ+ δ)
− 1

)

a

⇒
dl

dt
= β(R0 − 1)v

(7)L(s, e, v, z) = v1
(

s − s∗
)2

+ v2
(

e − e∗
)2

+ v3
(

v − v∗
)2

+ v4
(

z − z∗
)2

dL

dt
= 2v1

(

s − s∗
)[

α
(

z − z∗
)

− µ
(

s − s∗
)

− βsv + βs∗v∗
]

+ 2v2
(

e − e∗
)[

βsv − βs∗v∗ − (µ+ γ )
(

e − e∗
)]

+2v3
(

v − v∗
)[

γ
(

e − e∗
)

− (µ+ δ)v
]

+ 2v4
(

z − z∗
)[

δ
(

v − v∗
)

− (µ+ α)
(

z − z∗
)]

.

(8)

dL

dt
=− 2v1(µ+ βv)

(

s − s∗
)2

− 2v1βs
∗
(

s − s∗
)(

v − v∗
)

+ 2v1α
(

s − s∗
)(

z − z∗
)

+ 2v2βv
(

s − s∗
)(

e − e∗
)

− 2v2βs
∗
(

e − e∗
)(

v − v∗
)

− 2v2(µ+ γ )
(

e − e∗
)2

+ 2v3γ
(

v − v∗
)(

e − e∗
)

− 2v3(µ+ δ)
(

v − v∗
)2

+ 2v4δ
(

z − z∗
)(

v − v∗
)

− 2v4(µ+ α)
(

z − z∗
)2

= M
(

VA+ ATVT
)

MT

M = (s − s∗, e − e∗, v − v∗, z − z∗),

(9)A =







−(µ+ βv) 0 −β α

βv −(µ+ γ ) −βs∗ 0

0 γ −(µ+ δ) 0

0 0 δ −(µ+ α)






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ii.  Ṽ Ã+ (Ṽ Ã)
T
> 0,

iii.   Ṽ C̃ + (Ṽ C̃)
T
> 0 > 0

Now choose vn > 0 , such that VA+ ATVT > 0.

Note: Ã is the (n− 1)x(n− 1) matrix, obtained by deleting the last row and column of the matrix Anxn.

Theorem 3.5  The square matrix A defined in (9) is Volterra–Lyapunov stable.

Proof  Clearly A44 > 0 , and the matrix when we delete last row and column of matrix −A is defined as:

Based on Lemma 3, we state and prove that = −Ã , and C = −
∼

A−1 are diagonal stable in the following condi-
tions to satisfied Lemma 3. Hence the matrix A is Volterra–Lyapunov stable.

Condition 1  The square matrix M defined in (10) is diagonal stable.

Proof  The diagonal stability of M , is guaranteed by the following steps:

	Step 1.	 It is clear that −Ã33 = (µ+ δ) > 0.
	Step 2.	 By using Lemma 2, we need to show  M̃ is diagonal stable. From Eq. (10), we obtain

Clearly M̃11 > 0, M̃22 > 0 , and det
(

M̃
)

= (µ+ βv)(µ+ γ ) > 0 . So M̃ is diagonal stable.

	Step 3.	 We show that 
∼

M−1 is diagonal stable .The square matrix  
∼

M−1 after simplifications ;

It is easy to show that.

Hence 
∼

M−1 is diagonal stable. Therefore in this condition we have proved that M = −Ã is diagonal stable.

Condition 2  The matrix C = −
∼

A−1 is diagonal stable.

Proof  The matrix −
∼

A−1  which obtained after a simple simplification is.

where

(10)M = −Ã =

(

(µ+ βv) 0 β

−βv (µ+ γ ) βs∗

0 −γ (µ+ δ)

)

M̃ =

(

(µ+ βv) 0

−βv (µ+ γ )

)

∼

M−1=

(

(µ+γ )(µ+δ)+βγ s∗

(µ+βv)[(µ+γ )(µ+δ)+βγ s∗]+βγβv
−βγ

(µ+βv)[(µ+γ )(µ+δ)+βγ s∗]+βγβv
βv(µ+δ)

(µ+βv)[(µ+γ )(µ+δ)+βγ s∗]+βγβv
(µ+βv)(µ+δ)

(µ+βv)[(µ+γ )(µ+δ)+βγ s∗]+βγβv

)

∼

M
−1
11 => 0,

∼

M
−1
22 => 0, and det

( ∼

M
−1

)

> 0.

−Ã−1 =

(

a11 a12 a13
a21 a22 a23
a31 a32 a33

)

,

a11 =
(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

a12 =
αγ δ − βγ (µ+ α)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

a13 =
−β(µ+ γ )(µ+ α)+ αδ(µ+ γ )

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ
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Clearly a33 > 0, then we need to show C̃ is diagonal stable.

Hence C̃ is diagonal stable. Therefore from condition 2 we have proved C = −
∼

A−1 is diagonal stable. Finally 
from condition 1 and 2 we conclude M = −Ã and C = −

∼

A−1 are diagonal stable. Then finally due to the above 
basic definition, Lemmas and conditions, we have the following conclusions for the globally stability of the 
animosity-dominance equilibrium.

Theorem 3.6  If R0 > 1 , then the animosity-dominance equilibrium point E∗ of the system (3) is globally stable in �.

Proof  Lemmas 2 and  3 with the aid of Theorem 3.4 guaranteed that the animosity-dominance equilibrium of 
the system (3) is globally stable.

Stochastic touch for SEATS Model (1)
The transition probability.  The transition probability is the probability of a stochastic process that 
transfer from state 1 to state 2. Here, the stochastic SEATS model consists of three random variables, i.e. 
S(t),E(t),A(t).N(t) is the total number of students, which is assumed to be constant. Then N(t) = N for all t ≥ 0 
where N(t) = S(t)+ E(t)+ A(t)+ T(t) . Thus, state variable T(t) determined by rearrangement is given by 
T(t) = N(t)− S(t)− E(t)− A(t)− T(t) , where t  is time. Suppose an ordered pair (S(t),E(t),A(t)) = (s, e, a) 
and (S(t +�t),E(t +�t),A(t +�t)) = (k1, k2, k3) where s, e, a, k1 , k2 , k3 = 0, 1, 2 …. Here the transition prob-
ability for the SEATS model can be constructed as:

where θ = µN + αT + βSA+ µS + γE + µE + (µ+ δ)A.
The transition probabilities of susceptible, exposed, and animosity infected students in the time interval 

(t +�t) only depend on time t  , at t ≥ 0 . The time value �t is assumed to be very small so that the change 
occurring in susceptible, exposed, animosity infected individuals is the maximum of one individual in such a 
short period time interval ∆t. The value of o(�t) represents a small probability value and satisfies o(�t)�t = 0.

a21 =
−[(µ+ γ )(µ+ δ)(µ+ α)+ (µ+ α)γβs∗]

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

a22 =
(µ+ βv)(µ+ δ)(µ+ α)− β(µ+ βv)(µ+ α)+ αδ(µ+ βv)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

a23 =
−βs∗(µ+ βv)(µ+ α)− βvβ(µ+ α)+ αβvδ

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

a31 =
βγ v(µ+ α)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

a32 =
γ (µ+ βv)(µ+ α)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

a33 =
(µ+ βv)(µ+ γ )(µ+ α)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ

C̃ =

(

a11 a12
a21 a22

)

,

a11 =
(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ
> 0,

a22 =
(µ+ βv)(µ+ δ)(µ+ α)− β(µ+ βv)(µ+ α)+ αδ(µ+ βv)

(µ+ βv)(µ+ γ )(µ+ δ)(µ+ α)+ βγ s∗(µ+ α)+ βvβγ (µ+ α)− αβvγ δ
> 0,

det
(

C̃
)

= a11a22 − a21a12 = a11a22 + a21a12 > 0, since a21 < 0.

Prob(k1,k2,k3),))(s,e,a)(t, t +�t) = Prob{S(t +�t) = k1,E(t +�t) = k2,A(t +�t) = k3, (S(t) = s,E(t) = e,A(t) = a)}

=







































(µN + αT)�t + o(�t), (k1, k2, k3) = (s + 1, e, a)
(βSA)�t + o(�t), (k1, k2, k3) = (s − 1, e + 1, a)
µS�t + o(�t), (k1, k2, k3) = (s − 1, e, a)
γE�t + o(�t), (k1, k2, k3) = (s, e − 1, a+ 1)
µE�t + o(�t), (k1, k2, k3) = (s, e − 1, a)
(µ+ δ)A�t + o(�t), (k1, k2, k3) = (s, e, a− 1)

(1− θ)�t + o(�t), (k1, k2, k3) = (s, e, a)
o(�t), otherwise
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Animosity outbreak probability.  Animosity outbreak issue occurs when the number of animosity 
infected students’ increases through time. The basic reproduction number (R0) and the expected number of 
animosity infected students (n) are used as a criterion for the occurrence of animosity outbreaks in the long term. 
The basic reproduction number (R0)  is the number of susceptible students getting animosity infected after an 
animosity infected student is introduced into the group. The basic reproduction number (R0)  has the same defi-
nition as the expected number of infected students (n) , which is calculated using a probability method. In deter-
ministic models, animosity outbreak issues occur when R0 > 1 , whereas in stochastic models this is associated 
with a condition when the expected number of animosity infected students (n) > 1 . The two quantities (R0) and 
n are obtained with different methods. The benchmark for the animosity outbreak probability is determined by 
the expected number of animosity infected individuals (n) , not from the basic reproduction number (R0) . Based 
on this process, the SEAS model has the following disease extinction probabilities:

Prob{A(t) = 0} =

{

1, if n ≤ 1

τ , if n > 1
 and as a result, the probability of animosity outbreak occurring is.

1− Prob{A(t) = 0} =

{

0, if n ≤ 1

1− τ , if n > 1
 , where τ = N

sR0
. Finally, in this study we considered large number 

of students for numerical simulation; for the remaining analysis part we have used the deterministic model rather 
than the stochastic touch.

Optimal control analysis of the deterministic model
In this section, we formulated and analyzed a mathematical model with optimal control method34 to identify the 
best control strategy that reduces the number of animosity-infected individuals with minim total cost used dur-
ing the interventions. The objective is to find the optimal values u∗ =

(

u
∗
1, u

∗
2

)

 of the controls u = (u1, u2) such 
that the associated state trajectories E∗ = (S∗,E∗,A∗,T∗) are solution of the system (1) in the intervention time 
interval 

[

0,Tf

]

 with given initial conditions and minimize the objective functional. The control u1(t) represents 
the efforts on preventing animosity infection that helps to reduce contact rate of animosity, u2(t) is the control 
relates towards improvement of animosity recovery period. This is equated towards implementation of proper 
treatment and psychological counseling policies for animosity towards mathematics, so that recovery period can 
be improved by providing right treatment and counseling such that 0 ≤ u2(t) ≤ 1.

Then the system (1) is changed into

With the corresponding initial conditions

For this, our optimal control problem is to minimize the objective functional

where I(S,E,A,T , u) = w1A+ B1

2
u
2
1 +

B2

2
u
2
2 , measures the current cost at time t.

The coefficient w1 is positive weight constant that characterizes the cost associated with minimizing the 
animosity infected individuals and B1

2
 and B2

2
 are the measures of relative costs of interventions associated with 

the controls u1 and u2 , respectively, and also balances the units of integrand. In the cost functional, the term w1A 
refers the cost related to animosity infected class.

The set of admissible control functions is defined by

More precisely, we seek an optimal control pair

Characterization of the optimal control.  In this section, we present optimality conditions for the opti-
mal control problem defined above and detail its properties. According to Pontryagin’s Maximum Principle 
in4,13,37, if u∗(t) ∈ �u is optimal for dynamical system (10) with initial value (11) and (14) with fixed final time Tf  , 
then there exists a non-trivial absolutely continuous mapping � :

[

0,Tf

]

→ R
4  , � = (�1(t), �2(t), �3(t), �4(t)) 

called the adjoint vector, such that.

(1)	 The Hamiltonian function is defined as

(10)

dS

dt
= µN + αT − (1− u1)βSA− µS,

dE

dt
= (1− u1)βSA− (µ+ γ )E,

dA

dt
= γE − (µ+ u2δ)A,

dT

dt
= u2δA− (µ+ α)T ,

(11)S(0) > 0, (0) ≥ 0,A(0) ≥ 0, and T(0) > 0

(12)J(u1, u2) =
Tf

∫
0

(

w1A+
B1

2
u
2
1 +

B2

2
u
2
2

)

dt

(13)�u =
{

u1(t), u2(t) ∈ L2 : 0 ≤ u1(t), u2(t) ≤ 1, t ∈
[

0,Tf

]}

(14)J
(

u
∗
1, u

∗
2

)

= min
�s

J(u1, u2)
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(2)	 The control system is

(3)	 The adjoint system

(4)	 And the optimality condition is

(5)	 Moreover, the transversality condition is
	   holds for almost all t ∈ [0,Tf ].

also holds true. In the next result, we have discussed characterization of optimal controls and adjoint variables.

Theorem 5.1  Let u∗ =
(

u
∗
1, u

∗
2

)

 be the optimal control and (S∗(·),E∗(·),A∗(·),T∗(·)) be the associated unique opti‑
mal solutions of the optimal control problem (10) with initial condition (11) and objective functional (12) with fixed 
final time Tf  (13). Then there exists adjoint function �∗i (·), i = 1, ..., 4 satisfying the following canonical equations:

with transiversality conditions

Moreover, the corresponding optimal controls u∗1(t) and u∗2(t) are given by

From the previous analysis, to get the optimal point, we have to solve the system

(15)
H =w1A+

B1

2
u
2
1 +

B2

2
u
2
2 + �1(µN + αT − (1− u1)βSA− µS)

+ �2((1− u1)βSA− (µ+ γ )E)

+ �3(γE − (µ+ u2δ)A)+ �4(u2δA− (µ+ α)T)

(16)
dS

dt
=

∂H

∂�1
,
dE

dt
=

∂H

∂�2
,
dA

dt
=

∂H

∂�3
,
dT

dt
=

∂H

∂�4
,

(17)
d�1

dt
= −

∂H

∂S
,
d�2

dt
= −

∂H

∂E
,
d�3

dt
= −

∂H

∂A
,
d�4

dt
= −

∂H

∂T
,

(18)H
(

E
∗, u, �∗

)

= min
u∈�u

(

E
∗, u∗, �∗

)

(19)�i

(

Tf

)

= 0, i = 1, 2, 3, 4

d�1

dt
= −

∂H

∂S
= (1− u1)βA(�1 − �2)+ µ�1

d�2

dt
= −

∂H

∂E
= γ (�2 − �3)+ µ�2

d�3

dt
= −

∂H

∂A
= −A+ (1− u1)βS(�1 − �2)+ u2δ(�3 − �4)+ µ�3

d�4

dt
= −

∂H

∂T
= µ�4 + α(�4 − �1)

(20)�
∗
i

(

Tf

)

= 0, i = 1, 2, . . . , 4

u
∗
1(t) = max

{

0,min

{

βSA(�2 − �1)

B1

, 1

}}

(21)u
∗
2(t) = max

{

0,min

{

δA(�3 − �4)

B2

, 1− g

}}

dS∗

dt
= µN + αT∗ − (1− u1)βS

∗A∗ − µS∗,

dE∗

dt
= (1− u1)βS

∗A∗ − (µ+ γ )E∗,

dA∗

dt
= γE∗ − (µ+ u2δ)A

∗,

dT

dt
= u2δA

∗ − (µ+ α)T∗,
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w ith  the  Hamiltonian 
H = w1A

∗ +
B1

2
(u∗1)

2
+

B2

2
(u∗2)

2
+ �1

(

µN + αT∗ − (1− u1)βS
∗
A
∗ − µS∗

)

+�2

(

(1− u1)βS
∗
A
∗ − (µ+ γ )E∗

)

+ �3

(

γE∗ − (µ+ u2δ)A
∗
)

+ �4

(

u2δA
∗ − (µ+ α)T∗

).

Numerical analysis
Numerical methods.  In this study we have applied the numerical MATLAB ode45 programming code 
written by using the Runge–Kutta methods which are generally more powerful method for solving non-stiff 
ordinary differential equations.

Numerical simulations for the deterministic model.  In this section, we convey the numerical simula-
tions to verify the theoretical results of our mathematical model (3). Particularly, some numerical justifications 
are considered to illustrate the theoretical analysis and results of the preceding sections. Here we assume the 
parameter values for numerical simulations that are not from real data, since there is the lack of mathematical 
modeling analysis literatures which have been done to study the dynamics of animosity towards mathematics. 
The initial values of the model (2) are positive, i.e.,s(0) > 0, e(0) ≥ 0, v(0) ≥ 0, z(0) ≥ 0 since the model rep-
resents human population. To understand the dynamics of students’ animosity towards mathematics, we need 
to assume parameter values and extremely analyze the model (3), and further explore how these parameters 
influence on the spread of animosity. For instance parameter describes the possibility that s(t) converts to be an 
e(t) due to the presence of single i(t) per unit time. It is essentially determined by the rate of an i(t) spreading 
animosity.

Numerical simulation when the threshold quantity R0 less than unity.  In this subsection let us consider the 
mathematical model (3) with the initial condition (s0, e0, v0, z0) = (0.74, 0.09, 0.07, 0.06, 0.04) and assume 
parameter values as β = 0.05, γ = 0.035, α = 0.03, µ = 0.02, δ = 0.01 , and hence the basic reproduction num-
ber of model (2) is R0 = 0.97 , Theorems 3.2 and  3.4 confirms that the animosity-free equilibrium point is 
locally and globally stable.

Here from Fig. 2 we can justify that the model animosity-free equilibrium point is both locally and globally 
stable whenever R0 = 0.97 < 1 , practically it means that animosity towards mathematics eradicate from the 
group of students in the near future (after 150 months) through the community.

Numerical simulation when the threshold quantity R0 greater than unity.  In this sub-section let us consider 
the parameter values as = 0.5 , γ = 0.04 , α = 0.03 , µ = 0.02 , δ = 0.01 , then we have got the basic reproduction 
number of model (2) as R0 = 11.1 , and we confirmed that the animosity-dominance equilibrium point is locally 
and globally stable.

Here from Fig. 3 we can justify that the model animosity-dominance equilibrium point is both locally and 
globally stable whenever R0 = 11.1 > 1 , practically it means that animosity of students towards mathematics 
exists uniformly after 150 months in the group of students throughout the community.

Effect of the transmission β on the animosity‑exposed students.  Here we perform numerical simulation of ani-
mosity-exposed students “e” with parameters values given by γ = 0.035 , α = 0.03, µ = 0.02, δ = 0.01 , and 
variable transmission rate β . Here from Fig. 4 we can justify that the animosity-exposed number of students “e” 
is going up whenever the contact rare or transmission rate β increases.
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Figure 2.   Local and global stability of the model animosity-free equilibrium point whenever R0 = 0.97.
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Effect of γ on the animosity‑infected students.  Here we simulate the model (2) animosity-infection with param-
eters values given by β = 0.04 , γ = 0.035 ,  µ = 0.02 , δ = 0.01 , with variable value of γ . Figure 5 reflects that 
whenever the value of γ increases the number of animosity-infected students “ v ” going up.

Effect of δ on the animosity‑infected students.  Here we simulate the model (2) animosity-infection with param-
eters values given by β = 0.04 , γ = 0.035, µ = 0.02, δ = 0.01 , with variable value of δ. Figure 6 reflects that 
whenever the value of treatment rate δ increases then the number of animosity-infected students “ v ” going 
down. For numerical simulations performed and shown by Fig. 2 up to Fig. 6 the parameter values we have 
taken have very crucial effect to verified the analytical results examined in Sect.  "Qualitative investigation of 
the deterministic model" and to understand the students’ animosity towards mathematics in universities under 
consideration also to show how to minimize and possibly eradicate the animosity infection from the students 
population under the study area.

Optimal control model simulations.  In this section we perform numerical simulations of the optimal 
control problem for a period of 250 to 300 months and illustrate analytical results using MATLAB ode45 soft-
ware where the positive valued constant, w1 is the weight constant which represents the weight which balance 

0 50 100 150
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Time In Months

In
tit

ia
l P

op
ul

at
io

n

Stability of the Model Animosity Equilibrium Point

s
e
v
z

Figure 3.   Local and global stability of the model animosity endemic equilibrium point whenever R0 = 11.1.
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offs the animosity infected students and the positive constants B1 , and B2 represent the weight constants for the 
efforts on preventing animosity infection and improved animosity treatment respectively. The values assigned to 
the weight constants are w1 = 1 , B1 = 100 , and B1 = 100 as given in3.

Optimal control simulation when both controls are applied.  Here we carried out numerical simulation on 
the model (1) animosity-infectious class ( A ) with parameters values given by β = 0.04 , γ = 0.035 , µ = 0.02 , 
δ = 0.01 by applying both controls (i.e. u1  = 0 and u2  = 0 ), it results in significant difference in the number of 
infections under the application of controls which is shown in Fig. 7. We note that for the class of animosity 
infected students there is huge decrease in the number of infections when both controls are applied, and the 
number nears to zero after 250 months.

Optimal control simulation when exclusively one of the controls is applied.  Here we carried out numerical simu-
lation on the model (1) animosity-infectious class ( A ) with parameters values given by β = 0.04 , γ = 0.035 , 
µ = 0.02 , and δ = 0.01 , by applying only treatment control (i.e. u1 = 0 and u2  = 0 ), it results in significant 
difference in the number of infections under the application of treatment only control which is shown in Fig. 8. 
We note that for the class of animosity infected students there is a decrease in the number of infections when 
treatment only control is applied, and the number nears to zero after 150 months and whenever without also 
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Figure 5.   Effect of progression rate γ on Animosity-infected students.
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treatment control i.e., when we do not apply both controls measures the animosity infectious class is increasing 
and becomes constant after 150 months.

Here we carried out numerical simulation on the model (1) animosity-infectious class ( A ) with parameters 
values given by β = 0.04 , γ = 0.035 , µ = 0.02 , δ = 0.01 , by applying only prevention control (i.e. u1  = 0 and 
u2 = 0 ), it results in significant difference in the number of infections under the application of prevention only 
control which is shown in Fig. 9. We note that for the class of animosity infected students there is a decrease in 
the number of infections when prevention only control is applied, and the number nears to zero after 200 months 
and whenever without also prevention control the animosity infectious class is increasing and becomes con-
stant after 200 months. Finally, parameter values used to simulate Figs. 7, 8, and 9 have a fundamental impact 
to show how to control the students’ animosity towards mathematics using suitable control measures applied 
in the model formulation.

Conclusion
In this study we performed a detailed study on the deterministic with some stochastic touch mathematical model 
on the students’ animosity towards mathematics with optimal control approach comprising of four mutually 
exclusive compartments. The study began with a detailed analysis covering equilibriums, basic reproduction 
number, and stability analysis of the disease-free and endemic equilibriums. From the analysis on students 
animosity towards mathematics model we have proved that the disease-free equilibrium and the endemic 
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equilibrium are locally asymptotically stable when the basic reproduction number ( R0 ) is less than unity and 
greater than unity respectively.

The theoretical results are then verified by optimal control analysis and numerical simulations respectively 
and results shown us the following:

•	 The model solutions converging to the animosity infection-free equilibrium point whenever R0 = 0.97 < 1, 
biologically the animosity infection will be eradicate in the near future.

•	 The model solutions converging to the animosity-dominance equilibrium point around 250 months whenever 
R0 = 11.1 > 1, biologically the animosity infection will be spreading in students.

•	 The animosity-exposed number of students “e” is going up whenever the contact rare or transmission rate 
β increases, whenever the progression rate γ increases the number of animosity-infected students “ v ” going 
up, and whenever the value of treatment rate δ increases then the number of animosity-infected students “ v ” 
going down.

Optimal control analysis performed by including two control parameters, one is the prevention mechanism 
(u1(t)) and the other is treatment of animosity infection mechanisms such as psychological treatment, tutorial 
methods (u2(t)). A significant difference in the number of infections under the application of controls was shown 
in the results discussions. The effect of these controls individually was also performed and when we applied 
both controls together, the reduction in the number of infected population was quite large. Hence, this analysis 
focused on the need of improved prevention mechanisms and treatment to minimize and possibly to eradicate 
the animosity from students population. Hence, the results from the study imply acceleration in the animosity 
spread if proper prevention and treatment are not implemented. On a concluding note, the study further sug-
gests that in the times of animosity spreading prevention and treatment should not be neglected. Although some 
literatures have acknowledged university students animosity towards mathematics, no study has attempted to 
explore the idea with mathematical modelling approach. This study attempts to contribute to the educational 
research by formulating and analyzing a mathematical modelling approach with optimal control approach on 
animosity towards mathematics which allows for deep understanding and a more comprehensive idea on the 
thematic area and it is distinguished from previous studies by using mathematical modelling approach as infec-
tious disease to examine animosity towards mathematics.

Data availability
All data generated or analyzed during this study are included in this published article.

Received: 17 March 2022; Accepted: 23 June 2022

References
	 1.	 Alibraheim, E. A. Factors affecting freshman engineering students’ attitudes toward mathematics EURASIA s. Sci. Technol. Educ. 

17(6), em1973 (2021).
	 2.	 Alkhudhari, Z., Al-Sheikh, S. & Al-Tuwairqi, S. Global dynamics of a mathematical model on smoking. Int. Schol. Res. Notices 

2014, 1–7 (2014).
	 3.	 Arroyo, I. et al. A multimedia adaptive tutoring system for mathematics that addresses cognition, metacognition and affect. Int. 

J. Artif. Intell. Educ. 24(4), 387–426 (2014).
	 4.	 Bandekar, S. R. & Ghosh, M. A co-infection model on TB-COVID-19 with optimal control and sensitivity analysis. Math. Comput. 

Simul. 200, 1–31 (2022).

0 20 40 60 80 100 120 140 160 180 200
0

10

20

30

40

50

60

70

80

90

Time In Months

In
ti
ti
a

l 
P

o
p

u
la

ti
o

n
 "

A
"

Optimal Control Effect on  Animosity Infectious Students

With control (u1 � 0, u2= 0

Without Contol

Figure 9.   Variation in animosity infected students with prevention ( u1  = 0 , u2 = 0 ) control only.



18

Vol:.(1234567890)

Scientific Reports |        (2022) 12:11578  | https://doi.org/10.1038/s41598-022-15376-3

www.nature.com/scientificreports/

	 5.	 Berger, N., Mackenzie, E. & Holmes, K. Positive attitudes towards mathematics and science are mutually beneficial for student 
achievement: A latent profile analysis of TIMSS 2015. Aust. Educ. Res. 47(3), 409–444 (2020).

	 6.	 Chien, F. & Shateyi, S. Volterra–Lyapunov stability analysis of the solutions of babesiosis disease model. Symmetry 13(7), 1272 
(2021).

	 7.	 Din, S. U., Masood, Z., Samar, R., Majeed, K., & Raja, M. A. Z. Study of epidemiological based dynamic model of computer viruses 
for sustainable safeguard against threat propagations. In 2017 14th International Bhurban Conference on Applied Sciences and 
Technology (IBCAST) (pp. 434-440). IEEE. (2017).

	 8.	 Domino, J.Teachers’ influences on students’ attitudes toward mathematics. Research and Teaching in Developmental Education, 
pp.32-54 (2009).

	 9.	 Hannula, M. S. Attitude towards mathematics: Emotions, expectations and values. Educ. Stud. Math. 49(1), 25–46 (2002).
	10.	 Hannula, M. S. et al. Attitudes, Beliefs, Motivation and Identity in Mathematics Education: An Overview of the Field and Future 

Directions (Springer, Cham, 2016).
	11.	 Hussain, S., Zeb, A., Rasheed, A. & Saeed, T. Stochastic mathematical model for the spread and control of Corona virus. Adv. Dif‑

ference Equ. 2020(1), 1–11 (2020).
	12.	 Hwang, S. & Son, T. Students’ attitude toward mathematics and its relationship with mathematics achievement. J. Educ. e-Learn. 

Res. 8(3), 272–280 (2021).
	13.	 Kanyiri, C. W., Luboobi, L. & Kimathi, M. Application of optimal control to influenza pneumonia coinfection with antiviral resist-

ance. Comput. Math. Methods Med. 2020, 1–15 (2020).
	14.	 Khyar, O., Danane, J. & Allali, K. Mathematical analysis and optimal control of giving up the smoking model. Int. J. Differ. Equ. 

2021, 1–13 (2021).
	15.	 Kooken, J. W., Zaini, R. & Arroyo, I. Simulating the dynamics of self-regulation, emotion, grit, and student performance in cyber-

learning environments. Metacogn. Learn. 16(2), 367–405 (2021).
	16.	 Li, M. Y. An Introduction to Mathematical Modeling of Infectious Diseases Vol. 2 (Springer, 2018).
	17.	 Mahardika, R. & Sumanto, Y. D. Routh-hurwitz criterion and bifurcation method for stability analysis of tuberculosis transmission 

model. J. Phys. Conf. Series 1217(1), 012056 (2019).
	18.	 Maku Vyambwera, S. & Witbooi, P. A stochastic TB model for a crowded environment. Journal of Applied Mathematics 2018, 1–8 

(2018).
	19.	 Mamo, D. K. Modeling the spread dynamics of racism in cyberspace. J. Math. Model. 8(2), 105–122 (2020).
	20.	 Masood, Z., Samar, R. & Raja, M. A. Z. Design of fractional order epidemic model for future generation tiny hardware implants. 

Futur. Gener. Comput. Syst. 106, 43–54 (2020).
	21.	 Mata, M. D. L., Monteiro, V. & Peixoto, F. Attitudes towards mathematics: Effects of individual, motivational, and social support 

factors. Child Dev. Res. 2012, 1–10 (2012).
	22.	 Mohamed, L. & Waheed, H. Secondary students’ attitude towards mathematics in a selected school of Maldives. Int. J. Humanit. 

Soc. Sci. 1(15), 277–281 (2011).
	23.	 Peter, O. J., Qureshi, S., Yusuf, A., Al-Shomrani, M. & Idowu, A. A. A new mathematical model of COVID-19 using real data from 

Pakistan. Results Phys. 24, 104098 (2021).
	24.	 Qureshi, S., Yusuf, A. & Aziz, S. Fractional numerical dynamics for the logistic population growth model under Conformable 

Caputo: a case study with real observations. Phys. Scr. 96(11), 114002 (2021).
	25.	 Qureshi, S. & Yusuf, A. Mathematical modeling for the impacts of deforestation on wildlife species using Caputo differential 

operator. Chaos, Solitons Fractals 126, 32–40 (2019).
	26.	 Rikhotso S. B. Primary school learners’ attitudes on Mathematics learning in Mathematics. PhD diss., 2015.
	27.	 Rogers, G.“i’m Not Good at Math”: Mathematical illiteracy and innummeracy in the United States (2017).
	28.	 Russo, J. et al. Exploring the relationship between teacher enjoyment of mathematics, their attitudes towards student struggle and 

instructional time amongst early years primary teachers. Teach. Teacher Educ. 88, 102983 (2020).
	29.	 Soares, A. L. O. & Bassanezi, R. C. Stability analysis of epidemiological models incorporating heterogeneous infectivity. Comput. 

Appl. Math. 39(3), 1–20 (2020).
	30.	 Teklu, S. W. & Rao, K. P. HIV/AIDS-pneumonia codynamics model analysis with vaccination and treatment. Comput. Math. 

Methods Med. 2022, 1–20 (2022).
	31.	 Uchida, A. & Mori, K. Detection and treatment of fake math-dislikes among Japanese junior high school students. Int. J. Sci. Math. 

Educ. 16(6), 1115–1126 (2018).
	32.	 Umar, M., Raja, M. A. Z., Sabir, Z., Alwabli, A. S. & Shoaib, M. A stochastic computational intelligent solver for numerical treat-

ment of mosquito dispersal model in a heterogeneous environment. Eur. Phys. J. Plus 135(7), 1–23 (2020).
	33.	 Umar, M., Sabir, Z., Amin, F., Guirao, J. L. & Raja, M. A. Z. Stochastic numerical technique for solving HIV infection model of 

CD4+ T cells. Eur. Phys. J. Plus 135(5), 1–19 (2020).
	34.	 Umar, M. et al. A stochastic intelligent computing with neuro-evolution heuristics for nonlinear SITR system of novel COVID-19 

dynamics. Symmetry 12(10), 1628 (2020).
	35.	 Van der Merwe, A., Kruger, H. A. & Du Toit, J. V. Mathematical modelling for academic performance status reports in learning 

analytics. ORiON 34(1), 31–64 (2018).
	36.	 Yadav, A., Srivastava, P. K. & Kumar, A. Mathematical model for smoking: Effect of determination and education. Int. J. Biomath. 

8(01), 1550001 (2015).
	37.	 Zhou, X. Y. Maximum principle, dynamic programming, and their connection in deterministic control. J. Optim. Theory Appl. 

65(2), 363–373 (1990).

Author contributions
All authors have the same contribution in developing the manuscript, read and approved the final manuscript.

Competing interests 
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to S.W.T.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

www.nature.com/reprints


19

Vol.:(0123456789)

Scientific Reports |        (2022) 12:11578  | https://doi.org/10.1038/s41598-022-15376-3

www.nature.com/scientificreports/

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.

© The Author(s) 2022

http://creativecommons.org/licenses/by/4.0/

	Mathematical modeling analysis on the dynamics of university students animosity towards mathematics with optimal control theory
	Deterministic model formulation
	Qualitative investigation of the deterministic model
	Animosity-free equilibrium point. 
	Basic reproduction number. 
	Animosity-Dominance equilibrium point. 
	Stability analysis of equilibrium points. 
	Global stability analysis of animosity-dominance equilibrium. 

	Stochastic touch for SEATS Model (1)
	The transition probability. 
	Animosity outbreak probability. 

	Optimal control analysis of the deterministic model
	Characterization of the optimal control. 

	Numerical analysis
	Numerical methods. 
	Numerical simulations for the deterministic model. 
	Numerical simulation when the threshold quantity  less than unity. 
	Numerical simulation when the threshold quantity  greater than unity. 
	Effect of the transmission  on the animosity-exposed students. 
	Effect of  on the animosity-infected students. 
	Effect of  on the animosity-infected students. 

	Optimal control model simulations. 
	Optimal control simulation when both controls are applied. 
	Optimal control simulation when exclusively one of the controls is applied. 


	Conclusion
	References


