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« Simulation results are compared with
a real case of COVID-19 pandemic in
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than the other classical frameworks.

ARTICLE INFO

Article history:

Received 4 June 2022
Revised 31 July 2022
Accepted 14 August 2022
Available online xxxx

Keywords:

Fractional model

COVID-19 pandemic

Existence and uniqueness results
Stability analysis

Numerical method

GRAPHICAL ABSTRACT

ynamical behaviours and stabiy analyss of  generaized
ease sty

actonal model witha rel

ABSTRACT

Introduction: Mathematical modelling is a rapidly expanding field that offers new and interesting oppor-
tunities for both mathematicians and biologists. Concerning COVID-19, this powerful tool may help
humans to prevent the spread of this disease, which has affected the livelihood of all people badly.
Objectives: The main objective of this research is to explore an efficient mathematical model for the
investigation of COVID-19 dynamics in a generalized fractional framework.

Methods: The new model in this paper is formulated in the Caputo sense, employs a nonlinear time-
varying transmission rate, and consists of ten population classes including susceptible, infected, diag-
nosed, ailing, recognized, infected real, threatened, diagnosed recovered, healed, and extinct people.
The existence of a unique solution is explored for the new model, and the associated dynamical beha-
viours are discussed in terms of equilibrium points, invariant region, local and global stability, and basic
reproduction number. To implement the proposed model numerically, an efficient approximation scheme
is employed by the combination of Laplace transform and a successive substitution approach; besides,
the corresponding convergence analysis is also investigated.

Results: Numerical simulations are reported for various fractional orders, and simulation results are com-
pared with a real case of COVID-19 pandemic in Italy. By using these comparisons between the simulated
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and measured data, we find the best value of the fractional order with minimum absolute and relative
errors. Also, the impact of different parameters on the spread of viral infection is analyzed and studied.
Conclusion: According to the comparative results with real data, we justify the use of fractional concepts
in the mathematical modelling, for the new non-integer formalism simulates the reality more precisely

than the classical framework.

© 2022 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Introduction

Coronavirus is an extreme faction of diseases that may originate
the destruction of humanity. This virus has emerged as a horrible
epidemic for human in the world from the earth’s origin until
now. The spread of coronavirus has affected the livelihood of all
people badly, and a huge number of people have suffered from this
virus so far. On December 2019, many unfamiliar probes of lung
inflammation with cough, illness, tiredness, and labored breathing,
as the main indication of this disease, appeared in Wuhan, China.
The health jurisdiction of China as well as its central disease control
(CDC) rapidly recognized the origin of these symptoms, a virus from
the class of coronaviruses, and it was named as COVID-19 by the
World Health Organization (WHO). Then for the recognition of this
virus, several scientists and mathematicians have been doing a lot
of researches [1-3]. In Italy, after the appearance of the first native
case in a small town near Milan on February 21, 2020, many doubt-
ful cases began to come out in the whole province, where 4,464,005
confirmed cases and 128,634 deaths from COVID-19 were certified
since August 21, 2021. An alarming situation surrounded the whole
area in which this infectious disease became endemic, so lock-
down was initiated to control its upcoming disaster. Also, the public
authority of Italy took various measures, including the implementa-
tion of sterile mindfulness and the isolation of infected patients.
Additionally, all international flights were closed as well as educa-
tional institutions, trade centers, and picnic points. Meanwhile,
clinical preliminaries and epidemiological observations were dis-
patched with the aim of securing the population.

Mathematical modelling is a rapidly expanding field that offers
new and interesting opportunities for mathematicians, biologists,
and other scientists [4-7]. Mathematical models provide an analyt-
ical framework to analyze and control different diseases [8].
Recently, mathematical formulations on the basis of nonlinear
ordinary differential equations (ODEs) have been proposed for
the quantitative analysis of COVID-19 pandemic. There are several
generally utilized models including different strategies like SIER
(susceptible, infectious, exposed, recovered), SIRD (susceptible,
infected, recovered, dead), SEIQV (susceptible, exposed, infected,
quarantined, vaccinated), and SEIDARQ (susceptible, exposed,
infected, diagnosed, ailing, recovered, and quarantined), which
were used to detect the transmission rate of COVID-19 from
human to human [9]. As an example, the authors in [10] intro-
duced an SIDARTHE model (susceptible, infected, diagnosed, ailing,
recovered, threat, healed, extinct) model, consisting of eight states,
and discussed its associated advantages and limitations.

Fractional calculus has been regarded as a strong mathematical
tool for investigating aberrant processes found in different fields
with notable memory and hereditary characteristics [11-13]. Over
the past decades, a considerable number of valuable efforts have
been done on the theoretical aspects of fractional calculus as well
as its practical importance [14-16]. For instance, the authors in
[17] examined a Van der Pol damping model by a fractional
methodology. In [18], a fractional compartmental model was
employed to investigate the dynamical behaviour of a drinking
population. In [19], the numerical solution of fractional Lienard
model was constructed by a reliable analytical scheme. In [20],

time-space fractional diffusion equations were investigated
including fractional Sturm-Liouville operators for space and
Caputo fractional derivatives in time. Another interesting study
can also be found in [21] where a diffusion equation was consid-
ered in a time-space fractional framework. The advantages of frac-
tional differential equations (FDEs) over the models of integer-
order, such as those discussed in [22,23], motivate the researchers
to investigate fractional-order compartmental models in order to
gain a better grasp of complex phenomena [24-26]. To examine
the emergence of various diseases, some non-integer order models
have also been suggested; for instance, one can see the models for
the spread of malaria [27], Zika virus [28], and dengue fever [29],
all of which have epidemiologically been confirmed, mathemati-
cally been examined, experimentally been collaborated, and com-
putationally been simulated.

Inspired by the aforementioned advantages of fractional math-
ematical modelling, this research explores the dynamics of COVID-
19 pandemic by introducing a new system of FDEs. The main con-
tributions of present study and the new developments obtained
from this article are highlighted and emphasized as follows:

o The proposed model consists of ten population classes including
susceptible, infected, diagnosed, ailing, recognized, infected
real, threatened, diagnosed recovered, healed, and extinct peo-
ple, collectively termed as SIDARI.TH;HE, and employs a nonlin-
ear time-varying transmission rate.

The existence of a unique solution is discussed for the new
model, and the corresponding dynamical behaviours are inves-
tigated in terms of equilibrium points, invariant region, local
and global stability, and basic reproduction number.

An efficient numerical method is formulated by the combina-
tion of Laplace transform and a successive substitution strategy
for the intention of numerical implementation, and a conver-
gence analysis is given for the considered approximation
scheme.

To justify the use of fractional mathematical modelling, some
comparisons are performed between the numerical results
and a set of real clinical observations in Italy [30].

Based on the above-mentioned comparative discussions, the
best value of the fractional order is found with minimum abso-
lute and relative errors. Besides, the impact of different param-
eters is studied on the spread of viral infection.

As a result, since the considered model has a flexible structure
due to the existence of its fractional order parameter, it has the
potential of extracting the hidden aspects of the real case study
under investigation more accurately than the existing classical
framework. Consequently, we believe that the fractional model,
its solution method, and the associated mathematical discussions,
presented in this paper, are new and comprise quite different infor-
mation than their corresponding classical counterparts. Because of
these advantages, we are of the opinion that the obtained results in
this paper are noteworthy from both biological and mathematical
viewpoints.

The remaining parts of this article is organized as follows. In the
next section, we propose a mathematical model for the COVID-19
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pandemic in the framework of fractional calculus. Then the
dynamical behaviours regarding the new model are discussed.
After that, we present a numerical method and discuss the biolog-
ical significance of the results. Finally, some conclusions and future
recommendations close the manuscript in the last section.

Preliminaries and new formulation

To understand the new model formulation, described in this
section, first we define some basic definitions in the area of frac-
tional calculus. Then we introduce the fractional model of
SIDARI, THZHE for the COVID-19 pandemic.

Definitions

Definition 1. For a function f: [0,T] - R,qe (n—1,n),and n € N,
the Riemann-Liouville fractional integral of order q is defined by
[31]

1

O -5 / (t—w" fuydu, te0,T]. (1)

Definition 2. For a function f : [0,T] — R,g € (n—1,n),and n € N,
the Caputo fractional derivative of order q is given as [31]

Eﬁff(t):ﬁ/o (t—w" " wydu, tel0,T]. )

Besides, the Laplace transform of Caputo fractional derivative
(2) is expressed by [31]

L7 ()] =s12[f(t)] - isq*k*‘f(k)(O), n-l<q<n, n
k=0
eN. 3)
Also, we can rewrite the Eq. (3) more simply as
n _ on-1 _ on-2 _ _ f(n-1)
DT (CIELE (VR (VR il

Generalized fractional model

Various studies in life sciences, physics, engineering, and else-
where have shown that fractional-order modelling could provide
better agreement between simulated and measured data than its
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integer-order counterpart (see, for example, [32] and the refer-
ences therein). This important feature justifies the use of
fractional-order models for the dynamical systems under consider-
ation in different studies. In our case, it is worth mentioning that
the original integer-order model with eight state variables was
introduced and analyzed in [10], while a ten-state model was used
in the corresponding programming codes in [10]. Here, we con-
sider the original ten-state model in which we replace the
integer-order derivatives with fractional-order ones. Also, accord-
ing to the discussion in [33], we replace the value of each param-
eter in the system model by taking its power to the order of
derivative (q) in order to achieve dimensional matching between
the left and the right sides of the resultant fractional equations.
As a result, we introduce the fractional-order model of
SIDARI, TH,HE with 0 < g < 1 as follows

2{S(t) = —(oI(t) + BID(t) + YIA(L) + S*R(1))S(8),
U(t) = —(9 + T 4 IDI(t) + (a4I(t) + ID(t) + YIA(L) + 6IR(t))S(¢),
JqD(t) =—(n7+ p?)D(t) + €1(t),
TA) = —(07 + o + KDA(L) + (),
qu(t) = —(v1 4+ EDR(t) + nD(t) + 0°A(t),
Z1(t) = (04I(t) + BID(t) + YIA(t) + 0R(t))S(t),
DIT(t) = — (09 4+ TOT(t) + WIA(L) + VIR(L),
DiHq(t) = pD(t) + ER(t) + 7T (t),

ZEH(t) = 2°1(t) + pID(t) + KIA(t) +
DIE(t) = TIT(L).

EIR(t) + aT(t),

where the state variables are described by:

- Compartment of susceptible people is denoted by S(t).

- Compartment of infected (asymptomatic infected, but unde-
tected) individuals is symbolized by I(t).

- Compartment of diagnosed (asymptomatic
detected) persons is displayed by D(t).

- Compartment of ailing (symptomatic infected, but undetected)
population is depicted by A(t).

- R(t) is the compartment of recognized (symptomatic infected
and detected) persons.

- Compartment of actual currently infected people is portrayed
by L.(t).

- T(t) is the compartment of threatened (infected with life-
threatening symptoms and detected) population.

- Hy is the compartment of diagnosed and recovered individuals.

- Healed compartment is presented by H(t).

- E(t) is the extinct compartment population.

infected and

> - 1
ible|i o0 B9 44 §9 k
epti el u’BI ’6 i

Fig. 1. Flowchart of the SIDARI, TH;HE model.
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The descriptions of the other parameters are also given as:

- 9,87 79, and &7 denote the transmission rates from the suscep-
tible stage into the infected, diagnosed, ailing, and recognized
phases, respectively.

- €7 and 07 are the rates of detection relative to asymptomatic and
symptomatic cases, respectively.
¢% and n? denote the rates of awareness and non-awareness
from being infected, respectively.

- p9and v7 are the rates at which undetected and detected states
go to the threaten stage, respectively.

- 79 is the death rate in which the threaten people go to the
extinct population.

-9,k &, and g9 are the rates of recovery from different five
stages, respectively.

The flowchart of the SIDARI, TH;HE model is shown in Fig. 1.

Existence and uniqueness

This section presents a qualitative existence and uniqueness
analysis for the suggested system (5). The relevant theory in this
part makes sure that the considered model for every biological
dynamics is properly stated. To this aim, researchers used a variety
of methods, one of which is the Banach contraction theorem. Here,
we employ this approach to show the existence of a unique solu-
tion for the model under consideration. For this purpose, we
rewrite the system (5) in a compact form as below

ZiF(t) = O(F(t)), t<][0,T], 6
{ F(0) = o, )
where F(t) — (S(6), 1(t), D(£), A(t), R(t). I(£), T(t), Ha(t), H(t), E(L)),
—(0I(t) + ID(t) + yIA(L) + 3TR(1))S(t) T
—(€9 4 {7+ ADI(E) + (291(t) + BID() + YIA(L) + 0R(£))S(t)
=+ p?)D(t) + €I(t)
—(07 + 19 + KAL) + (L)
o(F() — | - RO DO + AL
(0dI(t) + pID(t) 4+ YIA(t) + 07R(t))S(t)
—(0% +1)T(t) + HIA(t) + vIR(t)
pD(t) + EIR(t) + aT(t)
2I(t) + pD(t) + KIA(t) + EIR(t) + a9T(t)
LTT(t) |
(7)

and F, denotes the initial state vector. Applying the Riemann-Liou-
ville integral (Definition 1) to the both sides of the Eq. (6), we can
express

I S P
F(t) =Fo +1"(q) /0 (t—uw)? O(F(u))du, te][0,T]. (8)
Let X = ([0,T],| - ||) be a Banach space with the norm
IF(O) = {g%[\s(f)l + (O] + D]+ A®)] + [R(E)] + [I(£)]
+ [T+ [Ha(6)] + [H(©)] + [E(D)]]. 9)

We also assume that the following presumptions are true for any
additional implications of the considered problem:

e (P;): The constants K, and M, exist such that
IOF (@) < KFO + M. (10)
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o (P,): For each F(t) and F(t), there exists a constant L. such
that

I®(F(t) — ©(F(0) || < L.JIF(t) — F(t)]- (11)

Further, the operator IT : X — X is defined by

TIF(t) = Fo + ﬁ | /0 t (t — u)" 'O (F(u))du. (12)

Theorem 1. The problem (6) has at least one fixed point according
to the assumptions (P;) and (P). This implies that there is at least
one solution to the problem under consideration.

Proof. Using the Schaefer’s fixed point theorem, we will proceed
in four steps as follows:

Step 1: In order to show that IT is continuous, we consider that
Fn(t) is a sequence of continuous functions for n =1,2,...; thus,
O(Fy(t)) is also continuous. Let Fy(t),F(t) € X such that
Fn(t) — F(t); then we must have IIF,(t) — IIF(t). To show this,

consider

ITIF, () — TIF(t H i fo (6 w)" O (Fy (u))du — )./g(t—u)"’](a(F(u))duH

zu)"‘

<max fj |t Tq

te[O T

[©(Fx(w)) — ©(F(w))||du

Fq+1 [Fa(t) = F(O)| =0 as n— oo.

(13)

Since F(t) is continuous, as a result, IT is also continuous, and there-
fore, TTF,(t) — TIF(t).

Step 2: Now, we show that the map IT is bounded. For this
purpose, let F(t) € X; then the following growth condition is
satisfied by IT

IITIF(t) HFO+r 5t —u)TOF (u))duH
< IFol| + max § Jo | €= w7 IO (F () du (14)

< IFoll + g (KLIFO + M. ).

To show that I1(%) is bounded for a bounded subset % of X, let for
any F(t) € &, since ¥ is bounded, there exists a P, > 0 such that

[F()Il < P., VF(t)e . (15)
Hence, using the growth condition given above, for any F(t) € & we
have
T I

< -
ITF@)] < 1Pl + oy (KIFOI + M)

<|IF ||+T7Q(I<P’+M) (16)

B 0 F(q ¥ 1) 1. % |-
Therefore, IT1(%) is bounded.

Step 3: Let t1,t; € [0, Tjwith t; > t; then
ITF(E) = TF@)] = |l s (6 = )" ©(Fw)du — ¢l Ji (&2 — w)* ™ O(F(u))du
< maxely fy (6 )" = (62 )" |©(F () du
= (K IF@) +M*)(t1 —t).
17)

Therefore, through Arzela-Ascoli theorem, IT(¥) is relatively
compact.
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Step 4: In this step, we show that the set
H = {F(t) € X : F(t) = bIIF(t),b € (0, 1)}, is bounded. For this pur-
pose, let F(t) € H; then for each t € [0, T] we have

T I
rrn (CIFOr M) as
Therefore, the set H is shown to be bounded using the Schaefer’s
fixed point theorem. As a result, IT has at least one fixed point,
and hence, there is at least one solution to our considered problem.

IE@®)] = bITIE(®)[| < b|[[Foll +

Remark 1. The conclusion of the above theorem holds true even if

the assumption (P;) is formulated with ¢ = 1 when Tg’i] <1.

Theorem 2. The problem (6) has a unique solution if X < 1.

Proof. In order to use the Banach contraction theorem, let
F(t),F(t) € X; then

ITIF(t) ~ TTF (o) g Jo | €= W ||O(F () — © (F(w)||du

< Mmax
teOT
< L IF (D) ~ (O
(19)

Thus, IT has a unique fixed point, and hence, the considered prob-
lem (6) has a unique solution.

Dynamical behaviours
Equilibrium points

Equilibria refer to the states in which all working forces are can-
celled out, resulting in a structure that is smooth, balanced, or
unchanged. Additionally, the equilibrium point is a constant solu-
tion to a differential equation. Concerning the SIDARI, TH;HE model
(5), three equilibrium points exist as

(5*7 07 O*, 07 07 07 07 07H*7E*)7
(5,0,0,0,0,0,0,Hy" ,H™ E™), (20)
(S**X I*x* D*** A*** R*** I*** 0 H*X* H***,’E***)7

sir o

and are described by the disease-free equilibrium (DFE), the diag-
nosed DFE, and the endemic steady-state, respectively.

The SIDARI, TH;HE model (5) is a bilinear system with ten state
variables; also, it is positive, which means that all its states are
non-negative for t > 0 if they are initialized by non-negative val-
ues at t = 0. More to the point, let N(t) denote the total population
defined by

N(t) = S(t) + I(t) + D(t) + A(t) + R(t) + ,(t) + T(t) + Hq

+H(t) + E(t). (21)
Then we can write
ZIN(t) = ZIS(t) + ZH(t) + 2{D(t) + ZIA(t) + Z{R(t)
+ Z{L(t) + ZIT(t) + 2IHy(t) + ZIH(t) + Z]E(t)
=0, (22)

since the model (5) is compartmental and exhibits the mass conver-
sation property. As a consequence, since each state variable is a
fraction of the total population, and as the total population is con-
stant, we can suppose that N(t) = 1, in which 1 denotes the entire
population including the extinct people. Additionally, if the sum
of all initial conditions is equal to 1, then the system (5) converges
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to the DFE with S",H",E* > 0 and S” + H" + E* = 1. In this condition
when only the populations S, H, and E remain, we can say, from a
biological point of view, that the outbreak phenomenon stops. Thus,
here we discuss the DFE with §* + H" + E* = 1. To do so, we parti-
tion the system (5) into three subsystems in order to better explain
its dynamical behaviours:

e The first subsystem includes susceptible population S.

e The second subsystem contains the infected populations
[IDARI,TH,), which are non-zero only during the transient.

e The third subsystem includes the healed and the extinct popu-
lations H and E, respectively.

Here, it is worth mentioning that when
Hy+T+1,+R+A+D+1=0, then the state variables S,H,E are
at their steady-states S°,H" E", respectively. In addition,
S(t), H(t), E(t) converge to S HE iff
Hqy(t), T(t),I.(t), R(t),A(t), D(t),I(t) converge to zero. In the follow-
ing, we recast the overall system (5) in a feedback structure in
which the subsystem IDARI.TH; would be a positive linear system
subject to a feedback signal U. For this purpose, defining
Y(t) =[I(t) D(t) A(t) R(t) IL(t) T(t) Hq(t)]', we can write
the subsystem IDARI,THy as follows

[—mw, 0 0 0 0 0 0] 17
€ - 0 0O 0 0 O 0
< 0 —3 0 0O 0 O 0
2= 0 g 0 —w, 0 0 O|Y@®)+|O|U®), (23)
0 0 0 0 0 0 O 0
0 0 w vi 0 —-ws O 0
| 0 0 ¢ 0 ¢ O] 10]
Zi(t)y=]a? p* y2 7 0 O O]Y(t) (24)
Zyty=[21 p? x® & 0 o9 }Y
Ze(t)=[0 0 0 0 0 179 O]Y()
where ;=€ + {7+ =19+ p, w3 = 07 + P9 + K, 04 = v+

& ws =0+ 1 and U(t)

the expressions

Zi5(t) = =S(t)Zs(t),(27)
DEH(t) = Zu(t),(28)
DiE(t) =

= S(t)Z(t). Also, the leftover variables fulfill

Now, we can continue with the parametric study of local stability
based on the asymptotic feedback gain S”, for the time-varying feed-
back coefficient S(t) finally tends to the constant gain S".

Local stability

Theorem 3. The subsystem IDARI,TH; with the susceptible pop-
ulation S* is asymptotically stable iff

s <S, (30)
where
T W13,
T 09304 + PIEIW3 W4 + Y1 Wy + 3T (993 + (10my)
€2))

Proof. Concerning the overall system (5), the Jacobian matrix J
around the DFE is computed as
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ro —ods -piST -y —¢S 0 0 0 0 07
0 oIS —w; pIs* ysT 8 0 0 0 0O
0 €l -y 0 0 0 0 O0O0O
0 e 0 —3 0O 0 0O O0O0O
|0 0 n? 0 -4 0 0 0 0O
= 0 oS ISt S 8 0 0 0 0 0]
0 0 0 ua v 0 -ws 0 0 O
0 0 p 0 14 0 o 0O0O
0 2 o K 14 0 o 00O
LO 0 0 0 0 0 7 0 0 O]
(32)
Thus, one can obtain
-m —045* —pIs -5 -58*
0 afS"—w;—m pIs 4S* 1S
0 el -y —m 0 0
0 e 0 —w3 —m 0
0 0 nl 07 —(yg —M
det(J —ml) = 0 oS g5 " 505"
0 0 0 n Ve
0 0 ) 0 ¢
0 2 0 K &
0 0 0 0 0

Some algebraic manipulations using the above determinant show
that the matrix J has five null eigenvalues, and the other five eigen-
values are obtained from the characteristic polynomial equation

P(m) =D(m) - S'"N(m) =0, (34)
where

D(m) = (w1 + m)(wz + m)(w3 +m)(ws +m)(ws +m), (35)
and

N(m) = (ws + m)(o((w; + m) (w3 + m) (w4 +m))(B1€?) (w3 + m) (w4 + m)

+31(nl€l(ws + m) + 09E(wy +m)) + YIE(wy + m)(wg + m)).
(36)

In the system (23)-(26), G(s) = % is the transfer function from U to
Z;. Also, the static gain G(0) = % is the H,, norm of G(s) since the
system (23) is positive. Eventually, according to the standard
root-locus analysis for positive systems, the polynomial in (34) is
Hurwitz iff the required condition (30), in which S* =

fied, a fact which completes the proof.

, is satis-

Invariant region

The concept of invariant region is of great importance in the
theory of dynamical systems since this region plays an essential
part in various situations in which the behaviour of the solution
is restrained. For the biological system (5) under consideration,
the state variables denote the populations of susceptible, infected,
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diagnosed, ailing, recognized, infected real, threatened, diagnosed
recovered, healed, and extinct people, all of which are non-
negative and bounded quantities. Therefore, the non-negativity
and bounded-ness of the solution is an important property, which
is needed for the proposed model in order to be realistic and bio-
logically meaningful. To achieve this aim, here we show that the
system (5) lies in the positive region R!°, which means that R!°
is a positively invariant set for the dynamical system (5); that is,
any solution trajectory starting from R!® will stay in this region
for all future time. Therefore, the existence of invariant region
Rf’ for the state space of our model entails a non-negative bound
on the solution’s behaviour. As a result, the validation of priori
specified constraints on the model (5) is confirmed with the help
of this invariant set. To show that the solution of the system (5)

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 (33)
-m 0 0 0 0
0 —-ws—-m O 0 0
0 o -m 0 0
0 0 -m O
0 T4 0 0 -m

along with its DFE is non-negative in the region Rlo, we start with
the first class S(t) by

DS(t) = —(a9I(t) + BID(t) + YIA(t) + 3TR(t))S(¢). (37)
Thus, at the DFE, we have
2iS(t)=0 = 0. (38)

Similarly, for the next classes I(t) and D(t) at the DFE, we, respec-
tively, get

29(t)=0 > 0, 39)
and
2D(t) = €'(t) > 0. (40)

Since all parameters used in model are non-negative, D(t) is also
positive for all t > 0. Following the same strategy for the other vari-
ables, we can write

ZiA(D) = UI(t) >

ZIR(t) = n°D(t) + qu( ) >0,

Zi1(t) = (71(t) + pD(F) + VqA(f) +0'R(1)S(t) = 0,

Z{T(t) = pA(t) + VIR(t) > (41)
Z¢Ha(t) = pID(t) + ER(t) + UQT(I) 0,

GIH(t) = U(t) + qu(t) + KIA(L) + ER(E) + 09T(t) > 0,

Z{E() = TT(1) >

Hence, all equations give non-negative values. As a result, the sys-
tem (5) lies in the non-negative region R'°.
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Basic reproduction number

Consider the five infected compartments and reduce the model
(5) to a matrix form as below
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dcq q
L P +°‘—>s.

W1y W

3109¢

R = (quqnq Vag
0= W1W3W4

W14 W13

(46)

For the global stability, if Ry < 1, then an infected person trans-
fers the disease individually to less than one newly infected person
on average over the lifetime of his/her infectious time, so the infec-
tion cannot spread. On the other hand, at an endemic equilibrium
point when Ry > 1, the disease is transferred from each infected
person to more than one susceptible persons on average, so the
disease spreads across the population. In the following, we will
prove this mathematically.

Theorem 4. If Ry < 1, then the DFE is globally stable, else it is

Proof. To prove this theorem, we employ a Lyapunov function
whose fractional derivative is defined by

1 1 1
9 g4 91 g1
-7 (t) + o 2{D(t) + o DIA(t) + o 2{R(t)

cI(0). (47)

By using the fractional model (5), we get

+ oL [~sT(t) + PIA(L) + VIR(D)]

a; [€91(6)] = D(t)

Global stability
ZiX(t) = W (t) — Wa(0), (42)
where X(t) = [I(t) D(t) A(t) R(t) T®)],
[0dS BIS S SR O
0 0O 0 0 O
Wit)=0 0 0 0 O0f, (43)
0 0 0 0 0
0 0 0 0 0
[y 0 0 0 0
) 0 0 0 unstable.
Wot)=|-¢ 0 w 0 0], (44)
0 -0 —-n1 wg O
| 0 - 0 v ws
and
FWV(t) =
w% 0 0 0 O
s wiz 0 0 O
ng (t) = (/)160)3 0 & 0 0 (45)
i oo o o O
:f()vw;Jréuaz@ 113)4:»'&15(1)2 /I\’j;t:)[; 3'17 ) i 1
ZiV(t) = g, [=oi(t) + odI()S(t) + BID(£)S() + PIAE)S(L) + STR(E)S(1)] + 5, [—w2D(t) + €7l(t)]
+ o7 [FO3A(0) + CU(0)] + 57 [~0aR(t) + n9D(t) + 0°A(t)]
= & [o@I(£)S(t) + BID(t)S(t) + YIA(L)S(t) + STR(E)S(E)] — I(t) +
+5; (L] = A(t) + 5, [19D() + 0°A()] — R(£) + 5 [HIA(E) + VIR(t)] - T(t)
= a7 AI(E)S(E) + BID(E)S() + YIA()S(E) + SR(O)S(D)] + 5 [€91(0)] + 5. [LI(D)]
+i [79D(t) + 0%A(t)] +Dis [WIA(t) + VIR(t)] — [T(t) + R(t) + A(t) + D(¢t) + I(t))
= W[ [o91(£)S(t) + BID(t)S(t) + YIA(L)S(t) + 'R(£)S(t)]
+5; [E€1(0] + 55 [L(O)] + 5, [17D(t) + 0°A(t)]
o [HIA(E) + VIR(®)]] = 1] T(6) + R() + A(t) + D(t) + (1)
< (Ro — D[T(t) + R(t) + A(t) + D(¢t) + I(t)].

The spectral radius of W;W,’

reproduction number as

is equal to Ry; this gives the basic

Therefore, the condition Ry < 1 implies that D{ 2{V(t) < 0. Thus, the
proof is complete.
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Numerical method

By applying the Laplace transform to the both sides of the sys-
tem (5), we have

L[218(t)] = —o1 Z[I()S(t)] - p1ZD(O)S(0)] — YL A(L)S(t)] — 6" L R(E)S(D)],
L[7H(0)] = —or1 2[(0)] + 1 Z[[(1)S(1)] + 12 [D(O)S(1)] + Y LAL)S(E)] + 6L [R()S(0)],
D&”[E]?D(t)] = - Z|D(t)] + e12[I(t)],
L[ZIA)] = ~ws ZIAD)] + " 2]I(1)],
Z[Z{R(D)] = —w4 Z[R(t)] + 1 Z[D(1))], (49)
L[7{1(t)] = HS(O)] + B LDO)S(6)] + 1L [A)S(0)] + 0TZ[R(E)S(L)],
L2T(t)] = —wsJ[T( )]+ HIZIAL)] + VIZR(8)],
L[2{Hq(0)] = pZD(0)] + ELR(E)] + 0 Z[T(D)],
Z[7IH(1)] = A"f[l( )} +pZD(0)] + KZIA()] + 0 Z[T(1))],
L[ZE()] =
Using the definition of Laplace transform for the Caputo fractional
derivative, we derive
s ZIS(0)] - @) =~ Z[I()S(t)] — p12D(6)S(t)] — Y L[A)S(t)] — o Z[R()S(E)],
s 2U0) - 12) = o 2[(O)] + @ Z(E)S(E)] + F1LDESO)] + P LIAL)S ()] + 5 Z[R(E)S(D)),
s1(2[D(t)] - 22) = —w, 2[D(t)] + €2.2[I(t)],
s1(Z1A0) - 12) = —ws Z[A)] + O 2[(1))
(30)

2] - m) = o1 Z[I(O)S(t)] + p1ZD(O)S(0)] + Y1 LADS(0)] + 6T LR(E)S(E)],

N

Z[T(t)] TO) —ws Z[T()] + W Z[A)] + vIZR(D)],

2[Hq(6)] - 142) = p#D(t)] + ELR(O)] + 0.2 [T (D))

S

ZH(6)] - @) =2120t)] + pZD(O)] + kKL[A(1)] + 0 Z[T(1)],

(
(
(
(
s1(ZIRW)] - 12) = —ws ZR(0)] + 17 Z[D(1),
(
(
(
(
(
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With a simple manipulation, we obtain
ZIS(t)] = —zxqvil’[l(t)s(t)]—/lq 2ID(6)S(t)] -y LIADS(1)] -7 Z[R(1)S(8)]

sd )

2] = o> IO (IR Z[I([)S(I)H/iqy’[Dgg)S(t)]ﬂq ZIA)S()]+01ZR(BS(1)] ’

—m, Z[D(t)]+e1.2[I(1)]
sd )

—w3 Z[A( lﬂ"fl’ )l

Z[D(t)] = Dio
ZIA()] = A(SO

(
[R(t)} —w45/’[R ]+71qY[D ]
Z(t) = Ir( 0) thl’l’( )S(0)]+p72[D(O)S(6)]+99 L [A)S(0)]+0 L[R(1)S(0)]
r 9 ?
ZIT(t)] = *wsYlT(UH#q;{/‘;lA(UHV"i/’lR(f)l7
0 | LSRR +0L[T(t
L[Hy(t)) = +P [D(O)]+¢ Slq()lﬂI [ ()l7
_ HO) | A200)+p2DO)]+KLIAD+a2L[T(0)]
ZH@O] ==+ 5 ,
E(O 99(T

L[] =3+ =5

(51)

where the state variables at t = 0 are the initial conditions. Let us
assume that the solutions are in the form

S = S S0, 1) = S I(t), D(e) = S Dy(t)
k=0 k=0 k=0
= 3 A, RO = S Re(t)
k=0 k=0

£) = L), T(t) =Y Ti(t), Ha(t) = > Hax(t),
k=0 k=0 k=0
=S H(t), E(t) = Y Ei(t)
k=0 k=0
Then the non-linear terms in the model can be written as
)=> Gt =Y Hi(t), A(t)S(t)
k=0 k=0
= ZPk t) = ZQk(t)-, (53)
k=0 k=0

where Gy, Hy, Py and Q,, are called Adomian polynomials. Now, we
provide the following results

L1So(t)] =22, Z[Io(t)] =", Z[Do(t)] =22,

LIAo(1)] =22 s, ZIRo()] =2,

Plhoot)] =0, [To(0)] =19, #[Hyg] =M 54)
Z[Ho(t)] =9, Z[Eqo(t)] = 2.

Using the above expressions, we have the following first-order
approximations

—09.2(G 1.2 [Ho(t)]—712[Po(t)]—09.2[Qq(t
LIS (1) = o1 Z[Go(0)]-p1 2] 0()lq [Po(t)] [Qo(0)]

)

2L(t)] = —1 Z[lo(0)]+09 Z[Go ()] +51 L[Ho ()] +79 Z[Po (1) +69 £[Qo (1)]
sd ’
—wy Z[Dy(t)]+€912L[Io(t)]
Z[Di ()] =~
jf[Al (t)] — 9 Yle(fs)(lIJquY’l'o(f)l ,
Z[Ri (b)) = —04 LRy (0)]+1% £ [Do (1)]

09.2[Go(t) Sqfq:/)H (t 741’1’ 39.2[Qq( (55)
LLa(t)] = [Go(0)]+47 Z[Ho l+V [Po(®)]+692[Qo(1)]

)

LT (0)] = —wsleo(f)]+Hq»§7lA0 (O]+V1Z[Ro (¢ l7
@ [Hd_] (t)] _ ﬂﬁ’lDu(f)l-l-ifflgo(f)]+U»‘flTo(f)l ,
19 )
LH (1) =4 fl'o(f)lﬂh‘/’lDo(f)l;KflAO(f)HUYlTo(f)l ,
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Similarly, we get a generalized form for the numerical solution as
below

L[Sper ()] = LG L]0 21040

g&k“ (t)] = *wi»i/’llk(t)l+0<q¥l5k(f)l+ﬁq{£Hk(UHV"YlPk(f)lM"»‘/’[Ql{(f)l ,
PDyes (£)] = =22 Y/le(fS)q+f“~7/l'k<f)l ’
LA ()] = — 03 L[Ay( S)ngf[lk ]’
L[Rq (D) = 04 LR (O] +17 L [Dy (1)) ,

w9 2[Gy(t l5+/qu’lHk O]-+79 Z[Py (1)]+67 £[Qu ()] (56)
g[lr,k-l—l (t)} = 59 )
J

LT ()] = ’0)5flTk(f)lJqui;lAk(f)H"q 2[R (8)] ,
@ [Hd ki1 (t)] _ ﬂ»‘/[Dk(f)]+§=—‘!’le(f)l+ffflTk(f)l ,
LHea ()] = ML (t lﬂOi”le( l+'€>‘/’lAk +o 2 [T(t)]

U2
sq

B
™
=
¥
AR
=

-
==

Il

The convergence analysis of the presented numerical technique is
established by the following theorem:

Theorem 5. [34]| Let X be a Banach space and G: X — X be a
contraction operator such that
vy, ¥ € X, |Gy — Gy|| < Blly — ¥I,0 < B < 1. Now, if we generate
the series in (52) by the method (55)-(56) as

k-1

yk:Gyk—li yk—lzzyii k:172737"'1 (57)

i=0
and if y, € A,(y) where A,(y) ={y € X: ||y —y|| < ¢}, then
D)y € Ag(y)
(i)limy_ oy = y-

Proof. (i) Using mathematical induction, for k = 1 we have
Y1 =¥l = 1Gyo — GyIl < Bllyo - ¥II- (58)
Let the result be true for k — 1; then

11 =Y < BHyo = VI (59)
Continuing as above, we attain

1y = Y1l = 1GYir — Gyl < Blyies = Y1 < B1vo = VI (60)
Hence, we get

Iy, =yl < BIvo -yl < Fe < o, (61)

which implies that y, € Ay(y).
(i) As |lyx — ¥I| < Bllyo — y|l and since limy_ . ¢ = 0, we have
limy_ . |lyx —¥Il — O, which concludes that limy_ .y, = y.

Simulation results

In this part, we apply the approximation scheme, developed in
the previous section, to investigate the generalized fractional
model (5). The values of parameters and coefficients for the model
(5) are given in the Table 1, computed by the following data-fitting
technique. Indeed, we fixed the fractional order as q=1 and
employed a least-squares fitting scheme to simulate the results
and evaluate the parameters according to the real COVID-19 cases
in Italy [30].

Simulation results for different fractional orders are given in
Figs. 2-6. As can be seen, the fractional model (5) has a flexible
structure due to the existence of its fractional order parameter,
so it has the potential of extracting the hidden aspects of the real
case study under investigation more accurately than the existing
classical framework. The presented simulation curves in Figs. 2-6
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Table 1
Descriptions and values of parameters.
Symbol Description Value
o Transmission rate owing to the connection with 0.57
unrecognized asymptomatic patients
B Transmission rate owing to the connection with 0.0114
recognized asymptomatic patients
Y Transmission rate owing to the connection with 0.456
unrecognized symptomatic patients
) Transmission rate owing to the connection with 0.0114
recognized symptomatic patients
€ Asymptomatic detection rate 0.171
0 Symptomatic detection rate 0.3705
{ Transmission rate of unrecognized asymptomatic patients 0.1254
into infected ones
n Transmission rate of recognized asymptomatic patients  0.1254
into infected ones
u Creation rate of life-threatening by unrecognized 0.0171
symptomatic patients
v Creation rate of life-threatening by recognized 0.0274
symptomatic patients
T Mortality rate of infections with life-threatening signs 0.01
A Recovery rate of patients who are unrecognized 0.0342
asymptomatic infected
14 Recovery rate of patients who are recognized 0.0342
asymptomatic infected
K Recovery rate of patients who are unrecognized 0.0171
symptomatic infected
14 Recovery rate of patients who are recognized 0.0171
symptomatic infected
1 Recovery rate for the life-threatened symptomatic 0.0171

infected patients

also describe that the people are assumed uninfected (susceptible)
initially. When the outbreak first begins, the susceptible popula-
tion starts declining steadily, as depicted in Fig. 2. Since they are
exposed to infection, Figs. 3-6 show how quickly the population
densities of infected and all other classes start growing. This
increase causes the death rate to climb, but some people are recov-
ered from the virus, so the number of people in both recovery and
fatality groups are increased. Fig. 7 compares the numerical simu-
lations with the real COVID-19 reported cases in Italy [30]. Besides,
the absolute and relative errors for various fractional orders are
computed in Table 2. Comparative results in Fig. 7 together with
the error analysis in Table 2 show that the most accurate curves
are achieved within the non-integer order g = 0.99; more impor-
tantly, the fractional response with g = 0.99 is obviously more pre-
cise than the classical one with g = 1. These advantages, as

ool ——q=0.96| |
—q=0.97
0.8 q=0.98|
——q=0.99
07 —q=
06 J
@
05f A
04f .
03f J
02F .
0 50 100 150 200 250 300 350

t (days)
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mentioned above, are due to the fact that the fractional model
exhibits a flexible structure to capture the real data by changing
its fractional order. Consequently, the results in Fig. 7 and Table 2
justify the use of fractional calculus modelling approach over the
available integer-order scheme to follow the reality very well, a
fact which is due to the degree-of-freedom found in the fractional
models and achieved by the fractional order parameter.

In order to predict and analyze the role of different parameters
on the spread of viral infection, the transmission rates o and ) are
varied, while keeping the fractional order as g = 0.99. The resulting
behaviours of all system’s compartments are plotted in Figs. 8-17.
The effect of increasing the value of « from 0.57 to 0.67 is shown in
Figs. 8-12. Fig. 8 implies that the transmission rate with unrecog-
nized asymptomatic people should be reduced in order to control
COVID-19 pandemic. Henceforth, keeping social distance is an
effective strategy for the survival against this virus. According to
Fig. 9, by increasing the amount of o, more people can be diagnosed
who are asymptomatically infected, as compared to undetected
symptomatically infected ones. The dynamics of recognized and
currently infected people are presented in Fig. 10, which implies
that the number of infected people is increased by increasing the
transmission rate with unrecognized asymptomatic patients. Also,
a greater number of symptomatic infected patients are detected
earlier, which is helpful in taking precautionary measures before-
hand. As a result, quarantining these patients could be a smart
strategy to prevent future virus spread. Figs. 13-17 portray the
effect of increasing the value of y from 0.456 to 0.85. As can be seen
from Fig. 13, the number of people infected from the virus is
increased by increasing the transmission rate y. Thus, in order to
limit the COVID-19 pandemic, the transmission rate with undiag-
nosed symptomatic persons should be decreased. Keeping social
isolation is, therefore, a good technique for surviving this infection.
In comparison to undiagnosed symptomatically infected people,
increasing the amount of ) allows more people to be diagnosed
who are asymptomatically infected, according to Fig. 14. Fig. 15
depicts the dynamics of the identified and currently infected peo-
ple. According to this figure, increasing the transmission rate with
undiagnosed symptomatic individuals increases the number of
infected people. In addition, a greater number of symptomatic
infected patients is recognized earlier, allowing for early interven-
tion. Thus, quarantining these patients could be an effective tech-
nique for preventing the virus propagation in the future.
Furthermore, as shown in Fig. 16, the infected with life-
threatening symptoms can be treated and recovered in a timely
manner.

016 F : : : : : , :
——q=0.96
0141 ——q=0.97|
I q=0.98] |
0.12 —— =099
01f —h .
Soost 1
0.06 - §
0.04 | 1
0.02 - ! . 1
0 50 100 150 200 250 300 350

t (days)

Fig. 2. The state variables S(t) and I(t) for different fractional orders.
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Fig. 5. The state variables T(t) and H,(t) for different fractional orders.
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Fig. 6. The state variables H(t) and E(t) for different fractional orders.
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Fig. 7. Simulation results versus real data.
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Table 2
Absolute and relative errors for different fractional orders.

Fractional-order Absolute error Relative error

0.96 5.0338 x 104 0.0752

0.97 44278 x 10* 0.0662

0.98 4.0401 x 10* 0.0604

0.99 3.9253 x 10* 0.0587

1 4.0988 x 10* 0.0612
Conclusions

In this study, we introduced a Caputo-type fractional model to
investigate the dynamics of COVID-19 pandemic and explore its
fundamental behaviours. The new formulation employed a non-
linear time-varying transmission rate and consisted of ten popu-
lation classes. The existence and uniqueness results for the new
model were discussed, and the associated dynamical characteris-
tics including equilibrium points, invariant region, local and glo-
bal stability, and basic reproduction number were examined.

—a=0.57
—a = 0.67

0.7 1 8

04 8

0 50 100 150 200 250 300 350
t (days)
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Also, the values of coefficients and parameters were estimated
by a data-fitting technique according to the real COVID-19 cases
in Italy [30]. Numerical implementation was achieved by an effi-
cient approximation scheme as the combination of Laplace trans-
form and a successive substitution approach, and a convergence
analysis was given for the considered method. Some figures were
presented depicting the fractional results, which were compared
with the aforementioned real COVID-19 reported cases. The best
value of the fractional order with minimum relative and absolute
errors was also found by using the above-mentioned comparative
study. These comparisons, additionally, indicated that the non-
integer order model follows the reality more precisely than the
classical framework, a fact which justifies the use of fractional
calculus modeling in our case under study. At the end, we ana-
lyzed the effect of transmission rates « and y on the spread of
viral infection, resulted in some useful intervention strategies.
Future work can be focused on the examination of available con-
trol methodologies, such as optimal control [35,36], to see
whether or not they could be helpful to eradicate this pandemic
from communities.

0.18 | —a=0.57|1
—a=0.67]|

0.16 [
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