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For a simple hypergraph H on n vertices, its Estrada index is defined as EE(H) = .| ¢!, where A, A,, ..., A, are the eigenvalues
of its adjacency matrix. In this paper, we determine the unique 3-uniform linear hypertree with the maximum Estrada index.

1. Introduction

Let G = (V, E) be a simple graph, and let # and m be the num-
ber of vertices and the number of edges of G, respectively. The
characteristic polynomial of a graph G is written as P(G, A) =
det(AI - A(G)), where A(G) is the adjacency matrix of G.
The eigenvalues of G are the eigenvalues of its adjacency
matrix A(G), which are denoted by A,,1,,...,A,,. A graph-
spectrum-based invariant, nowadays named Estrada index,
proposed by Estrada in 2000, is defined as [1]

EE(G) = iekf. )

i=1

Since then, the Estrada index has already found remark-
able applications in biology, chemistry, and complex net-
works [2-5]. Some mathematical properties of the Estrada
index, especially bounds for it have been established in [6-15].
For more results on the Estrada index, the readers are referred
to recent papers [16-19].

Let H = (V, &) be a simple and finite hypergraph with
vertex set V(G) = {v;,v,,...,v,} and hyperedge set &(G) =
{E\,E,,...,E,}. The hypergraph H is called linear if two
hyperedges intersect in one vertex at most and also #-uniform
if |E;] = hforeach E; in &,i = 1,2,...,m. An h-uniform
hypertree is a connected linear h-hypergraph without cycles.
An h-uniform linear hypertree is called 3-uniform linear

hypertree if h is equal to 3. Denoted by &" an h-uniform
linear star with m hyperedges. More details on hypergraphs
can be found in [20].

Let A(H) denote a square symmetric matrix in which the
diagonal elements a;; are zero, and other elements a;; rep-
resent the number of hyperedges containing both vertices
v; and v; (for undirected hypergraphs, a;; = aj;). Let A4,
Ay, ...» A, be the eigenvalues of A(H) of H. The subhyper-
graph centrality of a hypergraph H, firstly put forward by
Estrada and Rodriguez-Velazquez in 2006, is defined as [21]

(Co) = lZCSH (i) = lzej\i- (2)
nia nia

They revealed that the subhypergraph centrality provides
a measure of the centrality of complex hypernetworks (social,
reaction, metabolic, protein, food web, etc). For convenience,
we call the subhypergraph centrality of a hypergraph its
Estrada index and define the Estrada index as

EE(H) =y e". 3)

i=1

Thus far, results on the Estrada index of hypergraph
seem to be few although the Estrada index of graph has
numerous applications. So our main goal is to investigate the
Estrada index of 3-uniform linear hypertrees. In this paper,
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(a) 3-uniform linear hypertree H
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(b) Completely connected graph of H

FIGURE 1: A 3-uniform linear hypertree H and its completely connected graph Gy;.

we determine the unique 3-uniform linear hypertree with the
maximum Estrada index among the set of 3-uniform linear
hypertrees.

2. Preliminaries

For a hypergraph H of order n, its completely connected
graph, denoted by Gy, is a graph which has the same order
and in which two vertices are adjacent if they share one
hyperedge. Obviously, Gy is a multigraph. For an #-uniform
linear hypergraph H, G is a simple graph. According to the
definition of adjacency matrix of hypergraph, it is easy to see
that both a 3-uniform linear hypertree H and its completely
connected graph Gy have the same adjacency matrix; see
Figure 1. Then, they have the identical Estrada index. Thus,
we investigate the Estrada index of its completely connected
graphs instead of the 3-uniform linear hypertrees in this
paper.

We use Mi(G) = Y7, AF to denote the kth spectral
moment of the graph G. It is well-known [22] that M (G) is
equal to the number of closed walks of length k in G.
Obviously, for any graph G, M(G) = n, M,(G) = 0, M,(G) =
2m, M;(G) = 6t, and My(G) = 231, d’ - 2m + 8q,
where t, g, and d; = dg(v;) are the number of triangles, the
number of quadrangles, and the degree of vertex v; in graph
G, respectively. Then

EEG) =YY =25

i=1k=0 k=0

(4)

For u,v € V(G), denote by #'1(G;u,v) the set of
(u,v)-walks of length k in G. Obviously, M (Gsu,v) =
|7 \.(G; u, v)|. For convenience, let #'.(G;u) = W'1.(G;u, u)
and M (G; u) = M.(G;u,u). Let W be a (u, v)-walk in graph
G; we denote by W' a (v,u)-walk obtained from W by
reversing W.

For any two graphs G, and G,, if M;(G,) > M, (G,) for
all integers k > 0, then EE(G,) > EE(G,). Moreover, if the
strict inequality M (G;) > M;(G,) holds for at least one value
k > 0, then EE(G,) > EE(G,).

Denote by T'(n,m) the set of connected graphs on n
vertices and m triangles such that any two triangles have a
common vertex at most. Apparently, for a 3-uniform linear
hypertree H on n vertices and m hyperedges, Gy € I'(n, m).
Now we study the Estrada index of a graph in I'(n, m).

FIGURE 2: The star S}, on m triangles.

3. Maximum Estrada Index of
3-Uniform Linear Hypertrees

In this section, we determine the maximum value of Estrada
index among the set of 3-uniform linear hypertrees.

Lemma 1. Let S;, be star which is the completely connected
graph of 8, with m hyperedges. It is easily found that the star
S> has n vertices labled v,,v,,vs,...,v, and m = (n - 1)/2
triangles. Let k be a positive integer; then there is an injection
E from W (S;vy) to Wi(S25vy), and & is not surjective for
n>52<m< (mn-1)/2, and k > 1, where ‘Wk(an;vz) and
W' (S ;v,) are the sets of closed walks of length k of v, and v,
in an, respectively; see Figure 2.

Proof. Firstly, we construct a mapping ¢ from %;(S>;v,) to
Wk(an;vl). For W € Wk(an;vz), let (W) be the closed
walk obtained from W by replacing v, by v, and v, by v,.
Obviously, p(W) € 7'(S.,; v;) and ¢ is a bijection.

Secondly, we construct a mapping & from %/(S ; v,) to
W (S} ;v,). For W € W' ((S];v,), we consider the following
cases.

Case 1. Suppose W does not pass the edge v, v, for t > 4; then
EW) = p(W).

Case 2. Suppose W passes the edge v,v, for t > 4. For
W € W' (S>; v,), we may uniquely decompose W into three
sections W, W, W;, where W is the longest (v,, v;)-section of
W without v,, W, is the internal longest (v,,v,)-section of
W for t' > 4, and the last W; is the remaining (v;, v,)-sec-
tion of W not containing v,. We consider the following three
subcases.
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FIGURE 3: Transformation I.

Case 2.1. If both W, and W; contain the vertex v;, we may
uniquely decompose W, into two sections W;;W,, and
decompose W into two sections W5, W;,, where Wy, is the
shortest (v,, v3)-section of W,, Wy, is the remaining (vs, v;)-
section of W;, W, is the longest (v, v;)-section of W;, and
Wy, is the remaining (vs, v,)-section of Wj.

Let W) = E(Wll)‘S(le)f(wz)f(wu)E(W32); where
E(Wyp) =Wip, E(W,) = W, E(Wy) = Wiy, E(Wyy) is a (vy, v3)-
walk obtained from W, replacing v; by v, and v, by v;, and
&(Ws,) is a (v5, v;)-walk obtained from Wi, replacing v, by v,
and v, by v,.

Case 2.2. If W, contains the vertex v; and W does not contain
vy, let EW) = EW,)EW,)EWS), where E(W,) = Wy, E(W))
is a (v}, v;)-walk obtained from W, replacing its first vertex
v, by vv,, and &(W;) is a (vy,v;)-walk obtained from W;
replacing its last two vertices v, v, by v,.

Case 2.3. If W, does not contain the vertex v, let E(W) =
E(W)EW,)E(W;), where §(W,) = W), E(W)) isa (vy, v;)-walk
obtained from W, replacing its first two vertices v,v, by v;,
and &(Wj;) is a (v;, v;)-walk obtained from Wj replacing its
last vertex v, by v,v,.

For example, in star Sg on 7 vertices and 3 triangles, W =
Va3V VoV V3V, is a closed walk of length 6 of v, not passing
the edge v, v,. By Case 1, we have

EW) = viv3mvyvyvsvy. ()

W' = v,v,v,v,v5v, Vv, v, v, is a closed walk of length 9 of
v, passing the edge v,v,. By Case 2.2, we get

!
§(W ) = VY, V3V Vg VsV Ve VoV (6)

W' = 1,0, 0,0, v, V5V, V3 V3V, VgV, v, V31, s a closed walk of
length 14 of v, passing the edge v,v,. By Case 2.3, we obtain

n
E(W ) = V1V, YV VsV Vy V3V VeVa Vi V3 Vy Vs (7)

Obviously, E&(W) € Wk(an; v,), & is an injective and not a
surjective for n > 5, and k > 1. O

Lemma 2. Let u be a nonisolated vertex of a connected graph
G. If G, and G, are the graphs obtained from G by identifying

an external vertex v, and the center vertex v, of the union of
an U Q to u, respectively, where IV(an)I =n, Q is either empty
graph or nonempty graph. Then M (G,) < M(G,) forn = 5
and k > 4; see Figure 3.

Proof. Let W'(G;) (W'(G), %/k(an U Q), resp.) be the set of
closed walks of length k of G,(G, S}, U Q, resp.) for i = 1,2.
Then W'(G;) = W' (G) U W'(S., U Q) U X, is a partition,
where X is the set of closed walks of length k of G;; each of
them contains both at least one edge in E(G) and at least one
edge in E(S}, U Q). So My(G)) = % (G)| +|7,(S,, U Q)| +
|X;| = M, (G) + Mk(an UQ) + |X;|. Thus we need to show the
inequality | X, | < |X,].

We construct a mapping # from X, to X, and consider
the following four cases.

Case 1. Suppose W is a closed walk starting from u € V(G) in
X,.ForW e X}, lety(W) = (W-Wn(S;, uQ))UE(Wn(S U
Q)); that is, (W) is the closed walk in X, obtained from W
by replacing its every section in S?, U Q with its image under
the map &.

Case 2. Suppose W is a closed walk starting at v; in X,. For
W e X,, we may uniquely decompose W into three sections
WW,W,, where W, is the longest (v,,v,)-section of W
without vertices uy, .. ., u:' € V(G), W, is the internal longest
(uo,u;')-section of W (for which the internal vertices are
some possible vertices in V(G,)), and Wj is the remaining
(v, vy)-section of W. Let n(W) = n(W,)n(W,)n(Ws), where
n(Wy) = W', n(W;) = W', and n(W,) = (W, - W, n (S;, U
Q)UEW, ﬂ(anUQ)); thatis, n(W,) isa (uy, u:')—walk from W,
by replacing its every section in S?, U Q with its image under
the map &.

Case 3. Suppose W is a closed walk starting from v; or w €
V(Q) in X,. For W € X,, we may uniquely decompose W
into three sections W, W, W;, where W, is the longest (v5, v,)
(or (w, v,))-section of W without vertices u, . . ., ulf', W, is the
internal longest (u,, ui’)—section of W (for which the internal
vertices are some possible vertices in V(G;)), and Wj is the
remaining (v,, v3) (or (v,, w))-section of W without vertices
Ug, ... u; . We have three subcases.



Case 3.1. If both W, and W; do not pass edge v, v,, let (W) =
nW)n(W,)n(Ws), where n(W,) = (W, - W, n (an uQ)u
EW,n (an uQ)), y(W,)isa (vs,v;) (or (w, v;))-walk obtained
from W, replacing v, by v, and v, by v;, and y(W;) is a (v;, v5)
(or (v;, w))-walk obtained from Wj replacing v, by v, and v,
by v,.

Case 3.2. If both W, and W; pass edge v,v,, we may anew
decompose W into five sections W, W,W,W,W;, where W,
is the longest (v5, v,) (or (w, v,))-section of W (which do not
contain vertices ug, . .., u; ), W, is the second (v;, v,)-section
of W (for which the internal vertices, if exist, are only possible
ViV Vs, W € V(Q)), the third Wj is the internal longest
(uo,ut")—section of W (for which the internal vertices are
some possible vertices in V(G,)), the fourth W, is the longest
(v, v1)-section of W (for which the internal vertices, if exist,
are only possible v, v,, v, w € V(Q)), and the last W is the
remaining (vl,v3) (or (v,, w))-section of W. We have three
subsubcases.

Case 3.2.1. If both W, and W, contain the vertex v;, we may
uniquely decompose W, into two sections W, W,, and W,
into two sections W, W,,, where W, is the longest (v,, v;)-
section of W,, W,, is the remaining shortest (v5, v,) of W,, W,
is the shortest (v,, v5)-section of W, and W, is the remaining
longest (v, v;)-section of W,.

Let n(W) = n(W)nW,)n(Wy)n(W;)n(Wy )n(W,,)
n(Ws), where n(Wy) = Wy, n(Wy,) = Wy, n(W3) = (W - W30
(S, U Q) U W, N (S}, UQ)), n(Wip) = Wiy (W) = W,
n(W,,) is a (v5, v;)-walk obtained from W,, replacing v, by v,
and v, by v, and n(W,;) is a (v,, v5)-walk obtained from W,
replacing v, by v, and v, by v,.

Case 3.2.2. If W, does not contain the vertex v;, let #(W) =
nW)RW)nWa)n(Wn(Ws), where n(W,) = Wy, n(Ws) =
(W = Wy N (S, UQ) UEW; N (S), UQ), n(Wy) = W,
n(W,) is a (v;, v;)-walk obtained from W, replacing its last
two vertices v, v, by v;, and y(W,) is a (v;, v;)-walk obtained
from W, replacing its first vertex v, by v, v,.

Case 3.2.3. If W, contains the vertex v; and W, does not
contain vertex v, let y(W) = n(W )y(W,)n(W3)n(W,)n(Ws),
where 7(W;) = Wy, n(W3) = (W; - W50 (S, UQ)) UE(W; N
(an uQ)), n(Ws) = W5, n(W,) isa (v;, v;)-walk obtained from
W, replacing its last vertex v, by v,v,, and n(W,) is a (v;, v;)-
walk obtained from W, replacing its first two vertices v, v, by
V.

Case 3.3. If W, passes edge v, v, and W5 does not pass edge
V1V, we may anew decompose W into four sections
WiW,W,W,, where W, is the longest (v5,v,) (or (w,v,))-
section of W (which do not contain vertices u, ..., u; ), W,
is the second (v;,v,)-section of W (for which the internal
vertices, if exist, are only possible v;,v,, v, w € V(Q)),
the third W; is the internal longest (1, u; )-section of W
(for which the internal vertices are some possible vertices in
V(G;)), and the last W, is the longest (v,, v;) (or (v,, w))-
section of W (for which the internal vertices, if exist, are only
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possible v;, v,, v, w € V(Q)). We consider the following two
subsubcases.

Case 3.3.1. If W, contains vertex v;, we may uniquely decom-
pose W, into two sections W,, W,,, where W, is the longest
(v1,v3)-section of W, and W,, is the remaining shortest
(v5, v,)-section of W,.

Let n(W) = y(W))nW, )n(Wy)n(W3)n(W,), where
nWy) = Wy, n(Wyy) = Wy, n(Ws) = (W3 = W3 0 (S), U
Q))Ué(Wyn (an UQ)), n(W,,) is a (v, v;)-walk obtained from
W,, replacing v, by v, and v, by v;, and n(W,) isa (v,, v) (or
(v;, w))-walk obtained from W, replacing v, by v, and v, by
28

Case 3.3.2.If W, does not contain vertex v, let (W) = n(W;)
W(Wz)”l(ws)ﬂ(wz;), where U(W1) =Wy, 71(W3) = (Ws -W;n
(an uQ))uéEWw;n (an uQ)), n(W,) is a (v;, v;)-walk obtained
from W, replacing its last two vertices v, v, by v, and y(W,)
is a (vy,v3) (or (v;,w))-walk obtained from W, replacing its
first vertex v, by v, v,.

Case 3.4. If W, does not pass edge v,v, and W; passes edge
viv;, we may anew decompose W into four sections
WW,W,W,, where W, is the longest (v;,v,) (or (w,v,))-
section of W (which do not contain vertices u,...,u, and
must contain vertex v;), the second W, is the internal longest
(uo,uil)—section of W (for which the internal vertices are
some possible vertices in V(G;)), W; is the third (v,,v,)-
section of W (for which the internal vertices, if exist, are only
possible v;, v,, v5,w € V(Q)), and the last W, is the longest
(v;, v3) (or (v,, w))-section of W. We have two subsubcases.

Case 3.4.1. If W5 contains vertex v5, we may uniquely decom-
pose it into two sections W5, W;,, where W;; is the shortest
(v,,v5)-section of W5 and W;, is the remaining longest
(v5, v;)-section of Wj.

Let (W) = n(W)nWy)n(Ws,)n(Ws,)n(W,), where
n(W,) = (Wo=W,N(S;, UQ)UEW,N(S;, UQ)), n(Ws,) = Wi,
nWw,) = Wy, n(W,) is a (v3,v;) (or (w,v,))-walk obtained
from W, replacing v, by v, and v, by v;, and y#(W;,) is a
(v;,v3)-walk obtained from W, replacing v, by v, and v, by
V.

Case 3.4.2. If W; does not contain vertex v, let (W) = n(W,)
HWH(W3)n(W,), where n(W,) = (W,=W,nS JUE(W,NS?),
nw,) = Wy, n(W,) is a (v3,v;) (or (w,v,))-walk obtained
from W, replacing its last vertex v, by v,v,, and n(W;) is a
(v, v;)-walk obtained from Wj replacing its first two vertices
vyv, by v,

Case 4. Suppose W is a closed walk starting from v; for
i = 4,56,...,nin X,. For W € X,, we may uniquely
decompose W into five sections W, W,W,W,W;, where W,
is the longest (v;,v,)-section of W (which do not contain
vertices ug, ..., u; ), W, is the second (v, v,)-section of W
(for which the internal vertices, if exist, are only possible
ViV, v w € V(QG)), the third W is the internal longest
(uo,u;')-section of W (for which the internal vertices are
some possible vertices in V(G )), the fourth W, is the longest
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FIGURE 4: The procedure of transformation.

(v, v1)-section of W (for which the internal vertices, if exist,
are only possible v, v,,v;,w € V(G)), and the last Wj is the
remaining (v;, v;)-section of W. We have four subcases.

Case 4.1. If both W, and W, contain the vertex v;, we may
uniquely decompose W, into two sections W,;W,, and
decompose W, into two sections W,; W,,, where W, is the
longest (vy, v3)-section of W,, W,, is the remaining shortest
(v5,v,) of W,, W, is the shortest (v,, v;)-section of W,, and
W,, is the remaining longest (v, v;)-section of W,.

Let n(W) = (W)W )n(Wy )n(Ws)n(W, )n(W,)
n(Ws), where y(W,) = Wy, y(Wy,) = W, 1, n(Ws) = (W, -W5n
(an UQ) UiW; n (an U Q) n(Wy,) = Wn(Ws) = W,
n(W,,) is a (v5, v;)-walk obtained from W,, replacing v, by v,
and v, by v, and n(W,;) is a (v;, v5)-walk obtained from W,
replacing v, by v, and v, by v,.

Case 4.2.1f W, contains the vertex v; and W, does not contain
vertex V3, let u(W) = y(W))n(W,)n(W3)n(W,)n(Ws), where
1(Wy) = Wy, q(W3) = (Wy = W3 01 (S,, U Q) U §(W; 1 (S}, U
Q)) n(Ws) = Ws, n(W,) is a (v, v;)-walk obtained from W,
replacing its last vertex v, by v,v,, and (W) isa (v;, v;)-walk
obtained from W replacing its first two vertices v,v; by v,.

Case 4.3. If W, does not contain the vertex v;, let #(W)
nWonWy)n(W)n(Wy)n(Ws), where (W) = Wi, n(Ws) =
(W —=W; N (S, UQ)) UEW, N (S, UQ)), n(Ws) = Wy, n(W,)
is a (v;, v;)-walk obtained from W, by replacing its last two
vertices v, v, by v;, and #(W,) is a (v, v;)-walk obtained from
W, by replacing its first vertex v, by v, v,.

For example,

!
M (”0”1 T U VYWY e WYV Vol e
! " n
UV, V VaVolly - U, uo)
!
= Uglly =+ UV V3Wy - WV3Vy ViU -
! n "
UV Vo V3Vitdy = Uy U,
!
M (“0”1 T UYWL W V3V Yy VsV Vol
! n "
UV, V3VsVV VaVylly == Uy Uy
_ !
= Uglly -+ UV VyV3W) == W, V3V VY5V U

! n "
UV V3VsV VI V3V Uy - Uy Uy,

! !
UV VsV VI VU e M5V2V1V3)

Uit (V3w1 T W V3VoUy

! !
= V3Wy oo WV VU s UV VsV Y VoV Uy s UV V) Vs,

!
Uit (V3V2V1V7V6V1V2V1V2”1 T U VOV VA VsV Va3Vl

!
“sV2V1V7V6V1V2V3)

!
= V3V VyVeViVoVily - - UV Vg VsV V3V Vil

!
UNVVRVIVI VeV VL Vs,

! !
TUVH V3 VRV Vg VsV V3Vl e usVZVI)

m <V1V4V5V1V3V2”1 "

! !
= Vo3V VsV Vil - ULV V3V V Vg VsV ViU - UV Vs,

!
Uit (V4V5V1V3V2’/‘1 T UV V3V V VY5V V3Vl

!
" ”sV2V3V2V1V5V4)

!
= VgVsViVaVily oo UV V3V V Ve VsV V3V Uy

!
UV VIV, V VsV,
(8)

h ! ! "
where wg, uy, ..U, U, UG U

and wy, ..., w, are vertices in Q.

n . .
,u, are vertices in G

By Lemma 1, & is injective and not surjective. It is easily
shown that 7 is also injective and not surjective. Thus X ] <
| X1, M (Gy) < M(G,). O

Theorem 3. Let Gy be an arbitrary graph on n vertices in set
['(n,m), where n > 5. Then EE(Gy) < EE(S;) with the
equality holding if and only if Gy = S

Proof. Determine a vertex v of the maximum degree A as
a root in Gy, and let k > 4 be an integer. Let Gy be the
completely connected graph of 3-uniform linear hypertree H;
attached at v, and let m; be the number of triangles of Gy,
fori = ,A/2, respectwely We can repeatedly apply
this transformatlon from Lemma 2 at some vertices whose
degrees are not equal to two or 2m; in Gy till Gy becomes
a star. From Lemma 2, it satisfies that each application of this
transformation strictly increases the number of closed walks
and also increases Estrada index.



When all G, turn into stars, we can again use Lemma 2
at the vertex v as long as there exists at least one vertex whose
degree is not equal to two or 2 ) my;, further increasing the
number of closed walks. In the end of this procedure, we get
the star S; . The whole procedure of transformation is shown
in Figure 4. O

Lemma 4 (see [20]). Let v be a vertex of a graph G, G — {v} =
G — v forv € V(G), and €(v) the set of cycles containing v.
Consider

P(GAM=MA-PG-v)- Y P(G-v-w])
vweE(G)
©)
-2 Y P(G-V(2),1),
ZeB(v)

where P(G — v — w,A) = 1if G is a single edge and P(G —
V(Z),A) = 1ifGis a cycle.

Now, we calculate EE(S. ). Applying Lemma 4, we have

P(S,A) = A+ D" PPA-D" 2 (2 —A-n+1).
(10)

By some simple calculating, we achieve the following eigen-
values:

A=Ay=-= /\(n—l)/Z =-1
Apsyz = Aunp = = A, =1, (1)
1-V4n-3 1+Vv4n-3
NS LU R W L R
2 2

Then, we obtain

_ (=) (#-3),

e(1+\/4n—3)/2 + e(l—\/4n—3)/2'

EE(S),)

m
+

Theorem 3 shows that the star S}, has the maximum
Estrada index in set I'(n,m). Thus, according to previous
definition, it is easy to show that the 3-uniform star &> has
the maximum Estrada index among the set of 3-uniform
linear hypertrees; that is,

EE(H) < EE(S),), (13)

where

n-1) m-3)
=——+-—"e
+ e(1+\/4n73)/2 + e(lf\/4n73)/2'

EE(S),)
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