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Abstract: A general propagation lattice Boltzmann model is used to solve Boussinesq equations.
Different local equilibrium distribution functions are selected, and the macroscopic equation is
recovered with second order accuracy by means of the Chapman-Enskog multi-scale analysis and
the Taylor expansion technique. To verify the effectiveness of the present model, some Boussinesq
equations with initial boundary value problems are simulated. It is shown that our model can remain
stable and accurate, which is an effective algorithm worthy of promotion and application.
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1. Introduction

Lattice Boltzmann method (LBM) is a popular numerical method developed in recent
decades [1-3], which is based on kinetic theory. In the lattice Boltzmann method, in addition
ﬁ:e(ic;‘tfé’sr to the fluid being discretized into fluid particles, the physical region is also discretized
into a series of lattices, and the time is discretized into a series of time steps. It has unique
advantages, such as easy implementation, simple boundary condition processing, and easy
Model for the Boussinesq Equation. parallel computing [4]. It can be used to simulate some fluid flow [5-7] and solve partial
Entropy 2022, 24, 486. https:/ / differential equations [8-12].
doi.org/10.3390/¢24040486 The Boussinesq equation [13,14] describes the motions of long waves in one-dimensional
nonlinear lattices and in shallow water under gravity. The numerical solutions of the Boussi-
nesq equation are extensively studied [15,16]. Ref. [17] proposes a lattice Boltzmann model
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dard lattice Bhatnagar—Gross—Krook (SLBGK) model [19]. Some studies on GPLB models

are being promoted [9,12,19]. The stability and accuracy of simulating equations will be

improved by GPLB models. In this paper, we develop a GPLB model to solve Boussinesq

equations. The effectiveness and stability of our model are verified by comparing the

simulation results and the exact solutions.

An outline of our paper is given by: in Section 2, we derive a GPLB model for
BY the generalized nonlinear Boussinesq equation. In Section 3, numerical simulations are
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where the macro variable u = u(x, t) represents the free movement of the fluid surface.
The depth of the flowing fluid and the characteristic velocity of the corresponding
long wave determined &, B, respectively. Equation (1) is a well-known generalized
Boussinesq equation.

For Equation (1), the evolution law of the particle distribution function can be the
corresponding discrete velocity Boltzmann equation [20] with the Bhatnagar—Gross—Krook
(BGK) collision operator [1],

Ofu

o o Ofu 1
ot

Fagt = - AT @
where fa(x, f) is a scalar function describing the particle distribution at position x and
time f, {Ca, & = 0,1,...,n — 1} is the set of discrete velocities. f,,fq is the local equilibrium
distribution function, and 7 is the single relaxation time.

In the LBM, the DdQb model is often used to represent the dimensions and speed
of the problem. Among them, d represents the dimension of the problem (1 represents
one-dimension, 2 represents two-dimensions, 3 represents three-dimensions), b represents
the number of lattice chains in the velocity model. In this paper, we use the D1Q5 velocity

model, in which the discrete velocities can be defined as,
&o =ceq =¢{0,1,—-1,2,-2} = {0,¢, —¢,2c, —2c}, 3)

where ¢ = kAx/At, representing the propagation speed of f, along the lattice chain. The
discrete lattice time step and space step are At and Ax, respectively. We use k to change the
propagation process, which is an important value in the current method.

Equation (2) can be decomposed into collision and propagation steps for each At with
applying the time-splitting method [19],

9fa 1 <)
YR o

ot = _?O[fa - (4)
ofu ofu
ﬁ + eq . 0. (5)

We can choose the appropriate numerical schemes method according to the features
of Equations (4) and (5).

2.1. GPLB Model for Boussinesq Equations

Since there is no spatial derivative term, Equation (4) is discretized into the following
form with the explicit Euler scheme,

falot) = (1= Dfal ) + (). ©

We can see that there is no difference between the collision process and that in the
SLBGK models.
We treat Equation (5) as follows,

fa(x, t+At) = mof;(x, £+ m,lf;(x =S, 0+ mlf,;(x +5S,1), Si=Ax-¢;, (7)
where mg, m_j1 and mj are free parameters satisfying,

mo+m_1+m =1, m,1—m1:At-§—“:At CCu
S; Axe,

= k. ®)
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Thus, we can get from Equation (8),

n—+k n—k

my=1-n, m_1= Sy M=

)

We introduce one parameter n for Equation (9). From Equation (7), we improve the
propagation process. Substituting Equation (9) into Equation (7), we can obtain:

fulr b4+ A0 =fy (0, 1) + 2 [ fu(x 4 Siyt) = 2fux,8) + fulx = S, 1)] = ’; falx+5i1)

, (10)
~fulx=8u1)].
We choose k2 < 1 < 1 to ensure simulation stability [9].
So far, Equations (6) and (10) constitute the GPLB model for Equation (1). Next, we
will recover Equation (1).

2.2. Recovery of Boussinesq Equations

To complete our general propagation lattice Boltzmann model for Equation (1), the
multi-scale Chapman-Enskog [21] and Taylor expansions will be applied to obtain the
specific expressions of the local equilibrium distribution function f;.

Firstly, applying the Taylor expansion to f, (x + S;,t) and f, (x — S;, t), and retaining
the terms up to O(At°), we have:

FueSu) =Ful0) + 50 0efu )+ S22 gy 4 S0
P B2 o))
y 1)
:fa(xft)'f_*(gﬂt‘ax)fa(xrt) zkz(ga ax) fac(x t)
A 0P R )+ A (520 ol 1) +O(AF)
falx=51) =f;<x, ) A 0ol )+ o (B 20,1 )
, 4
A G 0P ) (B -20) e ) + O,
Using Equations (10)—(12), we have:
it A1) =£1(5,8) = MG - 015, 8) + 2 G- 002 (1,1 0
4
A G 0P i)+ e (000 ) + O(AF),
Taylor expansion of Equation (13) to O(At),
Fulx, t+ A) =fo(x, ) + At fo (x, £) + A—tza%fﬂ((x,t) + A—ﬁag’fa(x,t)
2 6 (14)

l’4
+ ﬂaffa(x, t) + O(AP),
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we have:
AP, AR 4 At 5
fa(x, t) + At fo(x,t) + TE)tf,X(x t) + —8 P fa(x, t) + —i——@ i fa(x, 1) +O(AF)

= fule ) — MG ) fal ) + St (G0 1) — 6,{3@ 0’ fu(x,t)  (15)
At*n

+ S G 30 ) + O(AF)

Multi-scale Chapman-Enskog expansion of the system in the following forms,

Jx = edx,, (16)
o = 88,&1 + €zat2 + €3at2 + 84at4/ (17)
le: Z€”fpgn) =f£+€f,,gl)+€2f0£2)+e3fé3)+ . (18)

n=0
Using Equations (6), (15)—(18), we obtain:

O fl=(- )+ 1ff, e, f=f5, (19)
O(e!) f;+Atat1f£:<1—%>f;—At<ca-axl>f£, 0)
nAt?

O): frtamnf+ s+ a0 - - G a0, @

At? A3
O(B):  f3+ Atdy, f2+ Atdy, f1 + At8t3fo(¢) + SR+ 0

(22)
__Lis , 10 3
- (1 T)fuc +At(€0¢ ax1)(1 T)fa 6k3 (gﬂl axl) fzxf
O(e) :  fu + At(dn fa + 9 fa + 0ty fa + 01, f2)
B @R 1 0 208, L4 208 ) + B @31+ 30,40
A 4
+ ia fe (23)
_ 4 1,5 nAp 2 Lo
- (1 - 7)foc - At(gﬂc 'ax1)(1 - ;)fnx + W(éﬂ 'ax1) (1 - ;) o
nAt4

24k4 (CIX ax]) fuc
Simplifying Equations (19)-(23), we have:



Entropy 2022, 24, 486

5o0f 14

N RN
- = [ - a2 o+ 0 Do) 2
oI ?aB AR+ 00+ B (B 0,) ]fa [Aztafl vay— oo 1)
(&0 f1 + [atl 1= D00 £
_ % = :at4 Ay +Atat1 L+ tzatzag A24 ot — ’zlj;j( ) } £0
+ [on 4 8088, 4 5500 + B 220 - D]+ o+ 5 - e 0,

(=D 4 [on - arte 2y - D2

From Equation (24), one can obtain:

fi = —ear{ 3y + (Ea - 3x)1f2 }-

Substituting Equation (28) into (25), we have:

2= —TAt2{ {(; - T)B%l +

1
2700+ (1=21)9 (8o 9 ) = T (Ga - axl)z} f,,?}.
Coupling Equations (26), (28) and (29), we obtain:
) = TAP Do+ La-202, + 0 z 9
fIX_T t T+ t] At( T) t1t2 Atz t3 3T - _1 tl
1
47 (1 —2r)at2] (Eo - 0yy) + [3r + (F —4)r+1 - @] (E Oy, )?

j{(kz 1>T+1 K2 6k2}(€a'm)3}f$-

Lastly, substituting Equations (28)—(30) into Equation (27), we have:

3T

2

1 T 1 2T 1
4 _ 4 2 2
Ju =TA {[Ataaf4 (2At2 - Atz)afz + (Atz - Aﬂ)atl't3 + <2At
3t 3T 2 4 1 T 1
YR )atzatl +Tzat1} + K (At AtZ)TJr At)at3

+738t1,f2 + T4a?1] (gtx ' aJC1) + T5(§tx : aJCl )4 + T6a%1 (gl’é ’ a9’51 )3
(1738, + T2, (G0 ) A2,

where:

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)
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n
= —1 _—
=T +2k2'
T = T3+§T2— g—i-i T+i
27 2 6 ' 12 24
4 3
=(2 e 2 [ 2 1
T3 < +At>T <At+3)1’+ ,
7A A
T = —TAt+ 2T2At — L Zt,
S 7 A S G S I e\ P YU W L O
Tl R 63 K2 4kt R 6k2 24k% " 6k3
_onoom bt A
2k2  4k* k2 6k2 !
2n nAt 5n 2 3nAt 1 n
= BMT A [~ 4 TA =+ 1) (o — e T A1) e —
T 3tT+< 7 +7At k2+>T+<2k2 5t t >+6k3 e
nAt
—3At — —,
2k2
9 3n  9At) , 3 3n At 3 n
1 1 n n
= (24— )+ -3+ —+5— 1— .
K ( +At>T +< 3+At+k2At>T+ 2K2At
fuand f; follow:
Y =Y fl=u. (32)
14 o
From Equation (19), we have:
Y fd=u, Y fi=0, n>0. (33)
14 14

In order to recover Equation (1) and satisfy the solvability, based on ensuring that the
truncation error is minimized, it is determined that f, and f,' should satisfy the following

moment conditions:

Zf::xfa(c) =0,

Y a2f0 = au + p(u)
R LY VI
Y6 =0,

400 _ pu
;glea - _T5At3'

(34)

(35)

(36)

(37)

Summing Equation (28) over &, and coupling with Equations (32) and (33), we obtain:

atl (ut) =0.

Summing Equation (29) over « and coupling with Equations (33)—-(35), we obtain:

atz (ut) = Slz(lxuxx + (p(u))xx)'

(38)

(39)
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Summing Equation (30) over « and coupling with Equations (33)—(36), we obtain:

— _ Kllyy + (p(u))xx
at3(ut) 5 |:3 + (p 4)'1.' +1-— 2k2:| atl |:AtT1 . (40)
Summing Equation (31) over « and using Equations (33)-(37), we obtain:
A1 T 4 A3 auyy + (p(u))
Iy () = = (2At2 - Atz) (it + (p (1)) ) + a x(Bu) = —5 T80, {Am”} (41)

Taking Equation (38) x e+ Equation (39) x e+ Equation (40) x £3+Equation (41) x
¢t and assuming ¢ = At, macroscopic equations, i.e., Equation (1), can be recovered with
second order accuracy,

Upp — Klxx — (p(u))xx — Buxxxx = R. (42)

Through error analysis, we have:

R=— S5+ (5 )T+ 1 o] 0, ) + 21 (P Wedt = (5-7)

&3
{0ty (uxx) + 0, [(p(1)) ]} — o [(25+ T+ ( 3e+1+ 2 )T+£ - —

{0k, (urx) + 9, [(p(4)) ]}
= 0(€?).

2.3. Equilibrium Distribution Functions

In this paper, the D1Q5 velocity model is used, i.e., b = 5. The discrete velocity set is
¢ =1{0,¢,—c,2c, —2c}. Coupling with Equations (34)—(37), we can derive the equilibrium
distribution functions,

B () il o) “
A-3(50) ()
f2=3 (W) - é(&ng)’ )
A= ("t~ a1 @
= (“ean et “

where f{ = f3, f§ = f}.

3. Numerical Simulations

Different values of k and n determine the relationship between the GPLB and
SLBGK models:
(I) k=mn =1, the SLBGK scheme;
() n = k?, the LW scheme;
(Il) k* < n < k, here we choose n = (k+k?)/2;
(IV) n =k, the FP scheme;
(V) k< n<1,here, wechoosen =k—+0.1.
Among them, the LW scheme (II) performs better than other schemes.
To illustrate the GPLB model constructed by the combination of Equations (6) and (10),
the numerical simulations of Equation (1) are developed. With taking the LW scheme, the
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non-equilibrium extrapolation scheme is used to treat the boundary condition [22]. In each
of the test examples, the exact solution determines the initial and boundary condition. We
use E; (root-mean-square error), E.(maximum absolute error) and GRE (global relative
error) to measure accuracy of our model by comparing the LBM solutions with the exact
solutions [23].

1 | / 2
By =54 Y [u(xi t) —u'(xi,8)]7, (48)
i=1
Ew = izlﬁé?iM‘u(x,',t) - u,(xi,t) , (49)
M !
Y fulit) = (xi,1)|
GRE = ——— . (50)

[ (1)

In our model, u(x;, t) represents the LBM solution, u’(x;, t) represents the exact solution.The
number of lattices is M.

Example 1. When o = 0,8 = —1, and p(u) = u?, and Equation (1) is as follows,

Ut — (u2) + Uyxxx = 0. (51)
xx

Ref. [24] gives the exact solution u(x, t) of Equation (51)
1
u(x,t) = Ebz — 45 + 652 tanh®[s(x — bt)], (52)

where b and s are arbitrary constants.

We set x € [-10,10], b = 0.2,s = 0.3,k = 09,n = k>, = 4,Ax = 0.025, and
At = 0.00025. Figure 1 shows the evolution process of numerical solution and exact
solution with time. It can be seen from Figure 1 that the soliton propagates along the
negative direction of the x-axis. The space-time evolution graph of the LBM solution and
exact solution are listed in Figure 2. Table 1 lists the error of the LBM solutions at different
times. The LBM solutions agree with the exact solutions well.

0:3 : \ |

\
\
\ O\ \

-0.2

0. 2

§
0 0.5
1
O 0 s g0

X
(a) LBM solution (b) exact solution

Figure 1. LBM solution (a) and exact solution (b) for the propagation of the soliton from t = 0 to
t = 2 for Example 1.
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v LBM solutionatt=0.5
Exact solution at t = 0.5

v LBMsolutionatt=1
Exact solution att =1

or Vvvv \;7 % v"
=] % 4 =] VV v
0.1 % 7 0.1 ¥ J
¥ 4 % 5
-02 VVV J -02 9 VWW
-03 va? -03 va
04 S 0 5 10 4 S 0 5 10
X X
(a) (b)
03 : : : 03 :
v LBM solution att=1.5 v LBM solution at t =2
Exact solution at t = 1.5 Y Exact solution at t =2 X
Y% —
of % 7 % 7
= % J = k¢ y
-0.1 % 4 -0.1 % 7
¥ 7 i ¥
¥ ) { v
-02 ¢ g -02 Y ¢
A% ) W
-03 s ~
S
040 -5 0 5 10 4 S 0 5 10
X X
(c) (d)
Figure 2. LBM solutions versus exact solutions at (a) t = 0.5; (b) t = 1; (¢) t = 1.5; (d) t = 2 for
Example 1.
Table 1. Comparison of LBM solutions and exact solutions for Example 1 at different times.
t=205 t=1 t=1.5 t=2
E» 1.7818 x 1074 7.1242 x 1074 1.6018 x 1073 2.8446 x 1073
Eeo 5.0682 x 1074 2.0260 x 1073 45535 x 1073 8.0828 x 1073
GRE 7.7264 x 10~4 3.0896 x 1073 6.9474 x 1073 1.2341 x 1072

Example 2. When a = 1,8 = 1, and p(u) = 3u?, and Equation (1) is as follows,

Upp — Uyy — 3 (uz)xx — Uyxxx = 0. (53)
Ref. [25] gives the exact solution u(x, t) of Equation (53).
ar? exp (rx +rvV1+ rzt)
(54)

u(x,t) =2

(1 + aexp(rx + A/l—f—ﬁt))z.

We set x € [~80,40], a = 0.2,r = 02,k = 0.5,n = k%, T = 3.9,Ax = 0.25, and

At = 0.00025. Figure 3 shows the evolution process of the numerical solution and exact
solution with time. It can be seen from Figure 3 that the solution propagates along the
negative direction of the x-axis. The space-time evolution graph of the LBM solution and
exact solution is shown in Figure 4. Table 2 lists the error of the LBM solutions at different

times. The LBM solutions agree with the exact solutions well.
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Table 2. Comparison of LBM solutions and exact solutions for Example 2 at different times.

t=10 =20 t =30 t =40

E, 3.0848 x 10~° 6.1918 x 107° 9.2945 x 10~° 1.2367 x 10~°

Ew 2.2720 x 10~* 43032¢ x 10~* 6.2525 x 104 8.2072 x 10~4

GRE 1.2330 x 102 2.5070 x 10~2 3.7928 x 1072 5.1775 x 1072
0.025 + N 0.025 +
0.02 - ‘ 0.02
0.015 4 A\ 0.015 4
= 0.01 - | ‘\*,_‘R “\\ /" \\\\t = 0.01 4
IR N 0005
0 ;J g 3040 0

-0.005 +# | 020 -0.005 16
020 0 20 40 40 w0 0 t 4020 0 20 40 60 g9 O ‘
X

X

(a) LBM solution

(b) exact solution

Figure 3. LBM solution (a) and exact solution (b) for the propagation of the solution from ¢t = 0 to

t = 40 for Example 2.

0025 LBM solution at t = 10 0023 v LBM solution at t=20
Exact solution at t = 10 ‘ Exact solution at t = 20
0.02F 0.02f ﬁ
0.015} & 0.015}
y
= 001 Y = 001
.
0.005} J % 0.005}
0
-0.003 ‘ ‘ : ~0.003 ‘ ‘ ‘ ‘
80 60 —40 20 0 20 40 80  -60 —40 20 0 20 40
X X
(a) (b)
0025 ¢ LBM solution at t = 30 0.025 : —
Exact solution at t = 30 v EBM soluu.on att=40
xact solution at t = 40
0.02f 0.02f
7
0.015} vy % 0.015}
VA ¢
y v
7y
= 001 Y =001
0.005} 0.005}
0
-0.003 ‘ ‘ ‘ ‘ -0.003 ‘ ‘ ‘ ‘
80 —60  —40 20 0 20 40 80  -60 —40 20 0 20 40
X X
(c) (d)
Figure 4. LBM solutions versus exact solutions at (a) t = 10; (b) t = 20; (c) ¢t = 30; (d) t = 40 for
Example 2.
Example 3. Weset & = 1,8 = —1, and p(u) = u?, Equation (1) becomes the good nonlinear

Boussinesq equation, which is of the following form,



Entropy 2022, 24, 486

11 0f 14

Uy = Uxx + (uz)xx — Uyxxxx- (55)

The exact solution u(x, t) of Equation (55) is as follows,

u(x,t) = —Asech2<\/§<x+\/l—2?t+xo>>. (56)

In the computational domain of simulation, x € [-20,20]. A = 05, xo = 0,
T =18, Ax = 0.1, and At = 0.0001 are setted. Figure 5 shows the evolution process
of the numerical solution and exact solution with time. It can be seen from Figure 5 that the
solution propagates along the negative direction of the x-axis. The space-time evolution
graph of the LBM solution and exact solution are shown in Figure 6. Table 3 lists the error of
the LBM solutions at different times. The LBM solutions agree with the exact solutions well.

Example 4. We set « = 1,8 = 1, and p(u) = u?, Equation (1) becomes the bad Boussinesq
equation, which is of the following form,

Upp = Uxx + (u2>xx + Uxxxx- (57)

The exact solution u(x, t) of Equation (57) is as follows,

u(x,t) :Asech2<\/?<x+\/1+2;t+xo>>. (58)

In the computational domain of the simulation, x € [—30,30]. A = 0.08,xp = 0,
T =16, Ax = 0.065, and At = 0.0001 are setted. Figure 7 shows the evolution process of
numerical solution and exact solution with time. It can be seen from Figure 7 that the
solution propagates along the negative direction of the x-axis. The space-time evolution
graph of the LBM solution and exact solution are shown in Figure 8. Table 4 lists the error of
the LBM solutions at different times. The LBM solutions agree with the exact solutions well.

Table 3. Comparison of LBM solutions and exact solutions for Example 3 at different times.

t=0.5 t=1 t=1.5 t=2

E; 1.3459 x 105 49778 x 107> 1.0154 x 104 1.6501 x 10~4
Ee 2.1978 x 1073 2.8161 x 1073 5.3003 x 103 7.5997 x 103
GRE 2.6839 x 1073 8.2844 x 1073 1.6677 x 1072 2.7141 x 1072

0.1 4 0.1 4

0- 0-

-0.1 - -0.1 -

-0.2 1 -0.2 1

=} =}

-0.3 - -0.3 -

-0.4 - -0.4 -
-0.5 -0.5 2
1.5

0.6 0.5 0.6 0.5
201510 5 0 -5.10.15 99 O 201510 5 0 51015 29 0
X X

(a) LBM solution (b) exact solution

Figure 5. LBM solution (a) and exact solution (b) for the propagation of the solution from t = 0 to
t = 2 for Example 3.



Entropy 2022, 24, 486

12 of 14

#* LBM solution at t = 0.5
Exact solution at t = 0.5

#* LBM solutionatt=1
Exact solution at t = 1

=20 -10 0 10 20 =20 -10 0 10 20
X X
(a) (b)

0.1 % LBMsolutionatt=1.5 01| * LBM soluli.on att=2 ’*7
Exact solution at t = 1.5 Exact solution at t = 2
_0. 1 L

L
i

=
-0.3
NI
=051
-0.6
=20 -10 0 10 20 =20 -10 0 10 20
X X

(c) (d)

Figure 6. LBM solutions versus exact solutions at (a) t = 0.5; (b) t =1; (¢) t = 1.5; (d) t = 2 for Example 3.

Table 4. Comparison of LBM solutions and exact solutions for Example 4 at different times.

t=1 t=2 t=3 t=4

E, 8.4609 x 10~7 3.2913 x 10~° 7.2237 x 10~° 1.2485 x 107°
Ee 4.8385 x 104 1.8602 x 104 4.0126 x 104 6.9719 x 10~*
GRE 9.3621 x 10~* 3.6597 x 103 8.0689 x 103 1.4017 x 102

0.1 4 0.1 4
0.08 0.08
0.06 0.06

E} E}
0.04 0.04
0.02 0.02
(U 0~
30 30

(a) LBM solution (b) exact solution

Figure 7. LBM solution (a) and exact solution (b) for the propagation of the solution from t = 0 to
t = 4 for Example 4.
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Figure 8. LBM solutions versus exact solutions at (a) t = 1;(b) t = 2; (¢) t = 3; (d) t = 4 for Example 4.

4. Conclusions

In this paper, we have developed a general propagation lattice Boltzmann model for
the generalized nonlinear Boussinesq equation. The macroscopic equation is recovered
correctly from our model with the second-order accuracy through the Chapman-Enskog
analysis. By applying the D1Q5 velocity model, Boussinesq equations are simulated.
The numerical results agree well with the exact solutions with selecting the appropriate
parameters that affect the propagation process. The results show that our model can remain
stable and accurate, which is an effective algorithm worthy of promotion and application.
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