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ABSTRACT: Recent experiments demonstrate molecular chemotaxis or altered
diffusion rates of enzymes in the presence of their own substrates. We show here
an important implication, namely, that if a nanoscale catalyst A produces a small-
molecule ligand product L which is the substrate of another catalyst B, the two
catalysts will attract each other. We explore this nonequilibrium producer
recruitment force (ProRec) in a reaction−diffusion model. The predicted cat−cat
association will be the strongest when A is a fast producer of L and B is a tight
binder to it. ProRec is a force that could drive a mechanism (the catpath
mechanism) by which catalysts could become spatially localized into functional
pathways, such as in the biochemical networks in cells, which can achieve complex
goals.

■ INTRODUCTION
Force between Two Agents That Is Based on

Functionality. Consider two different challenges: (1) differ-
ent enzymes or nanoparticles in solution catalyze different
reactions. How might a nanoengineer drive different catalysts
together in space into multicatalyst pathways that could create
desired complex products? (2) How might primitive enzymes
have assembled prebiotically to become today’s biochemical
pathways in cells?
We describe here a type of force of attraction that is based

on the functions of the actors. To illustrate what that means,
here is a metaphor. One actor, Niagara Falls, is a producer P of
energy in a fixed location. The other actor, a company U, is a
user of energy and is mobile. If there is a cost to transport
energy over a distance, there will be an attraction that drives U
to locate near P. We call this the producer−user recruitment
force, ProRec for short. These are situations in which users
locate near producers. We use the terms function or
functionality to refer to the production or usage of some
exchangeable good in common between the producer and the
userenergy in the Niagara Falls, for example.
Producer−user situations are ubiquitous throughout biology.

Cells are users of molecules, taking up food and other
components from the surroundings, and they are also
producers of molecules that they excrete or export. If user
and producer cells experience attraction due to an exchange-
able molecule in common, it could be the basis for driving cell
assembly into functional tissues. In well-known producer/
cheater yeast dynamics, some yeast cells (producers) put out
molecules into the surroundings, while other yeast cells
(nonproducing “cheaters”) utilize the resources made by the
producers.1,2 Producer−user actions also occur at the
molecular level. For example, receptors cluster in signaling

processes in the immune synapse,3,4 in the feedback
mechanisms of cell-to-cell signaling networks,5 or in long-
term potentiation memory in the brain.6 In the origins of life,
producer−user actions may help explain how randomly
dispersed chemical reactions in solution could come to
assemble into spatially localized functional biochemical
pathways.7 For concreteness here, our descriptions will be
expressed in terms of molecular-level events, where different
catalyst molecules, such as enzymes or Janus colloids, act on
some common small molecule that is the product of one
catalyst and the substrate of the other one. We will call this
particular producer−user recruitment setup, where both the
producer and user are (macro)molecule-scale catalysts
organizing into a chemical pathway, the catpath mechanism,
as in Dill and Agozzino.8 Here, we develop a model of the
catpath mechanism that is motivated by earlier work.7,9 This is
related to, but different from, enzyme chemotaxis or enhanced
diffusion, as we discuss at the end of the Results and
Discussion section.

■ THEORY

Reaction−Diffusion Model of the ProRec Cat−Cat
Attraction. We consider the following mechanism. One
catalyst (cat) A is fixed in space. Another cat B is mobile; it is
free to diffuse throughout the space. A produces small
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molecule ② as its product, and B uses ②’s as the substrate. As
long as A continues to make its product, the ②’s will distribute
in a concentration gradient away from A, which will facilitate
the attraction of B’s. The action is shown in Figure 1, where

the square-box symbols represent two cats of different types,
labeled alphabetically. The circles represent the exchangeable
molecules, where different types are labeled numerically. The
arrows indicate the conversion of the substrate, say ①, to
product, say ②, by enzyme catalyst A. Assume that enzyme A is
fixed at the origina and that enzyme B is mobile and can
diffuse. The system is not in equilibrium because it requires
constant input of ①’s to A in order to produce ②’s. Even
though the ②’s will diffuse away, there will be a sustained
gradient, with ②’s being the most highly concentrated near the
A. Producer−user recruitment can be thought of as driving the
hand-shaking between two different catalysts that are related
through functionality. This mechanism is similar in spirit to the
one previously simulated using a computer but not treated so
generally or analytically.7

We take the concentration of B’s and ②’s to be functions of
the distance in space r from A. We take the binding of the cats
to follow the canonical Michaelis−Menten binding law, and we
assume that the unlimited supply of ①’s drives A to constantly
produce ②’s at rate k2c1A(r).
First, consider the dynamics of the ②’s, where c2(r) is its

concentration as a function of time t and space r, in three
spatial dimensions. We assume that the ②’s follow reaction−
diffusion dynamics and then freely diffuse away according to
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Now, to obtain the rightmost term in eq 1, we assume that
B’s bind to ②’s with on-rate kf, off-rate kr, and final-step
conversion rate kcat.
We will ignore the final step in this reaction for now by

taking the binding and unbinding of the catalyst and substrate
to be much faster than the catalysis step. Assuming point

particles and the binding kinetics from eq 2, we can express the
reaction dynamics as
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where c1 is the concentration of substrate ①, which is a
constant across the region where A(r) ≠ 0, and B(r) and B2(r)
are the concentrations of the unbound enzyme B and the
bound complex B2 of ②’s bound to B’s. If, in addition, the
diffusion of the enzyme is slower than the reaction, we have
local equilibrium for the catalysis, which is expressed as
kfc2(r)B(r) ≈ krB2(r). We can therefore assume that in the
entire region where c2 is significantly nonzero, the first term is
dominant k2c1A(r)≫ kfc2(r)B(r) − krB2(r). The last two terms
in eq 3 approximately cancel, leading to
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In the steady-state limit, the left-hand side of eq 1 is zero,
yielding
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Equation 5 is readily solved analytically using a Green’s
function
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This result is just the integral equivalent of the differential
equation in eq 5 for computing c2(r) for a given spatial
distribution function of the catalyst A. Note that in order to
sustain a non-negligible gradient for eq 7, the ②’s must be
produced faster than they diffuse away. Note also that the
spatial distribution of c2 will have the same symmetry as A. For
simplicity, we will assume spherical symmetry here. If A follows
a Gaussian distribution with variance a and a total of N
molecules of A, we find
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Now, we consider the reactions involving the enzyme B, as
shown in eq 2, but with a slight augmentation. As shown, eq 2
only gives an on-rate and off-rate of the binding event, with no
spatial dependence of that binding interaction. We now also
account for a separation-dependent attractive intermolecular
potential between B and ②, V(|rB − r2|), so that we can
eventually compute an attractive force of A with B mediated by
the ②’s. The resulting reaction−diffusion equations have been
extensively studied by Agudo-Canalejo et al.,9 who have
derived the reaction−diffusion equation for the total
concentration of BT(r) = B(r) + B2(r) by combining the
kinetics equations for each type of molecule involved.
In this model, the diffusion of the enzyme B in the presence

of ②’s is governed by the equation
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Figure 1. ProRec mechanism. Two catalysts, A (fixed) and B
(mobile), share a common substrate/product, which we label as 2. It
leads to attraction of B toward A.
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here, the diffusion coefficients of the free enzyme and the
complex are DB and DB2

, respectively. Vph(r) is the “phoretic”
drift velocity, which arises from the nonspecific interaction
potentials between B and ② (e.g., van der Waals, electrostatic,
and steric interactions, etc.), and it depends on the Derjaguin
length9 λthe typical length of these interactions, on the
order of a few angstroms for weak interactions to the radius of
the enzyme for strong interactionsthe viscosity of the
medium η, and the temperature T. The other term Vbi(r),
known as the binding velocity, takes into account the
difference between the diffusion coefficients of the free enzyme
and the complex. The remaining parameter in this equation is
the dissociation constant K = kr/kf.
Note that even in the absence of nonspecific interactions,

there is still the possibility that a gradient is created because of
the difference in diffusion properties of the free enzyme and
the complex (see Appendix A). Now, we derive an expression
for this effective force in the case of two enzymes that share a
common substrate, and we look for the optimal conditions to
see ProRec activity.

■ RESULTS AND DISCUSSION
Approximate Analytical Expression for the Excess

Concentration of the Mobile Cat. We have not found a full
analytical solution to 8 over all parameter values. However, in
order to study dependences on parameters, we can develop an
approximate solution over limited ranges. First, we assume that
the substrate concentration is much smaller than the
dissociation constant, c2(r)/K ≪ 1. We can expand the total
B concentration in terms of c2(r)/K, namely
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and solve the equation iteratively. Since the distribution of A is
fixed and spherically symmetric, so is c2(r); additionally, we
can limit the expansion mentioned above to a first-order
expansion BT(r) = Bu + fc2(r)/K. If we assume that the
gradient of the substrate vanishes around A (specifically,
∂rc2(0) = 0) and that far away from A, there is no substrateb ②
(limr→∞c2(r) = 0), then we can show that f is a constant. We
will find its value now.
When we expand to first order in c2(r)/K, we find c2(r)/(K

+ c2(r)) ≈ c2(r)/K and Vph ≈ kBTλB
2∇c2(r)/η + O(c2

2/K2).
Simplifying eq 8 and keeping only first-order terms in c2(r)/K
gives
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The unique solution here is for a constant value of f, with
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The boundary conditions on BT(r) are that there is no
derivative at zero and that it limits to Bu at infinity. As we said
above, if c2 satisfies these, then our solution f = constant is the
unique one that satisfies the boundary conditions. Thus, for
any such c2(r), the solution is
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Note that, to first order in c2/K, the effect can lead both to
an increase or a decrease in the concentration of the agent B.
This is because λB

2 can be either positive or negative,
depending on the type of nonspecific interaction between
the enzyme and the substrate.
If we assume that the enzyme is a sphere with radius R, we

can use the Stokes−Einstein relation D = kBT/6πηR to rewrite
eq 14 as
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with the nondimensional parameters γ = 6π(RBλB
2K), which

characterizes the strength of the attraction between B and ②,
and α = DB2

/DB, which depends only on the diffusion
constants of B and the complex B2.
Now, we choose the same Gaussian distribution of A that

produces the concentrations seen in Figure 2 and test the

dependence of the overall phenomenon on the parameters. To
do that, we calculate the ratio between the total amount of B
enzyme within an arbitrary radius R from the location of the
enzyme A, which we call the excess B EB, and some reference
amount of B, denoted as Bu, that would be the distribution in
the case where there was no gradient of ②
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Note that in the case where there is no ② gradient, the excess B
is EB = 1.

How the Cat−Cat Attraction Depends on Parameters.
Now, we use eq 16 to explore how the cat−cat attraction
between A and B depends on the parameters. The diffusion

Figure 2. Gradient of the substrate (red) drives recruitment of its cat
B (blue) around cat A (localized at the origin) vs distance r.
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quantity α depends on the change in conformation of the
complex with respect to the free enzyme, and its value can
range in the interval ∼0.7−1.3, assuming a maximum 30%
decrease/increase in the diffusivity of the complex with respect
to the free enzyme. In contrast, γ varies throughout the interval
∼10−4 to 10−1 (assuming K ∼ 0.1−2 mM, in the middle of the
range for known enzymes, which we believe could be relevant
for prebiotic chemistry).
Figure 2 shows the distribution of the total enzyme B

compared to the substrate ② when the enzyme A is normally
distributed around the origin (see eq 7). Here, we have usedc

K = 2 mM, c1 = 1 mM, D2 = 1500 μm2/s, a = 3 μm, N = 103,
and the two dimensionless parameters as γ = 0.1 and α = 0.9.
As we can see, the presence of the enzyme A localized around
the origin forces an excess of B around the same area.
The effect of increasing the parameter K, the dissociation

constant of the B−② reaction, is shown in Figure 3. Increasing
K decreases the localization of B around A, but only when α <
1 (see eq 15, if α > 1, the opposite occurs). The weakening of
the effect happens because the B molecules spend less time in
the slower-diffusing complex when K is larger.
The localization effect is heavily influenced by λB, showing

more attraction when B and ② have a longer interaction range.
The parameter α decreases the localization when it increases,
which means that the effect is more evident when the complex
diffuses more slowly than the free enzyme. This dependence is
the same as the one reported in Mandal and Sen10 for enzymes
exposed to a gradient of their substrate in a microchannel.

Simulations of the Fuller Range of ProRec Dynamical
Attractions. Here, we show numerical simulations of the
ProRec force in the regime where the localization is very
strong; see the Appendix for details. Figure 4a shows that the
localization of B is present even with a small gradient of the
substrate. The c2 gradient (green), proportional to cosine
squared in this case, created the simulated B distribution
shown by the black dots. Each point is time-averaged over 100
simulations steps after the system reached a steady state, with
one standard deviation error bars shown. The simulated B
concentration is in good agreement with the exact theoretically
expected B distribution (the dashed blue curve). The ProRec
force led to nearly 9 times the amount of B at the origin when
compared to the uniform distribution that would be expected
in the absence of ② (the red dashed line).
An additional effect that could boost the size of the ProRec

localization is the existence of a direct interaction between the
A and B molecules, something we have not considered to this
point. These types of cat−cat attractions are hypothesized to
be important for the origin of life.8,11 In Figure 4b, we have
plotted the excess B close to the origin in four scenarios: (1)
the uniform base case where there is no c2 gradient, which we
have scaled to 1, (2) the case where λB = 3.8 nm, toward the
upper end of its range, (3) the case where we add an attraction
between A and B of the same size as the attraction between B
and ② from the last scenario, and (4) the case where λA

2 =
10λB

2. The reported results for the last three bars are the
average enhancements over four different simulations of each
condition. The localization effect is already apparent in the

Figure 3. Cloud of B cats around A cats. The three panels from left to right show the effect of decreased affinity (K increases) of B cat to its
substrate 2.

Figure 4. Random walk simulation results demonstrate the catpath effect. (a) Enhancement of cat B around cat A for the c2 gradient shown in
green. The simulated B concentration (black dots) matches the exact B concentration (blue), which can be solved exactly in this case. Cat A is
localized near the origin: the ProRec mechanism causes B to be much more abundant in this region than it would be otherwise (the uniform case,
shown in red). (b.) Catpath localization is enhanced when a direct A−B attraction is added. When the B−2 attraction parameter λB is cranked up to
its strongest limits (second bar) and A−B interactions are allowed (third and fourth bars), the amount of total B found around the origin can be
15−50% higher than the uniform case (first bar).
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case where A and B do not interact, but it is nearly doubled
when they have a strong attraction.
Computing the Force of ProRec Attraction between

Two Cats. Here, we shift focus from concentration enhance-
ment of cat B around A to their driving force of attraction,
which is a mean force in the sense of a diffusion force. It is a
stochastic force, in the sense that an average force can be
expressed for a gradient in Fick’s law diffusion. The force
enters in the Smoluchowski equation as the drift component;
hence, it is equivalent to the product of the velocity multiplied
by the viscosity η. The ProRec force can therefore be
calculated directly from the expression in eq 8 by considering
the corresponding Langevin dynamics. We then approximate
this with the first-order term, to obtain
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Not surprisingly, the ProRec force depends on the gradient
of the substrate: a steeper gradient will produce a much
stronger attraction, arguably at the expense of the range of the
attraction. It is increased for the larger length of interaction
between the B agent and the substrate ②. Also, we have
focused on cases in which the Derjaguin length λB

2 > 0,
indicating an attraction between the enzyme and the substrate.
Alternatively, the enzyme and substrate could repel, depending
on the shape of the potential.9 In the λB

2 > 0 case, the force is
always attractive as long as α < 1, when the complex diffuses
more slowly than the free enzyme. When α > 1, other
interesting phenomena would be predicted.
Relationship of the Catpath Mechanism to Enzyme

Chemotaxis and Enhanced Diffusion. Two phenomena
have recently been observed that are closely related to the
catpath mechanism. (1) Enzyme-enhanced diffusion is when
an enzyme diffuses faster or slower in the presence of its
substrate. (2) Enzyme chemotaxis is when an enzyme moves
toward a gradient of its substrate. In (3) the catpath
mechanism, one catalyst attracts another catalyst if they
share a common substrate/product. For (1), the enhanced
diffusion of enzymes in the presence of their substrates has
been widely studied.12−20 In Weistuch and Presse,21 it was
shown that an enzyme undergoing nondirectional enhanced
diffusion can be localized if its substrate gradient has a
particular form; in their example, however, the cats were
repelled by their substrate in a type of anti-catpath mechanism.
In the ProRec language, users fled from producers.
Experimentally, there has been a controversy around the
bulk fluorescence correlation spectroscopy (FCS) experiments
used in many measurements of enhanced diffusion.22,23 More
granular single-particle methods showed that artifacts from the
FCS procedure could give the appearance of a diffusion
enhancement when none actually existed.24−26 Further experi-
ments appear to have shown that only exergonic enzymes
undergo enhanced diffusion, with the enhancement propor-
tional to the free energy release rate of the reaction.27

Therefore, on the one hand, enhanced diffusion is an expected
component of the catpath mechanism but that mechanism is
not yet proven experimentally.
For (2), catpath localization could also result from enzymes

chemotaxing up gradients of their substrates. Enzyme chemo-
taxis both up28 and down20 substrate gradients has been
reported; the latter result is consistent with the conclusion of
Weistuch and Presse21 that enzymes undergoing enhanced

diffusion flee from their substrate. In both the up and down
cases, the enzymes were driven to flow through a multiple-
input single-output microfluidic channel next to their
substrates, with a fluorescence measurement used to find the
enzyme concentration profiles throughout the channel. Our
catpath mechanism is not directly comparable to those
measurements, which do not measure the system’s steady
state.22

■ CONCLUSIONS
We have proposed here a type of nonequilibrium force of
attraction that can exist between two nanoscale catalysts, such
as enzymes, if they share a substrate/product small molecule in
common. This force is quite different from equilibrium
attractions, which have long been well-known, described as
binding affinities of molecules to each other. In particular, the
ProRec force should occur even in the absence of any
equilibrium affinity of the catalysts for each other. In principle,
this force should be readily measurable by creating a gradient
of an enzyme’s substrate and using methods such as single-
molecule force spectroscopy29 to determine the attraction of a
mobile enzyme in solution. Additionally, after a few
modifications, our model of the ProRec attraction could be
readily applied as a phenomenological description of other
producer−user recruitment systems in biology, such as
chemotaxing bacteria. Experimental demonstrations of the
ProRec force may have implications for the following
phenomena: (1) the engineering of assemblies of spatially
colocalized nanoscale catalysts of different types in order to
create complex chemical processes and (2) explaining early
prebiotic chemical steps that led to today’s biochemical
pathways in cells.
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■ ADDITIONAL NOTES
aFixing the location of A here allows us to simplify the math so
as to keep the model analytical using reaction−diffusion
differential equation dynamics, without distorting the physics.
We believe that this assumption can be lifted, but then, it
would require a numerical treatment instead. We would expect
the result to be that, if the enzyme moved slowly enough, a
sustained gradient of ② could be produced. The source of this
gradient, as seen by the B, would be behind the current
position of the A enzyme on its path.
bBoth of these assumptions are satisfied by a c2 gradient
generated by a Gaussian A distribution.
cNote that for this value of N, the concentration of A enzyme
localized to the sphere of radius approximately a is on the
order of 10 s of micromolar.
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