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ature for the first time. The authors found this system to be interesting since it is non-decouplable and

possesses higher generalised symmetries.

Objectives: We look for the closed-form solutions and conservation laws of the system.

Methods: Optimal system of one-dimensional subalgebras for the system was obtained and then used to

perform symmetry reductions and construct group invariant solutions. Power series solutions for the sys-

tem were also obtained. The system has no variational principle and as such, we employed the multiplier

method and used a homotopy integral formula to derive the conserved quantities.

Results: Group invariant solutions and power series solutions were constructed and three conserved vec-

tors for the system were derived.

Conclusion: The paper studies the (1 + 1)-dimensional generalised coupled modified Korteweg-de Vries-

type system for the first time and constructs its exact solutions and conservation laws.
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under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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to a complex order fractional nonlinear one-dimensional problem
of Burgers equations was discussed in [1]. Computation of solu-
tions to fractional order partial reaction diffusion equations was
presented in [2]. Kadomtsev-Petviashvili-Benjamin-Bona-Mahony
(KP-BBM) equation was investigated in [3] and exact solutions
were constructed. In [4], the (2 + 1)-dimensional B-type Kadomt-
sev-Petviashvili equation of fluid mechanics was studied and soli-
ton molecules and some novel interaction solutions were
discussed. The (2 + 1)-dimensional modified dispersive water-
wave system was considered in [5] and variable separation
solutions were obtained. The authors of [6] examined the KP-
BBM equation and constructed periodic, multi wave, cross-kink
wave and breather wave solutions. The (4 + 1)-dimensional Boiti-
Leon-Manna-Pempinelli equation was studied using the Hirota
bilinear form and rational wave solutions were obtained in [7].
Lie symmetry analysis was carried out on a generalized (2 + 1)-
dimensional KP equation [8] and in [9], the (2 + 1)-dimensional
dispersive long wave equation was investigated via the truncated
Painlevé series method. A new method was introduced in [10] to
find exact solutions for NLPDEs of mathematical physics. Symme-
try analysis of the Kelvin-Voigt viscoelasticity equation and a gen-
eralized (2 + 1)-dimensional double dispersion equation was
discussed in [11,12].

Thus, due to the fact that several physical phenomena of the
real world are modelled by NLPDEs, it is of immense importance
that their exact solutions are investigated. It is in this spirit that
many methods have been developed over the years to obtain
closed-form solutions of NLPDEs and furthermore, that their con-
served quantities are established. Lie’s (1842-99) work stands
out amongst the sea of literature and indeed forms the basis for
the works of many brilliant modern-day scholars. Lie group analy-
sis [13-17] is a revolutionary symmetry-based method for system-
atically solving differential equations. Although discovered in the
late 19th century it got its popularity during the middle of the
20th century because of the availability of computer software.
Other principal methods for obtaining soliton and periodic solu-
tions of NLPDEs have been developed over the years. These include
the Riccati-Bernoulli sub-ODE method [18], the homogeneous bal-
ance of undetermined coefficients method [19-22], the first inte-
gral method [23], the bifurcation technique [24], the generalised
unified method [25], the multiple exp-function method [26],
dynamical system approach[27,28], simplified Hirota’s method
[29,30], the ((G’/G))-expansion function method [31], Kudryashov’s
method [32], Jacobi elliptic function expansion technique [33], and
the power series technique, [34,36,37].

The celebrated Noether’s theorem [38,39] for determining con-
served currents for systems of PDEs with variational principle is a
novel idea and has been delved upon by numerous renowned
scholars. However, the method of obtaining conserved currents
by enlisting Noether’s theorem comes with an intractable limita-
tion, that of requiring the PDE or system of PDEs to have a varia-
tional principle. A great deal of useful mathematical models of
natural phenomena do not have a variational principle. It is against
this backdrop that in recent times astute mathematicians have
sought a generalisation of Noether’s theorem with the intent of
incorporating PDEs with or without a variational principle [40-
51]. One such generalisation is the aptly named multiplier
approach [15]. See also [49]. In this work, we use multipliers along
with a homotopy integral formula to obtain the local non-trivial
conserved quantities of a non-decouplable system of NLPDEs.

In [52], Foursov performed a classification of coupled potential
KdV-type and modified KdV-type equations that possess higher
symmetries, and eleven new systems were presented for which
Hamiltonian and bi-Hamiltonian formulations were provided for
some of the equations. His work focused on coupled and symmet-
ric systems of type (u; = F[u, v]) and (v = F[v, u]). It is against this
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backdrop that the following previously unknown coupled system
was obtained in [52]:

U — ulv, — 3uvu, —
Ve — VU — 3uvoy —

Uy = 0,
Vyx = 0.

(1)

In this work, however, we investigate the generalised coupled
mKdV-type system
E
E, =

U — U2 v, — U, —
Ve — VUy — OUD Dy —

Uxxx = 01
Uax =0

(2)

with (x) a constant. System (1) is interesting in that it is non-
decouplable and possesses higher generalised symmetries. To the
best of our knowledge, the above system (2) will be studied exten-
sively for the first time in this paper and the results are therefore
new. With the application of Lie symmetry analysis we seek to derive
conserved quantities and exact solutions for the system (2). For this
we shall utilise multiplier approach via the homotopy integral and
Lie group analysis along with power series solution method.

Conserved currents

For the generalised coupled mKdV-type system (2) with multi-
pliers (A‘) and (Az) we determine the corresponding conserved

quantities by using the homotopy integral method, but first we
find the multipliers.

To compute all multipliers of (2), we invoke the determining
condition

3)

Here the operators (J/éu) and (6/6v) are the well known Euler oper-
ators specified as

o 1 2 . 0 1 2 _
= AE1+AEZ]7O, %[AEH-AEZ —0.

S _0_po_D, o _Dp32

ou— du € Bue X Duy + D ()uxx X Dty ( 4)
S _0_po_p o pto_pda

ov v t v, X vy X v X DUxxx

with (D;) and (Dy) being the total derivatives given by

D: =
Dy, =

_
r()t + ut + Ut + u“ <)ur
LUt e+ Ui

+ytt()yt+utx + Uzt
+7/XX81) +u"t6u +7}X[61) + -

<)v Oy ov

Ay

Here we seek to compute second order multipliers

[A™ = A"(t, X, U, U, Uy, Uy, Uy, Uxe). M=1,2]

Expanding (3) and comparing powers of derivatives of (u), (v), we
acquire a system of thirty-six PDEs. The solution to this system of
PDEs is akin to the algorithm for obtaining Lie point symmetries.
Solving this system of PDEs gives

A= Ci[{(a+ )tur? + xv + 3tvu}]
+75[C{(+ Dur? + 3 v} + G+ 1)7), o -1, )
A= G [xu-i-{ o+ 1) 02 + 3y}t

Co{((x+Du2v+3uy)} + Cau, o # — 1

x+1

with (C;,C;andCs3) constants. Thus, we obtain three multipliers
given by

A= (04 Dtur? +xv +3tvg, A} =xu+ (o + 1) 0% +3uw)t;
Ay = e+ Dur? + 300}, A =75 {@+ Dudv +3uy);
A= v, Al=u
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From these three sets of multipliers, conserved densities <T’> and

spatial fluxes (Xi) for (i=1,2,3) [49] can be obtained in several
ways. In this work, we use the homotopy integral:

T= (au,Z( D) (G
k

ou _D)Y?. (oA
+8,_8u,,’22:( D) ((‘)(f)"lr‘),u)>‘“:“(z)

0,0 (

(0" o
- (oo

PEA_) |
(0" Toxu) ) lu=u)
k

1-2
+0,0uy (D)7 (5,
1=2

+ 0,0

)|u:um)d}.+Dx N)

1 OEA
u; (a(ﬁk’lé)xu)) |”:”<z))d)' =D ®+Dy- T,
where (k) is the differential order of system (E), (®) is some vector

function and (I) is an antisymmetric tensor. The homotopy integral
(7) simplifies to [49]

1 _k k . m
o= | Za;»y‘luzil.)(z(—m” (% Y um)d;
0 = = 8”

where (m =1,---,n), and (n) is the number of dependent variables.
Also, (® = (T,X)) is a conserved quantity composed of conserved
density (T) and spatial flux (X). Thus, for (2) and (5), we have

T= fo (u(B2) o, + 02522, ),
X= o [ (B2 0y, — Do (258 oy, + D2 (E85)), 0, )
e (B i, D5 (B0, e (2,
-H.l{ (D(E,)zulx\z) |u:u(,;J — Dy (”ﬁﬁﬁz) lue uy T D2 ({ffjxiz) |u:u<,¢) }
] (222, + D2 (), ot (22)
+0{ (%24) -0y, — D(%0) |y, + DF (B2, }
o { (T)), -, + D2 (EA)], b+ (B,
o{ (B8], - Du(%22)l,,, + D} (E2)],,, }
+{ (%222) sy, + D% (%222 sy, b+ 0 (22, |02
8)
= ju), for (A}) and (Af) we have

Choosing the homotopy (u;

T = [ (Zqutvzoc+2u2}3z/2t+2&uvx+3)»uvxxt+3tmuxx)d,l
= latv?u? + 1t0?u? + xvu + 3 tuvy + 3tovu,

and

=5 (71/X/iu — Jvuy — o3 touvy, — 2oxu? 23 02 — 220 2tvPud — 4% otud 03
—Bt Vel — 2/XU ¥ — 3 A0y — 27703 03 — 320UV — 2/UX VU — 423 L0 12

—473 020 + 20XVl + 32U v, + 32tU vy + 2270 tu? 2 — AP0 Uy,

12073 t07U2 — A vt () — 2023 02X + 8 VIS UD Ut — 4 V207 tUlly

—43atvu? yxx)di

= —loxuo? +1atle? Uy U ??

—E VU2 Uy — OLLULL DV — O ULl 0% + 2 UL VU, — QT VD — 3 vty — L up,

14281343 1 2 2 31,3
-ty + ) atw?v2 - Jataru® —

3 242 1 2 902 1 343 3
=3 touy — i’ —Ixut o -1tV 43 tu, v,

=3ty Ve + 3 Uy 0 — U 02 — 3 UV,

— XUUxx + XUy Uy — XUlUxy
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In a similar manner, we obtain two more conserved quantities of (2)
associated with the two multipliers ((A;,A%)) and (A1 A2>
These are

2 _

X = — it (20203 0% + 4018 03 + 20307 + 6012 U —

3 {0UP 07 + V2% 43U + 3Un v},

3ou?v2 + 6outy vy
+6 0 ULy V7 — 30U2 1% + 6 Uy VU + 6UP 02 — 12Ul Dy + B ULy 02 + 6U20°
FOUVy — YU Ux + U U — YUy U + 18 Uy Ui}

T = uw,
XP = Uelly — Uy — U ¥ — 3 (2 + 1) U222,

Analytical solutions of (2)

Here we utilise point symmetries of the generalised coupled
mKdV-type system (2) and build up an optimal system of one-
dimensional subalgebras in order to achieve symmetry reductions
as well as symmetry invariant solutions.

Optimal system of one-dimensional subalgebras for (2)

The symmetry group of (2) can be obtained by using MAPLE and
it consists of

7] 9] 9] 0 9] 7] 7]

57)(2:— X3:u%—v%7X4:3t&+X&—2uE7

X, =
which are space and time translations and scaling symmetries,
respectively. We now seek to exploit one elementary facet of Lie
algebras, that is, the bilinear product property. The commutators
of these Lie symmetries are tabulated in Table 1, where the entry
at the intersection of (i) th row with (j)th column is a reckoning
of Lie bracket ([X;,X;]) [15,16].
We now enlist Lie series [15]

00

Ad(exp(eX;))X; = Z

:0

(adXi)"(Xj),

together with bilinear products in Table 1 to obtain adjoint repre-
sentation. The results are tabulated in Table 2 below.

With the aid of Table 1 and Table 2 and by prudently applying
adjoint maps, we see that the optimal system of 1-dimensional
subalgebras is spanned by

Xl :%7
XZ :%7
X] +X2 ) %7
Xo-Xi=g-4

Xz +Xe=x2+3t2+ (c-2ui—cvl,
aXi +bXy + X3 =ag+bi+ul-vd

with (a,b,c) constants. The symmetry ((x,t,u, v)) (+— )((—x,t,u, v))
is discrete and maps (X, — X;) onto (X; +X>), thus reducing our
optimal system to five inequivalent subgroups, viz.,

{X],XLX] + X5, X3 + Xy, aX4 +bX2+CX3}. (9)

Symmetry reductions and explicit solutions of (2)

Table 1

Commutation relations of 4-dimensional Lie algebra of (2).
[.] (X1) (X2) (X3) (X4)
(X1) (0) (0) (0) (X1)
(X2) (0) (0) (0) (3X2)
(X3) (0) (0) (0) (0)
(X4) (-X1) (-3X3) (0) (0)
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Table 2

Adjoint table of Lie algebra of (2).
Ad (X1) (X2) (X3) (Xa)
(X1) (X1) (X2) (X3) (X4-€X1)
(X2) (X1) (X2) (X3) (X4-3¢X>)
(X3) (X1) (X2) (X3) (Xa)
(X4) (e°Xq) (e3¢X3) (X3) (X4)

We now present symmetry reductions and some explicit solu-
tions of (2) according to the optimal system (9).

Symmetry reductions

We proceed to compute the invariant solutions of each of the
five cases presented in (9) and utilise firstly to transform the
NLPDE system (2) into several systems of nonlinear ordinary differ-
ential equations (NLODEs). Furthermore, we present the solutions
for (2).

Case 1. (X;)

For vector field (X;), we obtain the invariant (¢ =x) and the
group-invariant solutions (u(t,x) = U(¢)) and (v(t,x) = V(&)). Sub-
stitution of these values of (u), (v) in (2) gives the NLODEs

U"” +3UVU' + V'U?
V" +3VUV' + VU =
Case 2. (X3)

Without giving detail, it can be readily seen that this case leads
to the obvious constant solutions

=0,

0. (10)

U:k]7 V=k (]1)

with (kq,k,) constants.

Case 3. (X; +X3)

The third member of (9), namely (X; + X;) provides us with the
invariant (¢ = x —t) and group-invariant solutions (u = U(¢)) and
(v =V(¢)). Consequently, (U), (V) satisfy

U" +oUU'V +V'U?+U =0,

" 4 172 ! (]2)
V" +aVUV' + UV +V' =0.

Case 4. (cX3 + X4)

In this case, the invariants (¢&=xt'?), (u=t“273U(¢)) and
(v=1t73V(¢)) are apparent, with functions (U), (V) conforming to
the system

3U" +30UVU + 33UV +¢U' — (c—2)U =0,

2 (13)
3V” +3aUW +3V°U + &V +cV =0.
Case 5. (aX; + bX; + X3)
In this final instance, we obtain the invariants

(¢ =bx—at), (u=e""U(¢)) and (v=e*V(&)). By substituting
these invariant solutions into system (2) we find the following sys-
tem of nonlinear ODEs:

DUV’ + o b*UVU' + b*U" + abU' — U = 0,
b’V2U' + ab’UW' + b*V” +abV' +V = 0.
Explicit solutions of (2)

In this subsection, we determine exact power series solutions

[34-37] for the ODEs (10) and (12)-(14). For the ODE (10), we have
the power series form

§=3pd and V(&)

j=0

(14)

(15)

= qu' g,
=0

where (p;) and (q;) for (j=1,2,-
From (15), we obtain

-) are undetermined constants.
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- im Dpad. V() - im 1)g5.1.
u'(e Z(H—l (G +2)p28, V'( Z(]-I—l (i +2)g;,27,
u"(¢ Z(Hl (+2)G+3)p5¢,
V(&) = ;U+ 1) +2)( +3)g:.5¢.

(16)
Substituting (15) and (16) into (10) we have

S+ 2+ 3Py 43 (ipﬁ) (Zq, > Zo 1 p}HH)
=) =)
+ (imf’) (i

(
=0 =0
S G142+ 308 +3 (ipjfi) (Zq e) (iu 1)
Jj=0 j=0 =0
G+1p.¢) 0

*(Z%’é}) (Z + )Py €
o J k
Z(JH G+2)G+3)p;38 +3> D> (- k+D)piGe iy 18

+1) qmd) =0,

)

j=0 Jj=0

which simplifies to

Jj=0 Jj=0 k=0 i=0
oo j ok
Y 3N G- k+ Dpipe g1 =0,
j=0 k=0 i=0
oo ) o j k )
ZU + 10 +2)(+3)g;,5¢ + 32220 —k+1)pigy_iGj_11¢
j=0 j=0 k=0 i=0
oo J k
33N (- k+ 1) ibjia & = 0.
Jj=0 k=0 i=0
(17)
From (17) the following recursion formulae are understood:
j ok
pj+3 TS U+2 (G+3) ( ZZO k+1 pzqk lpj k+1
k=0 i=0
Jj k
+ZZO k+1 ppk lq] I<+]>
k=0 i=0 (18)

ik
U3 = ~ 72579 <3ZZU —k+ )P iGj k1

k=0 i=0
ik
+ZZ(J —k+ 1)‘]in<in1<+1> )
=0 i=0
for (j=0,1,2,.--.) Thus, by choosing the constants (p,,) and (q,,),

(m = 0,1,2,) successive coefficients can be obtained, uniquely, from
(18). We have, for instance,

p3 = *%pgfh - %po%ph

qs = *%Q(Z)pl - %Po%‘h;

P4 = —15P5% — §P2Podo — 54 P1Pod1 — P30

44 = — 150295 — §Po%290 — 35 P19190 — §Poq:

Ps = 35P300%1 + 15P1D345 — & P2Pod — g5P1Pod2 — 35P1P290 — 15P71,
qs = 5PoP193 + 15 P30195 — &5 P20190 — & P19200 — 35P193 — 25P0q192;

and so on. Consequently, the exact power series solution of (10) or
in fact (2), is given by (see Figs. 1-3)
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u(t,x) = po+pré+ 0,8 — (§P3a: +3poGoP1) & — (5030 + 1P2Pod0
+ 501001 +3P200)E* + (5P34041 + 15P1 D303 — B D2Dotr — gP1Dod2
o0 j ok
—56P1P2G0 — 15P741)¢ Z 5 (3220 k+ D)piGeibjrer (19)
=3 k=0 i=0
ik .
+ZZ(] —k+ 1)pipk7iqj7k+l) =,
k=0 i=0
U(t,X) = qo + @&+ & — (P +3Podod)E — (5023 + P00 + £ P11 90
+300@)E + (FPol1 B + P30 B — &P29100 — BP10200 — 5165
< j k
—55P0q1G2)¢ Z (3220 —k+1)pili i 141 (20)
=3 k=0 i=0

ik )
+ZZU —k+ 1)qiqk—ipj7k+1> an

k=0 i=0

Indications from Figs. 4 and 5 are that solution (19) is convergent.
Below is a consolidation of the above solution profiles, further illus-
trating convergence.

We now employ the same procedure to solve system (13). Sub-
stituting (16) into (13), we have

330G+ 1)+ 20+ 3y + 3a<2p, ) (iq,-éf) (fja 1y ff)
=) =)

Jj=0

+3 (ip,-é’) <i0‘+ 1)%@”) + é<i(i+ 1)qj+1é"> —(c-2) <ipjéj) =0,
j=0 =0 j=0 =

3i0‘ +1)(+2)( +3)q;,58 + 30 ip ) (Zq,é’) (i(l + 1>qmé">
Jj=0 =0 -0
2 o0 o0
+3 (Zqﬁ’) (Zm 1)pjcff) Zu +1)g;4 E) + c(qué’) =0.
=0 J=0 = =0

To
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Simplifying the above system we now have
) j , )
35500 + 1) +2)G +3)Pad + 30370 Y Yol — k+ Dty ibyicrd
k=0
+Zj°ioZ’L:to:o(i — k4 1)piDi_iGj_ki1 g+ Yol —c+ Z)Pjéi =0,

355500+ DG +2)0+3)05,58 + 305565 % 0D 0 — k+ 1P Gy 41 &
i=0

+Zj°ioZLOZik:o(i — k4 1)qGiiPj 1 + 350 +)gid = 0.
(21)

The system (21) is true if the coefficients of ( ) (j € z*) are equal
to (0):

ik
Pz = _‘3o+_1>01+_2>0+‘3) <3“ZZU —k+ DGy iir
k=0 i=0
ik
+ZZU = k+1)pipy_iGgn +i—C+ 2)
k=0 i=0
' (22)
ik
q]‘+3 = _—3U+1)Ul+2)(i+3) <3O(ZZU -k + ])piqkfiqj—kJrl
k=0 i=0
ik
Y > (= k+ 1) P +i+ c)
k=0 i=0
for (j=0,1,2,---.) Thus, for arbitrary constants (p,) and (q,),

(m=0,1,2), we have

1.0
n
-1.0

n
-0.5

Fig. 1. Profiles of even partial sums for solution (19).
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a B o
/‘//"
5 ///,, 20}
,//
vl 2 .
-2 -1 4 1 2 =2 -1 2
-
o
r -2 -20f
2 :
/,/
,,/ s P
I =
[
0f
101
101
= 2] 1 > = 1 B
_1of
_1of
ol
=20}
3
»f
104
) = : 2
_10f
=20
Fig. 2. Profiles of odd partial sums for solution (19).
P . Tiven partiat sums
044 partial suas m
4- \& |
sE
af
-2 -1 1 2 /
1b
-2}
=4} -2 =3 1 2
Fig. 3. Consolidated profiles of partial sums (To)(--)(T10) for solution (19).
e
o
D = %

Fig. 4. Profiles of solution (24).

164

w10t

2x10"

ERT

ax10"



Chaudry Masood Khalique and I. Simbanefayi

(334)

Journal of Advanced Research 29 (2021) 159-166

100)
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-1x10M

—2x10M b \

—3x10ll | \
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60

80 100

Fig. 5. Profiles of solution (25).

Fig. 6. Profiles of (25) from different vantage points.

-50
= —
v 28 0 5‘0 ’ 100 o0
Ps= —&%PoqoP1 — 15 P§d1 +15€ — 3>
q3 = *% 0Poqoqq *ﬁ ap, — 156G
Ps= —1%PoqoPs — 36 P39 — 75 (3% +2)poqi Py — 24 apido +7zc &
Qo= —15%Pod0q2 — 35 9oP2 — 75 (30 +2)qo 1 P1 — 55 9 GiPo — 75C — 755
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Hence the exact power series solution to (13) is
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We now provide (3D) renderings of (24) and (25) for (n=0,1,2)
and for arbitrary values of (py, q9,P1,q1,P2,q>) and (c) in Figs. 4-6.

Concluding remarks

In this paper, we considered a (1 + 1)-dimensional generalised
coupled modified KdV-type system. This system is studied for
the first time in this paper. It has no variational principle and as
such, we employed the multiplier method and used a homotopy
integral formula to derive the conserved quantities to which it con-
forms. As already seen, the homotopy integral approach is rela-
tively simple, concise and elegant compared to other traditional
avenues of computing conserved quantities. In this work, we pro-
vided a step-by-step illustrative example of this algorithm with
the aid of a system which has not been previously studied. Herein
lies the novelty of our work. Again we sought the optimal system of
one-dimensional algebras for this system by invoking its four-
dimensional Lie algebras. This enabled us to transform the system
into several systems of NLODEs. With the aid of the power series
solution method, we solved some of the systems of NLODEs and
obtained its exact solutions which are by extension also solutions
of system (2).
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