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Abstract: Multiplicative degree-Kirchhoff index is a very interesting topological index. In this article,
we compute analytical expression for the expected value of the Multiplicative degree-Kirchhoff index
in a random polygonal. Based on the result above, we also get the Multiplicative degree-Kirchhoff
index of all polygonal chains with extremal values and average values.
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1. Introduction

In this paper, we only consider simple and finite connected graphs. The topological
index is a mathematical descriptor of molecular structure, which is obtained by performing
some numerical operation on the matrix representing the molecular graph. It is an invariant
graph, directly generated from the molecular structure, and used to reflect the size, shape,
branch and other structural features of the molecule, so as to realize the numerical value of
molecular structure information. Molecular topological indices are widely used because of
their simplicity, objectivity and freedom from experience and experiment. More than 200
different types of topological indices have been proposed.

It is well known that the emergence and development of graph theory is closely related
to the study of chemical molecular graphs. Using topological indices, physicochemical
properties and activity parameters of compounds to construct QSPR/QSAR models and to
evaluate and predict their properties has become one of the most active fields in chemistry
research. In recent years, increasing attention has been paid to the development of chemical
workers. A graphical representation of a compound contains atoms as nodes and bonds as
edges. For more detailed information, we can refer to [1-4].

Topological indices can be used to describe chemical structures and are related to the
physical properties, thermodynamic parameters, chemical properties, biological activities
and carcinogenicity of compounds. A graph is an ordered two-tuples G = (V(G), E(G)),
where V(G) is a nonempty set and E(G) is a set disjoint from V(G). V(G) and E(G) are
the vertex set and edge set of G. The number of edges incident at v in G is called the degree
of the vertex v in G and is denoted by dg(v). If u and v are in the same component of G,
we define d(u,v) to be the length of a shortest u — v path in G [5-7].

In 1993, Klein and Randi¢, academicians of the International Academy of Mathematical
Chemists, discussed the application of effective resistance in chemistry and named the
effective resistance of a graph as the resistance distance of a graph. This was the first time
the concept of resistance distance was put forward in the world, and its proposers pointed
out that the resistance distance has more advantages than the shortest distance in the study
of molecular communication distance and other aspects [8].

The Kirchhoff index is defined as

Kf(G) = ).

{xy}CVe

r(x,y)- ey
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In 2007, the multiplicative degree-Kirchhoff index was defined as [9]

Kf'(G)= ) dx)dyr(xy) @

{xy}CVe

A random polygonal chain G, with n polygons is composed of a polygonal chain
G,—1 with n — 1 polygons, where a new terminal polygon H; is adjacent to a cut edge,
see Figure 1. For n > 3, the terminal polygon H,, can be connected in m ways, which
can describe as a permutation of G},G2,G3,...,GI". see Figure 2. A random polygon
chain G, (p1, p2, p3, - - ., Pm—1) is the polygonal chain obtained by successively adding ter-
minal polygons. In each addition m(= 3,4,...,n) can randomly select one of the m
connection modes:

*  Gy-1— G, with probability p,
e Gy_1 — G5, with probability py,
*  Gpu-1— G5, with probability ps,
e : I
e Gp_1— GI'! with probability p,,_1,

*  Gp_1— Gj, with probability p, =1 —p1 —p2—p3 — -+ — Pu—1,

where the probabilities p1, p2, p3, - .., Pm—1 are constants, independent of the parameter m.

Up—1
Tom L2m—1

Figure 1. A polygonal chain G, with n polygons.
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: m

Figure 2. m types of local arrangements in a polygonal chain.

Let Gy, be a polygonal chain with n polygons Hy, Hp, ..., Hy. utw; links Hy and Hyyq
with u; € Vg, in G, wy € VH, 1 fort =1,2,--- ,n— 1. Evidently, both w; and u; are
the vertices in Hy 1 and d(wy, usy1) € {1,2,3,...,n}. In particular, G, is the meta-chain
My (pm = 1), the ortho-chain O},02, ..., 0" 2(p; ;1 = 1,1 < i < m — 2) and the para-chain
Ly(pm =1)ifd(wr, upq) =1 (e, p1 = 1), d(wr, up1) =2 (e, pp = 1), d(wy, up1) =3 (ie.,
p3=1),...,d(ws, upp1)=m(e, py = 1) forall t € {1,2,...,n — 2}, respectively.

Huang, Kuang and Deng [10] calculated the random polyphenyl and spiro chains,
while Zhang and Li et al. [11] calculated the random polyphenylene chain expected values
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of the multiplicative Kirchhoff index. For more information, we can refer to [12-30]. We
compute analytical expression for the expected value of the multiplicative degree-Kirchhoff
index in a random polygonal. We also obtain the multiplicative degree-Kirchhoff index
with extremal values and average values of all polygonal chains. These results will play a
positive role in the study of chemical and physical properties of compounds, drug design
and environmental pollution prediction [31,32].

2. The Multiplicative Degree-Kirchhoff Index in a Random Polygonal Chain

In this part, in random polygonal chain we will compute the expected value of Mul-
tiplicative degree-Kirchhoff index. For a random polygonal chain G;, the Multiplicative
degree-Kirchhoff index is a random variable. Actually, G,+1 is G;; connected by an edge to
a new terminal polygonal H, 1, here H, 1 is composed of vertices x1, X, x3,...,X2y, and
the new edge is u;x1; see Figure 1. Forallv € V ,

r(x1,0) = r(uy,0) +1,

B 1-2m—-1) 2m —1
r(xz,0) —r(un,v)—l—l—l-m =r(up,v)+1+ T
2-(2m—2) 4m — 4
r(xz,0) = r(up,v) + +2+(2m—2) r(up,v) +1+ o
m—1) - (m+1 m?—1
r(xl’H/v) = r(unrv) +1 + ((f’n _ 1))_|_((m+1)) = 7"(ul’l/v) +1 + zm 7
m-m m2 ®3)
r(xpy1,0) = r(uy,v) + 1+ = r(uy,v) +1+ o’
(m+1)-(m—1) m? —1

r(Xpa2,0) = r(up,0) + 1+

=r(up,v)+1+

7

(m+1)+ (m—1) m

2m —2) -2 dm — 4
r(xom—1,0) = (ty,v) + 1+ ((2111_2))+2 =r(up,v) +1+ T
2m—-1)-1 2m —1

@1 T Ty
Y. dg,,(v) =[(2m—2)-2+2-3]n—1= (4m+2)n —1. )

[US VGn

r(Xom,0) = r(uy,v) +1+
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And,
Ed F(x1, %) 4m -1 8m —2m
1, 4i) — 3 6m 7
_Am? -1  1-(2m—1) 8m’+4m -3
de’ (g, xi) = 5 T 2m N 6m ’

amz—1 2-2m—2 8m3 +10m — 12
Yo ()l ) = HEL 2@ ) St 4 10

4

4 2 1 —1). 1 3 2 o
Zd xl x‘ﬂ’l/xl — m + (m ) (m+ ) _ 8m +3m m 3’
3 2m 6m

©)

7

am? -1 m-m 8m?+3m—2

dm?> -1  (m+1)-(m—1) 8m>+3m?>—2m—3
d | i) — =
i§:1" (xi)r (X2, Xi) 3 + m 6m ’

4m*> -1 (2m—2)-2  8m® +10m —12
d(x = -
Z r(Xom—1,%;) 3 + m m ’

4m271+(2m71)~1 _ 8m®+4m—3

Zd xi)r (xm, Xi) = 3 2m a 6m

Theorem 1. The E(Kf*(Gy))(n > 1) of the random polygonal chain Gy, is

E(Kf*(G,,)):{(4m3+12m2+9m+2)—(2m+1)mil[(2m2+5m+2) %(2 +1)]Pl} "

i=1

4m® — 4m? —19m — 8 m=1 2 2
TSR @ 1) L (20 5+ 2) %(Mﬂm}n
i=1

2m +i(2m —
m

—{(8m* —8m —9) +2(2m +1) g [(2m? +5m +2) — )(2 “)]Pi}g—l-

Proof. The random polygonal chain G, is obtained by successively adding a new termi-
nal polygon H, ;1 to G, by an edge, here H,, ;1 is composed of vertices x1, X2, x3,..., X2,
and the new edge is u,x1; see Figure 1. Through (2), one has

Kf*(Gup)= ) dwd@rwo)+ ), Y, do)dx)r(v,x)+

{u0}Cvg, vEVG, Xi€VH

d(xi)d (xj)r(xi, x;)-

n+1 {szj}QVH”Jrl

Note that

Z d(w)d(v)r(u,v) = d(u)d(v)r(u,v) + Z dg,,, (un)d(v)r(un,v)

{u,v}CVg, {u,0} Vg, \{un} veVe, \{un}
= Z d(u)d(v)r(u,v) + Z (dg, (un) +1)d(v)r(uy,v)
{u,0}CVs, \{un} veVe, \{un}
=Kf*(Gn)+ Y. d(o)r(un,v).
veVs,
O

Recall thatd(x1) = 3and d(x;) = 2fori € {2,3,4,..., 2m}. From (3) and (4), We have
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=@4m+1) Y d(v)r(u,0)+

d(v)d(x;)r(o, x;)

Y X

UEVGn xiEVHn+1

1-(2m—1)
2m )

3. (2m —3)
2m

Z d(v)[3(r(un,v) +1) 4+ 2(r(un,v) + 1+

(4SS VGn

2-(2m—2)

+2(r(up,v) +1+ )+ 2(r(up,v) +1+

2m

o+ 2r(un,0) + 14 1)2;71(’”“)

(m+1)-(m—1)
2m )

2m—-1)-1
2m

Y, d(@)[(4m+1)r(uy,0) +

UEVGn

)

m-m
)
(2m—2)-2

2m

+ -

) +2(r(un, 0)

+2(r(up,v) +1+

+ 4 2(r(un,0) + 1+ )

+2(r(up,v) +1+ )]

4m? +12m +2
—

Am? +12m +2

=

m+2)n —1].

ve Vcn

From (5), one has,

{xixj}gVHrIJrl l

1

2

+ .-

+2 X

[3 %

2m

1
Z xi) de]

1

Y. d(x)d(x)r(x, xj) = (xi, %))
4m? — 1 4m? — 1
3 +

3
(m—=1)-(m+1)
+ 2m

(m+1)-(m—1)
2m

1-(2m—
2m

dm? -1 2-(2m—2)
_|_

2
tax 2m

+2x

( ”) )

am? — 1

2
3 tax

42 x(

2
( 3

)

—1 )+

+

4
e +2x

8m +4m? —2m —1

Then

Kf*(Guy1)

=Kf*(Gn) +

3

4m? +12m+2

(4m +2) 2 d(v)r(un,v) + 3

4S VGn

[(4m +2)n —1]

(6)

8m3 + 4m? —2m — 1

3

For a random polygonal chain Gy, the expected value of the number } ¢y, d(v)r(un,v) is
a random variable. We can represent it

Substituting R, into (6), we can get the recurrence formula of E(Kf*(

E(Kf*(Gny1)) =E

Ry := E( Z d(v)r(uy,v)).

Z}GVGn

Gn))

16m3 4 56m? + 32m + 4
n+

8m® — 14m — 3
3 )

(KF*(Gp)) + (4m +2)Ryy + 3

We continue to consider the following m possibilities.
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Way 1. G, — G% 41+ In this way, u,, gives the same result with the vertex x; or xay,.
Then, Y yey,, d(v)r(un, v) is described as Ypcy, d(0)r(x2,0) or Ly, 7(v)d(x2m, v) with
probability p;.

Way 2. G, — G% 41+ Inthis way, u, gives the same result with the vertex x3 or x3,, 1. Then,
Yoeve, 4(0)r(un, v) is described as Yy, d(0)r(x3,0) or Yoevy, d(0)r(x2m-1,v) with prob-
ability po.

Way 3. G, — Gz 41~ Inthis way, u, gives the same result with the vertex x4 or x2,,—». Then,
Yoevg, 4(0)r(un, v)is described as Y pey, d(v)r(xs,0) or Lyey,, d(0)r(x2m—2,v) with prob-
ability ps.

Way m-3. G, — G;”Jr_f. In this way, u, gives the same result with the vertex x,,_ or x,, 4.
Then, Y oev,, d(0)r(un,v) is described as Ypey, d(0)r(xm—2,0) or Loey, d(0)r(Xmt4,0)
with probability p;,_3.

Way m-2. G, — GZE:%. In this way, u, gives the same result with the vertex x,,_1 or x,,3.
Then, Y oev,, d(0)r(un,v) is described as Yoy, d(0)r(xm—1,0) or Lyey, d(0)r(Xm43,0)
with probability p;,_».

Way m-1. G, — G;”Jll. In this way, u,, gives the same result with the vertex x,, or x,4».
Then, Yyev,, d(v)r(un, v) is described as Y yey, d(v)r(xm, v) or Toey,, d(v)r(xmi2,v) with
probability p,,_1.

Way m. G, — G}, then uy, is the vertex xy,11. Then, }pcy, d(v)r(un, v) is described

as Yoevg, 4(0)r(Xm1,v) with probability 1 — p1 —po — p3 — ... = pmw—3 — Pm—2 = Pm-1-

According to the above discussion, we obtain
Ry=p1 Y d()r(xz,0)+p2 Y. d(0)r(x3,0) +ps Y. d(v)r(xs,0)

‘UGVG,, z]g\/G” vean
+ ot Pms 2 d(v)r(xm—2,0) + pm—2 Z d(0)r(xp—1,9) + Pm—1 Z d(0)r(xm, 0)
veVg, veVg, Vg,
+A=pi—p2=ps— = Pus—Pua—put) Y d(0)r(xni,0)
veVg,
= [ 2 d()( )+(1+1'(2H’Z71))((4 +2) _1)+(4m2*1+1-(2m71))]
=p1 el o)r(Upy—1,0 o m n 3 =
il X o)+ 1+ 2D 21y (ML 22022
P2 velg otn1e TS 3 b
- (2m — m? — (o —
Fpsl T 0+ (0 2 a4 (Pt
m—3)-(m 2 — —3) - (m
+mes[vevg d(v)r(una,v)+<1+(3’)2%((4"1”)”_1)“4 ; L 3)2m( +3)))
m — . 2 - .
+Pm—2[v€‘§7 d(v)r(un,l,v)+(1+(2)2#((4”1_‘_2)”_1)_’_(4"13 1+ (m 2)2m(m+2) )}
+tpmal ) d(v)r(u,zfl,v)+<1+W((%H)n_l)ﬂmzfl+ (mﬂ)z;n(mﬂ)n
veVG’Fl
. - '
+tA=-p—p— =)l d(v)r(un,l,v)+(1+%)((4m+2)n_1)+(4m3 1+%)}

'z;EVG7171
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Substitute the expectation for the above equation, E(R,) = R,, we obtain

m—1 P _
Ry =Ry 1+ {(2m? +5m+2) — Y. [(2m® +5m +2) — M“Tw(zm +1)]p;In

i=1

m—1 . g 2
n Z[(2m2+5m+2)*2m+1n(12m l)(2m+1)]pi72m +1;m+10.
i=1
Let .
m— o
- [(2m2+5m+2)—2m+1n52m D om +1))p.
i=1
2 - (2m — i
W; = (2m + 1)[(2m? + 5m + 2) — m“ﬂim D o+ 1)].
Hence,

2m? 4+ 15m + 10

Ry =Ry 1+[(2m* +5m+2) —Vn+V — 3

By the calculation

4m?* —1
Ry =E( ), d(v)r(uy,v)) = 7
'UEVG”
Based on the above results, we have
2 — .
R, :{w 1 Z 2m2 +5m +2) — 2171—1—1—(2171)(2m + 1)};,1},1
2 2 = m
m—1 . _ 2 _ _
ATl w2y - PN oy g 2RI,
i=1
Thus,
R [(2m2+5m+2) B 1V]n2+ [1V+ 2m? — 15m — 14];1“L
" 2 2 2 6 '
Substituting R, into (6), we have
. . 16m> +56m? +32m +4  8m3 —14m — 3
E(Kf* (Guy1)) =E(Kf*(Ga) + (4m + )R, + a nt O
2m? +5m+2) 1 1 2m? — 15m — 14
—E(Kf*(Gn)) + (4m +2){[(’”+2—’”+) — VI + [V + %]n +1}

16m3 + 56m2 + 32m + 4 8m3 — 14m — 3
3 n-+ 3 .

By these calculations, E(Kf*(Gy)) = 8"’3%2’”.

Finally, we obtain the expected value formula
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m—1

E(KF*(G)) = {(4m® + 120 +9m +2) — (2m +1) Y [(2n? + 5m +2) —
1

=
m—1

2m +i(2m —i 3
m

 am - 1) )i}

3 4m2 _ o
(A PED L am1) Y (20 4 5m +2) - W(zmﬂ)]pi}#
i=1
—{(8m* —8m —9) +2(2m +1) E 2m2+5m+2)—W(Zm—i—l)]pi}g—l.
Thus,
. 3 5 nd  4m3® — 4m? —19m — 8 2
E(Kf*(Gn)) =[(4m +12m® +9m +2) — (2m + 1)V] = + 3 +@2m+1)Vn
—[(8m2—8m—9)+2(2m+1)V]%—1.
as desired.
In particular, if we let(p1, p2, p3,---, Pm—1,Pm) = (1,0,0,...,0,0), (0,1,0,...,0,0),
(0,0,1,...,0,0), ..., (0,0,0,...,1,0), (0,0,0,...,0,1) or (0,0,0,...,0,0), by Theorem 1,

we can obtain the multiplicative degree-Kirchhoff index of the polygonal meta-chain

M, (p1 = 1),the polygonal ortho-chain O}, 02, O3 ,...,0m2

the polygonal para-chain L, (pm, = 1), as

(i1 =11 <i<m—2),

Kf*(Mn) _ 16m3+12m2f1n3+ 167’}14*161’]13 728m2f2m+3n2 B 8m4714m275m+2n_1,
3m 3m 3m
Kf*(O1) = 24m3 + 8m? — 10m — 4 3+16m4—40m3—16m2+28m+12n2_8m4—16m376m2+15m+8n_1,
Kf*(07) = 32n — dm” —28m =9 5 16m4_64m3+20m2+82m+27n278m4—32m3+18m2+51m+18n71l
Kf*(0"3) = 4m4—|—12m3_7m2—14m—4n3+4m — 4m3 +29m? + 40m + 12 2 8m3_|_24m2+23m+8n_1l
Kf*(Om=2) = 4m* +12m° + 5m? — 2m — 1 3+4m4*4m3f7m +4m+3n2_8m3—m+2n_11
Kf*(Ln) _ 4m4+12m3+9m +2mn3+ 4m4 *41’}’13 _ 191112 78mn2 - 8m3 *87’}’[2 —9111”_1‘
3m 3m 3m
(O 3 2 n®  4mP —4m? —19m — 8 ) ) ,
Kf7(On) = [(4m” + 12m +9m+2)—Wi+1]§+[ 3 + Wiy1]n® — [(8m —8m—9)+2Wi+1]§—1,

Obviously,

Kf*(Myu) + Kf*(Ly)

= Kf*(0p) + Kf*(O7) +

K (0.

Corollary 1. For a random polygonal chain G, (n > 3), the para-chain Ly, reaches the maximum
and the meta-chain M, reaches the minimum of E(kf*(Gy)).

Proof. Though Theorem 1, we have

n3

E(Kf*(Gn)) Z +Wn
i=1
3

—4m? —19m —8 ,

n 3 2 n3
15)}71- + (4m> +12m* + 9m +2)§

8m? —8m —9
n—1.

3

3
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When n > 3, by taking the partial derivative of E(Kf*(Gy)), one has

M W —|—Wn Win<0.

api 3 3
OE(Kf*(Gn)) _  4m* —4m® —3m* +2m+1n3 N dm* — 4m? —3m2+2m+1n2
op1 B m 3 m
2 dm* —4m® —3m? +2m +1
-3 - n<o,
OE(Kf*(Gn)) _  4m* —12m3 + m® +12m +4n® N 4m* —12m3 + m? + 12m+4 5
apa B m 3 m
2 4m* —12mP 4+ m? 4+ 12m + 4
75 " 7’l<0,
IE(Kf*(Gu)) _ 4m* —20m® +13m* +30m + 9 n® N 4m* — 20m> + 13m? +30m+9 ,
ap3 B m 3 m
2 4m* —20m3 + 13m? + 30m + 9
—3 - n <o,

OE(Kf*(Gn)) _ _4m?+d4m+1n®  dm+dm+1 5 2 4m*+dm+1 o
pm_1 m 3 m 3 m ’

When (p1, p2, 93, - - Pm—1, Pm)=(0,0,0,...,0,1)(i.e., py = 1), the para-chain L, reaches
the maximum of E(Kf*(G,)), (e, Gp = Ly). U p1+po+p3+...+pmw_1 = 1, let

pm_lzl—pl—pz——Pm72(0§p1§1/0§p2§1//ngmfZS:l)/Then
m—2 n3 ) n
Kf (Gn)) W +W7’l 72W3)pi+(me_1?+Wm_1n *ZWm_lg)(lf]ﬁ*pzf"'fpm,z)
1:1
n’ Y —4m®> —19m —8 8m> —8m —9
+ (4m> + 12m? +9m+2)— dm m M=y o0 1.
3 3 3
Therefore,

OE(KS"(Gn)) _ -(W; — Wmfl)%s + (W = Wyy1)n? — %(Wi = Win—1)n <0.

Ip;
* 3 2
aE(Kgp(GH)) — _(4m® —4m2—7m72)%+ (4m° — 4w — 7 = 2)n = = - (4m® — 4 — 7m —2)n < 0,
1
OE(Kf*(Gn)) _  4m* —12m° —3m® +8m +3n® N dm* —12m® — 3m? +8m+3 ,
op> N m 3 m
2 4m* —12m® —3m* 4+ 8m + 3
- = n<o,
3 m

OE(Kf*(Gn)) _  12m*+12m+3n® N 12m2+12m+3n2 2 12m? +tlm+3
OPm—2 N m 3 m 3 m ’

Thus, (p1, P2, P3,- - - Pm—1,Pm)=(0,0,0,...,1,0)(i.e., pu—1 = 1), E(Kf*(Gy)) cannot be
minimized. As above, If py+pp+ps+...+pi=Lletpi=1—p1—po—... —pi_1 (0<
p1<1,0<p,<1,...,0<pi1 <1), (i > 3); then, we have
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m—3 3

* n n
E(Kf*(Gn)) = ) (— Wi 3 + Win® — 2W; 3>Pi + W2z + Wiy —on® — Wnag)(L=pr—=p2—-- = pm-3)
i=1
3 3 _ 2 _ 2 _ _
(4 +12m2 o 42yl A AT ZOm =8, 8T m8m =9
3 3 3
Therefore,

* 3
W = (Wi = Wiy 2) %+ (W = W) %(wi Wy o) <0, (m—3>3).
1

The minimum value can only be reached if p1 + p» = 1. Thenletp; =1 —p, (0 < pp < 1)

E(K*(Ga)) =(—Wi%e + Wi~ 20 2)(1 = o)+ (~L% + War — 205 )
n

3 4m — 4m? —19m 8 5, 8m —8m—9

? 3 n 3 n—1.

+ (4m® +12m* 4+ 9m + 2)
Thus,
« 3
aE(Ga(pKf")) = (W — Wz)% — (W = Wp)n® + %(Wl — Wa)n > 0.
2

Therefore, E(Kf*(Gy,)) reaches its minimum value when p, = 0 (i.e., p; = 1); thatis
G =M, O

3. The Average Values for the Multiplicative Degree-Kirchhoff Index

Let ©, be the set of all polygonal chains with n polygons. Here, we calculate the
average value of the multiplicative degree-Kirchhoff index.

* 1 *
Kfzwr(®n) = |@7 Z Kf (G)
nl Geo,
In order to obtain the average value Kf;:.(®,), weletp; = pr = ... = ppu = % in the

random polygonal chain of E(Kf*(Gy)). According to Theorem 1, we have

Theorem 2. The Kf;,,(©,)(n > 1) for the multiplicative degree-Kirchhoff index of the random

chain Gy, is
1=l wd Am® —4m? —19m—8 1 "=l
E(Kf*(Gy)) =[(4m® 4+ 12m> + 9m +2) — . Yy WS+ 3 +- Y Win?
i=1 i=1
) 2 m—1
— [(8m* — 8m —9) +— Zwl

i=1

After calculation, we obtain the equations
Kfor(@2) = K" (My) + K (O3) + K7 (OR) + -+~ KF* (04 2) + —Kf* (L)
avr n m n m n m n m n m nj-

4. Concluding Remarks

In this paper, we compute an expression for the expected value of the multiplicative
degree-Kirchhoff index of a random polygonal chain. We also calculate the extremal value
and average value of this index. Polygonal chemicals have various molecular structures,
and their physicochemical properties are becoming increasingly important; refer to [33-35].
These studies have important applications for us to solve some chemical problems related
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to life and production, as well as for us to predict the physical and chemical properties of
molecules and synthesize new compounds and new drugs.

Nowadays, computational chemists can identify the various physical, chemical and
pharmaceutical properties of molecules by statistical methods using a large amount of data.
Topological indices based on the distance between vertices of graphs play an important
role in characterizing molecular graphs and establishing the relationship between molec-
ular structures and features and are used to predict the physicochemical properties and
biological activities of compounds. With the rapid development of science and technology,
the demand for new materials and drugs in the manufacturing and pharmaceutical fields
is increasing day by day. In order to purposefully and quickly synthesize new substances,
the topological index has once again become a research hotspot [36,37].

Author Contributions: All authors contributed equally to this article. All authors have read and
agreed to the published version of the manuscript.

Funding: The research is partially supported by the National Science Foundation of China (Grant
No. 12171190), the Graduate Innovation Fund Project of Anhui University of Science and Technology
(Grant No. 149), the Natural Science Foundation of Anhui Province (Grant No. 2008085MA01) and
the Research Foundation of the Institute of Environment-friendly Materials and Occupational Health
(Wuhu), Anhui University of Science and Technology (Grant No. ALW2021YF09).

Conflicts of Interest: The authors declare that they have no competing interests.

References

1.  Bondy, J.; Murty, U. Graph Theory Graduate Texts in Mathematics; Springer: New York, NY, USA, 2008; p. 244.

2. Chung, ER.; Graham, F.C. Spectral Graph Theory; American Mathematical Society Providence: Providence, RI, USA, 1997;
Volume 92.

3. Estrada, E.; Bonchev, D. Chemical Graph Theory. In Discrete Mathematics and Its Applications; Taylor & Francis: London, UK, 2013;
pp. 1-24.

4. Flower, D.R. On the properties of bit string-based measures of chemical similarity. J. Chem. Inf. Comput. Sci. 1998, 38, 379-386.
[CrossRef]

5. Buckley, E; Harary, F. Distance in Graphs. In Structural Analysis of Complex Networks; Birkhduser: Boston, MA, USA, 1990.

6.  Entringer, R.C,; Jackson, D.E.; Snyder, D. Distance in graphs. Czechoslov. Math. J. 1976, 26, 283-296. [CrossRef]

7. Klein, D.J.; Randi¢, M. Resistance distance. J. Math. Chem. 1993, 12, 81-95. [CrossRef]

8. Gutman, I; Feng, L.; Yu, G. Degree resistance distance of unicyclic graphs. Trans. Comb. 2012, 1, 27-40.

9. Huang, G.; Kuang, M.; Deng, H. The expected values of Kirchhoff indices in the random polyphenyl and spiro chains. Ars Math.
Contemp. 2014, 9, 197-207. [CrossRef]

10. Zhang, L.; Li, Q.; Li, S.; Zhang, M. The expected values for the Schultz index, Gutman index, multiplicative degree-Kirchhoff
index and additive degree-Kirchhoff index of a random polyphenylene chain. Discret. Appl. Math. 2020, 282, 243-256. [CrossRef]

11. Huang, G.; Kuang, M.; Deng, H. The expected values of Hosoya index and Merrifield—Simmons index in a random polyphenylene
chain. J. Comb. Optim. 2016, 32, 550-562. [CrossRef]

12.  Chen, H.; Zhang, F. Resistance distance and the normalized Laplacian spectrum. Discret. Appl. Math. 2007, 155, 654—661.
[CrossRef]

13. Bai, Y,; Zhao, B.; Zhao, P. Extremal Merrifield-Simmons index and Hosoya index of polyphenyl chains. Match Commun. Math.
Comput. Chem. 2009, 62, 649-656.

14. Chen, A.; Zhang, F. Wiener index and perfect matchings in random phenylene chains. Match Commun. Math. Comput. Chem. 2009,
61, 623-630.

15.  Wei, S.; Shiu, W.C. Enumeration of Wiener indices in random polygonal chains. ]. Math. Anal. Appl. 2019, 469, 537-548. [CrossRef]

16. Zhou, Q.; Wang, L.; Lu, Y. Wiener index and Harary index on Hamilton-connected graphs with large minimum degree. Discret.
Appl. Math. 2018, 247, 180-185. [CrossRef]

17.  Wiener, H. Structural determination of paraffin boiling points. J. Am. Chem. Soc.1947, 69, 17-20. [CrossRef] [PubMed]

18. He, E; Zhu, Z. Cacti with maximum eccentricity resistance-distance sum. Discret. Appl. Math. 2017, 219, 117-125. [CrossRef]

19. Huang, S.; Zhou, J.; Bu, C. Some results on Kirchhoff index and degree-Kirchhoff index. Match Commun. Math. Comput. Chem.
2016, 75, 207-222.

20. Liu, J.-B.; Zhang, T.; Wang, Y.; Lin, W. The Kirchhoff index and spanning trees of Mébius/cylinder octagonal chain. Discret. Appl.
Math. 2022, 307, 22-31. [CrossRef]

21. Qi,].; Fang, M.; Geng, X. The Expected Value for the Wiener Index in the Random Spiro Chains. Polycycl. Aromat. Compd. 2022,
2022,2038218. [CrossRef]

22. Heydari, A. On the modified Schultz index of C4Cs(S) nanotubes and nanotorus. Digest. |. Nanomater. Biostruct. 2010, 5, 51-56.


http://doi.org/10.1021/ci970437z
http://dx.doi.org/10.21136/CMJ.1976.101401
http://dx.doi.org/10.1007/BF01164627
http://dx.doi.org/10.26493/1855-3974.458.7b0
http://dx.doi.org/10.1016/j.dam.2019.11.007
http://dx.doi.org/10.1007/s10878-015-9882-x
http://dx.doi.org/10.1016/j.dam.2006.09.008
http://dx.doi.org/10.1016/j.jmaa.2018.09.027
http://dx.doi.org/10.1016/j.dam.2018.03.063
http://dx.doi.org/10.1021/ja01193a005
http://www.ncbi.nlm.nih.gov/pubmed/20291038
http://dx.doi.org/10.1016/j.dam.2016.10.032
http://dx.doi.org/10.1016/j.dam.2021.10.004
http://dx.doi.org/10.1080/10406638.2022.2038218

Molecules 2022, 27, 5669 12 of 12

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
35.

36.

37.

Yang, Y.; Klein, D.J. A note on the Kirchhoff and additive degree-Kirchhoff indices of graphs. Z. Naturforsch. A 2015, 70, 459-463.
[CrossRef]

Liu, J.B.; Wang, C.; Wang, S.; Wei, B. Zagreb indices and multiplicative zagreb indices of eulerian graphs. Bull. Malays. Math. Sci.
Soc. 2019, 42, 67-78. [CrossRef]

Liu, J.B.; Zhao, J.; Min, J.; Cao, J. The Hosoya index of graphs formed by a fractal graph. Fractals 2019, 27, 1950135. [CrossRef]
Person, W.B.; Pimentel, G.C.; Pitzer, K.S. The Structure of Cyclooctatetraene. |. Am. Chem. Soc. 1952, 74, 3437-3438. [CrossRef]
Mukwembi, S.; Munyira, S. Degree distance and minimum degree. Bull. Aust. Math. Soc. 2013, 87, 255-271. [CrossRef]

Tang, M.; Priebe, C.E. Limit theorems for eigenvectors of the normalized Laplacian for random graphs. Ann. Stat. 2018, 46,
2360-2415. [CrossRef]

Liu, ].B.; Zhao, J.; He, H.; Shao, Z. Valency-based topological descriptors and structural property of the generalized sierpiriski
networks. . Stat. Phys. 2019, 177, 1131-1147. [CrossRef]

Georgakopoulos, A. Uniqueness of electrical currents in a network of finite total resistance. J. Lond. Math. Soc. 2010, 82, 256-272.
[CrossRef]

Gupta, S.; Singh, M.; Madan, A. Eccentric distance sum: A novel graph invariant for predicting biological and physical properties.
J. Math. Anal. Appl. 2002, 275, 386—401. [CrossRef]

Evans, W.C.; Evans, D. Hydrocarbons and derivatives. In Trease and Evans’ Pharmacognosy; Birkhduser: London, UK, 2009;
pp- 173-193.

Cinkir, Z. Deletion and contraction identities for the resistance values and the Kirchhoff index. Int. |. Quantum Chem. 2011, 111,
4030-4041. [CrossRef]

Somodi, M. On the Thara zeta function and resistance distance-based indices. Linear Algebra Appl. 2016, 513, 201-209. [CrossRef]
Li, S.; Wei, W. Some edge-grafting transformations on the eccentricity resistance-distance sum and their applications. Discret.
Appl. Math. 2016, 211, 130-142. [CrossRef]

Luthe, G.; Jacobus, J.A.; Robertson, L.W. Receptor interactions by polybrominated diphenyl ethers versus polychlorinated
biphenyls: A theoretical structure—activity assessment. Environ. Toxicol. Pharmacol. 2008, 25, 202-210. [CrossRef] [PubMed]
Pavlyuchko, A.; Vasiliev, E.; Gribov, L. Quantum chemical estimation of the overtone contribution to the IR spectra of hydrocarbon
halogen derivatives. J. Struct. Chem. 2010, 51, 1045-1051. [CrossRef]


http://dx.doi.org/10.1515/zna-2014-0274
http://dx.doi.org/10.1007/s40840-017-0463-2
http://dx.doi.org/10.1142/S0218348X19501354
http://dx.doi.org/10.1021/ja01133a524
http://dx.doi.org/10.1017/S0004972712000354
http://dx.doi.org/10.1214/17-AOS1623
http://dx.doi.org/10.1007/s10955-019-02412-2
http://dx.doi.org/10.1112/jlms/jdq034
http://dx.doi.org/10.1016/S0022-247X(02)00373-6
http://dx.doi.org/10.1002/qua.22942
http://dx.doi.org/10.1016/j.laa.2016.09.042
http://dx.doi.org/10.1016/j.dam.2016.04.014
http://dx.doi.org/10.1016/j.etap.2007.10.017
http://www.ncbi.nlm.nih.gov/pubmed/19768137
http://dx.doi.org/10.1007/s10947-010-0161-5

	 Introduction
	The Multiplicative Degree-Kirchhoff Index in a Random Polygonal Chain
	The Average Values for the Multiplicative Degree-Kirchhoff Index
	Concluding Remarks
	References

