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ABSTRACT: The term “polytopal rearrangement” describes any shape
changing process operating on a coordination “polyhedron”�the solid
figure defined by the positions of the ligand atoms directly attached to the
central atom of a coordination entity. Developed in the latter third of the
last century, the polytopal rearrangement model of stereoisomerization is a
general mathematical approach for analyzing and accommodating the
complexity of such processes for any coordination number. The motivation
for the model was principally to deal with the complexity, such as Berry pseudorotation in pentavalent phosphorus species, arising
from rearrangements in inorganic coordination complexes of higher coordination numbers. The model is also applicable to lower
coordination centers, for example, thermal “inversion” at nitrogen in NH3 and amines. We present the history of the model focusing
on its essential features, and review some of the more subtle aspects addressed in recent literature. We then introduce a more
detailed and rigorous modern approach for describing such processes using an assembly of existing concepts, with the addition of
formally described terminology and representations. In our outlook, we contend that the rigorous and exhaustive application of the
principles of the polytopal rearrangement model, when combined with torsional isomerism, will provide a basis for a mathematically
complete, general, and systematic classification for all stereoisomerism and stereoisomerization. This is essential for comprehensively
mapping chemical structure and reaction spaces.
KEYWORDS: Polytopal rearrangement, stereoisomerism, stereoisomerization, molecular geometry, chemical space,
stereoisomerism classification, fundamentals of isomerism

■ INTRODUCTION
Two centuries of chemical discoveries have led to the
development of a sophisticated understanding of static and
dynamic molecular structure. This includes a rich diversity of
stereoisomerism phenomena and concepts that comprise an ad
hoc collection. In seeking to see where our recently reported
experimental demonstration of akamptisomerism1 fitted within
this broader context of stereoisomerism, we found that a single
general and systematic classification does not exist. Attempting
to devise such a classification system drew us to the “polytopal
rearrangement model of stereoisomerization”, which we review
here.
A polytopal rearrangement is a real or conceptual shape-

changing transformation that moves the vertices defined by the
ligand atoms in a coordination polyhedron or polygon (the
general term being a “polytope”). The development of the
polytopal rearrangement model began in the 1960s by
Muetterties2−18 as a general approach5 to describe and
interrogate the possible mechanisms underlying the unexpected
dynamical unimolecular stereoisomerization phenomena (“flux-
ionality”) being discovered in numerous inorganic complexes.
One early success5 of the model describes the “inversion”

(more precisely called a geometric reflection) of tricoordinate
trigonal pyramidal (TPY-3) species through a trigonal planar
(TP-3) intermediate shown in general form in Figure 1a.
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Figure 1. Two polytopal rearrangements in general form. Atom colors
are for tracking purposes and do not denote specific chemical elements.
The blue lines define the edges of the polytopes. (a) Geometric
reflection (traditionally called “inversion”) of a TPY-3 geometry via a
TP-3 intermediate. (b) Berry pseudorotation process whereby TBPY-5
geometries interconvert through an SPY-5 intermediate.
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A second and important success4 describes fluxionality in
pentacoordinate trigonal bipyramidal (TBPY-5) species through
a square pyramidal (SPY-5) species. This interconversion is
shown in general form in Figure 1b.
Specific examples for tricoordinate species for the process

shown in Figure 1a are the “inversion” of NH3 and related
amines.19 For pentacoordinate species, specific examples
include P(V) halides (Figure 1b)�this being called Berry
pseudorotation.20,21 While these examples involve coordination
at a nonmetallic central atom, the geometry-changing processes
are equally applicable to the far more numerous metallic
elements. Additionally, metals generally have a potential for
larger coordination numbers, hence development of the model
gravitated toward a much wider application within the field of
inorganic chemistry.2−18,20−61

Application of the model was historically motivated by the
observation of thermally facile rearrangements at ambient
temperature.62,63 Given that rearrangement for carbon centers
involves far higher energy barriers, the model was not generally
applied to organic compounds and thus was not universally
adopted for all chemical elements.
Facile polytopal rearrangements abound throughout chem-

istry and are of significant practical importance to transition
metal-catalyzed reactions, where these types of rearrangements
often occur in reaction-intermediate complexes leading to the
products.38,39,43,64,65 Such reactions are extensively used at both
the laboratory and industrial scales.
Presented as a general approach for arbitrary n-coordination

and geometries, the model was successfully applied to
pentacoordinate phosphorus species4,8,20−24 including chelating
ligands.25,26 The early work also examined the unusual case of
pentacoordinate carbon species.66 Further development of the
model led to its generalization to describe dynamical behavior in
tricoordinate p-block27 species; tetracoordinate s-block,28,29 p-
block,29−32 and d-block29,33−37 species; pentacoordinate d-
block32,38−45 and further work on p-block46−48 species;
hexacoordinate d-block7,49−54 and p-block32,55 species; hepta-
coordinate general18,32 and d-block56−58 species; octacoordi-
nate14,32,57,59−61 species; and nonacoordinate17 species. Interest
in the model also stimulated the synthesis of numerous chemical
systems designed to probe new or unresolved questions
regarding polytopal rearrangement mechanisms.25,26,42,47,67−70

Historically, and with the emphasis on inorganic coordination
complexes, the rearranging centers were written as “MLn” where
all L are “bonded” to M. Where appropriate to the historical
context, we use MLn. In a more general context, we adopt the
form ABn, where A and B are any atoms, and the B-atoms need
not be the same.32

As the model describes dynamic and continuous geometry-
rearrangement processes (stereoisomerization), every static
geometry along a reaction path is implicitly described. In this
Perspective, we propose that the polytopal rearrangementmodel
has a powerful utility beyond it simply providing a means for
analyzing real stereoisomerization phenomena, which has been
its application to date.With a focus on the pure geometry aspects
of molecular structure, we propose that the principles of the
model − when rigorously and exhaustively applied - provides a
systematic and comprehensive way to map out the full scope of
geometric possibilities for any ABn system.
We commence this Perspective by giving the history leading

up to, and the development of, the polytopal rearrangement
model of stereoisomerization, describing its essential features.
Later, we review more recent work that addresses some of the

subtleties of the model not appreciated in earlier works. These
works also provide robust schemes for application of the model
to modern interests. We then present the model using modern
depictions and terminology designed to facilitate a precise and
concise discussion, and to connect it with current concepts. This
modern approach expands the principles of the model to
accommodate all possible stereoisomeric geometries. Finally, in
the Outlook section, the focus of our discussion turns to how the
model steps us toward a complete description of stereo-
isomerism. As we enter this age where research is becoming
increasingly dominated by computer-led approaches (including
machine learning), this can only be of great benefit to the field of
Chemistry,71−73 including building a universal chemical reaction
database.74

The Current IUPAC Definition

Formally, in the International Union of Pure and Applied
Chemists (IUPAC) Compendium of Chemical Terminology
(the “Gold Book”), the polytopal rearrangement model of
stereoisomerization is defined as

“Stereoisomerization interconverting different or equivalent
spatial arrangements of ligands about a central atom or of a
cage of atoms, where the ligand or cage defines the vertices of
a polyhedron. For example pyramidal inversion of amines,
Berry pseudorotation of PF5, rearrangement of polyhedral
boranes.”
The inclusion of “a cage of atoms... For example... polyhedral

boranes” in this definition is problematic as rearrangements of
this type necessarily involve changes in bonding topology (atom
connectivity) and hence, strictly speaking, are examples of
constitutional isomerization and not stereoisomerization. As an
example, the thermal rearrangement of 1,2-closo-dicarbadode-
caborane to its 1,7-isomer (Figure 2) is an example of
constitutional isomerization with both the isomers and any
conceivable intermediates exhibiting differences in bond
topology.

For the purposes of this Perspective on the polytopal
rearrangement model of stereoisomerization, we concentrate
exclusively on coordination centers “ABn” and where all the A−B
bonds are conserved and unchanging throughout and are thus
strictly described as stereoisomerization. Nevertheless, the
problem with this IUPAC definition indicates that the polytopal
rearrangement model in fact has greater significance to
isomerism more widely.
It is worth noting that in the context of polytopal

rearrangements of ABn the term “ligand” should be interpreted
to simply mean an atom (B) bonded to a coordination center
(A). Further, the type of bond between A and B is immaterial to
the discussion.

Figure 2. Rearrangement of the framework atoms of dicarbadodeca-
boranes necessarily involves changes in bonding topology and falls
under constitutional isomerism and not stereoisomerism.
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■ MOTIVATION FOR THE MODEL
Research in chemistry surged in the 20th century, especially after
World War II, with powerful investigational tools such as X-ray
crystallography, electron diffraction, andNMR becoming widely
accessible. While the stereochemistry of organic systems was
largely known at that point, new studies on inorganic systems
revealed a great diversity of structural possibilities and dynamical
behaviors. Key to the discussion here was the elucidation of
structures for numerous polyhedral boranes and metal “cluster
compounds”; as well as fluxionality of Fe(CO)5 and PF5 along
with other temperature-dependent “stereomutation” reactions
of coordination complexes.62,63,75,76

It was in this environment that polytopal-rearrangements
pioneer Earl Muetterties began his career in the 1950s. Some of
his notable relevant early works included studies on numerous
molecular fluorides; these focused on both their static structure
and their fluoride-exchange dynamics as determined by 19F
NMR.77−79 One study,80 focused on ReF7 and IF7, described
“intramolecular ligand exchange” processes, with another
describing “intramolecular racemization” in pentacoordinate
chiral compounds.2 Additionally, Muetterties worked on
polyhedral boranes79,81,82 and it is reasonable to assume that
the aesthetic appeal of their polyhedral structural forms had a
direct influence on the later development of the model discussed
here.
Notable developments by others that contributed concep-

tually were the 1955 invention of the ammonia maser,83 which
relies on TPY-3 “inversion”, the 1958 report of fluxionality in
Fe(CO)5 by Cotton et al.,

63 Berry’s 1960 description of
“tunneling” to describe fluxionality in molecules such as NH3
and PF5,

84 Hoard and Silverton’s 1962 analysis of the
stereochemistry of octacoordinate centers85 in which the
transformation between square antiprismatic and dodecahedral
geometries was described, and Lipscomb’s 1966 work describing
the framework rearrangement (constitutional isomerization)
processes apparent in polyhedral carboranes.86

For simple compounds such as PF5, the need to follow
individual ligand atoms beyond their distinct positional
character (e.g., axial or equatorial) was not pressing. Later,
more complex derivatives were studied,23,25,66,87 leading to
compounds that were specifically designed to probe aspects of
the dynamic “intramolecular stereoisomerization” of such
systems.20,47,70,88−94 Hence, the challenge to analysis grew
markedly, and a more comprehensive treatment was demanded,
not just to track the positions of individual atoms but also to
follow and differentiate between the specific mechanistic
transformation possibilities. To this end, the concept of
“permutation stereoisomers” was employed.4,5

The mathematical fields of Combinatorics and Group Theory
form the basis for generating permutation stereoisomers.4,5 In
simple terms, for an arbitrary coordination center ABn exhibiting
a characteristic geometry, the permutation stereoisomers are all
the distinct ways that distinguishable B atoms can be arranged
about A with the same general geometry; the permutation
stereoisomers are the different possible “configurations”.
The challenge then became one of conceiving mechanistic

intermediates that transform a reference system to one or more
of the permutation stereoisomers in a single concerted step. If the
different potential mechanisms generate characteristic ligand-
positional permutation patterns, then it follows that some
mechanistic insights would be gained from the study of

appropriate chemical systems. This was the starting point from
which the polytopal rearrangement model was conceived.4,5

Vibrational Modes and Reaction Coordinate
A key physical picture that would later inform the polytopal
rearrangement model is the idea that for thermally activated
processes, like those shown in Figure 1, the stereoisomeric
chemical entities occupy wells on the molecular potential energy
surface that support vibrational zero-point motion.95 This
physics was central to Berry’s 1960 paper84 with molecular
vibrational frequency, and the energy barrier to the reaction as
parameters to the physics of the rearrangement. This concept
was reiterated in diagrammatic form in Hoskins and Lord’s 1966
report96 of the vibrational spectra of PF5 and AsF5 (Figure 3).
Additionally, in Holmes and Deiters’ 1968 discussion about

pentacoordinate phosphorus halides, mention is made of the
“low frequency and large amplitude [vibrational] motion (hence
a correspondingly small force constant) associated with a
molecule of comparatively low reduced mass”.87 This statement
explicitly equates a vibrational molecular motion with the
beginning of a reaction coordinate.

■ THE POLYTOPAL REARRANGEMENT MODEL

Initial Conceptual Framework
A first attempt at a comprehensive approach to understanding
unimolecular stereoisomerization came in 1968 where Muet-
terties looked at ML6 (AB6) systems.

3 This early paper uses the
term “polyhedral rearrangement” and introduced the concept of

Figure 3.Hoskins and Lord’s double-well potential energy diagram for
a phosphorus pentahalide corresponding to a single Berry pseudor-
otation transformation. Vibrational levels are indicated (splitting of
lower levels greatly exaggerated with the average energies indicated by
the dashed lines). Reproduced with permission from ref 96. Copyright
1967 AIP Publishing.
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the “topological representation” of stereoisomers. The topo-
logical representation of stereoisomers is a mathematical system
for representing the relationships between all the different
permutation stereoisomers for a given mechanism. Essentially, it
embodies which permutation stereoisomers can interconvert
directly through the stated mechanism by a single concerted
step. Here, “topological” refers to the network of single
concerted step relationships between the permutation stereo-
isomers−it does not refer to bond topology.
An analysis based upon this representation depends upon the

distinguishability of the B atoms in ABn. In a compound such as
TBPY-5 PF5, the axial and equatorial F atoms are distinguishable
from each other, but the two axial atoms are indistinguishable
from each other and, similarly, the three equatorial atoms are
indistinguishable. Isotopic labeling, or using different chemical
groups, introduces increased scope to distinguish the B atoms. In
themost general case, all B atoms are assigned a distinctive index
for the purposes of tracking, allowing a full analysis to be
conducted.
Pairwise relationships indicating permutation stereoisomers

that can be interconverted through a single concerted step
emerge from this topological representation. These relationships
are readily depicted as graphs: abstract objects central to the
mathematical field of Graph Theory. The permutation stereo-
isomers are represented as nodes or graph vertices, and the
pairwise relationships (stereoisomerization reactions) are
represented as lines or graph edges between the vertices.
An example of a graph fromMuetterties’ 1968 paper3 is shown

in Figure 4a. This depicts the relationships between tris
unsymmetrical-bidentate-chelate octahedral (OC-6) complexes
of the form M(a−b)3 that undergo stereoisomerization via
trigonal prismatic (TPR-6) intermediate forms produced by
either the Bailar twist mechanism76 (Figure 4b) or the Raý-Dutt
twist mechanism75 (Figure 4c).
The graph vertices in Figure 4a (labeled by Muetterties as “d-

cis”, “l-cis”, “trans”, etc.) positioned at the vertices of the
tetrahedron (open circles) represent the four possible distinct
OC-6 species, with the TPR-6 intermediates (black circles)
between these. Note: the edges joining “d-cis” to “d-trans” and
“l-cis” to “l-trans” have no feasible direct TPR-6 intermediates.
Mathematically, these additional graph edges should not have
been part of the graph and, indeed, the tetrahedral layout
Muetterties used has debatable utility.
Seminal Publications on the Polytopal-Rearrangement
Model
Muetterties followed up the 1968 paper3 with the two seminal
papers on the “Topological representation of stereoisomer-
ism”.4,5 The first of these papers5 laid out many of the
foundational principles, with the second4 focused on its
implementation for the “five atom family” (“ML5” and “M5”,
though the latter actually involves constitutional isomerization).
Presented as a general approach to representing the

relationships between permutation stereoisomers, these papers
clarify several points from the 1968 paper to focus attention on
the essential details. These are

• the atoms inMLn (ABn) are implicitly treated as point-like
objects,

• the general shapes of the polytopes are idealized to high
symmetry forms,

• the identity of the “atoms” is immaterial to the analysis,
• for the most general cases, the permuting atoms are each
assigned a distinct index to track them, and

• any underlying physics in the model is only implied
through consideration of a geometric transformation that
changes one polytopal form into another.

A corollary of this latter point is that the model says nothing
about the lifetime of any intermediate or the absolute rates of
individual transformations.
With considerable insight, the first of these seminal papers5

alluded to the significant scaling problem for an n-atom family as
n increases and indicated that automated (computer)
approaches would be needed.
This paper also briefly addressed the ML3 (AB3) through to

ML6 (AB6) families, along with the ML8 (AB8), and ML12
(AB12) families, featuring some specific and relatively simple
illustrative worked examples.5 Figure 5 depicts the treatment for
the ML6 (AB6) family of OC-6 geometry with TPR-6
intermediate structures for which three pairs of doubly
degenerate indices (“A”, “B”, and “C”) were used, presumably
to reflect experimental systems and reduce complexity instead of
all “L atoms” being assigned distinct indices,.
Muetterties presented the transformations between different

polytopal forms, called “traverses,” equally as both geometry
transforming operations and as real physical motions (mecha-
nisms), though the importance of these distinctions was not
addressed in detail.5 Combinatorics and Group Theory were
employed (the permutations) to indicate general principles, and
Graph Theory was used to indicate pairwise relationships.
The difficulty of depicting the resulting graphs for human

readability was pointed out and “stereochemical matrices” were

Figure 4. (a)Muetterties’ graph of the topological representation of tris
unsymmetrical-chelate OC-6 complexes M(a−b)3. Reprinted from ref
3. Copyright 1968 American Chemical Society. The graph vertices
shown as open circles at the vertices of the tetrahedron represent the
OC-6 configurations while the filled circles are the TPR-6 intermediate
structures arising through either the Bailar or Raý-Dutt twist
mechanisms. (b) Schematic diagram showing the Bailar twist
mechanism. (c) Schematic diagram showing the Raý-Dutt twist
mechanism.

ACS Organic & Inorganic Au pubs.acs.org/orginorgau Perspective

https://doi.org/10.1021/acsorginorgau.4c00005
ACS Org. Inorg. Au 2024, 4, 356−372

359

https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig4&ref=pdf
pubs.acs.org/orginorgau?ref=pdf
https://doi.org/10.1021/acsorginorgau.4c00005?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


introduced to represent a graph.5 Muetterties’ stereochemical
matrices give the shortest number of single concerted reaction
steps needed to interconvert between two permutation
stereoisomers.
The second of these seminal papers4 focused mainly on the

five atom family “ML5” and “M5”. In this, Muetterties proposed
six processes as reproduced in Figure 6, the first of which
corresponds to the Berry pseudorotation mechanism (also
shown in Figure 1b), with the others presented as conceptual
alternatives that exhibit different ligand permutation patterns.
The topological analysis began with generation of the different
stereochemical matrices for the processes considered, assuming
distinctly labeled ligand-atoms of the general form ML5 =
MABCDE. To provide a basis for the design of experimental
systems for differentiating between mechanisms, Muetterties
went on to identify five cases MA4B, MA3B2, MA2B2C, MA3BC,
and MA2BCD and gave their corresponding stereochemical
matrices−all of which are submatrices of that for the general
systemMABCDE. The reasoning behind the approach was that,
after accounting for electronic and steric effects, experimental
rates should inversely correlate to the number of steps required to
interconvert stereoisomers. This reasoning provided a rich

Figure 5. (a) The six distinctOC-6 stereoisomers of MA2B2C2. (b) The
18 distinct TPR-6 stereoisomers of MA2B2C2 as viewed from the tope
face of the prism. (c) Muetterties graph of the OC-6 and TPR-6
stereoisomer relationships. The fine lines interconnecting the inner
octahedrally arranged graph vertices (the OC-6 configurations) with
the outer dodecahedrally arranged graph vertices (the TPR-6
configurations) are the graph edges representing single-step changes
in geometry. The heavy lines only serve to indicate the layout of the
graph vertices. Adapted from ref 5. Copyright 1969 American Chemical
Society.

Figure 6. Muetterties’ six proposed processes for interconverting
TBPY-5 permutation stereoisomers. Process 1 is the Berry pseudor-
otation as shown in Figure 1b. Reprinted from ref 4. Copyright 1969
American Chemical Society.
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source of inspiration for experiment,25,26,42,47 ,67−70 some of
which will be discussed later in this Perspective.
This second seminal paper4 also examined cases incorporating

one and two bidentate chelating ligands, with these imposing the
restriction that, owing to steric constraints, such ligands cannot
simultaneously occupy both axial positions.
Muetterties further went on to briefly describe6 the ML9

family considering the trigonal prism square-face tricapped
structure (polytope), the square antiprism square-face mono-
capped structure, and an additional structure of C2v symmetry.
The ML11 family, considering polytopes of various symmetries,
was also briefly described. Due to the large numbers of
permutation configurations possible (hundreds of thousands
in the case of ML9), the corresponding stereochemical matrices
were not given but the condition of “set closure” was discussed.
Set closure in this context means that the allowed ligand
position-permuting operations acting on any set member yields
another member of that set. Set closure is a required aspect of
any systematic chemical classification scheme.
Early Adoption of Polytopal Rearrangement Approach

The year 1970 saw five important papers published relating to
the model. The first pair of papers,7,9 by Muetterties et al.,
focused on the NMR determination of stereochemical non-
rigidity in hexacoordinate iron hydrides of the form H2FeL4,
where L is a phosphine ligand. Typically, hexacoordinate
structures are highly thermally stable toward polytopal
rearrangements, but not so in these complexes. The mechanism
interconverting the different permutation stereoisomers was
described as “hydride tunneling” − this language harkened back
to the description of pseudorotation by Berry84 a decade earlier
in which the structural changes were described as tunneling
between the two local minima of a double well potential energy
surface (PES). This work was followed up by a series of three
detailed papers10,11,13 looking at fluxionality in these Fe
complexes and their Ru analogs.
That same year, Shapley and Osbourne38 reported on

fluxionality in pentacoordinate transition metal complexes,
specifically iridium(I) complexes. The importance of fluxion-
ality/stereochemical nonrigidity, even in hexacoordinate com-
plexes, would later emerge as a common, and presumably
essential, property for numerous transition metal-based catalysts
including those for industrially important metathesis and
polymerization reactions. Indeed, Thorn and Hoffmann in
1978 reported a highly detailed analysis of polytopal rearrange-
ments involved in olefin insertion reactions of Pt coordination
complexes.39 More recently, Kahn et al., reported43 how a
polytopal rearrangement operating on a Ru-carbene pentacoor-
dinate complex is necessary to explain an olefin metathesis-
based stereochemical “inversion” reaction. In a related setting,
Tao et al. discussed polytopal rearrangements at play in Re
octacoordinate hydride complexes97�these being exemplars of
complexes useful for C−H bond activation.64,65

Detailed Implementation of the Polytopal Rearrangement
Model

Also in 1970, an important paper by Mislow described
holistically implementing the polytopal rearrangement model
to comprehensively analyze rearrangements of pentacoordinate
reaction intermediates arising from SN2 reactions on quaternary
phosphonium compounds.66 The pentacoordinate intermediate
species were presumed to exist for long enough to undergo Berry
pseudorotation reactions. In that paper, Mislow presented the
general graph for Berry pseudorotation of all 20 TBPY-5 “ML5”

permutation stereoisomers in which all “L atoms” are distinctly
indexed.
This graph (Figure 7) as applied to Berry pseudorotation, and

identified as the “Desargues-Levi graph”, was presented for the
first time and in a layout that would be used by later chemistry
researchers.12,48,98 Additionally, Mislow looked at the single
bidentate-chelate case “M(L−L)L3” where two of the 20 TBPY-
5 species (graph vertices) and six of the 30 transformations
(graph edges) involving them are excluded, producing a simpler
subgraph (Figure 8).66

As shown in Figure 8a, Mislow depicted how nucleophilic
attack on either an edge or face of a tetrahedral (T-4)
phosphonium species installed the nucleophile at either an
equatorial (indicated by “e”) or axial (indicated by “a”) position,
respectively. Similarly, a reverse reaction is feasible where a
TBPY-5 species can eliminate a leaving group to yield a T-4
species. The TBPY-5 intermediate species in question can
subsequently undergo Berry pseudorotation rearrangements
along the graph edges, as shown in Figure 8b. Reactants and
products enter and exit the reaction graph at the graph vertices.
Mislow used molecular modeling of the species to assign relative
energies to TBPY-5 structures (graph vertices) and activation
energies for the Berry pseudorotation transformations (graph
edges). Taken together, theMislow approach demonstrates how
implementing the model can account for both reaction patterns
and kinetics in carefully devised chemical systems. Importantly,
it suggests a one-to-one relationship between the reaction graph
topology and the network of minimum energy pathways on the
corresponding PES.
Turnstyle Rotation Alternative to Berry Pseudorotation
In 1971, Ugi et al.20 introduced a new AB5 polytopal
rearrangement called the “turnstyle rotation” for permutation
isomerism in TBPY-5 species.

Figure 7.Mislow’s representation of the Desargues-Levi graph used to
describe Berry pseudorotation. Graph vertices, representing the 20
different TBPY-5 permutation stereoisomers, are labeled by the indices
of the axial atoms. The 30 graph edges connect the different
permutation stereoisomers via the Berry pseudorotation mechanism.
The SPY-5 intermediates for the Berry pseudorotation mechanism are
not shown. Reprinted from ref 66. Copyright 1970 American Chemical
Society.
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This seventh mechanism (in addition to Muetterties’ six as
shown in Figure 6) can be thought of as Muetterties’ processes 2
and 4 occurring simultaneously in counter-rotating fashion, as
indicated in Figure 9.

The rationale for proposing this mechanism was that, just like
Berry pseudorotation, it leads to a positional exchange of the two
axial and two of the three equatorial B atoms. It was argued that
experimental evidence validating the Berry pseudorotation
mechanism is equally consistent with turnstyle rotation. Several
complexes of P featuring one bidentate ligand and one tridentate
ligand were presented (e.g., that shown in Figure 9) to
experimentally probe the question. This inspired much
theoretical and experimental work that could distinguish
between the two mechanisms23,25,87 involving the synthesis
and kinetics investigation of numerous cleverly designed
chemical systems, as is discussed below.
Intrinsic Reaction Coordinate Following

In 1999, Mauksch et al. reported a theoretical analysis31 of the
seesaw-shaped (SS-4) SF4 system as a model for both
isoelectonic-analogues and more complex bidentate chelate
systems.99−102 This work assessed two alternative mechanisms:
Berry pseudorotation, in which the lone pair on the central atom
acts as a “ligand”, and the “lever-mechanism”, in which the lone
pair undergoes significant rehybridization during the rearrange-
ment process. An important aspect of this analysis was the use of
intrinsic reaction coordinate (IRC)103 following�a computa-
tional modeling method that generates minimum energy
pathways leading energetically downhill away from a given
transition-state structure (TS) and toward local minimum
structures.

■ RECENT DEVELOPMENTS

Symmetry and Shape Measures

Early this century, the Alvarez group reported their development
of continuous symmetry measure (CSM)104 (following earlier
work105) and continuous shapemeasure (CShM).106 Both CSM
and CShM are geometric parameters based upon “minimal
distortion” polytopal rearrangements between idealized high-
symmetry reference systems. Under the hypothesis that such
minimal distortion pathways correlate with minimum energy
pathways, much experimental X-ray structural (static geometric)
information was analyzed. The CSM and CShM derived from
these static structure geometries were found to correlate with the
minimal distortion measures. This showed that CSM and CShM
can be used to describe, within a reasonable approximation,
polytopal rearrangements in real systems.
Detailed Appraisal of Polytopal Rearrangements in
Pentacoordinate Systems

In 2010, Couzijn et al. (the Lammertsma group) revisited and
rigorously assessed much of the previous experimental and
theoretical work pertaining to AB5 systems.

48 Noting the often
subtle and complex ways that AB5 systems change shape during a
rearrangement, using curvilinear internal coordinates, they
devised a robust geometrical analysis that could be generally
applied to anyTBPY-5 AB5 system. Their approach relied upon a
single “topology parameter” (TP) based upon internal
coordinates that ranges from TP = 0, for a C4v symmetric SPY-
5 geometry, up to TP = 1, for aD3h symmetricTBPY-5 geometry.
Through density-functional theory modeling and IRC following
of the experimental systems, their analyses showed that turnstile
rotation in Ugi’s compounds (e.g., as in Figure 7) is equivalent to
the Berry pseudorotation process. Further, they showed that
Muetterties’ mechanisms 4 (what they designate “M2”) and 2
(what they designate “M3”) as shown in Figure 6 are composed

Figure 8. (a) Attack of a nucleophile on the T-4 species installs the
nucleophile at either an equatorial or axial position depending upon
whether it enters via a T-4 edge or face, respectively. (b) Graph for
Berry pseudorotation occurring in the bidentate chelate case M(L−
L)L3 under the condition that the chelating atoms cannot
simultaneously occupy both axial positions and all L atoms are
distinguishable. This is a subgraph of the Desargues-Levi graph shown
in Figure 7. Overlaying the graph are example structures resulting from
nucleophilic attack on T-4 phosphonium species giving TBPY-5 species
(the graph vertices) and select subsequent Berry pseudorotation
polytopal rearrangements (the graph edges). Numbers in parentheses
are calculated relative energies of TBPY-5 species and those along the
graph edges are Berry pseudorotation minimum activation energies in
the directions indicated; all values in kcal mol−1. Adapted from ref 66.
Copyright 1970 American Chemical Society.

Figure 9. Turnstile rotation mechanism of Ugi et al.20 for TBPY-5 AB5
indicated as the simultaneous counter-rotation of Muetterties’
processes 2 (green arrows) and 4 (blue arrows) as outlined in Figure
4. B atoms are assigned distinct indices (red) to show the permutation
isomerism.
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of two and three successive iterations of Berry pseudorotation
processes, respectively.
In Figure 10a are shown the calculated48 energy (black) and

TP (red) one-dimensional paths for the Berry pseudorotation
mechanism operating on the silicate system having permutation
stereoisomersΔ-7,Λ-7, andΔ-7′. Along the IRC, the TP traces
out a “V” shape−this being a characteristic of Berry
pseudorotation. The corresponding analysis for process 4
(their “M2”) operating on Λ-7 to give Δ-7′ is shown in Figure
10b. Here the TP makes two successive “V”s. The relatively low
value of TP≃ 0.7 at themidpoint is due to constraining effects of
the chelate rings restricting access to perfect D3h symmetric
TBPY-5 geometries. The corresponding analysis of process 2
(their “M3”) operating on 10.I and 10.II showed the TPmaking
three successive “V”s as is shown in Figure 10c.
The use of the topology parameter and its derivation from

internal coordinates thus provided a robust method of
characterizing the subtle geometric changes that occur during
polytopal rearrangements in pentacoordinate systems. This
work by Couzijn et al.48 stands as the centerpiece to a 2011
Highlights article by Moberg98 where an excellent overview is
given of these findings, the background inspiring it, and the
implications for polytopal rearrangements in TBPY-5 species.
(There are, however, minor labeling errors in the Desargues-
Levi graph within that overview;98 for example, graph vertex
“12” should be adjacent to graph vertex “35” and not “53”).
Polytopal Rearrangement in a Bicoordinate Center

In 2018 we reported the experimental demonstration of “bond-
angle inversion” (now more accurately described as bond-angle
ref lection) at bicoordinate oxygen operating in a quinoxalino-
porphyrin-bound transoid B(F)−O−B(F) complex.1 This
polytopal rearrangement at oxygen was shown to be a bent
(A-2) geometry opening to linear (L-2) geometry at the TS, and
then reflexing to A-2 as shown in Figure 11b. The lower
structures and blue minimum energy pathway PES correspond
to the transoid B(F)−O−B(F) group while the upper structures
and red minimum energy pathway correspond to possible cisoid
isomers. Note that throughout the stereoisomerization
processes shown in Figure 11b, the absolute configurations of
the T-4 B atoms are unchanging.

The emplacement of the B(F)−O−B(F) group inside the
symmetry-broken porphyrin is critical for two reasons. First, the
steric constraints of the porphyrin cavity restrict the motion of
the O atom to a plane normal to the quasiplane of the
macrocycle. The details of the changes in B−O−B geometries
are shown in Figure 11a and c for cisoid and transoid structures,
respectively. This steric restriction completely suppresses any
competing torsion-based stereoisomerization processes to
reveal a pure bond-angle reflection process. The second function
of the symmetry-broken porphyrin is to make the bond-angle
reflection isomers diastereomeric. In effect, the symmetry-
broken porphyrin has provided an “absolute frame of reference”.
This is indicated in Figure 11a and b by the Cartesian axes.
Consequently, the two different orientations (in an “internal-
coordinate” sense) of the B−O−B A-2 polytopes translate into
distinct physical and optoelectronic properties; the bond-angle
reflection stereoisomers are diastereomeric. Further, the stereo-
isomeric differences in the stereoisomers could not be described
using any existing system�indeed, 2a and 3awould be given the
same name within the nomenclatural approach at that time
despite these compounds being isolable, and with distinct NMR
and optical properties. In response, we introduced the concept
of “akamptisomerism” as the bond-angle reflection analogue of
atropisomerism, along with new nomenclatural stereodescrip-
tors.1

From the earliest publications pertaining to polytopal
rearrangements,5 the AB3 system was generally considered to
exhibit minimal complexity. It then followed that the simpler
AB2 system would also be simple though this was not directly
addressed in any of the earlier publications.
Our work1 demonstrated that AB2 is not as trivial a polytopal

rearrangement case as could be supposed, and that unantici-
pated stereoisomerism could still be discovered.
The finding of novel stereoisomerism arising in the AB2

system led us to look at the broader subject of stereoisomerism
in greater detail and to ask the question: how do all the aspects of
stereoisomerism f it together, and can they be unif ied under a single
conceptual f ramework?

Figure 10. Results of analysis of rearrangements in TBPY-5 AB5 species by the Lammertsma group. Plots of intrinsic reaction coordinate (IRC) versus
topology parameter (TP) and potential energy for three experimental systems as modeled by DFT. (a) Rearrangements between Δ-7 and Λ-7 via a
Berry pseudorotation mechanisms with the characteristic single “V” shape of TP. (b)Muetterties process 4 operating betweenΛ-7 andΔ-7′ indicating
two successive Berry pseudorotations. (c) Muetterties process 2 operating between 10.I and 10.II indicating three Berry pseudorotation. Adapted
from ref 48. Copyright 2010 American Chemical Society.
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General Curvilinear Coordinate System
In 2020, Zou et al. (Kraka group) reported a general approach
for describing polytopal rearrangements based upon the
displacements of vibrational normal modes.32 Being based
upon an extension of the Cremer−Pople puckering coordi-
nates107 and the Zou−Izotov−Cremer deformation coordi-
nates108 for ring structures, their approach can be applied to
arbitrary n-coordination (ABn).
Briefly, their approach takes high-symmetry reference systems

ABn and makes a tabulation of the vibrational normal modes for
each. There is the implicit assumption that force constants for
A−B stretches are much larger than those for any B−A−B bends
so that the bond-stretch modes separate out from the softer
modes dominated by bond-angle changes. Armed with this
tabulation, a polytopal rearrangement process can be modeled
using a set of curvilinear coordinates derived from these normal-
mode displacements. Multiple modes (of the same or different

symmetries) can be combined using a coordinate system typical
of those used in Jahn−Teller analyses yielding new curvilinear
coordinates. Typically, the choice of reference structure is made
based upon similarity to the TS of the real system.
This approach represents a significant improvement over

prior attempts104−106 as, in principle, the method is capable of
spanning the full configuration space in the vicinity of the
reference geometry. Different PESs can readily be obtained
depending upon which modes are included in a PES scan. We
posit that the inclusion of all modes would generate the full PES
for the ABn system.
Figure 12 gives the example32 of PF5 using the SPY-5

geometry (having the C4v symmetry point group) as the
reference AB5 system. Figure 12a shows the two normal modes
I6 and I7 that are combined as a B4-ring deformation (t2, τ2)
using the Jahn−Teller coordinate-system approach. In Figure
12c is the resulting 2D relaxed PES scan of (r5, ϕ5)
corresponding to (t2, τ2). The horizontal blue dotted line
corresponds to a Berry pseudorotation process between the two
abutting D3h structures.

Figure 11. Bond-angle reflection polytopal rearrangement operating at
a bicoordinate oxygen (central red atom) in quinoxalinoporphyrin-
bound B(F)−O−B(F) complexes. (a) Detail of the B−O−B geometry
changes corresponding to the anticipated cisoid complexes 4a and 5a.
Atomic motions are constrained to the plane indicated and the different
orientations of the A-2 polytope are distinguishable. (b) Upper
structures and redminimum energy pathway PES for interconversion of
two of four possible cisoid diastereomeric stereoisomers (akamp-
tisomers) 4a and 5a. The lower structures are two of the four
experimentally observed transoid stereoisomers and correspond to the
blue minimum energy pathway PES. Peripheral H atoms and meso-
substituents not shown. c) Detail of the B−O−B geometry changes
corresponding to the observed transoid complexes 2a and 3a. Adapted
with permission from ref 1. Copyright 2018 Springer Nature.

Figure 12. Implementation for PF5 of the method of Zou et al.
32 for

generating curvilinear coordinate systems for describing polytopal
rearrangements in ABn systems based upon vibrational normal modes.
(a) The B4 distortionmodes I6 and I7 are combined using a Jahn−Teller
approach to give (t2, τ2). (b) The I3 mode which corresponds to Berry
pseudorotation. (c) The 2D PES relaxed scan of (r5, ϕ5) corresponding
to (t2, τ2). The horizontal dotted blue line corresponds to a Berry
pseudorotation process between the two abutting D3h structures.
Adapted from ref 32. Copyright 2020 American Chemical Society.
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In PF5 at the C4v symmetric SPY-5 TS, the vibrational mode
with the imaginary frequency corresponding to the Berry
pseudorotation and labeled I3 in Figure 12b. This features an
out-of-plane puckering of the B4 ring. The Berry pseudorotation
minimum-energy pathway that appears in Figure 12c is a
consequence of the “relaxed nature” of this PES scan. Within it,
the displacements manifested in mode I6 either stretch or
compress the relatively stiff A−B (P−F) bonds, forcing out-of-
plane motions. A similar (if not identical) PES would have
resulted if I3 was used in place of I6 as bothmodes are of the same
“B2” symmetry.
Further, in that paper,32 Zou et al. reported successful

application of their method to
• SF4 using a T-4 AB4 reference system of Td symmetry,
• Fe(CO)5, a bis-bidentate silicate, a bidentate-tridentate
phosphane, and IF5 using the SPY-5 AB5 reference system
of C4v symmetry,

• Ga(III)-tris-bidentate complexes, using the TPR-6 AB6
reference system of C3h symmetry, and

• IF7, using the PBPY-7 AB7 reference system of C5h
symmetry (this reference system corresponding to a
local minimum and not a TS geometry).

While much of this work focused on the computational-
chemistry implementation of their coordinate system, from our
perspective, a key point is the use of vibrational normal modes as
a basis for generating geometries that span the conf iguration
space�a powerful general approach for generating all possible
polytopal geometries for arbitrary coordination number.
Summary
The recent work discussed here features a common theme
relating to the implications of an approximation explicit in the
polytopal rearrangement model; that of the limited focus on
high- symmetry idealized geometries and the presumed minimal
distortion pathways connecting these.
The work of the Alvarez group showed that this

approximation was reasonable in many instances with the
distortions from ideal geometries tending to fall along the
interconnecting minimal distortion paths. We and the
Lammertsma group implemented the IRC-following technique
to examine the precise geometry changes involved for the
respective polytopal rearrangements examined. For our AB2
systems, the IRC path corresponded to a simple bond angle
change. The various AB5 systems examined by the Lammertsma
group required a more complex topological parameter derived
from a combination of internal coordinates to assess where on
the Berry pseudorotation pathways the geometries lie. In both
cases, only a 1D slice through a higher dimensional PES was
traced out.
The major advance comes from the recent work by the Kraka

group where they introduced a technique to generate geometric
configurations that, in principle, span the full configuration space
and hence the full PES.

■ A MODERN CHALLENGE: COMPREHENSIVELY
CLASSIFYING STEREOISOMERISM

The focus of the earliest work on the polytopal rearrangement
model was only to describe permutation stereoisomers and their
interconversions.2−18,20,23,25,66,87 With this narrow focus,
approximations, such as use of idealized geometries, provided
a practical solution for the problems of interest at the time.
The more recent work sought to both test the validity of these

approximations31,48,104−106 and begin to probe the chemical

space between them1,31 and in their vicinity.32,48 The formal
language given in the following section is introduced to precisely
and concisely describe the structure of the full configuration
spaces for ABn systems. Further, we introduce a mathematically
rigorous treatment of the graph representation of polytopal
rearrangements.
Terminology and Representation

As recently pointed out,32 the need for a consistent and precise
terminology is made clear when one wishes to search the
literature wherein many synonyms, or “almost-synonyms”, exist
for “polytopal rearrangement” depending upon the context:
“nonbond-breaking” permutation of nuclear positions for
isomerization, permutation isomerization, polyhedral rearrange-
ment/interconversion, nondissociative ligand exchange, non-
dissociative stereoisomerization, internal ligand exchange,
intramolecular ligand exchange, stereomutation, fluxionality,
topomerization, pseudorotation, pyramidal inversion, and bond-
angle inversion. Indeed, Muetterties’ early papers2,3 reflect this
as he struggled to find a name for the emerging conceptualiza-
tion of the model. Curiously, in some of his later papers,16,17 he
retreated from using the term “polytopal rearrangement”.

Polytope Definition. Within the context of the model, a
polytope is defined to be the m-dimensional generalization of a
polyhedron. Specifically, the polytope is the general shape−the
“convex hull”�formed by points representing A and all the B
atoms in a complex of general form ABn. For a linear
coordination center L-2, the polytope has one dimension and
is the line segment. For a nonlinear molecule, where all atoms lie
in a single plane, the polytopes have two dimensions and are
polygons. Finally, for ABn, n ≥ 3, where A and all B are
noncoplanar, the polytope has three dimensions and is a
polyhedron. Polytopes need not be “regular” or exhibit high
symmetry. This definition for polytope is approximately
synonymous with the existing term “coordination polyhedron”
but is more mathematically prescriptive for the general case.

Graphically Representing Polytopes. There are several
different ways of graphically representing a polytope, each
exhibiting strengths, and weaknesses.
Figure 13a shows bonding to a tetrahedral center as typically

represented in 2D using the wedge-hash convention109 to
indicate stereochemical configuration.
In Figure 13b, only the edges (in blue) of the defining

tetrahedron are indicated, making the overall structure of the
polytope (the tetrahedron) the obvious feature. This “edge-
only” style is only commonly used when depicting inorganic
species of high coordination number, for which otherwise a
multitude of radiating bonds from the center would be visually
confusing. For smaller coordination numbers, this edge-only

Figure 13. Equivalent representations of the tetrahedral polytope. (a)
Typical 2D representation using the wedge-hash convention110 with
only the A−B bonds shown. (b) Representation showing only the edges
of the polytope. (c) Representation combining both (a) and (b). (d)
3D representation of (c). The red dots and sphere represent the central
atom “A”, and the green dots and spheres represent the ligating atoms
“B”.

ACS Organic & Inorganic Au pubs.acs.org/orginorgau Perspective

https://doi.org/10.1021/acsorginorgau.4c00005
ACS Org. Inorg. Au 2024, 4, 356−372

365

https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig13&ref=pdf
https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig13&ref=pdf
https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig13&ref=pdf
https://pubs.acs.org/doi/10.1021/acsorginorgau.4c00005?fig=fig13&ref=pdf
pubs.acs.org/orginorgau?ref=pdf
https://doi.org/10.1021/acsorginorgau.4c00005?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


approach can lead to a different type of ambiguity, for example,
where in the case of a “square planar” polytope, it could be
mistaken for cyclobutane.
In Figure 13c, both styles are combined with distinct colors

differentiating the respective bond and edge features. Figure 13d
shows a more realistic rendering of Figure 13c with the 3D visual
cues helping to make the spatial relationships clearer. In the
interests of using a consistent convention fit for any coordination
number and orientation, this is our preferred style. A tool for
generating these images is provided in the Supporting
Information of this Perspective.

Taxonomic Hierarchy. There is an important distinction to
be made between the general shape of a polytope and when that
same shape has a specific arrangement (configuration) of distinct
indices assigned to the polytope vertices.
When discussing only the shape, the polytope is referred to as a

polytope genus (plural: genera; adjectival form: generic); for
example, Figure 14b shows the tetrahedral genus and its
nomenclatural polyhedral symbol T-4 as listed in the IUPAC
“Red Book”,111 section IR-9.3.2. Such polyhedral symbols are
well established and sometimes used when describing
coordination geometries in the context of the VSEPR model.
As with Muetterties’ original description, the T-4 genus belongs
to the AB4 family (Figure 14a) (plural: families; adjectival form:
familial).
When distinct vertex indices are specifically assigned, the

polytope is referred to as a polytope species (plural: species;
adjectival form: specif ic). Figure 14c shows the two different
ways of assigning distinct indices to a tetrahedron. If the indices
are used in the same way as the Cahn-Ingold-Prelog (CIP)
priorities,112 then the adaption of chemical nomenclatural T-4-S
and T-4-R polyhedral configuration or absolute configuration
symbols (IUPAC “Red Book”,111 sections IR.9.3.3 and IR.9.3.4,
respectively) can be assigned for each species, providing a
convenient and unique labeling.
This family−genus−species hierarchical categorization pro-

vides a structured taxonomic system applicable for all scenarios.
As an example, although the T-4-S species has C1 symmetry (the
distinct indices break the symmetry), it belongs to the T-4 genus
and thus has Td generic symmetry.
In Figure 5a are shown the six OC-6 stereoisomeric species of

MA2B2C2. All six species exhibit Oh generic symmetry.
Stereoisomers d1 and l1 have C3 specific symmetry, with the

remaining four stereoisomers, m1−m4, all exhibiting Cs specific
symmetry.

Naming Processes. The central concept underpinning
polytopal-rearrangement-mediated stereoisomerization is that

of a unimolecular structural rearrangement without the
formation or breaking of bonds. We call this a stereotropic
rearrangement (Ancient Greek στερεoς́ − stereoś, “solid” +
τροπικoς́ − tropikoś, “of or pertaining to a change”. This is in
contrast to a desmotropic rearrangement as characterized by
changes in bonding (constitutional isomerization). This central
concept is further refined by considering the concerted case that
represents a fundamental reaction element of the polytopal
rearrangement model. To encapsulate all these concepts, we
introduce the symbol “Rstc 1” which has been devised in an
analogous manner to SN2, E1, etc. Rstc 1 is read as “rearrange-
ment, concerted, stereotropic, unimolecular”.
All polytopal rearrangements are composed of one or more

successive Rstc 1 processes. Further, Rstc 1 can be used to refer to a
real chemical process or simply a conceptual geometric change.
The transformations between the species in Figures 10 and 11
are all Rstc 1 processes. Later, the material relating to Figures 15
and 16 further demonstrate this point in action.
Naming Polytope Species

In as far as its applicability to coordination centers, the needs of
chemical nomenclature closely parallel the need for descriptors
of polytope species. Just as we and the Alvarez group104,106 have
used IUPAC nomenclatural polyhedral symbols to name
polytope genera (for example, T-4 and TBPY-5), we recommend
using the IUPAC nomenclatural “polyhedral configuration” and
“polyhedral absolute configuration” symbols as outlined in the
“Red Book”111 sections IR.9.3.3 and IR.9.3.4, respectively, to
name the polytope species. Unlike naming chemical compounds
where polyhedral symbols need only approximately describe the
geometry of a coordination center, when naming polytopes
generic symmetries will differentiate between similar forms.
Consequently, for such an approach to be fully general when
used to rigorously describe polytopal rearrangements, the
existing nomenclatural symbols need to be augmented with
additional symbols devised in an analogousmanner.While being
somewhat less compact in some circumstances, this does
provide the added benefit of integrating with existing chemistry
software.
We have already shown an example of the two distinct T-4-S

and T-4-R species in Figure 14c. In Figure 15a, we show a pair of
TBPY-5 enantiomers annotated by their IUPAC polyhedral
absolute configuration symbols. Also shown in the Figure 15a
are the different symbols have been used to describe such species
in the past, and those used byMuetterties,4 Mislow,66 Couzijn,48

and Moberg.98 An advantage of the polyhedral configurational
symbols is their generality. Also given in the figure is an
abbreviated version of the polyhedral configuration symbols in
which, for example, TBPY-5-45-C becomes 45-C. In Figure 15b,
these abbreviated symbols have been applied to all 20 graph
vertices of Mislow’s66 depiction of the Desargue-Levi graph and
in Figure 15c, the full nomenclatural labels are used.
Graphs, Chemical Reactions, Configurations Spaces, and
Potential Energy Surfaces

As mentioned earlier, graphs are mathematical constructs that
are abstract objects. How one represents a graph will depend
upon the intent behind doing so. Mislow’s representation of the
Desargues-Levi graph,66 as shown in Figure 7 and again in Figure
15b but with different nomenclatural graph-vertex labels, is a 2D
projection of this graph laid out symmetrically in 3D. This makes
for a particularly human-readable format and neatly places
enantiomer pairs diametrically opposite one another about the
graph’s “center of inversion”. That a graph can be represented

Figure 14. Distinctions between the polytope family, genus, and species
concepts. (a) AB4 is the polytope family. (b) The tetrahedral genus T-4
only refers to the general shape. (c) The two distinct ways of indexing
the vertices correspond to distinct polytope species. Chemical
nomenclatural T-4-S and T-4-R polyhedral absolute configuration
symbols111 are assigned to each species using the vertex indices to
represent CIP priorities.
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neatly as such, however, is not a general possibility. Figure 15c
shows a different representation of the same graph where the
labeled graph vertices are now laid out in a circle.112 Graph
layouts in 2D like this are always possible, but become unwieldy
as the number of arbitrary choices increases with graph vertex
number N.
A computationally useful way of representing this same graph

is as an adjacency matrix, as shown in Figure 15d.112 Each
elementmij of theN × N adjacency matrix for anN-vertex graph
is either 1, indicating vertices i and j are immediately connected
(“adjacent”), or 0 otherwise.
The adjacencymatrix in Figure 15d has the vertices ordered as

they appear in the circle layout in Figure 15c. Adjacencymatrices
of undirected graphs are square and symmetric. As Muetterties

noted,5 the graphs that the polytopal rearrangement model
generates, in general, are too complex for manual processing.
Graph Theory is both a relatively evolved subject and an
extremely active area of research,113 owing to its wide
applicability to challenges facing the modern world. Many
Graph-Theoretic computational tools exist for processing graph-
based data.114−120 The representation, in general, of a graph as
an object for computation serves to emphasize that the full power
of the model will only be realized through computational means.
Thus far, apart from Figure 4, all the graphs presented have been
undirected graphs and only included permutation stereoisomers
as the graph vertices. Notably, the intermediate polytopal forms
such as TSs, have been omitted; in these examples a graph edge
only represents a Rstc 1 reaction/process between a reactant and a

Figure 15. Equivalent representations of the Desargues-Levi graph indicating Berry pseudorotation Rstc 1 processes interconnecting all 20 TBPY-5
species. (a) IUPAC nomenclatural absolute configuration labels (color) for species are fully general (when augmented) for any coordination number
and geometry. Equivalence of compact labels of different authors are indicated. (b) Mislow’s layout of the Desargues-Levi graph68 using label format
given in (a). Enantiomers, e.g., those in blue and red corresponding to species in (a), are positioned diametrically opposite the inversion center for this
graph layout making for ease of human readability. Layouts like this are not a general possibility. (c) Circular layout of the Desargues-Levi graph.114

Circular layouts are always possible. (d) Adjacency matrix for the Desargues-Levi graph114 with vertex ordering corresponding to (c). Graph
representations as adjacency matrices are computer processable.

Figure 16. Stereotropic chemical reaction, graph, vibrational mode generic symmetries, configuration space, and potential energy surface relationships.
(a) Undirected graph edge between Berry pseudorotation-related species TBPY-5-12-A and TBPY-5-34-C. (b) Modification of (a) with the explicit
inclusion of the SPY-5-12-C Berry pseudorotation intermediate. (c) Pictorial representation of this Berry pseudorotation process showing structures
corresponding to (b) overlying the one-dimensional slice through the PES from Figure 15c (purple) plotted against the configuration space (red). The
transformation arrows double as directed graph edges and are labeled by their generic symmetries. Self-loops at the left and right ends correspond to
the steep walls of the surface. (d) Symmetry labeled directed graph representation of (b) and (c).
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product, and only implicitly encodes the mechanism. Despite
previous limitations, it is straightforward to explicitly include
intermediate forms such as a TS.112

In Figure 16, we show the way in which intermediate forms are
included. Figure 16a depicts the undirected Rstc 1 transformation
of TBPY-5-12-A to TBPY-5-34-C via a Berry pseudorotation Rstc
1 mechanism that corresponds to the magenta-colored edge on
the Desargues-Levi graphs shown in Figure 15b and c. In Figure
16b, this graph edge is modified with the inclusion of the
corresponding Berry pseudorotation TS polytopal form SPY-5-
12-C.
This incorporation of an additional geometry along the

reaction path begins to “fill in” the description of the chemical
space between the reactant and product.
A familiar way of depicting a chemical reaction is as a

minimum energy pathway along a PES (for example, Figures
10−12). In Figure 16c is shown a one-dimensional slice through
the PES from 15c, giving a double well. The transformation
between the two TBPY-5 species (local minima) via the SPY-5
intermediate (central local maximum) corresponds to the Rstc 1
processes represented by Figure 16b. The principle that such a
reaction between these three species corresponds to the
curvilinear vibrational atomic displacements (shown as curved
vectors at each B atom) at those precise configurations, means
we can associate the generic symmetries of each respective
vibrational mode with the forward and reverse reaction arrows at
those points along the trajectory through the configuration
space. Atomic displacements for a vibration, however, have two
directions. Consequently, rigorous treatment must also include
those motions that, here, correspond to the steep side walls of
the PES. These reaction arrows are shown as “self-looped”
arrows. While accounting for both directions of the vibrational
atom displacements, this treatment “blocks” the high energy
pathways that would lead to, for example, bond breaking
(constitutional isomerization) and in so doing, keeps the
description in the domain of stereoisomerism.
The reaction arrows in Figure 16c can now be interpreted as a

directed graph, as shown in Figure 16d. Directed graphs, as the
name implies, portray directional pairwise relationships between
graph vertices with the directed graph edges depicted as arrows
(including the self-loop arrows). For a polytopal rearrangement,
the annotations to the directed edges in such a graph encode the
symmetries of the vibrational atomic displacements that are
“congruent” (“coinciding exactly when superimposed”) with the
atomic motions at that point on the reaction path.
Explicit in most PES presentations is a reaction coordinate

against which the energy is plotted. A reaction coordinate
represents a trajectory through the full conf iguration space that
describes all possible geometries for the chemical system. The
space spanned by the normal vibrational mode based curvilinear
coordinate systems of Zou et al.32 to describe polytopal
rearrangements corresponds to such a configuration space.
The wider utility of this directed graph representation of a

polytopal rearrangement is to rigorously represent, and thus
encode, all the symmetry and relational information, account for
both directions of all contributing vibrational modes, delineate
the “boundaries” of the configuration space (e.g., the domain of
stereoisomerism), and depict the topology or connectedness/
shape of the corresponding PES.
A feature of this approach is that a continuum of structures all

exhibiting the same generic symmetry can be represented by a
single polytope species. This is key to our aim of classifying all
polytopes as it allows for a configuration space composed of

inf inite points (the configurations) to be represented by a f inite
number of polytopes (graph vertices) and neighbor relation-
ships (graph edges). The resulting graph is, in effect, a structural
roadmap of the corresponding conf iguration space.
Typically, this structural roadmap can be used to describe

isomers, transition states, etc. of ABn. In this case, the set of
polytopes provides, in itself, a finite representation of all
chemically distinct molecular shapes that the entire config-
uration space could support. This then forms a basis for the
naming and cataloguing of chemical species. The resulting graph
features all possible polytopes (graph vertices) and associated
Rstc 1 reactions (graph edges).
It is, however, conceivable that more than one chemically

distinct species manifests within a generic-symmetry contiguous
region of the configuration space attributed to a single polytope.
In these cases, the graph can simply be expanded to include the
manifested novel chemical features, retaining a finite graph
representation. Hence any possible chemical structure, no
matter how unusual, can be represented using a finite polytopal-
based set.

■ OUTLOOK
Although the polytopal rearrangement model of stereoisome-
rization was originally only intended to describe and account for
the thermally facile interconversion of permutation stereo-
isomers, a careful examination of its underlying mathematical
and physical principles has revealed the potential for a more
general application.
Following recent work, particularly that by the Kraka group,32

we anticipate that a vibrational normal mode based method can
be exhaustively applied to generate the full stereoisomerism
“configuration space” for an arbitrary coordination center ABn.
The configuration space is the m-dimensional coordinate space
created by combining m vibrational modes. For AB2, m = 2; and
for ABn with n ≥ 3, m = 2n − 3. Additionally, such a
configuration space (and subspaces thereof) can be represented
by a finite graph that encodes the generic symmetries and
symmetry relationships between the parts.
ABn configuration-space graphs have two obvious applica-

tions: (i) as there is a one-to-one relationship between a graph
and the corresponding PES, the topology of the graph matches
the topology of the PES; and (ii) the finite and structured nature
of the graph allows for a classification/categorization of the
constituent configurations. It is this latter point that we
anticipate providing a major contribution toward a complete
and systematic description of all stereoisomerism.
To understand what a complete and systematic description of

all stereoisomerism looks like, we must examine some of the
fundamentals of molecular structure and how it relates to
stereoisomerism.
The atom-bond-centric picture of molecular systems is long

established and implicitly understood by chemists. This picture
views any molecular system as a set of connected coordination
centers, with each center and each chemical bond exhibiting
characteristic approximate or precise geometries and dynamical
behaviors. Note that, in this context, a “coordination center” just
means an atom in a molecule to which two or more additional
atoms are bonded. Such a picture is the basis for internal
coordinate definitions of molecular geometries as frequently
used in molecular modeling.
While some well-known stereoisomerism-related concepts

like enantiomerism (chirality) and diastereomerism are depend-
ent upon global properties of a molecule, most other aspects of
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stereoisomerism are viewed through the lens of the atom-bond-
centric picture. For example, a saturatedC atom is assumed to be
approximately tetrahedral, and single bonds typically are
attributed low barriers to torsional motion whereas formal
double bonds have typically higher barriers giving rise to isolable
E/Z-stereoisomers at ambient temperatures.
Significantly, much stereoisomerism-related systematic no-

menclature is heavily reliant upon this atom-bond-centric
picture of molecules−the stereoisomerism for an entire
molecule is given by describing the stereoisomerism of its
parts and those global properties emerge from all the parts taken
together.
Simple examples illustrating some features and challenges of

stereoisomerism are shown in Figure 17. In Figure 17a and b,
MeNHF is represented as a tetracoordinate center (C) bonded
to a tricoordinate center (N). The single coordinate F and H
atoms are not considered coordinate centers here. In Figure 17a
is shown three different stereoisomeric species that relate to each
other only by proper bond torsion differences along the C−N
bond. The absolute configuration symbols for C and N remain
the same for each species. In Figure 17b are three stereoisomeric
species that differ in the polytopes at N. Shown as a polytopal
rearrangement, the TPY-3-R → TP-3→ TPY-3-S configurational
changes occur at N, leaving the rest of the molecule unchanged.
Even though this is shown as a real chemical reaction, for the
purposes of classif ication only the geometrical differences−the
dif ferent polytopes − are important. Processes like those shown in
Figure 17a and b can occur simultaneously.
There are complexities beyond what the examples in Figure

17a and 17 may suggest. One of these complexities is
demonstrated in the example of Me−Hg−Me as shown in
Figure 17c. The geometry at the Hg-atom is linear (L-2). Any

proper bond torsion involving a L-2 polytope is undef ined (a
mathematical singularity) hence any general approach must be
able to accommodate such a challenge.
With the mathematics for describing proper bond torsional

differences appearing simple, the need for a comprehensive
classification of the polytopal forms is needed. We contend that
this can now be devised. Beyond this, we note that, even though
polytope ideas have been explicitly delineated in application to
stereoisomerism, practical applications, and even IUPAC
definitions, also embrace constitutional isomerism. Therefore,
a fully general polytope-based description of isomerism more
broadly may be possible.
Chemistry is one of the most practical sciences as it plays a

central role in our interactions with the world. From a research
and technology perspective, chemists “explore chemical space”
in the effort to understand, innovate, and create. Thus, far, our
exploration of chemical space has revealed so much that it has
resulted in the world’s largest human-curated database: the
Chemical Abstracts Service database.121 Notwithstanding, our
exploration has only just begun and there is now the expectation
that machine-led approaches will dominate future discoveries. A
complete system of stereoisomerismmoves us one step closer to
comprehensively defining chemical space. Such further develop-
ment of this comprehensive map will greatly empower future
endeavors.
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