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a b s t r a c t

Multiple effective vaccines are currently being deployed to combat the COVID-19
pandemic, and are viewed as the major factor in marked reductions of disease burden
in regions with moderate to high vaccination coverage. The effectiveness of COVID-19
vaccination programs is, however, significantly threatened by the emergence of new
SARS-COV-2 variants that, in addition to being more transmissible than the wild-type
(original) strain, may at least partially evade existing vaccines. A two-strain (one wild-
type, one variant) and two-group (vaccinated or otherwise) mechanistic mathematical
model is designed and used to assess the impact of the vaccine-induced cross-protective
efficacy on the spread the COVID-19 pandemic in the United States. Rigorous analysis of
the model shows that, in the absence of any co-circulating SARS-CoV-2 variant, the
vaccine-derived herd immunity threshold needed to eliminate the wild-type strain can be
achieved if 59% of the US population is fully-vaccinated with either the Pfizer or Moderna
vaccine. This threshold increases to 76% if the wild-type strain is co-circulating with the
Alpha variant (a SARS-CoV-2 variant that is 56% more transmissible than the wild-type
strain). If the wild-type strain is co-circulating with the Delta variant (which is esti-
mated to be 100% more transmissible than the wild-type strain), up to 82% of the US
population needs to be vaccinated with either of the aforementioned vaccines to achieve
the vaccine-derived herd immunity. Global sensitivity analysis of the model reveal the
following four parameters as the most influential in driving the value of the reproduction
number of the variant strain (hence, COVID-19 dynamics) in the US: (a) the infectiousness
of the co-circulating SARS-CoV-2 variant, (b) the proportion of individuals fully vaccinated
(using Pfizer or Moderna vaccine) against the wild-type strain, (c) the cross-protective
efficacy the vaccines offer against the variant strain and (d) the modification parameter
accounting for the reduced infectiousness of fully-vaccinated individuals experiencing
breakthrough infection. Specifically, numerical simulations of the model show that future
waves or surges of the COVID-19 pandemic can be prevented in the US if the two vaccines
offer moderate level of cross-protection against the variant (at least 67%). This study
further suggests that a new SARS-CoV-2 variant can cause a significant disease surge in the
US if (i) the vaccine coverage against the wild-type strain is low (roughly <66%) (ii) the
variant is much more transmissible (e.g., 100% more transmissible), than the wild-type
strain, or (iii) the level of cross-protection offered by the vaccine is relatively low (e.g.,
less than 50%). A new SARS-CoV-2 variant will not cause such surge in the US if it is only
moderately more transmissible (e.g., the Alpha variant, which is 56% more transmissible)
than the wild-type strain, at least 66% of the population of the US is fully vaccinated, and
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the three vaccines being deployed in the US (Pfizer, Moderna, and Johnson & Johnson)
offer a moderate level of cross-protection against the variant.
© 2021 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications

Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Since its emergence late in December 2019, the novel coronavirus pandemic (COVID-19), caused by the RNA virus SARS-
COV-2, has spread to every corner of the world. While other coronavirus pandemics have emerged in recent decades
(including the 2002e2004 severe acute respiratory syndrome (SARS-CoV-1) and the 2012-presentmiddle eastern respiratory
syndrome (MERS-CoV) pandemics (National Institute of Allergies and Infectious Diseases, 2020)), COVID-19 represents the
greatest global public health challenge since the 1918e1919 influenza pandemic. As of August 3, 2021, there have been over
198 million confirmed COVID-19 cases and over 4.2 million deaths worldwide, with the US being the most affected country
(with over 35 million confirmed cases and now over 613,000 COVID-19 deaths) (Center for Systems Science and Engineering
at Johns Hopkins University, 2021).

The primary mode of transmission of COVID-19 is via respiratory droplets (Centers for Disease Contr, 2021e), and themost
common symptoms of the disease include dry cough, shortness of breath, fever, fatigue, muscle aches, and loss of taste or
smell. The symptoms typically develop within 2e14 days after contacting the SARS-CoV-2 virus, and can last for up to two
weeks (although a small number of infected individuals experience “long COVID-19,” when symptoms endure for several
weeks or months, and interfere with day-to-day life (Centers for Disease Contr, 2021f)). The severity of symptoms varies
widely fromwholly asymptomatic disease to severe multi-organ system failure and death. Risk of a poor outcome increases
with comorbidities, such as immunocompromised status, heart or lung disease, diabetes, etc., while the mortality rate in-
creases exponentially with age. Transmission to susceptible individuals peaks early in the natural history of the disease, with
infected individuals infectious several days before the onset of symptoms (pre-symptomatic stage). Infected individuals who
never develop symptoms may also still transmit the disease as asymptomatic carriers (Centers for Disease Contr, 2021g).

Until late December 2020, control and mitigation measures against COVID-19 in the US were exclusively non-
pharmaceutical interventions (NPIs), such as the quarantine of those suspected of being exposed to the disease, isolation
of individuals with disease symptoms, community “lockdowns,” social (physical)-distancing, and the use of face masks
(Eikenberry et al., 2020; Ferguson et al., 2020; Gumel et al., 2021a, 2021b; Iboi, Ngonghala,& Gumel, 2020; Ngonghala, Iboi,&
Gumel, 2020). Numerous states and jurisdictions within the US implemented lockdown and mask mandates of varying
strictness and duration to limit COVID-19 spread (Ducey, 2020; Polletta & Oxford, 2020; FOX 10 Phoenix, 2020; Whitmer,
2020a, 2020b, 2020c; Gordon, 2020; Klas & Contorno, 2020; Abbott, 2020a, 2020b, 2020c).

The US Food and Drug Administration (FDA) gave emergency use authorization (EUA) for the first vaccine against COVID-
19 on December 11, 2020 (United States Food and Dr, 2020b, 2020c). This vaccinewas developed by Pfizer-BioNtech and based
on delivery of RNA (mRNA) encoding the SARS-CoV-2 spike protein (Mayo Clinic, 2021). Two doses of the vaccine admin-
istered 21 days apart showed 95% efficacy against symptomatic COVID-19 in clinical trials with 44,000 participants (United
States Food and Dr, 2020b, 2020c). A week later (December 18, 2020), the FDA authorized a vaccine developed by Moderna
Inc. (United States Food and Dr, 2020a). This vaccine is also based on mRNA technology. Delivered in two doses administered
four weeks apart, the vaccine showed efficacy of 94.5% in initial clinical trials (United States Food and Dr, 2020a). The most
recent vaccine to receive EUA (February 27, 2021) is the Janssen vaccine, developed by Johnson& Johnson and is administered
as a single dose (United States Food and Dr, 2021b). Unlike the mRNA-based Pfizer and Moderna vaccines, the Johnson &
Johnson vaccine was developed based on using adenovirus vector encoding the SARS-CoV-2 spike protein. Results from
clinical trials showed the Johnson & Johnson vaccine to be 67% effective in preventing moderate to severe COVID-19 14 days
post-vaccination (United States Food and Dr, 2021b). Although the vaccines have generally only been available to those 16 and
older (Pfizer) or 18 and older (Moderna, J&J), but the FDA recently extended EUA for the Pfizer vaccine to be administered to
children of ages 12e15 (United States Food and Dr, 2019).

Following EUA in December 2020, limited vaccine doses were made available according to prioritization schedules that
varied somewhat by state. Vaccination priority was given to the elderly, healthcare workers, and long-term care residents
(Centers for Disease Contr, 2021a). Vaccinations rates had increased linearly for the first few months of administration, but
had since peaked in April 2021 and are on the decline as of July 2021 (Centers for Disease Contr, 2021b). Even with all in-
dividuals aged 12 and above now eligible to receive the Pfizer vaccine in the US, increasing vaccine coverage is now widely
viewed as a problem of limited demand rather than supply. While vaccines are highly effective against the original SARS-CoV-
2 strain, sustainable control of the COVID-19 epidemic may hinge on the characteristics of emerging variant strains.

Viruses are subject tomutations when replicating, andmutations that increase the fitness of the virus tend to persist in the
population. In fact, by the middle of March 2020, the dominant SARS-CoV-2 strain in the US had already mutated from the
original strain that emerged inWuhan, China threemonths earlier (Korber et al., 2020). Since then, several additional variants
from the original SARS-CoV-2 strain have appeared around the globe (Centers for Disease Contr, 2021d), with many likely
more transmissible (and possibly more deadly) than the original SARS-CoV-2 strain (Davies et al., 2020; Volz et al., 2021). For
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instance, the B.1.1.7 variant (known as the Alpha variant) first appeared in the United Kingdom during late summer of 2020
(Volz et al., 2021), and may be associated with an increased risk of disease-induced death (Centers for Disease Contr, 2021d).
Themutations of this variant were found on the spike protein of the SARS-CoV-2 virus (Centers for Disease Contr, 2021h). This
variant was first detected in the US on December 29, 2020 in Colorado (Colorado Governor Jared Polis, 2020). The B.1.1.7.
variant was shown to be 56% more transmissible than the wild-type (original) SARS-CoV-2 strain (Davies et al., 2020). In-
dividuals infected with the B.1.1.7. variant were 1.4 timesmore likely to be hospitalized, and 1.58e1.71 timesmore likely to die
from COVID-19 complications (Horby et al., 2021). Another variant, B.1.351, emerged independently from the B.1.1.7. variant,
but shares some similar mutations (Centers for Disease Contr, 2021d). The B.1.351 variant was first identified in South Africa in
October 2020, and was detected in the US at the end of January 2021 (South Carolina Department of Health and
Environmental Control, 2021). Furthermore, the P.1. SARS-CoV-2 variant emerged out of Brazil. This variant, which has 17
unique mutations, also appeared in the US at the end of January 2021 (Minnesota Department of Health, 2021). Finally, the
most recent variant to have emerged in the US is the B.1.617.2 (or Delta) variant, that first appeared in India (Centers for
Disease Contr, 2021h).

Other SARS-CoV-2 variants have appeared in RNA sequencing, but the Alpha (B.1.1.7) and Delta (B.1.617.2) variants
represent the greatest proportion of variants that are currently circulating in the US, and are currently classified as variants of
concern (VOC) (Centers for Disease Contr, 2021; Centers for Disease Contr, 2021h). VOCs have shown evidence of (i) increased
disease transmission, (ii) more severe disease, (iii) evading current diagnostic tests, and/or (iv) resistance to naturally-
acquired or vaccine-induced immunity, when compared to the wild-type SARS-CoV-2 strain, which does not contain any
major mutations (Centers for Disease Contr, 2021d; Centers for Disease Contr, 2021h; Wu et al., 2021). These concerns are
compounded by the fact that, as more individuals became vaccinated, mask mandates and social-distancing measures were
relaxed, or lifted altogether (Abbott, 2020a, 2020b, 2020c; Ducey, 2021;WESH 2, 2020). The SARS-CoV-2 strains sequenced in
the US during the middle of May 2021 showed the Alpha variant accounting for nearly 70% of the variants sequenced, 8.1% of
the variants were identified as P.1, and 2.5% for the Delta variant (Centers for Disease Contr, 2021). But, as of July 31, 2021, the
Alpha variant was only 2.9% of the sequenced variants, while the Delta variant increased to over 83% (Centers for Disease
Contr, 2021). The varying proportions of variant transmission, and how they respond to currently available vaccines, add
more uncertainty to the effort to effectively suppress or eliminate the pandemic in the US.

Recent studies regarding the cross-protective immunity of existing vaccines on the SARS-CoV-2 VOCs have shown varying
results (Greaney et al., 2021; Skelly et al., 2021; Wu et al., 2021; Xie et al., 2021). Some studies evaluating the cross-efficacy of
the Pfizer-BioNtech vaccine on the B.1.1.7 and B.1.351 variants showed no significant differences of antibody neutralization
when two doses of the vaccine were delivered 18e28 days apart (Skelly et al., 2021; Xie et al., 2021). However, another study
showed that less neutralizing antibodies were produced in individuals who acquired immunity through infection recovery
(convalescent immunity) or only received a single dose of the vaccine (Abu-Raddad & Butt, 2021; Skelly et al., 2021). Another
study compared the cross-efficacy of the B.1.1.7 and B.1.351 variants when two doses of the Moderna vaccine was adminis-
tered 28 days apart (Wu et al., 2021), which showed reduction in antibody neutralization for the B.1.351 strain, but not the
B.1.1.7 strain. Further research is needed to validate and confirm these initial reports.

Despite the uncertainty regarding the level of cross-efficacy that current EUA vaccines provide against VOCs, some re-
searchers showed that there is, at least, some degree of cross-protection (Centers for Disease Contr, 2021d; United States Food
and Dr, 2021a). However, it is of major public health interest to understand if the current vaccination programwill be enough
to eliminate the pandemic in the United States, under a plausible range of variant transmissibility and vaccination cross-
protection scenarios.

During the earliest days of the COVID-19 pandemic, before extensive experimental or case data was available, mathe-
matical modeling was a useful tool to gauge the severity and potential impact that the disease would have on the community
(Cuevas, 2020; Eikenberry et al., 2020; Ferguson et al., 2020; Firth, Hellewell, Klepac, & Kissler, 2020; Gumel et al., 2021a;
Gumel et al., 2021b; Hellewell et al., 2020; Hoertel et al., 2020; Iboi et al., 2020; Institute for Health Metr, 2020; Kurcharski
et al., 2020; Ngonghala et al., 2020; Srivastava & Chowell, 2020; Tariq et al., 2020; Thurner, Klimek, & Hanel, 2020; Xue et al.,
2020).With the increased availability and administration of the Pfizer, Moderna, and Johnson& Johnson vaccines in the US, as
well as uncertainties surrounding the recently emerged SARS-CoV-2 variants, mathematical modeling can be a very useful
tool to estimate the extent that cross-protective immunity fromvaccines protect the community from the emerging COVID-19
variants. A number of recent modeling studies have used deterministic SEIR-type models to assess the potential impact of
SARS-CoV-2 variants on the dynamics of COVID-19 in a population. For instance, Gonzalez-Parra et al. (Gonzalez-Parra,
Martinez-Rodriguez, & Villaneuva-Mico, 2021) used a two-strain SEIR modeling framework, which also includes disease
transmission by asymptomatically-infectious individuals, to simulate COVID-19 dynamics in Colombia under varying levels of
variant infectiousness (in comparison to the wild-type strain). A two-strain vaccination model was used by Betti et al. (Betti,
Bragazzi, Heffernan, Kong, & Raad, 2021) to address the crucial question of whether a mutant SARS CoV-2 strain could un-
dermine vaccination efforts. Specifically, they estimated the time when a variant strain had overtaken the wild-type SARS
CoV-2 strain in Ontario, Canada.

The current study uses a mathematical model to assess the impact of vaccination and vaccine-induced cross-protection
against the B.1.1.7 and other SARS-CoV-2 variants circulating in the US as of June 2021. The two-strain and two-group model,
which takes the form of a deterministic system of nonlinear differential equations, is formulated in Section 2.1. The model is
fitted using COVID-19 mortality data, and a key unknown parameter of the model is estimated from the fitting in Section 2.2.
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Basic qualitative features of the model, including the derivation of vaccine-derived herd immunity threshold for the US and
parameter sensitivity analysis, are discussed in Section 3. Numerical simulations of the model are also presented in this section.

2. Methods

2.1. Model formulation

In this section, a two-strain, two-group mechanistic model for the transmission dynamics of two SARS-CoV-2 strains (the
wild-type and variant strains) in the US in the presence of vaccination will be formulated. Although multiple SARS-CoV-2
variants are co-circulating in the US, we consider only one variant strain in the model formulation. This is because almost
all of the jurisdictions in the US that are currently experiencing major surges of SARS-CoV-2 have a dominant variant among
the current co-circulating variant strains (Centers for Disease Contr, 2021). In formulating the model, the total population of
individuals in the community at time t, denoted by N(t), is stratified into two groups based on vaccination status, namely the
total unvaccinated group, denoted by NU(t) and the total vaccinated group denoted by NV(t), so that N(t) ¼ NU(t) þ NV(t). The
total unvaccinated population (NU(t)) is further stratified into the mutually-exclusive compartments of individuals that are
unvaccinated susceptible (SU), latent or “exposed” (Ei), pre-symptomatically infectious (Pi), symptomatically infectious (Ii),
asymptomatically infectious (Ai), hospitalized (Hi), and recovered (Ri), with i¼ 1, 2 (represents the SARS-CoV-2 strain), so that

NUðtÞ ¼ SUðtÞ þ
X2
i¼1

½EiðtÞ þ PiðtÞ þ IiðtÞ þ AiðtÞ þ HiðtÞ þ RiðtÞ� (1)
Similarly, the total vaccinated population (NV(t)) is sub-divided into the sub-populations of individuals that are vaccinated
susceptible (SV(t)), exposed (EVi), pre-symptomatically infectious (PVi), symptomatically infectious (IVi), asymptomatically
infectious (AVi), hospitalized (HVi), and recovered (RVi), with i ¼ 1, 2. Thus,

NV ðtÞ ¼ SV ðtÞ þ
X2
i¼1

½EViðtÞ þ PViðtÞ þ IViðtÞ þ AViðtÞ þ HViðtÞ þ RViðtÞ� (2)
Vaccinated individuals are assumed to have received the full required doses (i.e., they are fully vaccinated). The equations
for the rate of change of the aforementioned state variables of the two-strain, two-group vaccination model for COVID-19
transmission dynamics and control in the US are given by the deterministic system of nonlinear differential equations
given by Equation (A-8) of Appendix A. The flow diagram of the model is depicted in Fig. 1, and the state variables and pa-
rameters of the model are described in Tables A.7 and A.8, respectively.
Fig. 1. Schematic diagram of the model (A-8).
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In the formulation of the model (A-8), we assume a setting where two strains of SARS-CoV-2 are co-circulating in the
population, namely:

(a) strain 1: this is the wild-type (original) strain. It is assumed to be the predominant strain circulating the US throughout
2020 (Korber et al., 2020);

(b) strain 2: this is a new dominant, variant strain assumed to be circulating in the US since the end of 2020 (Colorado
Governor Jared Polis, 2020).

For mathematical tractability and convenience, we assume that susceptible individuals can be infected with either of the
two strains, but not with both. Furthermore, we are not aware of real evidence for co-infection of multiple SARS-CoV-2 strains
at the currentmoment. The three EUAvaccines in the US (i.e., the Pfizer, Moderna, and Johnson& Johnson vaccines) target the
wild-type strainwith efficacy ev, and are assumed to induce cross-protective efficacy (ec) against the dominant variant (strain
2) (Greaney et al., 2021; Skelly et al., 2021; Wu et al., 2021; Xie et al., 2021). Vaccination is offered to all eligible unvaccinated
individuals, but for simplicity, the model does not consider vaccination of currently infected individuals (symptomatic or
asymptomatic). In other words, the model only considers vaccinating those who are wholly-susceptible and those who
recovered from the disease prior to being vaccinated. Although currently infectious individuals may be getting vaccinated,
they comprise of extremely small fraction of the overall population at any given time, and are not included (for simplicity).

Some of the other main assumptions made in the formulation of the model (A-8) include:

(i) Homogeneous mixing: the population is well-mixed, such that every member of the community is equally likely to mix
with every other member of the community. Further, the waiting times in each epidemiological compartment are
exponentially distributed (Hethcote, 2000).

(ii) Because of the inherent age structure in the COVID-19 vaccine administration (where, in the context of the Pfizer
vaccine, for instance, only people at age 12 or older are vaccinated (United States Food and Dr, 2020b)), we include
demographic (birth and death) parameters to account for the inflow of new susceptible individuals that are eligible for
vaccination.

(iii) Vaccination is only offered towholly-susceptible individuals or thosewho naturally recovered from COVID-19 infection
(but not for currently infected individuals).

(iv) Vaccinated individuals are assumed to have received the full recommended dosage (two doses for Pfizer or Moderna
vaccine, one dose for the Johnson & Johnson vaccine), that the vaccine administered was stored at the appropriate
temperatures, and that enough time has elapsed for the body to develop immunity.

(v) The vaccines are imperfect against infection (i.e, breakthrough infection can occur) (United States Food and Dr, 2020a,
2020b, 2021b). The vaccines offer strong therapeutic benefits, vis a vis reducing severe disease, hospitalization, and
death (United States Food and Dr, 2020a, 2020b, 2021b).

(vi) Vaccine-derived and natural immunity may wane over time in individuals, in which they revert to the wholly-
susceptible class.
2.2. Data fitting and parameter estimation

In this section, the model (A-8) is fitted using the cumulative mortality data from Johns Hopkins’ Center for Systems
Science & Engineering (from January 22, 2020 to March 6, 2021) (Center for Systems Science and Engineering at Johns
Hopkins University, 2021). Fitting is used to estimate the contact rate parameter for the wild-type strain (strain 1), b1, dur-
ing each wave of the COVID-19 pandemic in the US (Center for Systems Science and Engineering at Johns Hopkins University,
2021; Bloomberg Covid-19 Vaccine Tracker Open Data, 2021). The fitting is done in the absence of vaccination for the period
from January 22, 2020 to January 21, 2021, and including vaccination for January 22, 2021 to March 6, 2021. We use a MATLAB
routine to minimize the sum of squared differences between each observed cumulative mortality data point and the cor-
responding mortality point obtained from the model (A-8). COVID-19 mortality data, rather than case data, is used to fit the
model since it is more reliable (the latter underestimates the true number of cases owing to the inability to track asymp-
tomatic and pre-symptomatic cases, resulting from the absence of random wide-scale testing across the US) (Centers for
Disease Contr, 2021g). Daily vaccination data, for the period December 21, 2020 to March 6, 2021 (Bloomberg Covid-19
Vaccine Tracker Open Data, 2021), was used in the fitting of the model to account for the transition of individuals from
nonvaccinated compartments to attaining fully-vaccinated status.

The first case of the Alpha (B.1.1.7) variant was documented in the US on December 29, 2020 (Colorado Governor Jared
Polis, 2020), although the variant was likely introduced to the US prior to the detection. For the actual fitting of the
model, we introduce 1,000 cases of a variant strain (i.e., I2(0) ¼ 1,000) on December 29, 2020 to estimate variant infections
present prior to confirmation of its US detection. Furthermore, vaccination is introduced in the model (A-8) on January 22,
2021. Since our model does not explicitly consider the two-dose vaccine structure or account for any delay from inoculation to
(partial) immunity, we introduce a delay from actual to modeled vaccination by constructing an inferred second dose time
series. That is, the available data only gives total doses delivered and does not disaggregate between first and second doses.
1114
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Therefore, we assume that during the first 30 days of vaccine reporting, all administered doses are first doses. After 30 days, all
first doses result in a second dose, and any remaining doses for that day are considered first doses. An inferred second dose
time series can thus be constructed iteratively. Second doses were roughly 35% of the total doses administered each day
following the first four weeks of vaccination (Bloomberg Covid-19 Vaccine Tracker Open Data, 2021).

Furthermore, the following expression was used to determine the time-dependent vaccination rate, av(t):

avðtÞ ¼ estimated vaccination ðsecondÞ doses on day t
SUðtÞ þ R1ðtÞ þ R2ðtÞ

: (3)
This expression allows for the realistic possibility that individuals who have recovered from infection (and may have
naturally-acquired immunity against future infection) will be vaccinated along with susceptible individuals. Thus, a pro-
portion of the vaccination doses administered each day are delivered to wholly-susceptible individuals who have not
developed prior COVID-19 immunity. The result of the data fitting of the model (A-8), using the fixed parameters in Table A.9,
is depicted in Fig. 2. The left panel of this figure shows the model (A-8) fit using the observed cumulative US mortality data.
The right panel shows the simulations of the model (A-8) with the fixed and fitted parameters, compared to the observed
daily mortality data for the US. The purple vertical dotted line in each panel indicates the time that a variant strain was
introduced into the US population (December 29, 2020). The contact rate for the variant strain (b2) was assumed to be 56%
greater than the contact rate for the wild-type strain (b1), since the dominant variant circulating the US at the time was the
Alpha (B.1.1.7) variant (which is estimated to be at least 56% more transmissible than the original wild-type strain (Davies
et al., 2020)). The brown dotted lines indicate the time when vaccination was introduced into the population (January 22,
2021). The efficacies of the Pfizer and Moderna vaccines against the wild-type strain are set at 94%. That is, ev ¼ 0.94 (United
States Food and Dr, 2020a, 2020b). Furthermore, we assumed a moderate level of cross-efficacy of the vaccine against the
variant strain, set at 50% (i.e., ec ¼ 0.5). The model (A-8), with the chosen fixed parameter values, fits well with the observed
cumulative and daily US COVID-19 death data (as shown in Fig. 2).

The contact rate for the wild-type strain, b1, varies throughout the course of the pandemic due to implementation and
compliance of non-pharmaceutical interventions (NPIs) and vaccination against it. Table 1 shows the values of the contact
Fig. 2. (a) Fitting of the model (A-8) using cumulative mortality data for the US (Center for Systems Science and Engineering at Johns Hopkins University, 2021).
(b) Simulations of the model (A-8) using the fixed and estimated parameters, given in Table A.9, and strain 1 contact rate values from Table 1, illustrating the daily
mortality generated from the model, in comparison to the observed daily mortality data for the US. For both panel, initial conditions used were SU(0) ¼ 336
million, I1(0) ¼ 10 and all other state variables set at zero. The purple vertical line shows the time that 1,000 cases of the variant strain (strain 2) were introduced
in the population (December 29, 2020), and assumed to be 1.56 times as infectious as strain 1 (Davies et al., 2020). The brown vertical line shows the time at
which vaccination was introduced into the model (January 22, 2021) using data from (Bloomberg Covid-19 Vaccine Tracker Open Data, 2021).
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rate for the wild-type strain (strain 1), b1, for each period of the pandemic. The first wave of the COVID-19 pandemic (January
22, 2020 to April 1, 2020) was the period with the highest contact rate, and occurred prior to most wide-scale NPI imple-
mentation (particularly the CDC's recommendation of face mask usage). The lockdown period (April 2, 2020 to June 15, 2020)
was the period when numerous US states implemented stay-at-home policies, and was shown to have a lower contact rate.
The second wave, which occurred during the early to mid summer of 2020 (June 16, 2020 to July 20, 2020) and was period
when many states stay-at-home orders expired and businesses started returning to operation. This resulted in a higher
contact rate, which in turn lead to more observed COVID-19 mortality. Many states began tightening restrictions on busi-
nesses again after seeing the rise in cases and deaths, which resulted in the post-second wave period (July 21, 2020 to
September 18, 2020) having a decreased contact rate. As states lifted business restrictions and other COVID-19 related NPIs in
mid-September 2020 (WESH 2, 2020), and many Americans traveled for the holidays, a large third wave of the pandemic was
observed for September 19, 2020 to January 6, 2021, that had a similar contact rate as the second wave. As vaccination
distribution commenced towards the final weeks of 2020, the contact rate once again decreased to a level similar to the post-
second wave contact rate. We note that during the second and third waves, most US states still maintained a baseline level of
NPI implementation and compliance (e.g., social distancing polices, face mask mandates). Thus, the contact rates for the
second and third waves were not as high as the initial pandemic wave.

3. Results

3.1. Mathematical analysis: computation of reproduction number

The model (A-8) has a unique disease-free equilibrium (DFE) given by

E0 ¼ �
S*U ; S

*
V ; E

*
1; E

*
V1; P

*
1; P

*
V1; I

*
1; I

*
V1;A

*
1;A

*
V1;H

*
1;H

*
V1;R

*
1;R

*
V1; E

*
2; E

*
V2; P

*
2; P

*
V2; I

*
2; I

*
V2;A

*
2;A

*
V2;H

*
2;H

*
V2;R

*
2;R

*
V2

�
;

where S*U ¼ PðuvþmÞ
mðuvþavþmÞ, S

*
V ¼ Pav

mðuvþavþmÞ and all other components of E0 are zero. The asymptotic stability property of the
disease-free equilibriumwill be explored, for the special case of the model where av(t) is constant (i.e., we are considering the
autonomous version of the model), using the next generation operator method (van den Driessche & Watmough, 2002;
Diekmann, Heesterbeek,&Metz,1990). Using the notation in (van den Driessche&Watmough, 2002), it follows that the non-
negative matrix (F) of new infection terms, and the matrix (M) of new transition terms, are given, respectively, by:

F ¼
�

F1 010�10
010�10 F2

�
and M ¼

�
M1 010�10

010�10 M2

�
;

where the matrices F1, F2, M1 and M2 are given in Appendix B, and 010�10 denotes the zero matrix of order 10. It follows that
the vaccination reproduction number of the autonomous version of the model (A-8), denoted by Rvac, is given by (where r

denotes the spectral radius of the next generation matrix FM�1):

Rvac ¼ rðFM�1Þ ¼ maxfR½1�
vac;R½2�

vacg; (4)

whereR½1�
vac andR½2�

vac (given in Appendix B) represent, respectively, the constituent reproduction numbers associated with the
transmission of strains 1 and 2. The result below follows from Theorem 2 of (van den Driessche & Watmough, 2002).

Theorem 3.1. The DFE (E0) of the autonomous version of the model (A-8) is locally-asymptotically stable ifRvac <1, and unstable
if Rvac >1.

The threshold quantity, Rvac, measures the average number of new COVID-19 cases generated by a single infectious in-
dividual introduced into a population where a certain proportion is vaccinated. The epidemiological implication of Theorem
3.1 is that a small influx if COVID-19 cases will not generate an outbreak in the community if the vaccination reproduction
number (Rvac) is brought to (and maintained at) a value less than unity.

3.2. Computation of the vaccine-derived herd immunity threshold

Herd immunity, which is a measure of the fraction of susceptible individuals that need to be protected against infection in
order to eliminate community transmission of an infectious disease, can be attained through twomainways: natural recovery
from infection or from vaccination. However, the safest and fastest way to achieve herd immunity is through vaccination
(Anderson, 1992; Anderson &May 1985). Furthermore, at least 15% of the U.S. population currently cannot be vaccinated due
to age restrictions (United States Census Bureau, 2020). Additionally, individuals who are pregnant, breastfeeding, have
underlying medical conditions, as well as for other reasons, may be unable or unwilling to be vaccinated against COVID-19.
Thus, it is critical to know what minimum proportion of the susceptible US population need to be vaccinated to achieve
vaccine-derived herd immunity (so that the pandemic can be effectively controlled). In this section, we derive the expression
for achieving vaccine-derived herd immunity against COVID-19 in the US based on widespread vaccination against the wild-
type SARS-CoV-2 strain (i.e., strain 1).
1116



M. Mancuso, S.E. Eikenberry and A.B. Gumel Infectious Disease Modelling 6 (2021) 1110e1134
In the absence of vaccination and other public health interventions (e.g., social-distancing, mask wearing, etc.), the
vaccination reproduction number (Rvac) reduces to the basic reproduction number (denoted by R0), given below:

R0 ¼ RvacrS*V¼ev¼av¼0 ¼ maxfR1;R2g; (5)

whereR1 and R1 are the constituent basic reproduction numbers for the wild-type (strain 1) and the variant (strain 2) SARS-

CoV-2 strains, respectively, given by (where ki, with i ¼ 1, 2, …, 20 are given in Appendix B):

R1 ¼ b1½hP1k5k7k9s1 þ k7k9rx1s1 þ hA1k5k9ð1� rÞx1s1 þ hH1k7rx141s1�
k1k3k5k7k9

;

R2 ¼ b2½hP2k15k17k19s2 þ k17k19qx2s2 þ hA2k15k19ð1� qÞx2s2 þ hH2k17qx242s2�
k11k13k15k17k19

:

For the casewhen all individuals in the population are vaccinated, the constituent reproduction numbers for thewild-type
(strain 1) and variant (strain 2) SARS-CoV-2 strains become:

Rv1 ¼
b1ð1� evÞqvðQ1 þ Q2 þ Q3 þ Q4Þ

k2k4k6k8k10
and Rv2 ¼

b2ð1� ecÞqcðQ5 þ Q6 þ Q7 þ Q8Þ
k12k14k16k18k20

;

where expressions for Qi (i ¼ 1, 2, …, 8) are also given in Appendix B. Hence, for the case where all individuals in the pop-

ulation are vaccinated, the expression for the vaccination reproduction number of the model is given by:

Rv ¼ maxfRv1 ;Rv2g: (6)

½1� ½2�
It follows that the vaccination reproduction numbers of wild-type (strain 1, Rvac) and variant (strain 2, Rvac) can be re-
written in terms of their basic reproduction numbers R1 and R2, and reproduction numbers when the entire population is
vaccinated, as below:

R½1�
vac ¼ R1

�
1� fv

�
1�Rv1

R1

��
and R½2�

vac ¼ R2

�
1� fv

�
1�Rv2

R2

��
;

where fv ¼ S*V
N* is the proportion of susceptible individuals in the community who have been fully vaccinated (at steady-state).

½1� ½2�
The vaccine-derived herd immunity threshold for the wild-type and variant strains are computed by setting Rvac ¼ 1, Rvac ¼ 1
and solving for fv, respectively. We note that it is necessary to ensure, in this computation, that 0<Rv1 ;Rv2 � 1< R1;R2, (so
that 0< f cv1 ; f

c
v2
� 1). Doing so gives:

fv ¼ R1

R1 �Rv1

�
1� 1

R1

�
¼ f cv1 and fv ¼ R2

R2 �Rv2

�
1� 1

R2

�
¼ f cv2 :
It follows that the vaccine-derived herd immunity threshold for the COVID-19 pandemic in the US, in the presence of both
the wild and variant SARS-CoV-2 strains, denoted by f cv, is given by:

f cv ¼ maxff cv1 ; f
c
v2
g: (7)
Using the fixed parameters in Table A.9 and a contact rate of b1¼0.24 per day to account for transmission in the absence of
nonpharmaceutical control measures (face mask usage, social distancing policies), it follows from Equation (7) that the
vaccine-derived herd immunity threshold for the wild-type (strain 1) SARS-CoV-2 strain (in the absence of the variant strain)
is f cv ¼ f cv1 ¼ 0:59 if either the Pfizer or the Moderna vaccine (with efficacy ev ¼ 0.94) is used. In other words, herd immunity
against the wild-type strain can be achieved in the US, using either the Pfizer or Moderna vaccine, if at least 59% of the US
population is fully-vaccinated with either of these vaccines. In this scenario, the herd immunity threshold rises to 64% if only
the Johnson& Johnson vaccine (with ev ¼ 0.67) is used. Thus, the wild-type SARS-CoV-2 strain can be effectively controlled in
the US (in the absence of a co-circulating variant SARS-CoV-2 strain), using any of the three vaccines currently being
administered in the US, if 59% (for Pfizer/Moderna vaccine) or 64% (for Johnson& Johnson vaccine) of the US populace is fully
vaccinated.

For the case where the wild-type strain is co-circulating with the a dominant SARS-CoV-2 variant that is 56% more
transmissible than the wild-type strain (such as the Alpha variant (Davies et al., 2020)), our study shows that the vaccine-
derived herd immunity threshold needed to effectively control both strains is 76% (i.e., f cv ¼ 0:76) using either the Pfizer
or Moderna vaccine, or 93% when using only the Johnson & Johnson vaccine. On the other hand, if the wild-type strain is co-
circulating with the Delta variant (which is 100% more transmissible than the wild-type strain), the herd immunity threshold
needed to combat both strains increases to 82% if the Pfizer/Moderna vaccine is used.

Fig. 3 depicts contour plots of the vaccination reproduction number for the three scenarios with the wild-type strain only
(Fig. 3 (a)) or in combination with a variant that is 56% (Fig. 3 (b)) or 100% ((Fig. 3 (c)) more transmissible than the wild-type
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Fig. 3. Contour plots of the vaccination reproduction numbers (Rvac) for the model (A-8), as a function of vaccine coverage at steady-state (fv) and vaccine efficacy
against the wild-type strain (ev) or the cross-protective efficacy offered by the vaccine against the variant strain (ec) for the US. The vaccination reproduction
number for the (a) wild-type strain (R½1�

vac , strain 1) with b1 ¼ 0.24 per day, (b) a variant strain that is 56% more transmissible than the wild-type strain (R½2�
vac , strain

2), and (c) a variant strain that is 100% more infectious than the wild-type strain (R½2�
vac , strain 2). Other parameter values used in this simulation are as given in

Table A.9.
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strain, as a function of vaccine coverage and efficacy. This figure shows that the vaccination reproduction number decreases
with increasing values of vaccine coverage and efficacy. This figure further shows that vaccine-derived herd immunity cannot
be achieved using the Johnson & Johnson vaccine for the case where the wild-type strain is co-circulating with the Delta
variant (Fig. 3 (c); since, for the 67% efficacy of this vaccine, the associated reproduction number cannot be brought to a value
less than one, even with 100% vaccine coverage).

3.3. Parameter sensitivity analysis

Themodel (A-8) contains numerous parameters, and uncertainties arise in the estimated values of some of the parameters
(e.g., those related to vaccination and the dynamics of the variant strains) used in the numerical simulations. In this section,
global sensitivity analysis is carried out, using Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients
(PRCC) (Blower & Dowlatabadi, 1994; McKay, Beckan, & Conover, 1979; McLeod, Brewster, Gumel, & Slonowsky, 2006), to
determine the parameters that have the highest influence on the value of the chosen response function. Sensitivity analysis
measures the extent that a response function changes with respect to variations in the input variables. For this study, the
vaccination reproduction number for the variant strain (R½2�

vac) was used as the response function. One thousand bootstrap
sample iterations were used for the LHS, and PRCC determined the correlation each individual parameter has on the response
function (R½2�

vac). The baseline value of the contact rate for the variant strain, b2, was chosen as 0.2495. The baseline values for
the additional fixed parameters are as given in Table A.9. Each parameter was assumed to be uniformly distributed and range
from 50% to 150% of the baseline value. The PRCC values generated for the parameters in the expression of the response
function, R½2�

vac, are tabulated in Table 2. It follows from this table that our studies identify the following four parameters that
play a more dominant role in the size of the vaccination reproduction number for the variant strain (R½2�

vac):
Table 1
Results from fitting the contact rate, b1, to cumulative COVID-19 death data for the USwithmodel (A-8) for the COVID-19
pandemic from January 22, 2020 to March 6, 2021.

Pandemic Period b1 (per day) Time Frame

First wave 0.3742 Jan 22, 2020eApril 1, 2020
Lockdown period 0.0726 April 2, 2020eJune 15, 2020
Second wave 0.1494 June 16, 2020eJuly 20, 2020
Post-second wave 0.0864 July 21, 2020eSept 18, 2020
Third wave 0.1421 Sept 19, 2020eJan 6, 2021
Post-third wave 0.0805 Jan 6, 2021eMarch 6, 2021
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Table 2
PRCC values for the parameters of themodel (A-8), using the vaccination reproduction number of the variant strain (R½2�

vac) as the response function. The unit of
each rate parameter is per day. Parameter values that most affect the dynamics of the model are highlighted in bold font.

Parameter Baseline Range PRCC Parameter Baseline Range PRCC

b2 0.2495 0.1248e0.3744 0.8994 42 0.02 0.010e0.030 �0.0680
εc 0.50 0.25e0.75 ¡0.6215 4V2 0.01 0.005e0.015 �0.0012
hP2 1.25 0.625e1.875 0.2942 fv 0.66 0.33e0.99 ¡0.8389
hPV2 1.25 0.625e1.875 0.2488 m 3.5 � 10�5 1.7 � 10�5-5.20 � 10�5 �0.0255
hA2 0.75 0.375e1.125 0.3163 gI2 0.10 0.05e0.15 �0.4534
hAV2 0.75 0.375e1.125 �0.0249 gIV2 0.135 0.0675e0.2025 �0.3822
hH2 0.25 0.125e0.375 �0.0264 gA2 0.20 0.10e0.30 �0.1627
hHV2 0.25 0.125e0.375 0.0162 gAV2 0.33 0.1650e0.4905 �0.1105
s2 0.40 0.20e0.60 �0.0052 gH2 0.0714 0.0357e0.1071 �0.0821
sV2 0.40 0.20e0.60 0.0333 gHV2 0.083 0.0415e0.1245 �0.0505
q 0.60 0.30e0.90 0.2913 dI2 0.0015 7.5 � 10�4e0.0023 0.0091
qv 0.60 0.30e0.90 0.2272 dIV2 0.0001 5.0 � 10�5e1.5 � 10�4 0.0312
x2 0.40 0.20e0.60 �0.3617 dH2 0.005 0.0025e0.0075 �0.0232
xV2 0.40 0.20e0.60 �0.2608 dHV2 0.0025 0.0013e0.0037 0.0427
qc 0.8 0.4e1.0 0.5699
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(i) the contact rate parameter for the transmission of the variant strain (b2);
(ii) the cross-protective efficacy of the variant strain (ec);
(iii) the steady-state proportion of fully-vaccinated individuals (fv); and
(iv) the modification parameter accounting for the reduced infectiousness of fully-vaccinated individuals experiencing

breakthrough infection (qc).

In other words, the parameters b2, ec, fv, and qc have the greatest influence on the vaccination reproduction number of the
variant strain (R½2�

vac). Hence, control measures against the variant strain (and, consequently, the disease in general) should be
focused on these four parameters.
3.4. Numerical simulations: assessment of vaccination program

The model (A-8) is now simulated using the fixed parameters in Table A.9 to assess the population-level impact of the
dominating emerging variant on the dynamics of COVID-19 in the US. The simulations are carried out for the period March 6,
2021 to March 6, 2024 for two levels of variant strain transmissibility (i.e., infectiousness) in relation to the wild-type strain:
Scenario 1 assumes the variant strain is the B.1.1.7 (Alpha) variant (which is 56%more transmissible than thewild-type strain)
(Davies et al., 2020)) and Scenario 2 assumes the variant strain is the Delta variant (which is 100%more transmissible than the
wild-type strain) (Centers for Disease Contr, 2021h). The values of each model compartment on the last point of the fitting
period onMarch 6, 2021 (see Section 2.2) were used as initial conditions to simulate projections of future COVID-19 dynamics
in the US. The contact rate for thewild-type strainwas chosen to be b1¼0.0805 per day fromMarch 6, 2021 toMarch 30, 2021
(i.e., the result of fitting the post-third wave period, see Table A.9) and increased to b1 ¼ 0.161 per day on April 1, 2021 to
account for the relaxation of mask mandates and social distancing policies in various states (Abbott, 2020a, 2020b, 2020c;
Ducey, 2021). Each Scenario is assessed for three levels of vaccination coverage: 50%, 66%, and 75% (i.e., fv¼ 0.5, 0.66, and 0.75)
and four levels of vaccination cross-protective efficacy against the variant strain (i.e., ec¼ 0.33, 0.5, 0.67, and 0.75). We assume,
in these simulations, that vaccinated individuals received both doses of the Pfizer/Moderna vaccine (these vaccines have
protective efficacy ev ¼ 0.94).

For mathematical tractability, it is assumed that recovered individuals do not acquire further SARS-CoV-2 infection. This
assumption is consistent with other COVID-19modeling studies (Eikenberry et al., 2020; Gumel et al., 2021a, 2021b; Iboi et al.,
2020; Ngonghala et al., 2020; Ngonghala et al., 2020). Furthermore, since less than 8% of fully-vaccinated individuals in the US
have received the Johnson & Johnson vaccine (Centers for Disease Contr, 2021b), simulations under Pfizer/Moderna vaccine
administration can better estimate the future course of the pandemic.

3.4.1. Scenario 1: variant is 56% more transmissible than the wild-type strain
Data from Davies et al. (2020) suggests that the B.1.1.7. (Alpha) variant is 56% more transmissible than the wild-type strain

in the US. Here, we simulate the dynamics of the two strains (wild-type strain and the Alpha variant) for various levels of the
coverage level of fully-vaccinated individuals (namely 50%, 66%, 75%) and cross-protective vaccination efficacy (ec ¼ 0.33, 0.5,
0.67, 0.75) offered by the Pfizer/Moderna vaccines. The cumulative COVID-19 mortality and cases, generated using the model
for Scenario 1, are tabulated in Table 3. This table shows that if 66% of the US population becomes fully-vaccinated with the
Pfizer/Moderna vaccines, then under vaccination cross efficacy levels between 33% and 75% (i.e., ec ranges from 0.33 to 0.75),
COVID-19 related deaths can be reduced between 27% and 44%, and cumulative cases can be reduced between 22% and 46%,
when compared to the case where only 50% of the US population is fully-vaccinated. Furthermore, if as high as 75% of the US
population becomes fully-vaccinated, then the reduction of COVID-19 related deaths and cases can increase to as high as 51%
1119



Table 3
Simulations of themodel (A-8), showing the cumulative COVID-19mortality and infections under Scenario 1, for varying levels of cross-protective efficacy of
the vaccine against the variant strain (ec) and vaccination coverage (fv), as of March 6, 2024 in the US. Scenario 1 assumes vaccinated individuals receive two
doses of the Pfizer or Moderna vaccine (ev ¼ 0.94) and that the variant strain is 56% more transmissible than the wild-type strain.

ec fv Cumulative Deaths (� 105) Cumulative New Infections (� 106)

Both Strains Variant Both Strains Variant

0.5 13.17 7.60 119.33 73.79
0.33 0.66 10.00 4.44 91.72 46.28

0.75 8.06 2.50 72.80 27.3

0.5 11.42 5.86 100.84 55.29
0.5 0.66 6.46 0.90 54.85 9.34

0.75 5.57 0.12 45.64 0.124

0.5 9.33 3.77 79.8 34.25
0.67 0.66 5.56 0.0047 45.55 0.043

0.75 5.56 0.0030 45.54 0.030

0.5 8.25 2.69 69.48 23.94
0.75 0.66 5.56 0.0026 45.52 0.023

0.75 5.56 0.0020 45.52 0.020
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and 55%, respectively (when compared to the case when only 50% of the US population is fully-vaccinated). Fig. 4 shows the
simulations of Scenario 1 when 75% of the US population is fully vaccinated with the Pfizer or Moderna vaccines.

Table 4 tabulates the values and occurrence of the peak daily COVID-19 related deaths and new infections generated using
the model. It can be seen from Table 4 that a future COVID-19 wave or surge can be averted if at least 66% of the US population
is fully-vaccinated with either the Pfizer or Moderna vaccine, and the cross-protective efficacy the vaccine offers against the
Alpha variant is at least 67%. Even if the cross-protective efficacy level is as low as 50%, a future pandemic wave can be avoided
if at least 75% of the US populace is fully-vaccinated with either of the aforementioned vaccines.
Fig. 4. Simulations of the model (A-8), showing COVID-19 projection for the period from January 22, 2020 to March 6, 2024, for Scenario 1 in the US. In these
simulations, the Pfizer/Moderna vaccine (with ev ¼ 0.94) is used, together with 75% vaccination coverage and the variant strain is 56% more transmissible than the
wild-type strain (i.e., we consider the Alpha variant in these simulations). The values of the remaining parameters of the model are as given in Table A.9. (a)
cumulative COVID-19 mortality, (b) daily COVID-19 mortality, (c) cumulative COVID-19 infections, (d) new daily COVID-19 infections. The red dots represent the
reported data points from (Center for Systems Science and Engineering at Johns Hopkins University, 2021), the dark blue curve indicates the model fit from
Section 2.2, the red curve shows the projections assuming low cross-efficacy of the variant strain (strain 2) from the vaccine (ec ¼ 0.33), the green curve shows
projections assuming a moderate amount of cross-protective efficacy (ec ¼ 0.5), the light blue curve shows projections assuming a moderately-high amount of
cross-protective efficacy (ec ¼ 0.67) and the purple curve shows the projections assuming a high amount of cross-protective efficacy (ec ¼ 0.75). The purple dashed
vertical line for each panel indicates the time the variant strain was introduced into the population (December 29, 2020), and the brown dashed vertical line
represents the time vaccination was introduced into the model (January 22, 2021).
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Table 4
Simulations of the model (A-8), showing the peak of daily COVID-19 related deaths and infections fromMarch 6, 2021 until March 6, 2024, under Scenario 1,
for various levels of cross-protective vaccination efficacy against the variant strain (ec) and vaccination coverage (fv). Scenario 1 assumes vaccinated in-
dividuals receive two doses of the Pfizer or Moderna vaccines (ev ¼ 0.94) and that the variant strain is 56% more as infectious than the wild-type strain. A
dashed line “-” indicates that the simulation did not produce a new peak of infections or deaths during the course of simulation.

ec fv Peak of Daily Deaths (� 103) Peak of Daily New Infections (� 105)

Date Amount Date Amount

0.5 Feb 10, 2022 6.17 Jan 30, 2022 6.20
0.33 0.66 June 22, 2022 2.03 June 12, 2022 4.44

0.75 Jan 10, 2023 0.63 Dec 20, 2022 0.69

0.5 May 7, 2022 3.51 April 25, 2022 3.38
0.5 0.66 Jan 18, 2024 0.24 Jan 4, 2024 0.24

0.75 e e e e

0.5 Oct 30, 2022 1.43 Oct 19, 2022 1.31
0.67 0.66 e e e e

0.75 e e e e

0.5 April 12, 2023 0.77 March 27, 2023 0.69
0.75 0.66 e e e e

0.75 e e e e

Table 5
Cumulative COVID-19 related deaths and infections simulated by the model (A-8) under Scenario 2 for varying levels of cross-protective vaccination efficacy
against the variant strain (ec) and vaccination coverage (fv) as of March 6, 2024 in the US. Scenario 2 assumes that vaccinated individuals receive two doses of
the Pfizer or Moderna vaccines (ev ¼ 0.94) and that the variant strain is 100% more infectious than the wild-type strain.

ec fv Cumulative Deaths (� 105) Cumulative New Infections (� 106)

Both Strains Variant Both Strains Variant

0.5 16.63 11.06 153.78 108.23
0.33 0.66 14.05 8.49 135.06 89.56

0.75 12.61 7.05 123.00 77.50

0.5 15.23 9.67 138.00 92.47
0.5 0.66 11.77 6.21 109.06 63.56

0.75 9.64 4.09 89.00 43.51

0.5 13.41 7.84 117.9 72.36
0.67 0.66 8.82 3.26 77.18 31.67

0.75 5.95 0.39 49.46 3.95

0.5 12.39 6.83 107.12 61.57
0.75 0.66 7.26 1.70 61.54 16.01

0.75 5.62 0.07 46.18 0.66
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3.4.2. Scenario 2: variant is 100% more transmissible than the wild-type strain
Here, we simulated the case where the wild-type strain is co-circulating with the Delta variant (which is 100% more

transmissible than the wild-type strain). For these simulations, the Pfizer andModerna vaccines are used. Cumulative COVID-
19 related deaths and cases for Scenario 2 are tabulated in Table 5. This table shows that under 50% full-vaccination coverage
and the same levels of cross-efficacy protection against the variant strain (i.e., ec ranging from 0.33 to 0.75), a 100% more
infectious variant may result in 21%e50% more COVID-19 related deaths and between 31% and 54% more cases, when
compared to the 50% vaccination coverage level with the Alpha variant (i.e., a variant that is only 56%more infectious than the
wild-type strain). Thus, the results in this table show a higher burden of the COVID-19 will be recorded in the US if the wild-
type strain is co-circulating with the Delta strain, as against co-circulation with the Alpha variant (as expected). This table
further shows that if the vaccination coverage is increased to 75%, then the COVID-19 related deaths and cases can be reduced
by 24e56% and 20e58%, respectively, in comparison to only having 50% full-vaccination coverage, under this more infectious
variant.

Fig. 5 shows the simulations of Scenario 2 when 75% of the US population is fully vaccinated with the Pfizer or Moderna
vaccines. The values and occurrence of the peak daily COVID-19 related deaths and new infections are included in Table 6.
Table 6 shows that under this more infectious variant, a future pandemic wave can only be avoided if the US attains a full-
vaccination coverage of 75% under the Pfizer and Moderna vaccines, and the cross-efficacy provided by the aforemen-
tioned vaccines against the Delta variant is at least 67%.

4. Discussion & conclusions

Since the emergence of COVID-19 in Wuhan City, China on December 31, 2019 (World Health Organization, 2020; Zhu
et al., 2020), the pandemic has induced severe public health and socio-economic burden on an unprecedented scale.
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Fig. 5. Simulation projections of model (A-8) from January 22, 2020 to March 6, 2024 for Scenario 2 in the U.S: Pfizer or Moderna vaccine (ev ¼ 0.94) and 75%
vaccination coverage with variant strain (strain 2) 100% more infectious than the wild-type strain (strain 1). Additional parameter values are included in Table A.9.
(a) cumulative COVID-19 mortality, (b) daily COVID-19 mortality, (c) cumulative COVID-19 infections, (d) new daily COVID-19 infections. The red dots represent
the reported data points, the dark blue curve indicates the model fit from Section 2.2, the red curve shows the projections assuming the vaccines produce a low
level of cross-efficacy of the variant strain (strain 2) from the vaccine (ec ¼ 0.33), the green curve shows projections assuming a moderate amount of cross-
protective efficacy (ec ¼ 0.5), the light blue curve shows projections assuming a moderately-high amount of cross-protective efficacy (ec ¼ 0.67) and the pur-
ple curve shows the projections assuming a high amount of cross-protective efficacy (ec ¼ 0.75). The purple dashed vertical line for each panel indicates the time
when variant cases were introduced into the US population (December 29, 2020), and the brown dashed vertical line represents the time vaccination was
introduced into the model (January 22, 2021).

Table 6
The peak daily COVID-19 related deaths and infections fromMarch 6, 2021 to March 6, 2024 simulated by the model (A-8) under Scenario 2 varying levels of
cross-protective vaccination efficacy against the variant strain (ec) and vaccination coverage (fv). Scenario 2 assumes vaccination individuals receive two
doses of the Pfizer or Moderna vaccines (ev ¼ 0.94) and that the variant strain is 100% more infectious than the wild-type strain. A dashed line “-” indicates
that the simulation did not produce a new peak of infections or deaths during the course of simulation.

ec fv Peak Daily Deaths (� 103) Peak Daily New Infections (� 105)

Date Amount Date Amount

0.5 Sept 20, 2021 15.86 Sept 10, 2021 17.16
0.33 0.66 Oct 10, 2021 9.30 Sept 30, 2021 10.36

0.75 Oct 20, 2021 6.37 Oct 11, 2021 7.26

0.5 Oct 13, 2021 11.78 Oct 3, 2021 12.15
0.5 0.66 Nov 30, 2021 4.72 Nov 19, 2021 4.96

0.75 Jan 11, 2022 1.98 Jan 1, 2022 2.13

0.5 Nov 17, 2021 7.70 Nov 6, 2021 7.48
0.67 0.66 Apr 3, 2022 1.26 Mar 24, 2022 1.23

0.75 e e e e

0.5 Dec 9, 2021 5.95 Nov 27, 2021 5.60
0.75 0.66 Sept 20, 2022 0.35 Aug 20, 2022 0.33

0.75 e e e e
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Fortunately, several safe and effective vaccines were developed in record time to combat the virus. Specifically, two mRNA-
based (Pfizer and Moderna) and an adenovirus-based (Johnson& Johnson) vaccines were given emergency use authorization
(EUA) in the US from as early as December 2020 (the Johnson & Johnson vaccine received EUA in March 2021). Nearly 50% of
the US population has attained full-vaccination status as of August 3, 2021 (Centers for Disease Contr, 2021b). However, the
recent emergence of SARS-CoV-2 variants have posed major public health concerns in the US and globally. In particular, the
B.1.1.7 (Alpha) and the B.1.617.2 (Delta) variants, that first emerged in the UK and India, respectively, have been circulating in
many parts of the world, including the US (Centers for Disease Contr, 2021h). Current data and studies show strong evidence
that these variants are more easily transmissible, have higher rates of hospitalization and increased mortality rates, in
comparison to the wild-type strain (Horby et al., 2021). One of the greatest challenges associated with COVID-19 vaccination
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programs is the uncertainty of the level of cross-protection from currently-available COVID-19 vaccines offer against the
variant strains.

Numerous mathematical modeling studies, using varying modeling types and paradigms, have been conducted to provide
insight into the transmission dynamics and control of COVID-19 in different populations. The modeling types used include
statistical (Institute for Health Metr, 2020; Srivastava & Chowell, 2020; Tariq et al., 2020), mechanistic/deterministic (Gumel
et al., 2021a, 2021b; Ngonghala et al., 2020), stochastic (Hellewell et al., 2020; Hoertel et al., 2020; Kurcharski et al., 2020),
network (Firth et al., 2020; Thurner et al., 2020; Xue et al., 2020), and agent-based (Cuevas, 2020; Ferguson et al., 2020). The
current study uses a deterministic system of 26 nonlinear differential equations to assess the population-level impact of the
cross-protective efficacy of vaccination on SARS-CoV-2 variant strains. We used known parameter values for the wild-type
strain and open-access COVID-19 death data to estimate the contact rate for infection transmission throughout the course
of the pandemic in the United States. The disease-free equilibrium of the autonomous version (where the contact rate is
assumed to be constant) of the resulting two-strain model (A-8), which incorporates the vaccination of susceptible and
naturally recovered individuals, is shown to be asymptotically-stable whenever the associated vaccination reproduction
number of the model (denoted by Rvac) is less than unity. The threshold quantity Rvac measures the average number of new
SARS-CoV-2 cases generated by a typical infected individual introduced into a population that is partially-protected (via
vaccination and natural recovery from infection). An explicit expression for the vaccine-derived herd immunity threshold
(denoted by f cv) is derived. The herd immunity threshold is a measure of the minimum fraction of susceptible individuals in
the population that need to be immunized to ensure the protection of the individuals that cannot be vaccinated, and,
consequently, leading to the suppression or halting of the COVID-19 pandemic.

Our study shows that if only the wild-type SARS-Cov-2 strain is circulating in the US, then at least 59% of the populace
needs to be fully-vaccinated (with either the Pfizer or Moderna vaccine, each with estimated protective efficacy of at least
94%) to achieve the vaccine-derived herd immunity. In other words, if only the original wild-type SARS-CoV-2 strain is
circulating in the US (which was the case prior to the emergence of the SARS-CoV-2 variants in the US around December 2020
(Centers for Disease Contr, 2021h)), then at least 6 in every 10 people living in the US would need to be fully-vaccinated with
the Pfizer/Moderna vaccines to achieve the vaccine-derived herd immunity. This value of vaccine-derived herd immunity,
which is reasonably attainable in the US (Centers for Disease Contr, 2021b), is consistent with the herd immunity threshold
derived in previous studies, such as those in (Gumel et al., 2021a, 2021b).

However, if the wild-type strain is co-circulating with the Alpha variant (which is 56% more transmissible than the wild-
type strain), our study shows that the minimum threshold for achieving the vaccine-derived herd immunity (using either the
Pfizer or Moderna vaccine) increases to 76%. The value increases to 82% if thewild-type is co-circulating with the Delta variant
(which is 100% more transmissible than the wild-type strain). In other words, the emergence and circulation of the highly-
transmissible Alpha and Delta variants contribute in raising the minimum value of the vaccine-derived herd immunity
threshold needed to effectively control, and mitigate the burden of, COVID-19 pandemic in the US. While achieving 60%
vaccination coverage against the COVID-19 pandemic if only thewild-strain is circulating is certainly realistically attainable in
the US, achieving 76% or 82% coverage, if any of the two variants are circulating, is undoubtedly a tall order, for the numerous
factors that contributed to the concerning level of vaccine hesitancy in the US (Centers for Disease Contr, 2021b).

By implementing a global sensitivity analysis of the model, using the vaccination reproduction for the variant strain as the
response function, this study identifies four parameters that have the highest influence on the SARS-CoV-2 variants (hence, of
the COVID-19 pandemic) in the US. The identified parameters are the effective contact rate for the transmission of the SARS-
CoV-2 variant strain contact rate (b2), the cross-protective efficacy offered by the Pfizer/Moderna vaccine against the variant
strain (ec), the coverage of fully-vaccinated individuals in the US (fv), and the relative infectiousness of fully-vaccinated in-
fectious individuals, in comparison to the infectiousness of unvaccinated infectious individuals (qc).

We carried out extensive numerical simulations of the two-strain model to assess the population-level impact of various
SARS-CoV-2 dynamic scenarios, based on varying the vaccination cross-protective efficacy (ec) and the coverage of the fully-
vaccinated population (fv) for the case where the wild-type strain is co-circulating with the Alpha or the Delta variant. These
simulations show, as expected, that wide-scale vaccination is crucial to mitigating the burden and/or eliminating the COVID-
19 pandemic in the US. For instance, for the Alpha variant, which was shown to be 56% more infectious than the wild-type
strain (Davies et al., 2020), we showed that increasing the coverage of fully-vaccinated individuals from the current 50% for
the US to 75% can reduce anywhere from 33 to 51% of the cumulative mortality and 35e55% of cumulative cases (in com-
parison to when the vaccination coverage is 50%). For a SARS-CoV-2 variant that is more infectious than the Alpha variant,
such as the Delta variant (which is 100% more transmissible than the wild-type strain), our simulations show that increasing
the coverage of fully-vaccinated individuals from 50% to 75% could reduce anywhere from 24 to 56% of COVID-19 related
deaths and 20e57% of cases, compared to the case with only 50% vaccination coverage.

Our study clearly shows that the vaccination coverage, cross-protective vaccination efficacy against variant strains, and the
relative infectiousness of the variant strain, in comparison to the wild-type strain all greatly influence the dynamics of the
COVID-19 pandemic in the US. Specifically, both the cross-protective vaccination efficacy against the variant and the vacci-
nation coverage shift the peak of daily cases and deaths forward in time. This shifting increases with increasing values of the
cross-protective efficacy and vaccination coverage. Our simulations show that, in general, the peak of daily deaths is expected
to occur approximately 10e16 days after the peak of daily infections occurs.

One limitation of our study is the fact that our numerical simulations are based on the assumption that only the Pfizer or
the Moderna vaccines are used in the population. In reality, three vaccines are being used in the US (the aforementioned two
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and the Johnson & Johnson vaccine), each with a presumably different level of cross-protective efficacy against the variant
strains circulating in the population. Further, each of the three vaccines may differ in terms of their therapeutic properties
(such as accelerating recovery, reducing risk of severe disease, hospitalization and deaths in breakthrough infections).
Another limitation of our study is that the model is formulated to account for a single variant (i.e., we lumped all variants into
a single dominant one). Although this assumption was necessarily made to enable mathematical tractability, extending the
modeling framework to allow for the assessment of the dynamics of multiple SARS-CoV-2 variant strains (as is the case at the
current time in the US, where both Alpha and Delta variants are co-circulating, but with the Delta clearly the prohibitive
dominant one) would be quite useful. Since recent studies have shown that naturally-acquired immunity is less likely to
produce an immune response to the existing variants than vaccination (Greaney et al., 2021; Skelly et al., 2021), another
future extension of the modeling framework we developed in this study is to include the possibility that individuals who
recovered from infection from the wild-type strain (i.e., those in the R1 class in our model) could acquire infection with the
variant strain without losing their natural immunity against the wild-type strain.

The Alpha (B.1.1.7) variant was the most dominant SARS-CoV-2 variant circulating in the US throughout April and May
2021 (Centers for Disease Contr, 2021; Centers for Disease Contr, 2021d), and was estimated to be 56% more transmissible
than the wild-type strain (Davies et al., 2020). The numerical simulations we conducted in this study showed that if a
moderate level of vaccination coverage (� 66% of the US population) and moderately-high level of cross-protective vacci-
nation efficacy is provided by the Pfizer and Moderna vaccines (ec � 0.67), then a surge of variant-induced COVID-19 in-
fections and mortality will not occur (under the assumption that both the vaccine-derived and naturally-acquired immunity
lasts at least two years). A recent study showed that cross-protective efficacy is as high as 93% against the Alpha variant when
two doses of the Pfizer vaccine are administered, but drops to 33% when only one dose is received (Greenhalgh, 2021). Thus,
strictly following the two-dose regimen for the Pfizer and Moderna vaccines is essential to significantly reduce community
transmission of COVID-19. The insights generated from this study align with the findings from other recent modeling studies
for the dynamics of wild-type and variant strains of SARS-Cov-2 (also using SEIR-type modeling paradigm) (Betti et al., 2021;
Gonzalez-Parra et al., 2021).

Many US states relaxed control and mitigation measures against COVID-19, such as face mask mandates, once COVID-19
vaccination had become more widely available (Abbott, 2020a, 2020b, 2020c; Ducey, 2021). Unfortunately, vaccination rates
have since slowed down, since April 2021 (Centers for Disease Contr, 2021b), and vaccinated individuals can still experience
breakthrough cases that are infectious to others (Centers for Disease Contr, 2021c). Since June 2021, the Delta variant has
become the dominant SARS-Cov-2 variant in the US (Centers for Disease Contr, 2021), and is known to bemore infectious than
the Alpha variant (Allen et al., 2021). For the Delta variant (which is 100% more transmissible than the wild-type strain), our
simulations show that the COVID-19 pandemic can be effectively controlled in the US if 75% of the US population is fully-
vaccinated (with either the Pfizer or Moderna vaccine) and the vaccine offers at least 67% cross-protective efficacy against
the Delta variant. Thankfully, it was shown that the full recommended dosage of the Pfizer vaccine is 88% effective against the
Delta variant (Greenhalgh, 2021). However, if the vaccination coverage is lower, and a highly-transmissible variant (such as
Delta) is co-circulating, the US still risks experiencing a severe COVID-19 wave in the future. As of August 2021, the US has
experienced increased COVID-19 related cases and deaths (Lovelace & Rattner, 2021), with 97% and 99% of the COVID-19
related hospitalizations and deaths exclusively occurring in unvaccinated infected individuals, respectively (Sullivan,
2021). Some US cities have since responded by resuming NPI (nonpharmaceutical intervention) mandates, such as mask
wearing and social-distancing, in line with the new CDC recommendations (Impelli, 2021). Thus, it is critical to continue the
practice of following NPIs, and encourage all eligible individuals to receive the full two-dose regimen of the Pfizer or Moderna
vaccines. In summary, our study demonstrated that the prospect for the effective control and/or elimination of the SARS-CoV-
2 variants (hence, the COVID-19 pandemic) in the US is promising provided the coverage of the fully-vaccinated individuals,
and the level of cross-protection the vaccine offers against the SARS-CoV-2 variant strains, are high enough.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgments

One of the authors (ABG) acknowledge the support, in part, of the Simons Foundation (Award #585022) and the National
Science Foundation (grant number: DMS-2052363). The authors are grateful to the anonymous reviewers for their
constructive comments.

Appendix A

Equations of the Mathematical Model

The two-strain, two-group vaccination model for the COVID-19 transmission dynamics and control in the US is given by
the following deterministic system of nonlinear differential equations:
1124



M. Mancuso, S.E. Eikenberry and A.B. Gumel Infectious Disease Modelling 6 (2021) 1110e1134
dSU
dt

¼ Pþ uvSV þ j1R1 þ j2R2 � l1SU � l2SU � avðtÞSU � mSU ;

dSV
dt

¼ avðtÞSU þ jV1RV1 þ jV2RV2 � ð1� evÞl1SV � ð1� ecÞl2SV � ðuv þ mÞSV ;

dE1
dt

¼ l1SU � ðs1 þ mÞE1;

dEV1
dt

¼ ð1� evÞl1SV � ðsV1 þ mÞEV1;

dP1
dt

¼ s1E1 � ðx1 þ mÞP1;

dPV1
dt

¼ sV1EV1 � ðxV1 þ mÞPV1;

dI1
dt

¼ rx1P1 � ðf1 þ gI1 þ mþ dI1ÞI1;

dIV1
dt

¼ rvxV1PV1 � ðfV1 þ gIV1 þ mþ dIV1ÞIV1;

dA1

dt
¼ ð1� rÞx1P1 � ðgA1 þ mÞA1;

dAV1

dt
¼ ð1� rvÞxV1PV1 � ðgAV1 þ mÞAV1;

dH1

dt
¼ f1I1 � ðgH1 þ mþ dH1ÞH1;

dHV1

dt
¼ fV1Iv1 � ðgHV1 þ mþ dHV1ÞHV1;

dR1
dt

¼ gI1I1 þ gA1A1 þ gH1H1 � avðtÞR1 � ðj1 þ mÞR1;

dRV1
dt

¼ avðtÞR1 þ gIV1IV1 þ gAV1AV1 þ gHV1HV1 � ðjV1 þ mÞRV1;

dE2
dt

¼ l2SU � ðs2 þ mÞE2;

dEV2
dt

¼ ð1� ecÞl2SV � ðsV2 þ mÞEV2;

dP2
dt

¼ s2E2 � ðx2 þ mÞP2;

dPV2
dt

¼ sv2EV2 � ðxV2 þ mÞPV2;

dI2
dt

¼ qx2P2 � ðf2 þ gI2 þ mþ dI2ÞI2;

dIV2
dt

¼ qvxV2PV2 � ðfV2 þ gIV2 þ mþ dIV2ÞIV2;

dA2

dt
¼ ð1� qÞx2P2 � ðgA2 þ mÞA2;

dAV2

dt
¼ ð1� qvÞxV2PV2 � ðgAV2 þ mÞAV2;

dH2

dt
¼ f2I2 � ðgH2 þ mþ dH2ÞH2;

dHV2

dt
¼ fV2IV2 � ðgHV2 þ mþ dHV2ÞHV2;

dR2
dt

¼ gI2I2 þ gA2A2 þ gH2H2 � avðtÞR2 � ðj2 þ mÞR2;

dRV2
dt

¼ avðtÞR2 þ gIV2IV2 þ gAV2AV2 þ gHV1HV1 � ðjV2 þ mÞRV2:

(A-8)
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Description of Parameters of the Model

The parameter P is the recruitment rate (via birth or immigration) of individuals into the population. Individuals are
vaccinated at a time-dependent rate av(t). The vaccine is assumed to produce protective efficacy 0 < ev < 1 against strain 1,
potential cross-protective efficacy 0 � ec < 1 against strain 2, and wane at rate uv. Natural death occurs in all epidemiological
classes at rate m. Susceptible individuals acquire infection with strain 1 at a rate l1 or with strain 2 at a rate l2, where

l1 ¼ b1

�
I1 þ hP1P1 þ hA1A1 þ hH1H1 þ qvðIV1 þ hPV1PV1 þ hAV1AV1 þ hHV1HV1Þ

N

�
; (A-9)

and,
l2 ¼ b2

�
I2 þ hP2P2 þ hA2A2 þ hH2H2 þ qcðIV2 þ hPV2PV2 þ hAV2AV2 þ hHV2HV2Þ

N

�
: (A-10)
In (A-9) and (A-10), bi (with i ¼ 1, 2) is the effective contact rate for strain i, hPi (hPvi), hAi (hAvi), and hHi (hHvi) are,
respectively, the modification parameters accounting for the assumed increase or reduction of contact rates of unvaccinated
(vaccinated) pre-symptomatic, asymptomatic, and hospitalized individuals with strain i, compared to symptomatic infectious
individuals with strain i. The modification parameter 0� qv � 1 represents the assumed reduced infectiousness of individuals
vaccinated against strain 1 (in comparison to unvaccinated infectious individuals with strain 1), while (0� qc� 1) accounts for
the assumed reduced infectiousness of strain 2 induced by the cross-protective of vaccination against strain 1. Unvaccinated
(vaccinated) individuals in the exposed classes (strain 1 or strain 2) progress to their respective strain's pre-symptomatic class
at rate si (svi) where i ¼ {1, 2} indicates the strain of infection. Non-vaccinated (vaccinated) individuals transition out of the
pre-symptomatic classes at rate xi (xvi). For strain 1, fraction 0 < r (rv) < 1 of individuals develop symptoms while (1 � r)
((1 � rv)) individuals remain asymptomatic infectious. The fraction of un-vaccinated (vaccinated) individuals infected with
strain 2 who develop symptoms is 0 < q (qv) < 1. Non-vaccinated (vaccinated) symptomatic infectious individuals recover at
rate gIi (gIvi), become hospitalized at rate 4i (4vi), and die from diseased-induced death at rate dIi (dIvi). Non-vaccinated
(vaccinated) asymptomatic infectious individuals recover at rate gAi (gAvi). Non-vaccinated (vaccinated) hospitalized in-
dividuals recover at rate gHi (gHvi) and die from disease-induced death rate dHi (dHvi). Non-vaccinated (vaccinated) individuals
lose their naturally-acquired disease-induced immunity at rate ji (jvi).

Table of State Variables and Parameters of the Model

The state variables and parameters of the model are described in Tables A.7 and A.8, respectively.

Table A.7
Description of variables of model (A-8) where (i ¼ 1, 2) indicates the strain of infection.
Variable (i ¼ 1, 2)
 Interpretation
SU (SV)
 Population of unvaccinated (vaccinated) susceptible individuals

Ei (EVi)
 Population of unvaccinated (vaccinated) individuals exposed to (latently infected with) strain i

Pi (PVi)
 Population of unvaccinated (vaccinated) pre-symptomatic infectious individuals infected with strain i

Ii (IVi)
 Population of unvaccinated (vaccinated) symptomatic infectious individuals infected with strain i

Ai (AVi)
 Population of unvaccinated (vaccinated) asymptomatic infectious individuals infected with strain i

Hi (HVi)
 Population of unvaccinated (vaccinated) hospitalized infectious individuals infected with strain i

Ri (RVi)
 Population of unvaccinated (vaccinated) individuals who naturally recovered from strain i infection
Table A.8
Description of parameters of model (A-8) where (i ¼ {1, 2}) indicates the strain of infection.
Parameter (i ¼ 1, 2)
 Interpretation
P
 Recruitment rate into the population via birth or immigration

bi
 Infectious contact rate of individuals infected with strain i

hPi (hAi, hHi)
 Modification parameter to account for relative infectiousness of unvaccinated pre-symptomatic (asymptomatic, hospitalized)

individuals infected with strain i

hPVi (hAVi, hHVi)
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Table A.8 (continued )
Parameter (i ¼ 1, 2)
 Interpretation

Modification parameter to account for relative infectiousness of vaccinated pre-symptomatic (asymptomatic, hospitalized)
individuals infected with strain i
0 � qv (qc) � 1
 Modification parameter to account for reduced infectiousness of vaccinated individuals infected with strain 1 (strain 2)

av(t)
 Per capita vaccination rate

uv
 Waning rate of vaccine

ji (jVi)
 Rate of loss of disease-acquired immunity for unvaccinated (vaccinated) individuals infected with strain i

m
 Natural death rate

0 � ev � 1
 Vaccination efficacy against the wild-type strain (strain 1)

0 � ec � 1
 Vaccination cross-protective efficacy against the variant strain (strain 2)

xi (xVi)
 Progression rate from unvaccinated (vaccinated) exposed (latently infected) individuals infected with strain i to pre-symptomatic

class

0 < r (rv) < 1
 Fraction of unvaccinated (vaccinated) infectious individuals infected with strain 1 who develop clinical symptoms of COVID-19

0 < q (qv) < 1
 Fraction of unvaccinated (vaccinated) infectious individuals infected with strain 2 who develop symptoms

4i (4Vi)
 Hospitalization rate of unvaccinated (vaccinated) symptomatic infectious individuals infected with strain i

gIi (gAi, gHi)
 Recovery rate of unvaccinated symptomatic infectious (asymptomatic infectious, hospitalized) individuals infected with strain i

gIVi (gAVi, gHVi)
 Recovery rate of vaccinated symptomatic infectious (asymptomatic infectious, hospitalized) individuals infected with strain i

dIi (dIVi)
 Disease-induced death rate of unvaccinated (vaccinated) symptomatic infectious individuals infected with strain i

dHi (dHVi)
 Disease-induced death rate of unvaccinated (vaccinated) hospitalized individuals infected with strain i
Values of Fixed Parameters

Table A.9
Fixed parameters of the model (A-8) for data fitting and simulations. The units of all rate parameters is per day
Parameter V
alue
 Source
 Parameter V
alue S
ource
1127
Parameter
 Value S
ource
P 1
2,000
 Gumel et al.
(2021b)
m 3
.5 � 10�5 G
umel et al. (2021b)
 gI2
 0.1 (
Ngonghala,
2020;Ngonghala et al.,
2020)*
hP1 1
.25
 Gumel et al.
(2021b)
s1 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)
gIV2
 0.125 (
Ngonghala, 2020;
Ngonghala et al., 2020;
Thompson, 2021)*
hPV1 1
.25
 (Gumel et al.,
2021b)*
sV1 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)*
gA1
 0.2 (
Ngonghala et al., 2020;
Gumel et al., 2021b)
hP2 1
.25
 (Gumel et al.,
2021b)*
s2 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)*
gAV1
 0.37 (
Ngonghala et al., 2020;
Thompson, 2021; Gumel
et al., 2021b)*
hPV2 1
.25
 (Gumel et al.,
2021b)*
sV2 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)*
gA2
 0.2 (
Ngonghala et al., 2020;
Gumel et al., 2021b)*
hA1 0
.75
 Centers for Disease
Contr (2021g)
x1 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)
gAV2
 0.33 (
Ngonghala et al., 2020;
Thompson, 2021; Gumel
et al., 2021b)*
hAV1 0
.75
 (Centers for Disease
Contr, 2021g)*
xV1 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)*
gH1
 0.0714 C
enters for Disease Contr
(2021g)
hA2 0
.75
 (Centers for Disease
Contr, 2021g)*
x2 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)*
gHV1
 0.086 (
Centers for Disease
Control and Prevention,
2021g; Thompson,
2021)*
hAV2 0
.75
 (Centers for Disease
Contr, 2021g)*
xV2 0
.40 (
Ngonghala et al., 2020; Gumel et al.,
2021b)*
gH2
 0.0714 (
Centers for Disease
Contr, 2021g)*
hH1 0
.25
 Gumel et al.
(2021b)
r 0
.6 C
enters for Disease Contr (2021g)
 gHV2
 0.083 (
Centers for Disease
Control and Prevention,
2021f; Thompson,
2021)*
hHV2 0
.25
 (Gumel et al.,
2021b)*
rv 0
.1 (
Dagan et al., 2021)*
 dI1
 0.0008 (
Centers for Disease
Control and Prevention,
(continued on next page)
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Table A.9 (continued )
Parameter V
alue
 Source
 Parameter V
alue S
ource
1128
Parameter
 Value S
ource

2021f; Gumel et al.,
2021b)
hH2 0
.25
 (Gumel et al.,
2021b)*
q 0
.6 (
Centers for Disease Contr, 2021g)*
 dIV1
 0 (
Centers for Disease
Control and Prevention,
2021f; Gumel et al.,
2021b)*
hHV2 0
.25
 (Gumel et al.,
2021b)*
qv 0
.6 (
Centers for Disease Contr, 2021g)*
 dI2
 0.0015 (
Centers for Disease
Control and Prevention,
2021f; Gumel et al.,
2021b)*
qv 0
.5
 (Harris, 2021;
Levine-Tiefenbrun,
2021; Thompson,
2021)
41 0
.02 (
Gumel et al., 2021a)*
 dIV2
 0.0001 (
Centers for Disease
Control and Prevention,
2021f; Gumel et al.,
2021b)*
qc 0
.75
 (Harris, 2021;
Levine-Tiefenbrun,
2021; Thompson,
2021)*
4V1 0
.005 (
Centers for Disease Control and
Prevention COVID-19 Vaccine
Breakthrough Case Investigations Team,
2021i; Dagan, 2021)
dH1
 0.0025 G
umel et al. (2021b)
j1 0
 Gumel et al.
(2021b)
42 0
.02 G
umel et al. (2021a)
 dHV1
 0.0010 (
Gumel et al., 2021b)*
jV1 0
 (Gumel et al.,
2021b)*
4V2 0
.01 (
Centers for Disease Control and
Prevention COVID-19 Vaccine
Breakthrough Case Investigations Team,
2021i; Dagan, 2021)*
dH2
 0.005 (
Horby, 2021; Gumel
et al., 2021b)*
j2 0
 (Gumel et al.,
2021b)*
gI1 0
.1 (
Ngonghala, 2020; Ngonghala et al., 2020)
 dHV2
 0.0025 (
Horby, 2021; Gumel
et al., 2021b)*
jV2 0
 (Gumel et al.,
2021b)*
gIV1 0
.13 (
Ngonghala, 2020; Ngonghala et al., 2020;
Thompson, 2021)*
uv
 0 G
umel et al. (2021b)
* indicates value was adapted from source based on current available data.
Appendix B. Computation of Rvac

The associated next generation matrices of the model (A-8) are given by:

F1 ¼

0
BBBBBBBBBBBBBB@

0 0 f1 f2 f3 f4 f5 f6 f7 f8
0 0 f9 f10 f11 f12 f13 f14 f15 f16
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCA

;

where (noting that N* ¼ S*U þ S*V , with S*U and S*V defined in Section 3):
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f1 ¼ b1hP1S
*
U

N* ;

f2 ¼ qvb1hPV1S
*
U

N* ;

f3 ¼ b1S
*
U

N* ;

f4 ¼ qvb1S
*
U

N*
;

f5 ¼ b1hA1S
*
U

N*
;

f6 ¼ qvb1hAV1S
*
U

N*
;

f7 ¼ b1hH1S
*
U

N* ;

f8 ¼ qvb1hHV1S
*
U

N* ;

f9 ¼ ð1� evÞb1hP1S*V
N* ;

f10 ¼ ð1� evÞqvb1hPV1S*V
N* ;

f11 ¼ ð1� evÞb1S*V
N* ;

f12 ¼ ð1� evÞqvb1S*V
N*

;

f13 ¼ ð1� evÞb1hA1S*V
N*

;

f14 ¼ ð1� evÞqvb1hAV1S*V
N* ;

f15 ¼ ð1� evÞb1hH1S*V
N* ;

f16 ¼ ð1� evÞqvb1hHV1S*V
N* ;
and,

F2 ¼

0
BBBBBBBBBBBBBB@

0 0 g1 g2 g3 g4 g5 g6 g7 g8
0 0 g9 g10 g11 g12 g13 g14 g15 g16
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCA

;

with entries
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g1 ¼ b2hP2S
*
U

N* ;

g2 ¼ qcb2hPV2S
*
U

N* ;

g3 ¼ b2S
*
U

N* ;

g4 ¼ qcb2S
*
U

N*
;

g5 ¼ b2hA2S
*
U

N*
;

g6 ¼ qcb2hAV2S
*
U

N*
;

g7 ¼ b2hH2S
*
U

N* ;

g8 ¼ qcb2hHV2S
*
U

N* ;

g9 ¼ ð1� ecÞb2hP2S*V
N* ;

g10 ¼ ð1� ecÞqcb2hPV2S*V
N* ;

g11 ¼ ð1� ecÞb2S*V
N* ;

g12 ¼ ð1� ecÞqcb2S*V
N*

;

g13 ¼ ð1� ecÞb2hA2S*V
N*

;

g14 ¼ ð1� ecÞqcb2hAV2S*V
N* ;

g15 ¼ ð1� ecÞb2hH2S*V
N* ;

g16 ¼ ð1� ecÞqcb2hHV2S*V
N* :

0
k1 0 0 0 0 0 0 0 0 0

1

M1 ¼

BBBBBBBBBBBBBB@

0 k2 0 0 0 0 0 0 0 0
�s1 0 k3 0 0 0 0 0 0 0
0 �sv1 0 k4 0 0 0 0 0 0
0 0 �rx1 0 k5 0 0 0 0 0
0 0 0 �rvxv1 0 k6 0 0 0 0
0 0 �ð1� rÞx1 0 0 0 k7 0 0 0
0 0 0 �ð1� rvÞxv1 0 0 0 k8 0 0
0 0 0 0 �41 0 0 0 k9 0
0 0 0 0 0 �4v1 0 0 0 k10

CCCCCCCCCCCCCCA

;

with entries,
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k1 ¼ s1 þ m;
k2 ¼ sV1 þ m;
k3 ¼ x1 þ m;
k4 ¼ xV1 þ m;
k5 ¼ 41 þ gI1 þ mþ dI1;
k6 ¼ 4V1 þ gIV1 þ mþ dIV1;
k7 ¼ gA1 þ m;
k8 ¼ gAV1 þ m;
k9 ¼ gH1 þ mþ dH1;
k10 ¼ gHV1 þ mþ dHV1;
and,

M2 ¼

0
BBBBBBBBBBBBBB@

k11 0 0 0 0 0 0 0 0 0
0 k12 0 0 0 0 0 0 0 0

�s2 0 k13 0 0 0 0 0 0 0
0 �sv2 0 k14 0 0 0 0 0 0
0 0 �qx2 0 k15 0 0 0 0 0
0 0 0 �qvxv2 0 k16 0 0 0 0
0 0 �ð1� qÞx2 0 0 0 k17 0 0 0
0 0 0 �ð1� qvÞxv2 0 0 0 k18 0 0
0 0 0 0 �42 0 0 0 k19 0
0 0 0 0 0 �4v2 0 0 0 k20

1
CCCCCCCCCCCCCCA

;

with entries,

k11 ¼ s2 þ m;
k12 ¼ sV2 þ m;
k13 ¼ x2 þ m;
k14 ¼ xV2 þ m;
k15 ¼ 42 þ gI2 þ mþ dI2;
k16 ¼ 4V2 þ gIV2 þ mþ dIV2;
k17 ¼ gA2 þ m;
k18 ¼ gAV2 þ m;
k19 ¼ gH2 þ mþ dH2;
k20 ¼ gHV2 þ mþ dHV2:
Using the approach in (Gumel & Song, 2008), the vaccination reproduction numbers of the wild-type (strain 1) and variant
(strain 2) SARS-CoV-2 strains are found from

R½1�
vac ¼ rðF1M�1

1 Þ (B-11)

R½2� ¼ rðF M�1Þ (B-12)
vac 2 2

½1� ½2�
respectively, where r denotes the spectral radius. The expressions for Rvac and Rvac are given by:

R½1�
vac ¼

b1½hP1k5k7k9s1 þ k7k9rx1s1 þ hA1k5k9ð1� rÞx1s1 þ hH1k7rx141s1�
k1k3k5k7k9

S*U
N*þ

ð1� evÞqvb1ðQ1 þ Q2 þ Q3 þ Q4Þ
k2k4k6k8k10

S*V
N*

;

R½2�
vac ¼

b2½hP2k15k17k19s2 þ k17k19qx2s2 þ hA2k15k19ð1� qÞx2s2 þ hH2k17qx242s2�
k11k13k15k17k19

S*U
N*þ

ð1� ecÞqcb2ðQ5 þ Q6 þ Q7 þ Q8Þ
k12k14k16k18k20

S*V
N*;
where,
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Q1 ¼ hPV1k6k8k10sV1;
Q2 ¼ k8k10rvxV1sV1;
Q3 ¼ hAV1k6k10ð1� rvÞxV1sV1;
Q4 ¼ hHV1k8rvxV14V1sV1;
Q5 ¼ hPV2k16k18k20sV2;
Q6 ¼ k18k20qvxV2sV2;
Q7 ¼ hAV2k16k20ð1� qvÞxV2sV2;
Q8 ¼ hHV2k18qvxV24V2sV2:
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