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We investigate the Lorentz-covariant deformed algebra for Dirac oscillator problem, which is a
generalization of Kempf deformed algebra in 3 + 1 dimension of space-time, where Lorentz symmetry are
preserved. The energy spectrum of the system is analyzed by taking advantage of the corresponding wave
functions with explicit spin state. We obtained entirely new results from our development based on Kempf
algebra in comparison to the studies carried out with the non-Lorentz-covariant deformed one. A novel
result of this research is that the quantized relativistic energy of the system in the presence of minimal length
cannot grow indefinitely as quantum number nincreases, but converges to a finite value, ¢ / /B where cis the
speed of light and fis a parameter that determines the scale of noncommutativity in space. If we consider the
fact that the energy levels of ordinary oscillator is equally spaced, which leads to monotonic growth of
quantized energy with the increment of n, this result is very interesting. The physical meaning of this
consequence is discussed in detail.

arge momenta tied to large spatial dimensions, that appears in string theoretic considerations, may shed light

to the existence of a minimal length scale. The coordinates in D-dimensional space no longer commutable

with one another under the presence of minimal length scale. The interest for studying the effects of
noncommutativity on characteristics of quantum systems has been gradually increasing over the past decade.
Several works in this direction suggest the existence of natural ultra violet (UV) cut-off at the planck scale. This
reflects the existence of non-zero uncertainties in position and/or in momentum, giving the concept of the
generalized uncertainty principal (GUP) that involves some correction terms in its expression. Of course, the
consideration of GUP in a certain quantum system leads to a modification of both wave functions and the
corresponding energy spectrum' .

Perturbative string theory in sufficiently high energy regime such as black hole may give rise to disturbance of
space-time implying the appearance of non-negligible effects of the minimal length®. The consideration of
minimal length concept is crucial for precise description of broad physical fields such as non-commutative
geometry®, non-commutative field theories””, black hole physics'®", loop quantum gravity'?, string theory'*>™',
and others'®?'. For nonrelativistic case, the solution of Schrodinger equation in momentum space and the
corresponding energy spectrum has been studied in arbitrary dimensions considering minimal length, mainly
for basic systems involving harmonic oscillator'*****, coulomb potential system*~*%, and one-dimensional box
problems®”. By the way, the only relativistic problem that can be solved without approximation is Dirac oscillator
(DO) established via the substitution P — P — ifmwX in relativistic Dirac equation®®. Dirac oscillator has
attracted great attention thanks to its essential applicability in particle physics and quantum gravity.

Dirac oscillator has been investigated in momentum space representation by Green’s function technique
and by coherent states approach®. It turned out that Kempf algebra® is useful for determining wave functions and
energy spectrum in 1D with consideration of its thermodynamic properties in the presence of minimal length.
This approach has been extended to 3D by Quesne and Tkachuk™ using supersymmetric quantum mechanics
based on shape-invariance methods.

In this work, we plan to solve the DO problem in a somewhat different context, suggesting a new covariant
deformed algebra in 3 + 1 space-time, which preserves Lorentz symmetry. Due to several difference of our
research from Kempf’s one based on his deformed algebra, our result is somewhat different and cannot be reduced
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to a simple one in nonrelativistic limit. In particular, we are interested
in investigating the effects of space deformation, characterized by the
presence of minimal length scale, on quantized energy spectrum for a
relativistic Dirac oscillator. The behavior of energy spectrum in high
quantum number limit (n — o) will be analyzed in order to promote
deep understanding for intrinsic quantum nature of the system.

We introduce the Lorentz covariant deformed algebra and it will
be used to solve the quantum problem of Dirac oscillator with min-
imal length in momentum representation. Dirac wave functions will
be derived and the DO energy spectrum will be determined. Its
asymptotic behavior will be estimated in both non-relativistic and
non-deformed cases. An interesting discrepancy between our energy
spectrum and the one obtained by Kempf deformed algebra®* will be
addressed.

Results

Let us start with a brief review of deformed quantum mechanics in 3
dimensions. According to Refs. 22, 33, we introduce deformed for-
mula of position and momentum operators represented in terms of
momentum variable such that

0

X;=ih| (14 pP?) o

0
+/3'PiP;‘(q—p +7pi | (1)
Fj

Pi=p;, (2)

where f3, ', and y are some non-negative parameters which are very
small. These operators yield non-covariant Kempf algebra that reads
to

[X.By) = i[5 (1 B2%) + Bpip). @)
[X.X) = —ih[28— B+ 2B+ B) BP* el “
[P =0. o

This algebra with the parameters f = y = 0 in 3D is initiated by
Snyder® in 1940’s. After on, the attempt for investigating Dirac
oscillator with this algebraic formulation was realized by Quesne
etal’®” in 1 + 1 dimensions in the case ' = y = 0. They derived
wave functions of the system and estimated the bound-state energy.

The components of the angular momentum are given by
Li=(1+pP*) 'euXiP, i=12.3. (6)
These satisfy the usual commutation relations of the form
[Li,X;] =iheuXe,  [Li,Pj| =iheP;. (7)
If we consider physical states with (P) = 0 and the fact that the
momentum uncertainties AP; are isotropic, canonical variables

represented in Egs. (1) and (2) no longer gives the Heisenberg uncer-
tainty principle. Instead, we can express its modified form (GUP) as

AX; AP;> g [1+3B(AP,)* + B (AP:)?]. (8)

By taking the saturation of GUP and minimizing it with respect to
AP;, we have an isotropic minimal length which is

AAXmin:h\/ 3B+B, (9)

The parameter y in Eq. (1) does not affect the commutation relations
and only modify the squeezing factor of the momentum space mea-
sure. In fact, the inner product is now defined by

s
[L+(B+B)p) I

Ip)(pl=1. (10)

Now, let us introduce the (3 + 1) dimensional Lorentz-covariant
algebra®>*. In this case we have to make the following substitution

in Egs. (3)-(5): p2 —>pg fpz =p,p", pixi — poxo — pix' = p,x", where
Pv = (po> pi) and x, = (x0, x;). If we consider in this scheme that

(11)

we easily show that the Lorentz covariant commutation relations can
be deduced to be

)= —in[ (1= () =) Jg — PP, (12)

Xt = (1 _ﬁpvpv)xu _ﬁ/pupvxv + ih“/p”, p :PM,

[X".X") = —if [25—/3’— (2ﬁ+ﬁ’)ﬁ((P°)2 —PZ)} v, (13)

[P*,P] =0, (14)
where ¢ = Diag(1, —1, —1, —1) and
= [1 713((130)2*132)} ~pxr—prx). (15)

Notice that this algebra collapses to the Snyder’s algebra® for D = 3,
f=7y=0andf’ = (a/h)>. Some algebras that can be fulfilled with L*’
are given by

[X*,L"] =2ihp' P L", (16)
[P*,L"] =ih(P'g™ — P'g™), (17)
[L/u"Lwl} —=ih (g/MLvoc _’_gwau). +gpriL' _’_gwlexp) . (18)
Finally the inner product in momentum space, Eq. (10), becomes
&p
| —Eet (19)
(1= (B+B)pup’] 275

The Dirac equation in (3 + 1) dimensions for a free spinor reads
(y*p, — m) Y = 0, where m is the rest mass of the particle and v is the
four component spinor wave function and )" are four square mat-
rices. In general, the standard representation of y* has the form

g 0)° 0 —Ioxa ’

where ¢ is (2 X 2) hermitian Pauli matrix and I is the (2 X 2) unit
matrix. The relativistic Dirac oscillator introduced by other research-
ers® can now be obtained using the non-minimal coupling P —
imwX in the free particle Dirac equation, where w is the frequency

of the oscillator. This coupling gives

(20)

(cy(P—iy’mowX) +7°mc* )y = W (21)

From the substitution of i = Ve ) in Eq. (21), we obtain the fol-

vy

lowing coupled differential equations

W, =c a(P+imwX)y, +mc*y,, (22)

W, =c a(P—imoX)y, —mc*\,. (23)

Because ,,(p, p°) approaches zero as the system become nonrela-
tivistic case (v<c), Y,(p, p°) is usually called the small wave func-
tion*. However, ,(p, p°) is relatively large in most cases so that we
can call it as the large wave function. Let us rearrange Eq. (23) in
terms of ;. Then, by inserting it in Eq. (22), we obtain the operator
equation for the large component such that
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(W2 —m2c4) v, =62{P2 +mP o X?

(24)
+imw[oX,0P]+i m*w*a(X A X) },.

Wave functions. At this stage, let us decompose the wave function
into a radial part and spin angular part as

(P (@)
“m‘<<m «J

— is a unit vector.

(25)

where =

For the case of a simple situation ' =y = 0, the use of the algebra
of Eq. (12) leads to
+3).

where o = 28 (1 — B)((p°)> — p®) and L is the orbital angular
momentum. Now we consider the action of oL on the spin-angular
function 2" (1):

20L

[6X,0P)] =ih[lfﬁ((‘p0)2—p2)} (7

X AX=—ihaL,

(26)

(27)

oL, (&) = hraey! (@), (28)

Here, the quantum number « is equal to s(2j + 1) — 1 where s is
the spin, j = I + s, and [ is the angular momentum. Then, using the
first of Eq. (25) with Egs. (26)-(28), Eq. (24) becomes

GOE

+[1-8(() -
—3moh [1 —ﬁ((po)z —pz)] }F(p,po).

Here, we used the relation W = ¢p°. If we consider Eq. (11), the
momentum space representation of X is given by

0 ([i=0(0 )] ) [-n(07 )]

20 12 G0)
()

From the use of this relation in Eq. (29), we obtain the following
differential equation

{[mwh(2K+3)—2m2w2h2[$K](l—lf(po)z)—mzcz‘F (PO)Z}F(PJ’O)
:_mzwzhz{ﬂl_ﬁ<(po)2_pz>] ‘ZJ { ((pO) 5 )]212);

22 (31)
~(1-86")) 1L7 —28(1-p(")) 12

2 4
)F(p,p()) ={P2—|—m2w2X2

)] (2hm2w2ﬁ—2mw)hlc (29)

(2K +3)f—2f* mohx
moh

+{2 B ]ﬁ}F@p9~

To simplify this equation, we define a new deformation parameter of
the form

-
1—B(p°)?

This allows us to rewrite Eq. (31) as

(32)

moh(2Kk+3) — 2m?w*h? i 0 —m2
(2 +3) o ) < E(p")
=P (1-5(°))
01’ 20 12
=— zwzhz{[ 1+ 0p (—} +(1+0p)) S — -2
m (140p7) 55| +(400) " 5 =2 .
2p 2 1 2
_ —p°L
AT T
(2k+3)p—2p*mohx] , o
- moh P E ).
Introducing new variables such that
! arctan pV'0, k.=vVmwho, (34)

=75

we cast Eq. (33) in the form

_é o ma)héi 2mwhv0 2mwhv0
kf.F( P ){ K2 op + |ﬁ§ tan(p\/g) + 2 tan(p\/_> P

mawh0 2 2mowh , , moh0
— 2 [cot(p\/@)] - K2 0L + 2 F
(35)
22 (214 3) B — 22 mohx
x ana)zhz FL+ maowh
X [tan(p\/(‘)ﬂz}F(p,pO)’
where
2mohfi— (2x+3) 1 (p°) —m2
L SE I | 2 e N
1—B(p°) mwh (l_ﬁ(PO)z)
Let us make further change of variables, S=sin (\/%ZTE) and
kep > .
C=cos , along with
<¢aaﬁ 8
F=C"f(C), (37)
where A, is a constant that will be determined later. Then, we have
2 ¢ L
1-8)f"— | 22+1==2)f 2 [2—3) ) —=
== (en= )+ ﬂ) ;
0 (2x+3) 1\ 8§ (38)
P23} -1+~ Al —2Kk— —— =

SZ
At this stage we eliminate the term proportional to @ by choosing /.

to be the solution of the following differential equation

. 0 (2k+3) 0* 1
2
}MC—3AC_L2+B 2 - _FP

Through a straightforward calculation, we easily have

3|9 0 (2K+3) 0\> 1
= _ . 2 —
Jet Zi\/ +L +2K+<ﬁ> +k4.

4 gk
Among these two solutions, the physically acceptable one is only 4, 4.
This can be verified by examining them with reference of the GUP
using the same method given in Ref. 34 for a similar problem.
A further simplification can be fulfilled by eliminating the centri-
fugal barrier term in Eq. (38) by setting f(S) = S'g(S)andz =28 — 1:

=0. (39)

(40)
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(1-2")g" () +[(b—a)—
17¢

2
+ P—ZL

(a+b+2)Z)g'(2)

(41)

—(2143)Ac+1|g(z)=0.

We now introduce the following new parameters

3 1 —1
a=loy—2, b=-+l, w="",

= , 42
2 2 2 (42)

where #n’ is non-negative integer. Then, by imposing the following
constraint

1 V ’ ’
- ﬁ —20*—(2143) 2+ +1| =n'(W+a+b+1), (43)
we can rewrite Eq. (41) in the form
(=)@ +[b-a)-@+b+2dg @)

+n'(n'+a+b+1)g(z)=0.

We see that the solutions of this equation are expressed in terms of
Jacobi polynomials
b
g(z) =N P (2), (45)

where N is a normalization constant. Then, the large radial compon-
ent F (z) is given by

E(z)
By returning to the old variable p, we immediately have
0\ _ b—3 e g ) (0p* —1
F(p.p’) =NV0 Pl (OP +1)' (47)

(146p%)
We now calculate the small component of the DO wave function ,,
(p> p°) using

a+3/2 b—1/2

(1—2)2 (1+42) 2

at+b+1

=N2 2

PPz).  (46)

c o(P—imwX)

R

Vo (pp°)-

Using the Lorentz-covariant operator algebra (see Methods section),
we confirm that this equation yields

Wy (p:p°) =

(48)

c
W +mc? %r

[pmon[i-(@) )] (5 - ) wates

op

(49)

where 6, = %).

It is important to use the action of oL and ¢, on 3¢ « (1) function,
where

mj

a0 () = — 27 (), (50)

and after some simplifications on V,, (p,p°) formula, we can express
the small radial wave function G (p, p°) as

[(m i) o

o (1-80") )hK]F(P’pO)‘

—mawhc

(p,p ) W+mc?

H=p(0 7)) 5

Notice that this is equivalent to the one that appears in Kempf non-
covariant deformed algebra®. By using o’ instead of w, where

—(1— (") P
—(1 B(p) )co— 7% (52)
Eq. (51) can be rewritten as
—ma'hc 1
Glpp’) = W+ me? [(ma)/h thc)p
(53)

+ (1+06p° )i - %K}F(p,po).

This change makes it easy to normalize the wave function of the
relativistic Dirac oscillator on large and small radial components:

1
Flpp’) = Ri(ps’). (54)
G(pp") =~ Ra(p:p")- (55)
The large radial component R, (p, p°) is given by
Ry (pp*) =NV prifp==4pet) (), (56)

where f (p) is defined as f (p) = 1 + Op*.

For the case of the small component R, (p, p°), it is necessary to

distinguish spin up and spin down states. For s= 2 we have

0 —mw’thf 1 _ hx
Rz(p,p) W +mc? f mw'h Onic | p P
Xpb+f7a+h+l ub)(z)
_ —2maw'kic N\/—é o _asbir d b,y (57)
N W+ mc? f (1+ )EP”' ()
_ —2ma'hc (a—i—b—l—n’—l—l)N\/éb_% H%f*%
N W+ mc? P
x Pflt/ijll,b+l) (Z),
. .
whereas, for s= — > it yields
b1
oy —mw'he NVO K 1
Ra(p”) = W +mc? f6p+ moh On(re+1) |p
h KZ+1 _a+ +1
- ey )
\/—b—l (58)
_ —2mw'lic NvVO bolp_atbil d (a,b)
e Al 2 s

_ —2ma'hc (b—f—n’)N\/gb bt
B W+ mc?

u+b+l

a+1 b— 1)(2)

When we derive these two equations, some properties relevant to the
Jacobi polynomials, which have appeared in Ref. 39, are used.

Now, let us determine the normalization constant N via the rela-
tion

Oryf(ppo (|R1 p0°) "+ [Ra (P |) L (59)

If we consider this, the normalized components of the wave function
F (p,p®) and G (p,p°) deduced from Egs. (54) and (55) become
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W, +mc2 3 n 1.1l ab
Fes)= (W) A (@p)p 3 H IR (), (60)
W, —mc*\?
6(pa) = ~o( )
¢ (61)
x AN (a’g)pg—%ffi(u‘f’l;*’l)PI(\f b) (2),
where
b+1 , , , 3
A (@) = 20 (a+b+2/n +1)n !F(a/—i— b+n'+1)
I'a+n"+1)I(b+n'+1) (62)
N - 1 w,
a=a+1 b=b+2s N=n'—s—— o= ,
2 |Wel
with
{n/=1,2,3,~~~ fors=1 and o=—1 (63)
n'=0,1,2,--- otherwise.

Energy spectrum. Using the expressions of n’, a, b, 1. + and { given

in Eq. (43), it is possible to find the energy spectrum of Dirac

oscillator with Lorentz-covariant deformed algebra. A straightfor-

ward calculation leads to.

LYY
mc

1+hompA |’ (64)

W2 =2 (p0)} =t
where we have set
A=2 (n—l— Z) [(hoomB)? (L*+9/4) — (3+2x) hoomp

9
+2h2w2m2ﬂzk+1]1/2+hwm[3(n2+L2+3n+E) (65)

+2k(homf—1)—3.

It is interesting to link Eq. (64) with the energy spectrum of 3D Dirac
oscillator obtained with the non-covariant Kempf deformed
algebra®. In fact, by inspection, we easily see that Eq. (64) can be
rewritten as

WZ Wﬁc

T +hompBA’ (66)

where W, is the energy spectrum of Dirac oscillator developed with
non-covariant deformed algebra®:
ho
2 _ 24
From Fig. 1, we see that W is lower than W,,. except when § = 0. The
difference between them becomes large as quantum number » and
parameter f§ increase.
The presence of the additional factor (1 + AwmfBA)~" makes the
energy spectrum bounded. In fact, by considering A —hwmpn?,
n—o0

we obtain

c
VB
Thus, the energy of the relativistic Dirac oscillator in deformed space
is not allowed to increase indefinitely, but approaches to a finite

value. This is the main result of our report. However, if we remove
the deformation of the space by setting f—0, the energy in the large n

lim W,= (68)
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Figure 1 | Comparison of W, (dotted line) with W, (solid line), where f§
=0(a), = 0.0001 (b),and f=0.001 (c). Wehavetakenc=1,m=1,w =
1,L=1,x=1,and 4 = 1 and all these values are chosen dimensionlessly for
convenience.

limit becomes lim W, = o0, as expected. In more detail, in order to

n—oo
get increasing values of the energy without upper bound when n
increases, we see from Eq. (64) that a necessary condition is

I
1+ m—i‘; A>1+hompA, yielding the following constraint

pm?c? <1. (69)

It is shown in second part of Methods section that how to map the
solution of Dirac oscillator with Lorentz-covariant deformed algebra
to the solution with the non-covariant deformed algebra of Kempf
et al."* through (alternative) derivation of the energy spectrum.
Now, let’s analyze the results in some limiting cases.

i) Thecase p =0
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In this case we have W. = W,,. and one obtains

W2 —mPc* =2homd (n— k), (70)

or

1 1
Wf—m2c4=2mwhc2(n—j+§> for5=z, (71)

2 24 2 3 1
W2 —m?c* =2mwhc n—i—]—&—i fors=—5. (72)

These are exactly the energy levels of the usual Dirac oscillator.
ii) The non-relativistic limit
The non-relativistic limit is obtained by setting W, = mc> + E,
with the assumption that E.<mc?, where E, being the non-
relativistic energy. Indeed, from Eq. (66), we obtain the following
formula
(1—Bm?c?)

Ee= U5 Bmeonay B (73)
where E,, is the non-relativistic energy of the system analyzed
with non-covariant algebra. This relation shows that the non-
covariant deformed algebra does not equivalent to the non-relat-
ivistic limit of the Lorentz-covariant deformed algebra. This
conclusion coincide with the previous reports®**” developed
for the case of the one-dimensional Dirac oscillator with
Lorentz covariant deformed algebra. We see from Eq. (73) that
the non-bound condition, Eq. (69), also holds for the non-relat-
ivistic case.

Before closing this section, let us see the allowed condition assoc-
iated with the parameter 0. By rewriting Eq. (32) as a function of
0, we have

_ 0
1+0(p°)°

Using Eq. (69) one easily get the following bound condition for
the norm of 3D momentum

p (74)

1
PP<y. (75)
Using again Eq. (69) we further obtain
1
Ppu< B’ (76)

which means that an UV cut-off naturally implemented in the
Lorentz-covariant deformed algebra. By combining Egs. (75)
and (76), one obtains the condition

B(°) <1,

for the physically acceptable states. This can also be obtained
from the deformed inner product, by demanding that the weight
function in Eq. (19) is free from singularities®*”.

(77)

Discussion

In this paper, we have investigated the problem of relativistic Dirac
oscillator with minimal length in 3 + 1 dimensional space-time on
the basis of Lorentz-covariant algebra introduced using particular
variable transformations (in the case ' = y = 0). The wave functions
of the system and the corresponding energy spectrum are derived
considering the Lorentz covariant commutation relations given in
Egs. (12)-(14). We confirmed that the energy spectrum is different
from the one obtained from Kempf non-covariant algebra® by the

presence of the factor (1 + fmwhA)™" [see Eq. (66)], which proves
the novelty of the algebra used.

It was important to remark that the energy spectrum we obtained
is bounded as shown in Eq. (68) whereas the energy spectrum for the
DO problem based on the Kempf algebra is not. If we compare this
with the familiar result that the energy levels of the ordinary oscil-
lator is equally spaced leading monotonic growth of the energy with
the increment of the quantum number n*, this result is very surpris-
ing. Apparently, Eq. (68) implies that the spacing of the energy levels
asymptotically approaches to zero for sufficiently large n. We can
conclude that the deformation of space restricts the total (relativistic)
quantum energy for a mode and the allowed energy become small
with the increase of deformation factor f. In the meantime, in case
that the deformation of the space disappears, this effect vanishes and
the energy spectrum recovers to previously known one as expected.

We have found that Kempf deformed algebra is not a non-relat-
ivistic limit of Lorentz-covariant deformed algebra. This outcome is
in good agreement with the discussions in Refs. 36, 37. In the limit f§
— 0, the usual relativistic DO eigenvalues are recovered. The two
components of wave function take the form of DO wave functions
with Kempf algebra in 3 dimensions***, but the normalization con-
stant and the quantities a and b are dependent on p° which manifest
themselves in the small parameter 0.

Methods

Lorentz-covariant operator algebra. To manage Eq. (48) in the text, it is useful to
consider some relations of Ref. 33 with appropriate modifications considering the
Lorentz-covariant algebra, which are

Zino (1= g( (o2 —p2)] -2
UX71h0,<{1 ﬁ((p) p )] 8Pi>’ (78)
0 0 (J’L+2> <z7 0L>
giz—=\=-+ 0p=0p|-—— ), 79
opi (qv p )T e 79)
0 0
Eap=ap%, (80)

where g, = %’.

Derivation of the energy spectrum. We show how to map the solution of Dirac
oscillator with Lorentz-covariant deformed algebra to the solution with the non-
covariant deformed algebra of Kempf et al.'*. The key quantities are k. and {,, and the
corresponding ones in the case of the non-covariant deformed algebra are given by**

ke = /homp, (81)
3 W2 —m?c* 4 2hwomc* i + 3homc® — 2m> 2 w? 2 i
Cne= p—— . (82)
wmc
It is easy to show that
0
ke =1/ Hknes 83
5 (83)
0
=L 84
5 (84)
S = e (85)

Now, by comparing Eqs. (81) and (82) with Eqs. (83) and (84), and using Eq. (43), we
obtain
w2
WZ — ne
¢ 1+hompA’ (86)

which is exactly the same as Eq. (66). On the other hand the wave functions given in
Eqgs. (60) and (61) can be obtained from the ones obtained in the setup with non-

0
covariant deformed algebra by using Eq. (32) and p,,. = \/%p and taking into account

an extra factor (0/f)* in the normalization constant.
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