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Abstract: The titration behavior of weak polyelectrolytes is of high importance, due to their uses in
new technologies including nanofiltration and drug delivery applications. A comprehensive picture of
polyelectrolyte titration under relevant conditions is currently lacking, due to the complexity of
systems involved in the process. One must contend with the inherent structural and solvation
properties of the polymer, the presence of counterions, and local chemical equilibria enforced by
background salt concentration and solution acidity. Moreover, for these cases, the systems of interest
have locally high concentrations of monomers, induced by polymer connectivity or confinement,
and thus deviate from ideal titration behavior. This work furthers knowledge in this limit
utilizing hybrid Monte Carlo–Molecular Dynamics simulations to investigate the influence of salt
concentration, pKa, pH, and counterion valence in determining the coil-to-globule transition of
poorly solvated weak polyelectrolytes. We characterize this transition at a range of experimentally
relevant salt concentrations and explicitly examine the role multivalent salts play in determining
polyelectrolyte ionization behavior and conformations. These simulations serve as an essential
starting point in understanding the complexation between weak polyelectrolytes and ion rejection of
self-assembled copolymer membranes.

Keywords: weak polyelectrolytes; complexation; polyelectrolyte complexation; coil-globule transition;
polyelectrolyte brushes; phase transition; separations; drug delivery

1. Introduction

Polyelectrolytes are the basis for a broad class of functional systems including self-assembled
copolymer membranes, polymer-coated nanoparticles, polyelectrolyte microgels, and hydrogel
networks [1–11]. Though regarded as innately charged, polyelectrolytes frequently contain weakly
acidic or basic moieties distributed along the polymer backbone. This can be immensely useful,
as monomer groups may protonate or deprotonate depending upon the local environmental
conditions, enabling tunable “smart” materials [12–14]. Important recent examples include the
pH-responsive swelling and collapse of poly(acrylic acid) [PAA] in functionalized nanoporous
membranes [15], pH-responsive Saloplastics/Compact polyelectrolyte complexes (COPECs) [16]
synthesized using Poly(methacrylic acid) (PMAA) poly(allylamine hydrochloride) (PAH), which find
applications in tissue engineering by mimicking mechanical properties of a cartilage [17],
self-assembled polyelectrolyte capsules and multilayer thin films for drug delivery purposes [18–20].

Polyelectrolyte materials in the form of coacervates have been of great interest recently, both for
their uses within the food processing industry [21,22]. As well as their role in underwater adhesives
and encapsulation [21,23,24]. Extensive studies on the effects of counterions in determining the
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assembly and stability of polyelectrolyte complexes have been performed by several groups [25–33],
though these have largely ignored the role of solution acidity in determining the charge on these
compounds, which is crucial for dense polyelectrolyte assemblies [28,34–38]. Importantly, it was
recently shown that the pH could significantly alter the charging equilibrium, and indeed the
underlying thermodynamics of the process, when acidity and salinity are explicitly accounted for [33].
Many of these effects derive from the physical proximity of weakly charging groups to each other.
The effects of polyelectrolyte density can be particularly prominent when there are many charged
species present, such as when weak polyelectrolytes are realized as brushes adhering to a larger
molecule or surface, which have been examined for applications in pH-responsive sensors [39],
drug delivery complexes [40], and nanoparticle matrices [41]. The ionization of weak monomers in
brush layers differs significantly from that in bulk, with acid groups away from a substrate’s surface
proving easier to ionize than those closer to the surface, with an overall decreasing charge fraction as
the thickness of the brush is increased [42,43]. Strong evidence exists from simulations to explain these
effects through the instantaneous environment of each titratable monomer, which is affected by the
presence of other ions, polyacids and polybases in the vicinity [33,44–48].

In particular, for single-chain systems, it has been demonstrated both experimentally [49–52]
and computationally [46,53–56] that the well-known transition of a poorly solvated titratable polymer
from a collapsed (globule) state to an extended (coil) state (the coil–globule transition, or CGT) as a
function of pH can be strongly dependent on the salt content of a solution. The CGT in particular,
is of great interest in drug delivery, as the transition from a loaded globule state to an expanded coil
can release drug at a specific site of action defined by the local pH [24]. Interactions between the
polyelectrolyte molecule and dissolved ions are key to this behavior on two fronts. First, higher salt
concentrations lead to increased screening, which reduces repulsion from the charging of bound
monomers. The extent of this effect depends on the structure of the polymer, as topologically enforced
monomer densities limit the effects of screening, and shifts the polyelectrolyte charge away from that
expected naively from monomer titration experiments [35,45,57,58]. Second, strongly coupled ions
(whether through multivalence or low-dielectric solvent conditions) can bind to the polyelectrolyte,
thus affecting its conformations and local charging characteristics. Still, despite the prevalence
of weakly acidic or basic polymers in various applications within the polyelectrolyte literature,
there remains relatively little understanding of how different effects (including pH, salt concentration,
topology, and solvation) balance in determining polyelectrolyte structure, morphology, and function.

Emerging applications of weak polyelectrolytes in smart materials demand sensitive response,
with systems balanced on a knife’s edge ready to adapt their microstructure precisely in response to
the local stimuli, it is imperative that we be able to accurately understand the structure of weak
polyelectrolytes across a wide range of acidity and salinity. While some theoretical work has been
performed in the area of weak polyelectrolyte brushes [36,37,59–61], computer simulations, which often
utilize simplified, coarse-grained models to extract essential trends and behavior, represent an ideal
place to deepen understanding and develop intuitions for weak polyelectrolyte materials. For instance,
simulations have been performed to elucidate the ionization of weak polyelectrolytes in non-aqueous
environments [58], where it was found that ionization of weak polyelectrolytes may be enhanced
by an increase of the electrostatic coupling constant Γ = λB/σ (where λB is the Bjerrum length
and σ the size of monomers—see Section 2 for further discussion) due to energetically favorable
interactions between a dissociated ion and monomer pair. Further complexation studies examining
weak polyacids and nanoparticles in simulation have been performed in a wide array of circumstances,
to uncover effects related to polyelectrolyte chain length, polyacid-to-nanoparticle mixing ratio [62]
and ionic screening [44] on the ionization of the weak polyelectrolyte systems. In the case of
weak polyacid–nanoparticle complexation, a study performed by Stornes et al. [62] found that for
large polyacid-to-nanoparticle ratios and long chain lengths the titration curves exhibited multiple
inflection points due to competition between polyacid-nanoparticle attractive interactions and the
repulsive interactions among the like-charged monomers on the same and different polyacid chains.
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In a similar study, pairs of weak polyacids and polybases were seen to facilitate charging to take
advantage of favorable electrostatic interactions [33,44]. There, it was found that complexation
between weak polyacid and weak polybase may be induced through associative charging at low
screening conditions corresponding to low monovalent salt concentration. Additional work has also
examined the conformation of nanoparticle coronas formed due to electrostatic interaction between
weak polyelectrolyte chains as functions of pH and solvent quality, where weak polyelectrolyte grafted
nanoparticles were found to exhibit significant differences in morphology when compared to fixed
charge models [57].

Here, we build on an initial study which examined the titration of weak polyelectrolyte chains and
stars using coupled reaction Monte Carlo and Molecular Dynamics in an implicit-salt screened-charge
interaction limit [45], by explicitly accounting for the ionic species via grand-canonical Monte
Carlo coupling to salt and base reservoirs. This initial study observed significant and nontrivial
topology-dependent effects on the charging behavior of polyelectrolytes with variable numbers of arms,
but equal molecular weight. Though results were in good qualitative agreement with experiments on
weak star polymers, the use of implicit ions limited the applicability of this description to monovalent
(1:1) salts at low-to-moderate concentrations. There, ions can be assumed to be well-dispersed,
and the effects of polymer–ion correlations on acid dissociation are limited. Explicit ion effects
should contribute prominently to the ion–polymer association and charging behavior, particularly for
multivalent species or in non-aqueous solvents where strong forces can lead to counterion adsorption
onto the weak polyelectrolyte.

2. Methods

Here, we examine polyelectrolyte titration effects in the presence of explicit ions using a version of
the restricted primitive model [63] and its extension to polymers [54] which is explicitly coupled to
chemostats fixing the bulk salinity and pH. Figure 1 depicts typical coarse-grained linear and
star-shaped weak polyelectrolytes along with ambient salt ions forming a charge cloud around the
polyelectrolyte. These configurations are typical of the simulation setup utilized in this study, and the
swelling observed when transitioning from more acidic (red) to more basic (blue) conditions.

Titration simulations in the presence of salt require a delicate balance of chemical and physical
influences be maintained, and thus require a specific thermodynamic ensemble, augmented by
specialized Monte Carlo moves. Here, we perform hybrid Molecular Dynamics and Monte
Carlo simulations (MCMD) using LAMMPS [64] and SAPHRON [65]. The coupling incorporates
multi-species grand canonical sampling along with reaction-ensemble moves to accurately capture
the charging of a weak polyelectrolyte under dilute conditions. All simulations contain a single
bead–spring polymer chain, of length N = 121, having a coarse-grained bead size σ, in a linear or a
10-arm star configuration, which has arms of length Narm = 12 emanating from a single central bead
(see Figure 1). A periodic simulation box of fixed size (64.6σ)3 was utilized for these simulations.

The total potential energy within a configuration of our system is a sum of charge interactions,
bond potentials, and monomer adhesions and repulsions.

U(x) = ULJ(x) + UFENE(x) + Ucoul(x) . (1)

Here, x refers to all of the atomic coordinates in the system. Each of the terms in the equation above
is a sum over pairwise interactions between interacting sites i and j. The first term is a shifted–truncated
Lennard-Jones potential with a strength εij = kBT utilized for all interactions. The total Lennard-Jones
interaction, accounting for these parameters, can be represented as:
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Uij
LJ(rij) = 4εij

[(σij

rij

)12
−
(σij

rij

)6
]

(2)

Uij
LJtrunc

(rij) =

{
Uij

LJ(rij)−Uij
LJ(rcut), rij < rij

cut
0, elsewhere

. (3)

Here rij = xi − xj defines the separation vector between atoms i and j, and rij defines its
magnitude. While, in general the σij terms will change for different species, within this paper
we consider the case where all σij are set to the same value, defining the reduced unit of length
in our coarse-grained system. The cutoffs, however, are species dependent. Monomer–monomer
interactions have an attractive well to stabilize the collapsed state. This serves to model polymers such
as poly(2-vinylpyridine) (P2VP), poly(acrylic acid) (PAA) and poly(vinyl amine) (PVAm), which have
been explored extensively in experiments [51,66,67] and have nominal adhesive interactions through
hydrophobicity or hydrogen bonding when neutralized [68–71]. Thus, for the monomer–monomer
interactions, Uij

LJtrunc
(rij), the cutoff distance was set to rij

cut = 2.5σ. Ion–ion and monomer–ion
interactions are not presumed to have specific attractions, and thus utilize the same εij as above,

with a reduced cutoff distance rij
cut = 21/6σ, representing a purely repulsive interaction. When charged

interactions are relevant, they are handled via the Ewald sum of the Coulomb potential [72],

Uij
coul

(
rij
)
= kBTλB

qiqj

rij
, (4)

where qi ∈ {−1, 0,+1} depending on the current chemical identity of atom i and rij has units of σ,
which is the reduced units of length in our simulations. These simulations utilize a cutoff distance of
18σ and set the dimensionless accuracy in the calculated electrostatic forces to be 10−5.

(a) (b)

(c) (d)

Figure 1. Typical simulation snapshots for linear and star polyelectrolytes on either side of the

CGT. The red background denotes more acidic conditions (pH − pKa = 1.302) while the blue

background denotes more basic conditions (pH − pKa = 3.040). Between these two states, a

swelling transition exists whose sharpness is topology-dependent. States (a, c) correspond to

collapsed globule configurations in the linear (a) and star (c) polyelectrolytes, with states (b, d)

defining the corresponding swollen configurations. The salt concentration is regulated by chemical

equilibrium with a solution of NaCl at 0.1 M concentration. Na+ and Cl– are represented by pink

and green beads, respectively. The titration steps (see methods for full description) require OH–

ions, which are regulated by chemical equilibrium with a reservoir of KOH. The pOH is fixed at

≈ 2.7 (pH ≈ 11.3), with K+ ion being depicted in red and OH– ion depicted in purple.
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5

Figure 1. Typical simulation snapshots for linear and star polyelectrolytes on either side of the
CGT. The red background denotes more acidic conditions (pH − pKa = 1.302) while the blue
background denotes more basic conditions (pH− pKa = 3.040). Between these two states, a swelling
transition exists whose sharpness is topology-dependent. States (a,c) correspond to collapsed globule
configurations in the linear (a) and star (c) polyelectrolytes, with states (b,d) defining the corresponding
swollen configurations. The salt concentration is regulated by chemical equilibrium with a solution of
NaCl at 0.1 M concentration. Na+ and Cl− are represented by pink and green beads, respectively.
The titration steps (see methods for full description) require OH− ions, which are regulated by chemical
equilibrium with a reservoir of KOH. The pOH is fixed at≈2.7 (pH ≈ 11.3), with K+ ion being depicted
in red and OH− ion depicted in purple.
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Finally, in keeping with prior work on bead–spring models, bonds are handled via a
finitely-extensible nonlinear elastic (FENE) potential [54,73,74],

Uij
FENE(rij) = 0.5KR2

0 log

[
1−

( rij

R0

)2
]

, (5)

where R0 = 2σ and K = 7εij/σ represent maximum extent and spring constant, respectively [54].
The same parameters are used for star and linear polymers, with the central bead in the star
connected via additional FENE springs to the base of each arm. This is sufficient to define all
molecular interactions within the system. What then remains is to set the scales of interaction to
best match the experimental systems of interest. Here, we assume that the titratable sites are linked to
a standard polycarbonate backbone, and thus choose a Bjerrum length [75,76] as λB = e2

4πεkBT = 2.8σ,
to match the typical length in aqueous media if σ is set to the repeat unit length of polyethylene,
≈0.25 nm. For this article, we perform simulations with λB = 2.8σ, setting the charge coupling constant
Γ = λB/σ of 2.8. Finally, the masses mi of all species and the thermal energy scale were set to 1.0 in
reduced units.

Now that we have described the model interactions, we proceed to describe our handling of
chemical equilibria. Titration of the weak polyelectrolyte was performed using Reaction Ensemble
Monte Carlo (RxMC) moves, a well-established method for simulating chemical equilibrium [77–79],
to model (de)protonation of a weak polyacid.

M− ⇀↽ MH + OH− (6)

For simulations performed here, the deprotonation process (see Figure 2) involves removal of
OH− from the simulation box and an identity change for a randomly selected uncharged polyacid bead
MH to that of the charged polyacid bead (M−). The probability of acceptance for a given deprotonation
step is

Pacc = min

{
Λ3
(

m0mM−

mMH mOH−

)3/2 NMH NOH−

V (NM− + 1)
e−β∆U+βµrxn , 1

}
, (7)

where ∆U is the total change in potential energy from the force field, and µrxn is the reaction chemical
potential, the Gibbs energy associated with a single such reaction taking place. This is phrased so that a
larger positive value of µrxn favors deprotonated states where the polymer is charged. The protonation
process involves addition of OH− to the simulation box and changing the identity of randomly
selected charged polyacid bead (M−) to that of uncharged polyacid bead MH. Hence, the probability of
acceptance of this step is given by

Pacc = min

{
Λ−3

(
mMH mOH−

m0mM−

)3/2 VNM−

(NMH + 1) (NOH− + 1)
e−β∆U−βµrxn , 1

}
. (8)

Selection of a deprotonation or protonation step is random. It is important to note that the
charged and uncharged beads are treated as otherwise identical. Thus this change contributes to ∆U
in two ways: (1) a change in the Coulomb energy due to the change in the bead’s charge state and (2)
through the addition or removal of charge-balancing moieties. Λ =

√
h2/2πm0kBT is the de Broglie

thermal wavelength for a particle of mass m0 and mass of all species is set equal to 1.0 in reduced units.
The term µrxn, which appears in each of these expressions, can be related to experiment by noting

µrxn = ln (10) [pH− pKa]− µOH− , (9)

where pKa is the − log (Ka) of the polyacid monomer, and µOH− is the chemical potential of the
OH− ions. This definition is similar to the one used in a previous investigation by Barr and
Panagiotopoulos [57] for understanding the conformation transitions of weak polyacids grafted to
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nanoparticles. Varying the values of ln (10) [pH− pKa] in these titration moves can be thought of as
the sweeping of the dissociation constant Ka for acid monomers, and thus is equivalent to a change in
the chemical nature of the monomer beads in a given environment. Along with the titration moves,
we allow charges on the polymer to anneal via species swap moves accepted according to the standard
Metropolis criterion [45,72]. This facilitates swift relaxation of the conformational degrees of freedom.

Figure 2. Schematic of the Monte Carlo moves utilized in our simulations. The color scheme is as

follows: light blue and dark blue beads represent uncharged and charged monomers; purple and red

beads represent K+ and OH– ions; and pink and green beads represent Na+ and Cl– . The KOH

and NaCl or MgSO4 reservoir are representative of bulk concentrations whereas the concentration

within the simulation box is representative of the environment around the weak polyelectrolyte in

the combined system. KOH concentration in the reservoir or bulk concentration is fixed at 0.002

M which corresponds to pOH ≈ 2.7 whereas the salt bulk concentration is considered here as a

variable. The salt bulk concentration depicted in this schematic corresponds to ≈ 0.01 M. Titration

moves charge the monomer bead, as defined in the governing reaction (Eq. 6). Charge annealing

moves simulate the equilibrium dissociation and recombination of the monomer bead in another

location on the polymer, while grand canonical Monte Carlo (GCMC) moves govern the exchange

of ions with the bulk.
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Figure 2. Schematic of the Monte Carlo moves utilized in our simulations. The color scheme is as
follows: light blue and dark blue beads represent uncharged and charged monomers; red and purple
beads represent K+ and OH− ions; and pink and green beads represent Na+ and Cl−. The KOH
and NaCl or MgSO4 reservoir are representative of bulk concentrations whereas the concentration
within the simulation box is representative of the environment around the weak polyelectrolyte in
the combined system. KOH concentration in the reservoir or bulk concentration is fixed at 0.002 M
which corresponds to pOH ≈ 2.7 whereas the salt bulk concentration is considered here as a variable.
The salt bulk concentration depicted in this schematic corresponds to ≈0.01 M. Titration moves charge
the monomer bead, as defined in the governing reaction (Equation (6)). Charge annealing moves
simulate the equilibrium dissociation and recombination of the monomer bead in another location on
the polymer, while grand canonical Monte Carlo (GCMC) moves govern the exchange of ions with
the bulk.

Finally, to regulate salt concentrations, we utilize grand canonical Monte Carlo (GCMC) moves
that have been implemented for the exchange of salt (NaCl or MgSO4) and buffer solution (KOH)
between the simulation box and reservoir at a fixed chemical potential corresponding to a known bulk
concentration obtained through independent salt-only GCMC simulations. The GCMC moves for salt
species (NaCl or MgSO4) are independent from those for KOH, and the order of attempts is randomly
selected to maintain detailed balance. Acceptance rates for these moves are given by

Pinsertion = min

{
k

∏
i=1

[
V

Λ3 (Ni + 1)
eβµi

]
e−β∆U , 1

}
(10)

for the insertion move, and

Pdeletion = min

{
k

∏
j=1

[
Λ3 Nj

V
e−βµj

]
e−β∆U , 1

}
. (11)

noindent for deletion moves. Here, µi and µj are the chemical potentials of the species labeled i and
j that the GCMC moves are performed on, whereas Ni and Nj correspond to the number of these
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particles prior to performing the move, with k representing the number of ion species participating
in the current multi-species GCMC move. For consistency, results are presented in this article in
terms of charging chemical potential, µ = ln (10) [pH− pKa]. For the simulations where explicit
salt effects are investigated, the chemical potential of the salt is varied to achieve different bulk salt
concentrations. For the purposes of reporting data, we represent the effects of salt through the Debye
screening length λD,

λD =
1√

8πλB I
. (12)

Here, I corresponds to the ionic strength (in moles per liter) of the salt reservoir, obtained by
monitoring the average occupancy of a pure-salt box at the same chemical potential as the polymer
simulations. We use this mapping to compare results using explicit salt to those obtained using the
implicit Debye-Hückel model [45]. All parameters in the two models are identical, though the reaction
moves are significantly simplified in the implicit simulations since an explicit representation of the
base is not required [48].

The chemical potential of KOH is fixed for all simulations and corresponds to a bulk concentration
≈0.002 M (pOH ≈ 2.7; pH ≈ 11.3). A chemostat regulates the supply of OH− for RxMC moves. The K+

and Na+ ions have identical interactions in our system but are handled as independent entities in our
implementation. It is necessary to utilize this high OH− concentration to render explicit-ion simulations
computationally tractable while still retaining enough OH− in the box to participate in reaction moves
with reasonable frequency. For example, at pH = pOH = 7, the simulation box would need to be
≈(1150σ)3 to have a similar number of OH− ions in our simulations, rendering experimentally relevant
salt concentrations on the order of 0.01–0.1 M prohibitively expensive. However, we would like to note
that with sufficiently advanced computational resources, the methodology presented here could be
directly applied at arbitrary pH through scaling the simulation box.

The configurations obtained from Monte Carlo simulations are relaxed via short MD simulations,
with timestep size δt = 0.01τ in reduced units and τ = σ

√
m0/εLJ. A Langevin thermostat was

utilized to maintain the temperature at a value of 1.0 in reduced units. The MD simulations consist of
1000 steps (1 MD sweep), and 30 MC moves per MD sweep were attempted, distributed equally among
RxMC, GCMC and Charge Annealing moves. The total number of Monte Carlo moves performed in
each simulation was ≈ 7× 105, whereas the total number of molecular dynamics steps was ≈ 2× 107.

3. Results

With the model in place, we proceed to examine several variables that affect the overall charge
state of the polyelectrolyte and the resulting CGT behavior. When discussing our results, we refer to the
monovalent and divalent salts as NaCl and MgSO4 respectively, though the only chemical difference
we take into account is the valence of cation and anion.

First, we analyze the charging of the linear and star weak polyelectrolyte in the implicit and
the explicit limit. Figure 3a,b depict the charging behavior (characterized by the fraction of charged
monomers f ), while Figure 3c,d plot the radius of gyration (Rg) for these polyelectrolytes at µ = 5.
Two major effects are notable. First, the star suppresses charging in both cases relative to the linear
polyelectrolyte, and with it, suppresses swelling. This is perhaps unsurprising, as the topological
constraints enforced by the central bead signify that there is significantly less entropy available to the
swollen polyelectrolyte, which shifts the free-energetic balance toward enthalpically favorable adhesion.
Second, the explicit ion representation, which initially favors enhanced charging (with

USV Symbol Macro(s) Description
2264 ≤ \textleq

\textle
LESS-THAN OR EQUAL TO

2265 ≥ \textgeq
\textge

GREATER-THAN OR EQUAL TO

2266 ≦ \textleqq LESS-THAN OVER EQUAL TO

2267 ≧ \textgeqq GREATER-THAN OVER EQUAL TO

2268 ≨ \textlneqq LESS-THAN BUT NOT EQUAL TO

2269 ≩ \textgneqq GREATER-THAN BUT NOT EQUAL TO

226A ≪ \textll MUCH LESS-THAN

226B ≫ \textgg MUCH GREATER-THAN

226C ≬ \textbetween BETWEEN

226E ≮ \textnless NOT LESS-THAN

226F ≯ \textngtr NOT GREATER-THAN

2270 ≰ \textnleq NEITHER LESS-THAN NOR EQUAL TO

2271 ≱ \textngeq NEITHER GREATER-THAN NOR EQUAL TO

2272 ≲ \textlesssim LESS-THAN OR EQUIVALENT TO

2273 ≳ \textgtrsim GREATER-THAN OR EQUIVALENT TO

2274 ≴ \textnlesssim NEITHER LESS-THAN NOR EQUIVALENT TO

2275 ≵ \textngtrsim NEITHER GREATER-THAN NOR EQUIVALENT TO

2276 ≶ \textlessgtr LESS-THAN OR GREATER-THAN

2277 ≷ \textgtrless GREATER-THAN OR LESS-THAN

2278 ≸ \textngtrless NEITHER LESS-THAN NOR GREATER-THAN

2279 ≹ \textnlessgtr NEITHER GREATER-THAN NOR LESS-THAN

227A ≺ \textprec PRECEDES

227B ≻ \textsucc SUCCEEDS

227C ≼ \textpreccurlyeq PRECEDES OR EQUAL TO

227D ≽ \textsucccurlyeq SUCCEEDS OR EQUAL TO

227E ≾ \textprecsim PRECEDES OR EQUIVALENT TO

227F ≿ \textsuccsim SUCCEEDS OR EQUIVALENT TO

2280 ⊀ \textnprec DOES NOT PRECEDE

2281 ⊁ \textnsucc DOES NOT SUCCEED

2282 ⊂ \textsubset SUBSET OF

2283 ⊃ \textsupset SUPERSET OF

2284 ⊄ \textnsubset NOT A SUBSET OF

2285 ⊅ \textnsupset NOT A SUPERSET OF

2286 ⊆ \textsubseteq SUBSET OF OR EQUAL TO

2287 ⊇ \textsupseteq SUPERSET OF OR EQUAL TO

2288 ⊈ \textnsubseteq NEITHER A SUBSET OF NOR EQUAL TO

2289 ⊉ \textnsupseteq NEITHER A SUPERSET OF NOR EQUAL TO

228A ⊊ \textsubsetneq SUBSET OF WITH NOT EQUAL TO

228B ⊋ \textsupsetneq SUPERSET OF WITH NOT EQUAL TO

228D ⊍ \textcupdot MULTISET MULTIPLICATION

228E ⊎ \textcupplus MULTISET UNION

228F ⊏ \textsqsubset SQUARE IMAGE OF

2290 ⊐ \textsqsupset SQUARE ORIGINAL OF

2291 ⊑ \textsqsubseteq SQUARE IMAGE OF OR EQUAL TO

2292 ⊒ \textsqsupseteq SQUARE ORIGINAL OF OR EQUAL TO

2293 ⊓ \textsqcap SQUARE CAP

2294 ⊔ \textsqcup SQUARE CUP

2295 ⊕ \textoplus CIRCLED PLUS

2296 ⊖ \textominus CIRCLED MINUS

2297 ⊗ \textotimes CIRCLED TIMES

2298 ⊘ \textoslash CIRCLED DIVISION SLASH

2299 ⊙ \textodot CIRCLED DOT OPERATOR
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monomers charged at all λD), actually suppresses charging in both cases for both the linear and
star polymers. This may also be understood by appealing to entropic ideas [29,80–88]. In this case,
the ion entropy is strongly limited when it penetrates the collapsed core of the weak polyelectrolyte
in order to take advantage of enthalpically favorable charge interactions, themselves favored due to
the value of µ [44]. Adhesive interactions alone are insufficient to collapse the polyion, as evidenced
by the swelling of the implicit salt case, suggesting that entropy plays a significant role in determining
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the state of the polyelectrolyte. This is further corroborated by examining the similarity between the
charging and swelling behavior of linear chains and stars in the explicit salt case. The charging curves
are remarkably similar until sufficient numbers of ions exist in the system to unlock the polyelectrolyte
chain, which happens for λD on the order of the monomer diameter. Linear chains, which can gain
more entropy, will swell, while stars do not exhibit significant swelling. This points to a more complex
tug-of-war between different influences on the CGT of weak polyelectrolytes than the Debye-Hückel
picture can capture. Notably also, while the Debye-Hückel version of the model has a re-collapse at
very high monovalent salt concentrations [45–47]. we do not see any evidence that this will occur with
explicit salt. Indeed, we do not expect it, as it is entropically unfavorable for sufficient numbers of
co- and counter-ions to occupy the region around the polyelectrolyte and meaningfully screen charged
monomer interactions. The behavior of explicit-salt simulations is thus more similar to what has been
observed in experiment [49,66,89].

(d)

(b)(a)

(c)

Figure 3. A comparison of the swelling behavior for weak polyelectrolyte chains (a,c) and stars

(b,d). Panels (a) and (b) depict the charge fraction as a function of λD at a fixed µ = 5, while (c)

and (d) plot the corresponding radius of gyration, demonstrating the swelling of the polymers. The

plotted λD for explicit-ion systems represents the Debye length calculated from the reservoir ion

concentration (see Section II for more details). Note that in the case of a linear polyelectrolyte, the

charging and swelling effects as λD is decreased are much less pronounced in the explicit salt limit,

as screening of the strong charged interactions between adhering monomers is necessary to charge

the polymer, which requires ions to enter the collapsed core, energetically favorable, but entropically
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(b, d) cut down the amount of entropy that can be realized in swelling of the polyelectrolyte, thus

suppressing charging and swelling significantly in both cases. Further, it should be noted that the

charging curves for the explicit-ion systems are remarkably similar in both cases, due to both states

remaining largely collapsed until λD is on the order of a monomer diameter. Snapshots in panels

(c) and (d) correspond to typical configurations, with nearby counterions in the explicit salt case,

at the state denoted by the arrow.
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Figure 3. A comparison of the swelling behavior for weak polyelectrolyte chains (a,c) and stars
(b,d). Panels (a,b) depict the charge fraction as a function of λD at a fixed µ = 5, while (c,d) plot
the corresponding radius of gyration, demonstrating the swelling of the polymers. The plotted λD

for explicit-ion systems represents the Debye length calculated from the reservoir ion concentration
(see Section 2 for more details). Note that in the case of a linear polyelectrolyte, the charging and
swelling effects as λD is decreased are much less pronounced in the explicit salt limit, as screening of
the strong charged interactions between adhering monomers is necessary to charge the polymer,
which requires ions to enter the collapsed core, energetically favorable, but entropically unfavorable
enough to strongly limit swelling. The topological restraints of the star polyelectrolyte (b,d) cut down
the amount of entropy that can be realized in swelling of the polyelectrolyte, thus suppressing charging
and swelling significantly in both cases. Further, it should be noted that the charging curves for the
explicit-ion systems are remarkably similar in both cases, due to both states remaining largely collapsed
until λD is on the order of a monomer diameter. Snapshots in panels (c,d) correspond to typical
configurations, with nearby counterions in the explicit salt case, at the state denoted by the arrow.

Figure 3 suggests that important thermodynamics affecting the charge and conformation of weak
polyelectrolytes are missed within the implicit-salt representation. It is important, then, to understand
how mutual variation of µ and salt concentration manifest in the physical state of weak polyelectrolytes.
Knowing this, we proceed to explore how the charging behavior of linear and star polyelectrolyte
is affected due to the variation of µ in our explicit-salt representation. In Figure 4 a–d, we show
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the effects of varying µ at fixed NaCl concentrations, demonstrating a clear preference for increased
charging and swelling of the polymer conformations at larger µ for both linear chains (a,c) and
stars (b,d). The effects of topology are fairly strong here, and visible in both curves. While a sharp
transition from a collapsed to an expanded state (and concomitant jump in charge fraction f ) occurs
for the linear chain, the star is unable to dramatically swell and thus exhibits only a gradual increase
in its charge and size. The character of the CGT is thus strongly affected by the confinement, as was
previously noted for studies on implicit-salt systems [45]. The effect of increased salt concentrations
is to facilitate charging, which in turn facilitates swelling of the chain at small µ, though due to
screening effects, swelling is enhanced at low salt concentrations; this is more pronounced for the chain
(Figure 4c) than for the star (Figure 4d). Overall, increases in the monovalent salt concentration provide
a favorable charging environment (evidenced by the shifting of the CGT transition to lower µ) but limit
the extent of swelling. Related results in Figure 5 demonstrate variations in charging behavior for star
polymers with different numbers of arms and equal molecular weight. Note that both the charging
and swelling behavior of 5-arm stars is between that seen for the linear and 10-arm cases, with a CGT
transition that is more gradual (though still reasonably sharp) due to topological restrictions. While the
extent of swelling is limited, the additional entropy afforded the 5-arm stars yields curves for f with
varying µ that are closer to those observed for the linear polyelectrolyte.

(d)

(b)(a)

(c)

Figure 4. Effects of charging chemical potential µ on the state of weak polyelectrolyte. As in

Figure 3, panels (a, c) plot results for the linear polymer, while panels (b, d) show the behavior for

10-arm stars. The dependence of charge fraction f on µ is given in (a) and (b), and each demon-

strates clear divergence from the Henderson–Hasselbalch behavior expected of isolated monomers.

Adhesive interactions suppress charging of the polyelectrolytes until a salt-concentration-dependent
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Figure 4. Effects of charging chemical potential µ on the state of weak polyelectrolyte. As in Figure 3,
panels (a,c) plot results for the linear polymer, while panels (b,d) show the behavior for 10-arm stars.
The dependence of charge fraction f on µ is given in (a,b), and each demonstrates clear divergence
from the Henderson–Hasselbalch behavior expected of isolated monomers. Adhesive interactions
suppress charging of the polyelectrolytes until a salt-concentration-dependent threshold value of µ is
reached. Increasing the salt concentration favors charging. Notably, there appears to be a discontinuous
jump in the charge fraction f , indicative of a first-order phase transition, in the linear polyelectrolyte
that is not present for the star. Panels (c,d) demonstrate the swelling that accompanies the increased
charge in each polymer. Swelling is more prominent when the polyelectrolyte is more charged in
both cases, though the effect is more pronounced in the linear rather than the star polymer. This can
be understood by appealing to relative compactness of each polymer, which disfavors swelling and
charging relative to compact conformations which maximize adhesive monomer interactions, and the
larger entropy that the linear chain gains in transitioning to a coil relative to that available in the star.
Larger salt concentrations permit more ions to occupy the cloud around the polyelectrolyte, increasing
both enthalpically favorable binding of counterions, and screening between sites on swollen polymers.
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Figure 5. Effect of polymer topology on the CGT behavior of the weak polyelectrolytes. Molecular
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Figure 5. Effect of polymer topology on the CGT behavior of the weak polyelectrolytes.
Molecular weight for all topology is identical. (a,c) represents the low NaCl conditions (∼0.01 M)
whereas as (b,d) represents the high NaCl conditions (∼0.1 M). The figure depicts that the charging
and swelling behavior of 5-arm stars is in between that for the linear and 10-arm polymer,
indicating smoothing of the CGT as we go from linear to 5-arm to 10-arm star polymers, due to
increased topological restrictions as the structure of the polymer becomes more branched. Overall,
this figure suggests the suppression of charging (deprotonation here) induced continuous CGT with
the increase in the number of arms of the polymer.

In Figure 6 we further explore the interplay of µ with salt concentration. There the charge and
swelling behavior are plotted for µ values between 3 and 7. A clear shift in the transition for the linear
polyelectrolyte is signified by the gap between curves in f and Rg/σ shifting from between µ = 6 and 7
to between µ = 4 and 5. Suppression of charging in the star polyelectrolyte is observed for high µ.
Though the polymers remain more compact throughout, the charge fractions for stars are very close to
those for linear chains so long as µ is below the threshold for the CGT, as both types of polymer are
compact globules in that regime. Examining the µ = 3 curves in Figure 6a,c for the linear polymer
shows them virtually indistinguishable from those for the star in Figure 6b,d. This is easily understood,
as the charging behavior for compact globules is not significantly different based on connectivity,
but for swollen coils, the linear polyelectrolyte can extend much further, enabling significant favorable
charging to occur without incurring strong energetic penalties. The more compact star does not have
this ability to spread the charges and thus experiences much more modest gains in charge whether it is
partially swollen or not. These results are qualitatively similar to previous observations where salt was
handled implicitly [45,46]. In comparison to the linear polyelectrolytes, Figure 6b,d suggest a smooth
‘second-order’ CGT transition for star polymers at µ values from 5 to 7 with increase in monovalent
salt concentration acting to increase the charging tendency at each µ value, and increase in µ value
facilitating charging at all λD, as has been suggested in previous experiments [49,89].
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Figure 6. Influence of NaCl concentration on the titration of the linear and star polyelectrolytes

for varying µ conditions spanning the CGT. Panels (a, c) plot the charge fraction f and radius

of gyration Rg for linear weak polyelectrolytes, while panels (b, d) depict the same quantities for

10-arm star polymers. As intuition would suggest, an increase in µ leads to a higher charge for
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more swollen states shifting from between µ = 6 and µ = 7 at low salt concentrations (high λD) to

between µ = 4 and µ = 5 at high salt concentrations (low λD). Note that increasing the strength of

screening results in higher f and reduced Rg/σ uniformly across µ. For the star polymers in panels

(b) and (d), a continuous transition in each measured quantity is seen for all µ and λD values.
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Figure 6. Influence of NaCl concentration on the titration of the linear and star polyelectrolytes for
varying µ conditions spanning the CGT. Panels (a,c) plot the charge fraction f and radius of gyration Rg

for linear weak polyelectrolytes, while panels (b,d) depict the same quantities for 10-arm star polymers.
As intuition would suggest, an increase in µ leads to a higher charge for both linear and star polymer.
For linear polymers, the CGT is seen to shift toward lower values of µ as the salt concentration is
increased, as evidenced by the gap between higher-charge and more swollen states shifting from
between µ = 6 and µ = 7 at low salt concentrations (high λD) to between µ = 4 and µ = 5 at high
salt concentrations (low λD). Note that increasing the strength of screening results in higher f and
reduced Rg/σ uniformly across µ. For the star polymers in panels (b,d), a continuous transition in
each measured quantity is seen for all µ and λD values.

The results of Figures 3–6 together present an interesting picture regarding the effect of charging
chemical potential, monovalent salt concentration, and structure on the titration of the weak
polyelectrolyte. These results suggest that, while monovalent salts can act to increase the charging
tendency of each monomer, they also act to collapse the polymer chains. Though this is in accord
with results from the Debye-Hückel model, the effect is diminished in the explicit salt models due to
limits imposed on the local salt concentration by the physical size of ions. One may understand the
interplay better by examining a few cases. Examining the plots in Figure 4, we see that at intermediate
µ values (For e.g., µ = 5) along with high NaCl concentration (λD ≈ 3σ) the polymers are more swollen,
the energetic penalty to charging due to repulsive like-charged neighbor interactions is overcome
by the combination of µ and the favorable electrostatic environment provided by solvated counter-
and coions. Keeping the chemical potential the same, but lowering the salt concentration (λD ≈ 10σ),
the charging penalty and adhesive interactions conspire to yield globular states. For, star polymers,
which experience a more substantial energetic penalty to charging through increased confinement of
monomers, swelling is suppressed and the effective pKa for the polymer is shifted. While these also
experience a CGT transition, it does not manifest in the same way. The transition in weak stars takes on
more of a second-order character, exhibiting a continuously varying behavior in charging and swelling
rather than a discontinuous jump. In general, we can take away that the effect of charged monomer
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repulsion and monomer adhesion are to shift the polymer’s effective pKa to higher pH (from µ = 0
to larger values) while the effect of salt, in general, is to shift it back toward the monomeric value.
Such shifts come at a cost, as they limit the swelling the polymer undergoes, which is essential for
technological applications of pH-driven materials. Topological restrictions shift the effective pKa even
farther away from the Henderson–Hasselbalch expectation, limiting both charging and swelling.

Finally, we briefly explore the role of ion valence in determining weak polyelectrolyte
morphologies. It has been shown in previous studies that ion valence has a significant effect on
the CGT of the fully charged strong polyelectrolyte systems [90–92] with counterion valences |z| ≥ 2
leading to collapse of strong polyelectrolyte chains and eventual overcharging and reswelling as the
concentration of counterions is further increased. While some effects have been examined, there is
not yet literature which explicitly addresses the mutual roles of ion valence and topology on the CGT.
To probe this limit, we adjusted our model, replacing the monovalent salt reservoir with a divalent
MgSO4 reservoir. The divalent salt in our methods does not account for chemical identity and hence
can be representative of any divalent salt (MgSO4 differs from NaCl only in ion charge). Figure 7a,b
show the effect of divalent salt such as MgSO4 on the charging behavior of linear and star weak
polyelectrolyte at µ = 4 and µ = 5, respectively.

Figure 7 depicts an interesting result regarding the enhancement of the charging of both linear
and star polyelectrolyte in the presence of divalent counterions. For example, the charge fraction of the
linear polymer in Figure 7a increases from f ≈ 0.35 at µ = 5 for NaCl to f ≈ 0.75 for MgSO4. Figure 7c
depicts the corresponding Rg values and suggests that this increased tendency to charge results from
more energetically favorable interactions with divalent ions, which act to collapse, rather than swell,
the polymer. This is similar to the collapse of the strong polyelectrolyte chain after neutralization with
divalent counterions previously reported [90]. For star polymer, the charging and Rg/σ follows similar
behavior to the linear polymer in the presence of MgSO4 and agrees with the theoretical work by Nap
and co-workers, where Ca2+ concentration-dependent collapsing of end-tethered poly-acrylic acid
(PAA) was suggested [93].

Some significant conclusions can be made from the results presented in Figure 7. First, the linear
weak polyelectrolyte undergoes the CGT with increasing concentration of monovalent salt such as
NaCl at intermediate µ values, but this does not happen for multivalent salt even though the
observed charge f is higher with MgSO4 present. Secondly, the topology of the weak polyelectrolyte
(see Figure 7b,d) does not play a role in the charging behavior with MgSO4, likely because swelling is
not pronounced for these systems. Neutralization via divalent counterions has been known to result in
collapsed or lower Rg structures [94–97], which explains why globular structures are indicated even at
conditions of high polymer charge in the presence of MgSO4 in Figure 7. The distribution of counterions
shown in Figure 7e corroborates this, showing a high concentration of MgSO4 counterions near the
polymer (r < 7.5σ) suggesting divalent counterion condensation on the polymer chain, contributing to
neutralization and collapse. This phenomenon of increased ionization of the weak polyelectrolyte
along with condensation of the divalent counterion on the polymer chain was also observed in work
done by Qu et al. [66], where ionization along with SO2−

4 condensation on P2VP chains was reported.
In the case of NaCl, a comparatively diffuse distribution is seen, with ions acting primarily to screen the
charge. This behavior of weak polyelectrolytes depicted here in the presence of divalent salt could be
particularly useful for adhesion of polymers in hydrogels and can offer more tuning opportunities for
targeted drug delivery [96,98–102].
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Figure 7. Effect of salt valence on the charging of the weak polyelectrolyte. Panels (a,b) show the
charging behavior of the linear and star polyelectrolyte, respectively, in the presence of monovalent salt
(NaCl) and divalent salt (MgSO4) at µ = 4 and µ = 5. Panels (c,d) depict the Rg/σ for linear and star
polyelectrolyte respectively corresponding to conditions of (a,b). An increase in the concentration of
MgSO4 leads to higher charge fractions f compared to NaCl but retains the collapsed configuration.
In order to elucidate the different charging and swelling behavior seen in (a–d), panel (e) depicts
the distribution of Mg2+ and Na+ ions, denoted as Ns, in the concentric spherical shells around the
center of mass (CM) of the linear polymer, for the states corresponding to point ’X’ and ’O’ in (c).

4. Conclusions

We have presented a comprehensive picture of titration of weak polyelectrolytes taking into
account the explicit pH and salt effects. The results indicated that the implicit Debye-Hückel model
is not able to properly take into consideration entropic effects due to ion–monomer interaction,
especially at high monovalent salt concentrations, where the most notable differences in the
implicit and explicit limit were noted. Furthermore, we were also able to characterize the effect of
polymer structure on the ionization extent as observed in experiments [49] and depict the weak
polyelectrolyte collapse, in corroboration with experiments [66], similar to that observed in strong
polyelectrolytes [91] in the presence of divalent salt even though the ionization degree of the weak
polyelectrolyte was much greater in comparison to the monovalent salt, where, instead swelling of the
polyelectrolyte was observed. Again, divalent salt effects could not have been accounted in the implicit
Debye-Hückel model further emphasizing the importance of including explicit salt to elucidate weak
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polyelectrolyte behavior. Importantly, we can observe and explain several effects that are corroborated
by comparison to experiments.

In cases where the architecture of the weak polyelectrolyte is modified, one can infer some effects
on the polymer’s titration behavior based on the results presented here. For example, one might
be interested in the titration behavior expected if the arm length of the weak star polyelectrolyte,
investigated in this study, is increased by the addition of monomers. As sites become more removed
from the central core of the star, their local environment more closely resembles sites in a long linear
chain, and the charging behavior of the polymer as a whole would be increasingly dominated by
these sites. Hence, we would expect the CGT to revert to more of a first-order-like transition there,
provided the arms are long enough. Conversely, if the approximate arm length is kept the same,
but the number of branches is increased, yielding a higher number of centrally tethered arms or a
dendritic polymer with a known average number of monomers between branch points, the suppression
effects are enhanced, and should increase in importance as the density of branch points is increased.
One would expect similar charge suppression in polyelectrolyte brushes (Where a high density of
polymers is grafted to a surface) and in polyelectrolytes which are confined and cannot separate from
each other. This prediction could be tested experimentally by examining the swelling behavior of weak
polyelectrolyte brushes with known density or dendritic polymers with known cross-linking density.
One important concept to note is that if other high-density ions are present, charging is enhanced, and
the polyelectrolytes concomitantly collapse. This effect is similar to what was observed in the divalent
ion simulations of this work, and what has been examined for weak polyelectrolyte interactions with
oppositely charged polyelectrolytes or nanoparticles [33,57,62,103].

While it should be noted that the weak polyelectrolytes in this study are coarse-grained,
and ignore some potentially significant effects such intra- and intermolecular hydrogen bonding,
dipolar interactions, charge delocalization and realistic polymer backbones, the work here nevertheless
provides a stepping stone to investigating weak polyelectrolyte behavior in different applications
such as in polyelectrolyte complexation [33], coacervates [28], and nanofiltration membranes [15].
The properties of weak polyelectrolytes in dense brush systems and polyelectrolyte complexes where
water is more sparingly present constitute a frontier of polyelectrolyte physical chemistry which the
techniques and analyses presented in this study can begin to explore and explain.
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pK of a Polyelectrolyte Chain: Two Names for One Quantity? ACS Macro Lett. 2018, 7, 1243–1247,
doi:10.1021/acsmacrolett.8b00484. [CrossRef]

35. Zhang, Y.; Li, F.; Valenzuela, L.D.; Sammalkorpi, M.; Lutkenhaus, J.L. Effect of Water on the Thermal
Transition Observed in Poly(allylamine hydrochloride)–Poly(acrylic acid) Complexes. Macromolecules 2016,
49, 7563–7570, doi:10.1021/acs.macromol.6b00742. [CrossRef]

36. Longo, G.S.; Olvera De La Cruz, M.; Szleifer, I. Molecular theory of weak polyelectrolyte gels: The role of pH
and salt concentration. Macromolecules 2011, 44, 147–158. [CrossRef]

37. Willott, J.D.; Murdoch, T.J.; Leermakers, F.A.M.; de Vos, W.M. Behavior of Weak Polyelectrolyte Brushes in
Mixed Salt Solutions. Macromolecules 2018, 51, 1198–1206, doi:10.1021/acs.macromol.7b02244. [CrossRef]

38. Tagliazucchi, M.; de la Cruz, M.O.; Szleifer, I. Self-organization of grafted polyelectrolyte layers via the
coupling of chemical equilibrium and physical interactions. Proc. Natl. Acad. Sci. USA 2010, 107, 5300–5305,
doi:10.1073/pnas.0913340107. [CrossRef]

39. Lu, Y.; Zhuk, A.; Xu, L.; Liang, X.; Kharlampieva, E.; Sukhishvili, S.A. Tunable pH and temperature
response of weak polyelectrolyte brushes: role of hydrogen bonding and monomer hydrophobicity.
Soft Matter 2013, 9, 5464. [CrossRef]

40. Mauser, T.; Déjugnat, C.; Möhwald, H.; Sukhorukov, G.B. Microcapsules made of weak polyelectrolytes:
Templating and stimuli-responsive properties. Langmuir 2006, 22, 5888–5893. [CrossRef]

41. Christau, S.; Thurandt, S.; Yenice, Z.; von Klitzing, R. Stimuli-responsive polyelectrolyte brushes as a matrix
for the attachment of gold nanoparticles: The effect of brush thickness on particle distribution. Polymers
2014, 6, 1877–1896. [CrossRef]

42. Dong, R.; Lindau, M.; Ober, C.K. Dissociation behavior of weak polyelectrolyte brushes on a planar surface.
Langmuir 2009, 25, 4774–4779. [CrossRef]

43. Choi, J.; Rubner, M.F. Influence of the degree of ionization on weak polyelectrolyte multilayer assembly.
Macromolecules 2005, 38, 116–124. [CrossRef]

44. Rathee, V.S.; Zervoudakis, A.J.; Sidky, H.; Sikora, B.J.; Whitmer, J.K. Weak polyelectrolyte complexation
driven by associative charging. J. Chem. Phys. 2018, 148, 114901. [CrossRef]

45. Rathee, V.S.; Sikora, B.J.; Sidky, H.; Whitmer, J.K. Simulating the thermodynamics of charging in weak
polyelectrolytes: the Debye–Hückel limit. Mater. Res. Express 2018, 5, 014010. [CrossRef]

46. Uyaver, S.; Seidel, C. Effect of varying salt concentration on the behavior of weak polyelectrolytes in a poor
solvent. Macromolecules 2009, 42, 1352–1361. [CrossRef]

47. Uyaver, S.; Seidel, C. First-order conformational transition of annealed polyelectrolytes in a poor solvent.
Europhys. Lett. 2003, 64, 536–542. [CrossRef]

http://dx.doi.org/10.1073/pnas.1521521113
http://www.ncbi.nlm.nih.gov/pubmed/26831090
http://dx.doi.org/10.3390/polym6051414
http://dx.doi.org/10.1038/s41467-017-01249-1
http://dx.doi.org/10.1039/C7SM01080J
http://www.ncbi.nlm.nih.gov/pubmed/28840212
http://dx.doi.org/10.3390/polym6061756
http://dx.doi.org/10.1021/acs.macromol.5b01027
http://dx.doi.org/10.1021/ma901632c
http://dx.doi.org/10.1021/jacs.8b08649
http://www.ncbi.nlm.nih.gov/pubmed/30351015
http://dx.doi.org/10.1021/acsmacrolett.8b00484
http://dx.doi.org/10.1021/acs.macromol.6b00742
http://dx.doi.org/10.1021/ma102312y
http://dx.doi.org/10.1021/acs.macromol.7b02244
http://dx.doi.org/10.1073/pnas.0913340107
http://dx.doi.org/10.1039/c3sm50268f
http://dx.doi.org/10.1021/la060088f
http://dx.doi.org/10.3390/polym6071877
http://dx.doi.org/10.1021/la8039384
http://dx.doi.org/10.1021/ma048596o
http://dx.doi.org/10.1063/1.5017941
http://dx.doi.org/10.1088/2053-1591/aaa049
http://dx.doi.org/10.1021/ma801817j
http://dx.doi.org/10.1209/epl/i2003-00263-9


Polymers 2019, 11, 183 17 of 19

48. Uyaver, S.; Seidel, C. Pearl-necklace structures in annealed polyelectrolytes. J. Phys. Chem. B 2004,
108, 18804–18814. [CrossRef]

49. Qu, C.; Shi, Y.; Jing, B.; Gao, H.; Zhu, Y. Probing the Inhomogeneous Charge Distribution on Annealed
Polyelectrolyte Star Polymers in Dilute Aqueous Solutions. ACS Macro Lett. 2016, 5, 402–406. [CrossRef]

50. Sherman, E.; Haran, G. Coil-globule transition in the denatured state of a small protein. Proc. Natl. Acad.
Sci. USA 2006, 103, 11539–11543. [CrossRef]

51. Kirwan, L.J.; Papastavrou, G.; Borkovec, M.; Behrens, S.H. Imaging the Coil-to-Globule Conformational
Transition of a Weak Polyelectrolyte by Tuning the Polyelectrolyte Charge Density. Nano Lett. 2004,
4, 149–152. [CrossRef]

52. Wang, X.; Qiu, X.; Wu, C. Comparison of the Coil-to-Globule and the Globule-to-Coil Transitions of a Single
Poly(N-isopropylacrylamide) Homopolymer Chain in Water. Macromolecules 1998, 31, 2972–2976. [CrossRef]

53. Kundagrami, A.; Muthukumar, M. Effective charge and coil-globule transition of a polyelectrolyte chain.
Macromolecules 2010, 43, 2574–2581. [CrossRef]

54. Stevens, M.J.; Kremer, K. Structure of salt-free linear polyelectrolytes. Phys. Rev. Lett. 1993, 71, 2228–2231.
[CrossRef]

55. Ulrich, S.; Laguecir, A.; Stoll, S. Titration of hydrophobic polyelectrolytes using Monte Carlo simulations.
J. Chem. Phys. 2005, 122. [CrossRef]

56. Uhlík, F.; Košovan, P.; Limpouchová, Z.; Procházka, K.; Borisov, O.V.; Leermakers, F.A. Modeling of
ionization and conformations of starlike weak polyelectrolytes. Macromolecules 2014, 47, 4004–4016.
[CrossRef]

57. Barr, S.A.; Panagiotopoulos, A.Z. Conformational transitions of weak polyacids grafted to nanoparticles.
J. Chem. Phys. 2012, 137. [CrossRef]

58. Panagiotopoulos, A.Z. Charge correlation effects on ionization of weak polyelectrolytes. J. Phys.
Condens. Matter 2009, 21, 424113. [CrossRef]

59. Léonforte, F.; Welling, U.; Müller, M. Single-chain-in-mean-field simulations of weak polyelectrolyte brushes.
J. Chem. Phys. 2016, 145. [CrossRef]

60. Nap, R.; Gong, P.; Szleifer, I. Weak polyelectrolytes tethered to surfaces: Effect of geometry,
acid-base equilibrium and electrical permittivity. J. Polym. Sci. Part B Polym. Phys. 2006, 44, 2638–2662.
[CrossRef]

61. Brettmann, B.K.; Laugel, N.; Hoffmann, N.; Pincus, P.; Tirrell, M. Bridging contributions to polyelectrolyte
brush collapse in multivalent salt solutions. J. Polym. Sci. Part A Polym. Chem. 2016, 54, 284–291. [CrossRef]

62. Stornes, M.; Linse, P.; Dias, R.S. Monte Carlo Simulations of Complexation between Weak Polyelectrolytes
and a Charged Nanoparticle. Influence of Polyelectrolyte Chain Length and Concentration. Macromolecules
2017, 50, 5978–5988. [CrossRef]

63. Heyes, D.M. Molecular dynamics simulations of restricted primitive model 1:1 electrolytes. Chem. Phys.
1982, 69, 155–163. [CrossRef]

64. Plimpton, S. Fast Parallel Algorithms for Short-Range Molecular Dynamics. J. Comput. Phys. 1995, 117, 1–19.
[CrossRef]

65. Sidky, H.; Sikora, B.; Rathee, V.S. SAPHRON.
66. Qu, C.; Jing, B.; Wang, S.; Zhu, Y. Distinct Effects of Multivalent Macroion and Simple Ion on the Structure

and Local Electric Environment of a Weak Polyelectrolyte in Aqueous Solution. J. Phys. Chem. B 2017,
121, 8829–8837. [CrossRef]

67. Swift, T.; Swanson, L.; Geoghegan, M.; Rimmer, S. The pH-responsive behaviour of poly(acrylic acid) in
aqueous solution is dependent on molar mass. Soft Matter 2016, 12, 2542–2549. [CrossRef]

68. Lavrenko, P.N.; Kolomiets, I.P.; Ratnikova, O.V.; Vinogradova, L.V. Hydrodynamic, electrooptical, and
conformational properties of fullerene-containing poly(2-vinylpyridines) in solutions. Polym. Sci. Ser. A
2006, 48, 981–988. [CrossRef]

69. Huglin, M.B.; Rego, J.M. Study of polymer blends based on poly(vinylpyridines) and acidic polymers.
Polymer 1990, 31, 1269–1276. [CrossRef]

70. Pelton, R. Polyvinylamine: A tool for engineering interfaces. Langmuir 2014, 30, 15373–15382. [CrossRef]
71. Romero Nieto, D.; Lindbråthen, A.; Hägg, M.B. Effect of Water Interactions on Polyvinylamine at Different

pHs for Membrane Gas Separation. ACS Omega 2017, 2, 8388–8400. [CrossRef]

http://dx.doi.org/10.1021/jp0464270
http://dx.doi.org/10.1021/acsmacrolett.6b00111
http://dx.doi.org/10.1073/pnas.0601395103
http://dx.doi.org/10.1021/nl034912l
http://dx.doi.org/10.1021/ma971873p
http://dx.doi.org/10.1021/ma9020888
http://dx.doi.org/10.1103/PhysRevLett.71.2228
http://dx.doi.org/10.1063/1.1856923
http://dx.doi.org/10.1021/ma500377y
http://dx.doi.org/10.1063/1.4757284
http://dx.doi.org/10.1088/0953-8984/21/42/424113
http://dx.doi.org/10.1063/1.4971212
http://dx.doi.org/10.1002/polb.20896
http://dx.doi.org/10.1002/pola.27959
http://dx.doi.org/10.1021/acs.macromol.7b00844
http://dx.doi.org/10.1016/0301-0104(82)88142-1
http://dx.doi.org/10.1006/jcph.1995.1039
http://dx.doi.org/10.1021/acs.jpcb.7b05387
http://dx.doi.org/10.1039/C5SM02693H
http://dx.doi.org/10.1134/S0965545X06090148
http://dx.doi.org/10.1016/0032-3861(90)90218-N
http://dx.doi.org/10.1021/la5017214
http://dx.doi.org/10.1021/acsomega.7b01307


Polymers 2019, 11, 183 18 of 19

72. Frenkel, D.; Smit, B. Understanding Molecular Simulation: From Algorithms to Applications; Academic Press:
New York, NY, USA, 2002; p. 638.

73. Kremer, K.; Grest, G.S. Molecular dynamics (MD) simulations for polymers. J. Phys. Condens. Matter 1990,
2, SA295–SA298. [CrossRef]

74. Zhou, Q.; Akhavan, R. Cost-effective multi-mode FENE bead-spring models for dilute polymer solutions.
J. Non-Newtonian Fluid Mech. 2004, 116, 269–300. [CrossRef]

75. Bazant, M.Z.; Storey, B.D.; Kornyshev, A.A. Double Layer in Ionic Liquids: Overscreening versus Crowding.
Phys. Rev. Lett. 2011, 106, 046102. [CrossRef]

76. Israelachvili, J. Intermolecular and Surface Forces, 3rd ed.; Academic Press Inc.: San Diego, CA, USA, 2010;
p. 704. doi:10.1016/B978-0-12-375182-9.10025-9.

77. Brennan, J.K. Cavity-bias sampling in reaction ensemble Monte Carlo simulations. Mol. Phys. 2005,
103, 2647–2654. [CrossRef]

78. Smith, W.; Triska, B. The reaction ensemble method for the computer simulation of chemical and phase
equilibria. I. Theory and basic examples. J. Chem. Phys. 1994, 100. [CrossRef]

79. Johnson, J.K.; Panagiotopoulos, A.Z.; Gubbins, K.E. Reactive canonical Monte Carlo. Mol. Phys. 1994,
81, 717–733. [CrossRef]

80. Sing, C.E. Development of the modern theory of polymeric complex coacervation. Adv. Colloid Interface Sci.
2017, 239, 2–16. [CrossRef]

81. Radhakrishna, M.; Basu, K.; Liu, Y.; Shamsi, R.; Perry, S.L.; Sing, C.E. Molecular Connectivity and Correlation
Effects on Polymer Coacervation. Macromolecules 2017, 50, 3030–3037. [CrossRef]

82. Marciel, A.B.; Srivastava, S.; Tirrell, M.V. Structure and rheology of polyelectrolyte complex coacervates.
Soft Matter 2018, 14, 2454–2464. [CrossRef]

83. Johnston, B.M.; Johnston, C.W.; Letteri, R.A.; Lytle, T.K.; Sing, C.E.; Emrick, T.; Perry, S.L. The effect of comb
architecture on complex coacervation. Org. Biomol. Chem. 2017. [CrossRef]

84. Li, L.; Srivastava, S.; Andreev, M.; Marciel, A.B.; de Pablo, J.J.; Tirrell, M.V. Phase Behavior and Salt
Partitioning in Polyelectrolyte Complex Coacervates. Macromolecules 2018, 51, 2988–2995. [CrossRef]

85. Ou, Z.; Muthukumar, M. Entropy and enthalpy of polyelectrolyte complexation: Langevin dynamics
simulations. J. Chem. Phys. 2006, 124, 154902. [CrossRef]

86. Solis, F.J.; de la Cruz, M.O. Collapse of flexible polyelectrolytes in multivalent salt solutions. J. Chem. Phys.
2000, 112, 2030–2035, doi:10.1063/1.480763. [CrossRef]

87. González-Mozuelos, P.; de la Cruz, M.O. Ion condensation in salt-free dilute polyelectrolyte solutions.
J. Chem. Phys. 1995, 103, 3145–3157, doi:10.1063/1.470248. [CrossRef]

88. de la Cruz, M.O.; Belloni, L.; Delsanti, M.; Dalbiez, J.P.; Spalla, O.; Drifford, M. Precipitation of highly
charged polyelectrolyte solutions in the presence of multivalent salts. J. Chem. Phys. 1995, 103, 5781–5791,
doi:10.1063/1.470459. [CrossRef]

89. Qu, C. Structural Dynamics of Weak Polyelectrolytes in Aqueous Solution. Ph.D. Thesis, University of Notre
Dame, Notre Dame, IN, USA, 2016.

90. Hsiao, P.Y. Overcharging, charge inversion, and reentrant condensation: Using highly charged
polyelectrolytes in tetravalent salt solutions as an example of study. J. Phys. Chem. B 2008, 112, 7347–7350.
[CrossRef]

91. Hsiao, P.Y.; Luijten, E. Salt-induced collapse and reexpansion of highly charged flexible polyelectrolytes.
Phys. Rev. Lett. 2006, 97. [CrossRef]

92. Chremos, A.; Douglas, J.F. Influence of higher valent ions on flexible polyelectrolyte stiffness and counter-ion
distribution. J. Chem. Phys. 2016, 144. [CrossRef]

93. Nap, R.J.; Park, S.H.; Szleifer, I. Competitive calcium ion binding to end-tethered weak polyelectrolytes.
Soft Matter 2018, 14, 2365–2378. [CrossRef]

94. Liu, S.; Ghosh, K.; Muthukumar, M. Polyelectrolyte solutions with added salt: A simulation study.
J. Chem. Phys. 2003, 119, 1813–1823. [CrossRef]

95. Wei, J.; Hoagland, D.A.; Zhang, G.; Su, Z. Effect of Divalent Counterions on Polyelectrolyte Multilayer
Properties. Macromolecules 2016, 49, 1790–1797. [CrossRef]

96. Yin, D.W.; Horkay, F.; Douglas, J.F.; De Pablo, J.J. Molecular simulation of the swelling of polyelectrolyte gels
by monovalent and divalent counterions. J. Chem. Phys. 2008, 129. [CrossRef]

http://dx.doi.org/10.1088/0953-8984/2/S/045
http://dx.doi.org/10.1016/j.jnnfm.2003.09.004
http://dx.doi.org/10.1103/PhysRevLett.106.046102
http://dx.doi.org/10.1080/00268970500181004
http://dx.doi.org/10.1063/1.466443
http://dx.doi.org/10.1080/00268979400100481
http://dx.doi.org/10.1016/j.cis.2016.04.004
http://dx.doi.org/10.1021/acs.macromol.6b02582
http://dx.doi.org/10.1039/C7SM02041D
http://dx.doi.org/10.1039/C7OB01314K
http://dx.doi.org/10.1021/acs.macromol.8b00238
http://dx.doi.org/10.1063/1.2178803
http://dx.doi.org/10.1063/1.480763
http://dx.doi.org/10.1063/1.470248
http://dx.doi.org/10.1063/1.470459
http://dx.doi.org/10.1021/jp800331b
http://dx.doi.org/10.1103/PhysRevLett.97.148301
http://dx.doi.org/10.1063/1.4947221
http://dx.doi.org/10.1039/C7SM02434G
http://dx.doi.org/10.1063/1.1580109
http://dx.doi.org/10.1021/acs.macromol.5b02151
http://dx.doi.org/10.1063/1.2991179


Polymers 2019, 11, 183 19 of 19

97. Yu, J.; Mao, J.; Yuan, G.; Satija, S.; Jiang, Z.; Chen, W.; Tirrell, M. Structure of Polyelectrolyte Brushes in the
Presence of Multivalent Counterions. Macromolecules 2016, 49, 5609–5617. [CrossRef]

98. Drozdov, A.D.; DeClaville Christiansen, J. Modeling the effects of pH and ionic strength on swelling of
anionic polyelectrolyte gels. Model. Simul. Mater. Sci. Eng. 2015, 23. [CrossRef]

99. Sircar, S.; Keener, J.P.; Fogelson, A.L. The effect of divalent vs. monovalent ions on the swelling of Mucin-like
polyelectrolyte gels: Governing equations and equilibrium analysis. J. Chem. Phys. 2013, 138. [CrossRef]

100. Horkay, F.; Tasaki, I.; Basser, P.J. Osmotic Swelling of Polyacrylate Hydrogels in Physiological Salt Solutions.
Biomacromolecules 2000, 1, 84–90. [CrossRef]

101. Horkay, F.; Tasaki, I.; Basser, P.J. Effect of monovalent-divalent cation exchange on the swelling of polyacrylate
hydrogels in physiological salt solutions. Biomacromolecules 2001, 2, 195–199. [CrossRef]

102. Deepika, R.; Girigoswami, K.; Murugesan, R.; Girigoswami, A. Influence of Divalent Cation on Morphology
and Drug Delivery Efficiency of Mixed Polymer Nanoparticles. Curr. Drug Deliv. 2017, 14. [CrossRef]

103. Ulrich, S.; Seijo, M.; Laguecir, A.; Stoll, S. Nanoparticle Adsorption on a Weak Polyelectrolyte. Stiffness, pH,
Charge Mobility, and Ionic Concentration Effects Investigated by Monte Carlo Simulations. J. Phys. Chem. B
2006, 110, 20954–20964. [CrossRef]

c© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1021/acs.macromol.6b01064
http://dx.doi.org/10.1088/0965-0393/23/5/055005
http://dx.doi.org/10.1063/1.4772405
http://dx.doi.org/10.1021/bm9905031
http://dx.doi.org/10.1021/bm0056153
http://dx.doi.org/10.2174/1567201814666170825160617
http://dx.doi.org/10.1021/jp063671d
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Methods
	Results
	Conclusions
	References

