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A B S T R A C T   

Dedicating oneself to a greater good is one of the secret ingredients to business success in an 
evolving and highly interconnected markets environment. For wood companies, this is even more 
needed to face the overwhelming ongoing environmental crisis affecting business practices and 
customers’ behavior in general. To build solid reputation and increase one’s presence on 
competing markets, wood companies should not only care about products competitiveness, but 
also customers’ perception, environmental awareness and ethical marketing. In this article, we 
simulated the effect of ethical commerce on wood companies’ reputation using a modified 
competitive and cooperative model based on differential equations considering wood type, 
products categories and companies brand score or reputation as function of their commitment to 
social and environmental causes. The qualitative analysis and results of numerical experiment 
show that, focusing on sharing values, and building strong relationship with customers are highly 
important for long-term development. Moreover, reducing environmental impact by shifting 
production strategy towards man-made materials could meet today customers’ demands for 
ethically and environmentally aware manufactured wood products.   

1. Introduction 

Sustaining stable development is difficult to achieve for wood companies in our fast changing markets environment submitted to 
uncontrollable factors such as human perception and environmental awareness. In such complex environment, ensuring customers’ 
satisfaction is challenging as many factors related to human mind, human society, human perception or values, overall social re-
sponsibility and environmental cause’s benefits of the consumed woods products have to be taken into account for long-term 
development plan. Although, production and processing of wood are known to be energy efficient or low carbon footprint com-
pares to any other construction materials, it remains highly important to execute woodworking projects by including social and 
environmental ethics in the decision-making process. Particularly when it comes to categories and types of wood to work with, 
whether they are natural soft and hard wood or composite man-made materials [1–5]. 

Wood industries, as well as any other industries are bounded to give special attention to customer’s perceptions by shifting 
reputation management to focus on social media and ORM (Online Reputation Management) according to many published related 
research works and current management practices. Increasing one’s company online presence and managing customers perception are 
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the best available methods for monitoring brand reputation in today fast moving society characterized by the proliferation of un-
predictable contents with potential damage to given brand reputation. Suppressing negative information and exchanging with cus-
tomers to clear up false allegations and other bad disinformation are parts of the strategy of knowing customers perception for effective 
marketing development [6–9]. 

With the ongoing environmental crisis, people are more likely to be shifting toward more green or environment friendly products. 
However, for wood industry, this is not defined very well for the public, as all wood products are made of wood coming from trees. 
Relying on online activities remains the only effective way to reach larger audience by choosing the right content marketing strategy 
for example. This approach is well known to be effective in providing informative contents and improving customers overall satis-
faction and prospects general perception of a brand [10–13]. 

The rising awareness of environmental and social issues in online virtual communities is driving more attention. Many sensitive 
related topics and discussions could be generated and could ignite negative sentiment for respective brands as competitors could use 
this fertile terrain to launch negative propaganda and hidden agenda with the ultimate goal of damaging competitors’ reputation. For 
example, people are more attracted to hard wood constructed furniture, bookshelves and so forth, say mostly made from pines, maples 
and cherry; but we know that these trees take much longer to grow. This could be a supply problem for larger markets with intensive 
demands. The environmental impact of companies continuously providing hard wood products to such markets could trigger hot 
online discussions. It is then crucial to take into consideration what the public is discussing about in online forums and talk rooms 
[14–17]. 

Being socially responsible is not easy as it appears for small wood businesses for example, as social and environmental re-
sponsibilities refer to how companies market their goods and what are their philosophy and ethical values when it comes to honesty, 
relationships with customers and morality. From this perspective, for wood companies, demand could move away from wood intensive 
furniture as end-users and businesses could undergo profound changes in the coming years with respect to environmental awareness 
and ethical marketing, as well as the ongoing digitization of the economy and financial infrastructures [18–20]. 

The overall objective of this investigation is to provide a holistic approach of customer relationships optimization for wood in-
dustries based on evolving human consumption behavior, human appreciation variation over time of wood products, social values 
evolution and shift and multilayered wood and other connected markets ongoing crisis. Particularly, our work aims to provide solid 
evidences on the importance of including social values shift, environmental awareness and ethical marketing practices in short and 
long term development plan for both small and big wood businesses. To do that, in this article, we analyze the dynamics of wood 
companies’ development considering the effects of reputation, social and ethical marketing and customers’ perceptions variations with 
respect to the ongoing environmental crisis based on three-dimensional differential equations system characterized by interaction, 
cooperation and competition. We classify all wood made products into two categories taking into account the overall green footprint of 
respective wood materials. We model companies’ reputation as function of ethical commerce practices and the willingness and 
endeavor of the companies to dedicate themselves to social and environmental issues that are profoundly affecting people perceptions 
of wood products. In this approach, respective companies reputation may increase or decrease in function of positive feedback coming 
from satisfied or unsatisfied consumers (via social media such as Twitter or dedicated platform), with respect to social and envi-
ronmental issues [21–23]. The study conducted by the authors in [24] pointed out that the preservation of the environment has 
became evident in ecoconscious market places, leading to the emergence of green marketing concept widely adopted nowadays. They 
particularly investigated consumers’ attitude in general towards environment friendly products and its’ impact on consumers’ pur-
chases intentions. They show that green marketing influences consumer’s buying behavior, attitude and intentions in long run. While 
in [25], the author stated that the public environmental awareness reflects many aspects of environmental status, such as people’s 
knowledge, personal consideration and behavior and human attitude towards sustainable society as a whole. The results of this 
investigation indicate that people are willing to pay for environmental improvement and to purchase environment friendly products. It 
emphasizes the importance of promoting green products, labels, recycling and processing awareness in the dynamics of purchasing 
decisions of consumers. For wood industries, one can use existing tools and methods such as sentiment analysis based on data mining 
and social network analysis to determine customers’ sentiments toward specific wood products for instance and orient the right 
marketing content tailored toward more aware today wood products consumers. 

We performed qualitative analyses of the proposed system and found that the positive solutions of the dynamical system could 
reach local and global stability at certain conditions, depending on parameters values or the performance of competing wood products, 
respective companies’ reputation score and customers’ sentiment, as the simulation results show. The implication on wood companies 
development is that substantial effort should be dedicated to strengthen customers’ awareness of respective companies’ ethical 
manners via content marketing on social media and other available platforms, with the overall goal of raising the company positive 
perception in customers mind, and indirectly tackling false allegations or negative sentiments reflected in the company long-term 
development. 

2. Model formulation 

In this section, we describe the proposed system differential equations mathematical implications and assumptions. 
Let P1 and P2 be respectively the first and second category of wood products market penetration rate at time t, and F the company 

reputation score or perception value in the eyes of the public. In this analysis, we consider P1 as all consumer products manufactured 
using hard or soft natural wood, considered as coming from trees with long or short maturation period, say with respect to carbon 
footprint. This category of raw materials is well known for its low carbon footprint and energy efficiency with respect to harvesting, 
treatment, processing and storage compares to P2 category. We group all non-natural wood-based products in P2. This could be all 
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composite and manufactured wood materials made from fibers mixed with plastic, plywood or foam boards and so forth, known to be 
flexible, lightweight and easy to work with in numerous projects. We assume F is related to the overall brand value in terms of 
reputation score. This score or value is related and submitted to respective companies’ performance as a whole, and to the feedback 
coming from satisfied consumers who share their opinion via comments, multimedia contents etc. The value of F may be impacted 
negatively in function of negative comments, allegations or disinformation orchestrated by some individuals with the goal to damage 
target companies reputation for marketing purpose for example. To take into consideration this observation, we set up in the com-
panies’ reputation differential equation a decay or harvesting factor. A model-system [1] is given by: 

dP1

dt
= P1(t)[α − P1(t) − aP2(t) + uF(t)] = f1(P1,P2,F),

dP2

dt
= P2(t)[β + bP1(t) − P2(t) + vF(t)] = f2(P1,P2,F),

dF
dt

= F(t)[F + uP1(t) + vP2(t) − θ] = f3(P1,P2,F),

a, b, α, β, u, v, θ > 0,

P1(0),P2(0),F(0) ≥ 0,

P1(t),P2(t),F(t) > 0.

(1)  

where α and β are respectively, the per capita growth rate of P1 and P2 per unit time, a and b represent respective interaction co-
efficients of P1 and P2. u and v capture the positive effect coming from companies reputation in improving each category of products 
sales, overall good sentiment and positive feedback on social media or dedicated platforms from consumers. θ is acting as both a decay 
factor and a control parameter formalizing the decrease in reputation for respective companies due say to negative information, 
propaganda, social crisis or social values shift. 

Clearly, for (P1,P2,F) > (0, 0,0), it is logical to demand dP1/dt > 0, dP2/dt > 0 and dF/dt > 0. Meaning P1 and P2 sales and positive 
feedback from consumers should be maintained at decent level for wood companies to sustain their development. 

This implies from Ref. [1] that 

dP1/dt > 0 → P1(t) < α − aP2(t) + uF(t),

P2(t) <
1
a
[α + uF(t)],F(t) >

1
u
[aP2(t) − α],

(2)  

P2 / dt> 0 → P2(t)< βbP1(t) + vF(t), (3)  

and 

dF/dt > 0 → F(t) > θ − uP1(t) − vP2(t),
0 < u, v ≪ 1. (4) 

If [2–4] could be satisfied, then all trajectories of the positive solutions of the system lying on the phase space would be bounded 
and more likely be uniquely defined. Based on [4], maintaining and improving the reputation of a wood company involved in 
commercializing both categories of products would require to have u and v very small. From practical stand point, this signifies that 
wood companies should not rely heavily and solely on their current reputation to increase sales. They must dedicate substantial effort 
in reinforcing customer relationship and overall satisfaction instead of relying on current reputation status. 

Computing the divergence and Laplacian of the system, we obtain 

∇(f1, f2, f3) = α + β + (2 + u + v)F(t) + (b + u)P1(t) + vP2(t)
− [2P1(t) + (2 + a)P2(t) + θ] ∕= 0,
∇2(f1, f2, f3) = − 2 < 0.

(5) 

Based on the divergence having non-definite sign and the Laplacian being negative definite as shown in Ref. [5], different scenarios 
with wide range of possibilities in terms of dynamical behavior could exist. The vectors field of the system could be converging or 
diverging at given equilibrium points or nodes, depending on parameters value and sign of the divergence. Furthermore, if one positive 
equilibrium point of the system is stable, then based on the Laplacian, we can conclude that this equilibrium point would be a local 
maximum for traveling trajectories initiating at the origin. 

3. Steady state equilibrium 

Let us say P1 and P2 have inundated a market, and consumers are reacting sharing their experiences and thoughts on companies 
dedicated platforms or any other social media, then F value would be fluctuating submitted to what is being said about the brand in 
these online forums and many other factors related to the company’s prestige, practices and social engagement. Solving the differential 
equations of the system using matrix method gives 
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⎛

⎝
− 1 − a u
b − 1 v
u v 1

⎞

⎠=

⎛

⎝
− α
− β
θ

⎞

⎠ (6) 

The determinant of [6] is computed as Δ = u2 + v2 + ab + uv(b − a) + 1 > 0 . 
For 0 < a ≤ 1,α,θ ≥ 1, 

ΔP1 = α
(
1+ v2)+ θu − (aβ+ aθv+ βuv)> 0.

For 0 < a,β ≪ 1, 

ΔP2 = θv+ β+ θbu+αb + u(βu − αv)> 0 

For βu > αv, 

ΔF = abθ+ aβu+ θ − v(β − αb) − αu> 0 

One sufficient condition for the solutions to exist and be real numbers is 
For θ > vβ,α < β,0 < b ≪ 1, 0 < v ≪ 1. 
It follows, the system [1] admits a unique positive equilibrium point given by 

(P1
∗,P2

∗,F∗) =
(ΔP1

Δ
,
ΔP2

Δ
,
ΔF

Δ

)
,

P1
∗ =

α(1 + v2) + θu − (aβ + aθv + βuv)
u2 + v2 + ab + uv(b − a) + 1

,

P2
∗ =

θv + β + θbu + αb + u(βu − αv)
u2 + v2 + ab + uv(b − a) + 1

,

F∗ =
abθ + aβu + θ − v(β − αb) − αu

u2 + v2 + ab + uv(b − a) + 1
.

(7) 

The system would admit, in case of coexistence on the market of both categories of products (P1
∗, P2

∗, F∗) as unique positive 
equilibrium point [7] lying on the phase space of the system. Based on Poincaré recurrence theorem, if we apply small perturbations at 
the vicinity of any point of this space, the system will return to a steady state and all trajectories would converge to (P1

∗,P2
∗,F∗). 

4. Effects of reputation 

In this section, we evaluate the effects of reputation on market penetration of P1 and P2 by varying respective parameters in (P1
∗,

P2
∗, F∗) components using variational calculus and partial derivative/methods. In this way, we can evaluate how the occurring in-

teractions evolve or behave in function of time and respective given model parameters value. 
For P1 

dP1
∗

du
=

(θ − βv)q − (2u + bv − av)q1

q2 ,

q1 = α
(
1 + v2)+ θu − (aβ + aθv + βuv),

(8) 

After expanding, we find that the sign of [8] depends on 

b0u2 + b1u + b2, b0 = − (θ − βv), b1 = − 2
(
α + αv2 − aβ − aθv

)
,

b2 = (θ − βv)
(
1 + ab + v2) − v(b − a)

(
α + αv2 − aβ − aθv

)
.

(9) 

Solving system [9] for u, we get 

u1,2 =
1

2b0

[

− b1 ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

b1
2 − 4b0b2

√ ]

, b1
2 ≥ 4b0b2, (10) 

One possible outcome for the roots [10] to stay in R is to restrain parameters value such that u∗ = − b1/2b0 < 0 to have 

u∈
]

0, u1

[

,
dP1

∗

du
< 0, u∈

]

u1, 1
[

,
dP1

∗

du
> 0, (11) 

We can conclude that, respective companies’ perception in the mind of customers would impact negatively the sales of P1 for 
u∈]0, u1[ [11]. It would have the opposite effect if u∈]u1, 1[ [11]. 

Similarly, based on [7] we have 
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dP1
∗

dv
=

(dq0)vq − (dq)vq0

q2 ,

(dq0)v = − βu3 + v3 + [(b − a) − β]uv2 + 2u2v − aθ
(
v2 − u2)

+aθ(b − a)uv + (ab + 1)(2v − βu) − aθ(ab + 1),

(dq)v = 2v + u(b − a),

(dq0)vq − (dq)vq0 = v3 + ρ0v2 + ρ1v + ρ2,

ρ0 = [(b − a) − β]u − aθ < 0, ρ1 = 2u2 + aθ(b − a)u + 2(ab + 1) > 0,

ρ2 = − βu3 + aθu2 − (ab + 1)βu − aθ(ab + 1) < 0,

(12) 

It follows, if we take v1 and v2 as roots of [12] i.e. (dq0)vq − (dq)vq0 = 0 when solving for v, we find 

v∈
]

0, v1[ ∪ ]v2,∞
[

,
dP1

∗

dv
> 0, v∈

]

v1, v2

[

,
dP1

∗

dv
< 0, (13) 

The brand value or reputation would be affecting negatively the sales of P1 for v∈]v2,1[. It would have the opposite effect if v∈]0, v1[

according to [13] 
For P2 

dP2
∗

du
=

f (u)
q2 ,

f (u) = [(β(b − a) + 2α)v − (θb + αv)]u2

+[α(b− a)v2 + 2β(ab + 1) + v2 − 2(θv + αb + β)
]
u

+(θb + αv)(v2 + ab + 1) − (b − a)(θv + β + αb) − θb(b − a)v,

df (u)
du

= 2[(β(b − a) + 2α)v − (θb + αv)]u − 2(θv + αb + β)

+[α(b − a) + 2β(ab + 1) + 1]v2,

df (u)
du

= 0 → u∗ =
2(θv + αb + β) − [α(b − a) + 2β(ab + 1) + 1]v2

2[(β(b − a) + 2α)v − (θb + αv)]
,

(14) 

To solve [14], we demand 2(θv+αb+β) < [α(b − a)+2β(ab+1)+1]v2 and (β(b − a)+2α)v < θb + αv to have u∗ > 0. It follows df(u)/
du is positive before reaching u∗ and negative after, meaning 

u∈
]

0, u∗

[

,
dP2

∗

du
> 0, u∈

]

u∗, 1
[

,
dP2

∗

du
< 0, (15) 

Companies ethical commerce practices are impacting negatively the sales of P2 for u∈]u∗,1[, and have positive effect for u∈]0, u∗[

based on [15]. 
Similarly, 

dP2
∗

dv
=

g(v)
q2 ,

g(v) = (αu − θ)v2 − 2
(
β + θbu + αb + βu2)v

+(θb − αu)(u2 + ab + 1) − (b − a)(β + θbu + αb + βu2)u,

g(v) = n0v2 + n1v + n2 = 0, n0 = αu − θ < 0, n1 = − 2
(
β + θbu + αb + βu2) < 0,

n2 = (θb − αu)
(
u2 + ab + 1

)
− (b − a)

(
β + θbu + αb + βu2)u < 0,

dg(v)
dv

= 2n0v + n1 = 0,→ v∗ = −
n1

2n0
< 0,

(16) 

Solving [16], we need g(v) = 0, this yields 

v1,2 =
1

2n0

[
− n1 ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
n1

2 − 4n0n2

√ ]
, n1

2 > 4n0n2, (17) 

It follows 

v∈
]

v2, v1

[

,
dP2

∗

dv
> 0, v∈

]

0, v2[ ∪ ]v1, 1
[

,
dP2

∗

dv
< 0, (18) 

Companies reputation would be affecting positively P2 sales for v∈]v2, v1[ and having the opposite effect if v∈]0, v2[ ∪]v1,1[
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according to Refs. [17,18]. 
For F 

dF∗

du
=

h(u)
q2 ,

h(u) = − (aβ − α)u2 − 2[aθb + θ − (β + αb)v]u

+(aβ − α)(v2 + ab + 1) − (b − a)[aθb + θ − (β + αb)v],

h(u) = (α − aβ)u2 − 2t0u + t1 = 0,

t0 = − [aθb + θ − (β + αb)v] > 0,

t1 = (aβ − α)
(
v2 + ab + 1

)
− (b − a)[aθb + θ − (β + αb)v],

u1,2 =
1

2(α − aβ)

[
2t0 ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4t0
2 + t1(aβ − α)

√ ]
,

(19) 

Solving [19] requires 4t02 + t1(aβ − α) ≥ 0, to have at least one real (number) positive root. 

h′

(u) = − 2(aβ − α)u − 2[aθb + θ − (β + αb)v],

u∗ =
θ(ab + 1) − (β + αb)v

aβ − α , θ(ab + 1) > (β + αb)v, aβ > α,
(20) 

It follows 

u∈
]

0, u1

[

,
dF∗

du
< 0, u∈

]

u1, 1
[

,
dF∗

du
> 0, (21) 

Companies reputation would be increasing for u∈]u1,1[ and decreasing for u∈]0, u1[ based on [20,21]. 
Similarly 

dF∗

dv
=

− (β + αb)q − (2v + bu − au)p
q2 ≪ 0,

p = abθ + aβu + θ − v(β − αb) − αu > 0,

Companies reputation would be decreasing when we vary v. 

5. Effects of competition and cooperation 

Based on the components of the unique positive equilibrium point, when we vary the decay parameter θ we get 
For P1 

dP1
∗

dθ
= −

av
q

< 0, (22) 

For P2 

dP2
∗

dθ
=

v + bu
q

> 0, (23) 

For F 

dF∗

dθ
=
(ab + 1)

q
> 0, (24) 

Clearly, varying θ will end up boosting P2 market [23] and the reputation of respective companies [24]. Varying the decay factor of 
F would be affecting negatively market dynamics of P1 [22]. 

When we vary a and b, we get 

dF∗

da
=

w0 − w1

q2 ,

w0 = (uβ + bθ)
(
u2 + v2 + buv + 1

)
,

w1 = (b − uv)[θ − αu − v(β + αb)],

(25) 

It follows 

w0 >w1 ∩ b ≤ uv,
dF∗

da
> 0,w0 < w1,

dF∗

da
< 0, (26) 
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dF∗

db
=

a(θ − 1) − v(u + α)[b(uv + a) + u2 + v2 − auv + 1
]

q2 ,

dF∗

db
< 0,→ aθ ≪ (α + u)v + a,

(27) 

a will be affecting respectively, companies reputation positively or negatively if w0 > w1 ∩ b ≤ uv or w0 < w1, see (25) and (26). 
Varying b will result in hurting given companies reputation as long as aθ ≪ (α+u)v + a hold (27). 

6. Stability analysis 

In this section of the article, we analyze the system local and global stability based on the determinant equation, Lyapunov method 
and Taylor approximation. The polynomial characteristic equation is computed based on the following determinant equation 

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

λ − (m0 − m1) − aP1
∗
1 uP1

∗

bP2
∗ λ − (m2 − 2P2

∗) vP2
∗

uF∗ vF∗ λ − (m3 − θ)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

= 0, (28)  

where. 
m0 = α+ uF∗,m1 = 2P2

∗ + aP2
∗,m2 = β+ bP1

∗ + vF∗,m3 = 2F∗ + uP1
∗ + vP2

∗. It follows (28) could be written in cubic equation 
(29) form as follows 

λ3 − Tλ2 + Ωλ − D = 0, (29) 

where 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

T = m0 + m2 + m3 − (2P2
∗ + m1 + θ),

Ω = (m2 − 2P2
∗)(m3 − θ) −

(
v2P2

∗ + u2P1
∗
)
F∗ + abP1

∗P2
∗

+(m0 − m1)(m2 + m3 − 2P2
∗ − θ),

D = (m0 − m1)
[
(m2 − 2P2

∗)(m3 − θ) + v2P2
∗F∗

]
+ u2(m2 − 2P2

∗)P1
∗F∗

− abP1
∗P2

∗(m3 − θ) + (b − a)uvP1
∗P2

∗F∗,

(30) 

Based on Routh Hurwitz stability criteria, solutions of the system would be locally asymptotically stable when approaching the 
unique positive equilibrium state in case T < 0,Ω > 0,D < 0, |T|Ω > |D|, that is based on (30) 

m0 < m1,m2 < 2P1
∗,m3 < θ, 0 < u, v ≪ 1,

m0 + m2 + m3 < (2P2
∗ + m1 + θ),

(m2 − 2P2
∗)(m3 − θ) > 0,

(m0 − m1)(m2 + m3 − 2P2
∗ − θ) > 0,

Ω −
(
v2P2

∗ + u2P1
∗
)
F∗ ≫ 0,

(31) 

If (31) could be satisfied, then (P1
∗,P2

∗, F∗) would be attracting all curves lying on the phase space at relative speed, depending on 
parameters values and initial conditions. Wood companies good reputation could be sustained as long as the status quo is maintained, 
customers are satisfied and respective perception values are not challenged by new social trends or other related or similar phenomena. 

Furthermore, (P1
∗, P2

∗, F∗) global behavior on the phase space could be analyzed using Lyapunov stability theorem if we take 
V(P1,P2, F) as a Lyapunov candidate function, which is generally considered as a scalar function established on the phase space of the 
system that can be used to show an equilibrium point’s stability. Suppose V(P1, P2, F) is defined and positive definite ∀t → ∞,P1 > 0,
P2 > 0,F > 0, then 

V(P1,P2,F)= ε0P1
2 + ε1P2 + ε2(P2 − F)2

, (32)  

clearly 

V(0, 0, 0)= 0,V(P1,P2,F) > 0∀(P1,P2,F)> (0, 0, 0), ε0, ε1, ε2 > 0,

(32) is continuous and derivable on the phase plane as long as P1 > 0,P2 > 0,F > 0. Furthermore, V(P1, P2, F) is radially unbounded 
as lim

t→∞
V(P1,P2,F) → ∞. 

The time derivative of V(P1,P2, F) is given by 
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dV
dt

= 2ε0P1
2[α − P1 − aP2 + uF] + 2ε2F[F + uP1 + vP2 − θ]

+P2(ε1 + 2ε2(P2 − F))[β + bP1 − P2 + vF],
dV
dt

= 2ε0P1
2[P1

∗ − P1 + a(P2
∗ − P2) + u(F − F∗)]

+P2(ε1 + 2ε2(P2 − F))[b(P1 − P1
∗) + P2

∗ − P2 + v(F − F∗)]

+2ε2F[F − F∗ + u(P1 − P1
∗) + v(P2 − P2

∗)],

dV
dt

= 2ε0P1
2ρ0 + P2(ε1 + 2ε2(P2 − F))ρ1 + 2ε2Fρ2,

(33)  

ρ0 ≫ 0, 0 < ε0 ≪ 1, ρ1 < 0,

ε1 + 2ε2(P2 − F) > 0,P2 < F,

P2 − F >
ε1

2ε2
.

(34) 

Based on Lyapunov theorem, if we could ensure (33) by choosing the right parameters value, then (P1
∗, P2

∗, F∗) would be locally and 
globally stable and all positive interior trajectories would be converging to this node. Meaning, as far as (34) holds, the evolution of P1 

and P2 markets could be sustained and the company reputation would be fluctuating in function of social values and customers 
perception of P1 and P2 benefits in addition to the overall ethical practices of respective companies. However, this dynamic is subject to 
drastic changes that could be triggered by very small perturbations. For example, a social, marketing or any unpredictable event could 
drive more attention toward one category of wood product available on the market, say P2. This will end up affecting the dynamics of 
the system, as more people will purchase P2 products. P1 and F will be affected differently according to the model parameters values 
and theoretical assumptions. 

7. Results and discussion 

In this section, we first present the results of computer simulations carried out to test the proposed system behavior around the 
steady state equilibrium for different initial conditions using Matlab. Then, we analyze the obtained results and discuss practical 
implications for predicting and improving wood companies reputation evolution in function of social and environmental engagements 
of the managing board. Model parameters value are computer generated based on different scenarios presented in theoretical analysis 
and real reputation management observations in wood industries. We tested the case P1 and P2 are continuously competing on a 
segment of the wood market, and consumers are interacting on the manufacturer official platform, posting comments, images, videos 
and so forth. We assume they have also the possibility to share their experience and thoughts on each purchased good quality, benefits 
etc freely on any other existing platforms. 

F could be chosen according to respective companies market share, leadership or prestige for instance on a scale or score as in the 
well-known General Electric resource allocation model. Furthermore, to be realistic, one would carefully monitor customers’ online 
discussions to prevent any abuse that would end up damaging the reputation of the brand. 

Fig. 1 displays an interaction dynamic scenario in which the reputation of the company is strongly bounded to P1 market evolution. 
This could be the case where traditional or iconic items are from this category, and customers’ perception of these items is shifting or 

Fig. 1. Interaction dynamics around the steady state equilibrium when P2 is highly competitive for: P1 (0) = 0.19; P2 (0) = 0.014; F (0) = 0.75; α =
1.1; β = 2.3; a = 0.021; b = 0.3; u = 0.93; v = 0.05; θ = 0.098. 
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decreasing due to social or environmental crisis for example. 
P2 is winning a large portion of the market, however this is not helping in strengthening the company reputation for significantly 

larger u = 0.93 compared to v = 0.05. To overcome this issue, one could use existing tools and methods to influence people perception 
of respective brand by focusing on rising social or environmental engagements awareness related to raw materials treatment for 
manufacturing P2 for example. The overall goal is to provoke perception shift towards P1 as shown in Fig. 2, where P1 is doing better for 
u = 0.07 and v = 0.17. This outcome confirms theoretical analysis presented in Ref. [13] for adjusting v to boost P1 sales; and [21] for 
adjusting u to enhance the reputation of the company. F is fluctuating, submitted to the eigenvalues, roots of the polynomial char-
acteristic equation nature and sign for this set of parameters value. In this situation, traditional marketing is less effective to attract and 
retain targeted public and especially drive customer positive action on social media. This result suggests providing truly relevant 
content to customer (improve content marketing) and help to solve prospects issues to reduce the negative effect of fluctuating 
reputation on overall wood companies development in complex interconnected markets and highly saturated social environment. In 
Fig. 3, for almost equally competitive products, a = 0.021 and b = 0.02, the product with larger value for the public P2 is positively 
affecting respective public perception of the producer or brand reputation. This is an ideal scenario where better marketing strategies 
turn out to increase only one category of product market share, while the other category diminishes at relative speed for the benefit of 
good reputation and business success. This result shows that reputation monitoring is highly important for wood companies in 
continuously evolving markets environment. The public decision to purchase a good is a complex process submitted to a variety of 
external and internal influences. Wood companies managers should grab each opportunity to boost their reputation by monitoring and 
influencing people attitude, perception and sentiments through discussions, interactions and other online activities. For example, the 
managerial board could focus on two marketing keys: cost savings and better customer loyalties. 

Figs. 4 and 5, show how small perturbations could result in significant changes in the system behavior. By varying only the initial 
conditions of F, F(0) = 0.08 for Fig. 4 and F(0) = 0.8 for Fig. 5, the outcome of interactions is significantly affected. In Fig. 4, we have a 

Fig. 2. Interaction dynamics around the steady state equilibrium when both P1 and P2 are relatively competitive for: P1 (0) = 0.14; P2 (0) = 0.04; F 
(0) = 0.49; α = 1.39; β = 1.6; a = 0.021; b = 0.13; u = 0.07; v = 0.17; θ = 0.9. 

Fig. 3. Interaction dynamics when customer perception shift and rise the company reputation for: P1 (0) = 0.29; P2 (0) = 0.014; F (0) = 0.8; α =
0.9; β = 2.31; a = 0.021; b = 0.02; u = 0.03; v = 0.75; θ = 0.008. 
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desired dynamic where all trajectories are orbiting around the steady state equilibrium considered as a spiral node. One could expect to 
see a long lasting status quo with higher and lower seasons for P1, P2 sales for example, and fluctuating F. While in Fig. 5, chaotic curves 
arise when approaching the steady state equilibrium for a very high reputation score. This implies, it is better to keep the status quo 
when it comes to the company reputation or public perception of a brand and not be aggressive in marketing competing products with 
high potential benefits for the customers. 

In the reputation management and ethical marketing processes for wood companies, a well organized and highly effective mar-
keting content is required to orient the public towards the most important points. The managerial board social responsibility influence 
on market performance of competing products is critical. We introduced a holistic approach taking into account internal and external 
factors to investigate the underlying complex relationship determining wood companies markets and customer sentiment shifting in 
highly volatile today environment submitted to multiple crises. The results of simulated relevant situations related to reputation 
management, customer cares and content marketing strategies are compatible with the results presented in “Online reputation 
management” by Peter Markovič, Peter Dorčák and Frantǐsek Pollák; “Content Marketing Strategy. Definition, Objectives and Tactics” 
by Simona Vinerean and “Wood-based Entrepreneurs Toolkit: Strategic Marketing” by Eric Hansenand. 

The reputation function is one of the innovative approaches of our investigation in addition to the system thinking that is lacking in 
current reputation management literature. 

The omnipresence of communication tools such as social media in today market environment may affect dramatically or positively 
any company reputation. Competing iconic wood products pricing or manufacturer non respect of ethical values for example may 
decrease people’s willingness to share good comments on dedicated platform. 

Environmental issues, social values shift and perhaps the lack of sufficient information on the public favorite brand may cause 
significant market disruption or severe damage to wood companies’ reputation. This research entails better content and reputation 

Fig. 5. Interaction dynamics when chaotic orbits exist around the state equilibrium for: P1 (0) = 0.19; P2 (0) = 0.019; F (0) = 0.8; α = 1.39; β = 1.9; 
a = 0.1; b = 0.13; u = 0.7; v = 0.07; θ = 1.9. 

Fig. 4. Interaction dynamics when periodic orbits exist around the steady state equilibrium for: P1 (0) = 0.19; P2 (0) = 0.019; F (0) = 0.08; α =
1.39; β = 1.9; a = 0.1; b = 0.13; u = 0.7; v = 0.07; θ = 1.5. 
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marketing strategies for wood companies and provides a method of measuring the underlying interactions occurring when respective 
wood companies’ markets share and reputation fluctuate in function of the public awareness of environmental issues as summarized in 
Fig. 6. However, there are some limitations in the method we use in this study. Firstly, we only use simulation results to verify 
theoretical assumptions. With real data, the outcome may be slightly different depending on the size of the companies, the quality and 
relevance of the collected data and the simulation method. Secondly, we neglected some factors in the mathematical modeling for 
analysis and practical purposes. For example, in cooperative and competitive terms, using Holling Type formulation would be more 
realistic as positive or negative feedback could be slow or fast depending on competing products attractiveness or real value to the 
public (translated into assimilation efficiency or abilities of competitors). Also, there must be a threshold to reach for marketed 
products or companies sales objectives in short or long terms. Lastly, the company reputation could be affected by events that are not 
related to the company ethical practice or social responsibility. 

8. Conclusion 

In this article, a three dimensional interactive model is proposed to analyze wood companies development and reputation man-
agement considering evolving and highly interconnected markets and public perception of the brand. Customers’ interactions and 
online discussions are considered as main tools of measuring and evaluating the company value taking into account the sensitivity of 
online circulating information that need to be carefully monitored. We show that the proposed model-system solutions could be locally 
and globally asymptotically stable under certain conditions, as long as marketing and pricing policies are decided in function of social 
and environmental engagements of the companies and their ethical values with respect to customer’s perception. The results suggest 
that focusing on informative and useful content that helps in solving customer real issues is crucial for building strong relationships 
with customers, optimizing wood companies’ reputation and enhancing sustainable development in today highly volatile environ-
ment. Moreover, reducing environmental impact by shifting production strategies could meet today customers’ demand for ethically 
and environmentally aware treated and manufactured wood products. 

Fig. 6. Diagram of wood companies’ reputation management in function of market share and environmental awareness of consumers for optimal 
overall development and customer satisfaction. 
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