
Advanced fault location method 
for three-terminal distribution lines 
using frequency characteristics and 
µPMU data
Shuguang Li1, Houhe Chen1, Changjiang Wang1 & Xiaozhe Song2

The urban distribution network contains a significant number of multi- or three-terminal connections. 
Fault location in such networks is severely constrained by the lack of necessary conditions for 
deploying measuring instruments at intermediate connection points and the presence of erroneous 
or missing distribution line characteristics. This study designs a fault determination time index by 
analyzing the changes in Micro-phasor measurement unit (µPMU) measurement data at end nodes 
when an unbalanced fault occurs in the distribution line. A fault localization model incorporating 
frequency parameters is proposed, considering the influence of source load variations and the regular 
fluctuations of the fundamental frequency, which affect the characteristics of the distribution lines. 
To enhance the model’s accuracy and efficiency, a solution approach combining Simulated Annealing 
Algorithm and trust region methods is suggested, addressing the impact of the initial values on the 
fault localization model calculation process. A three-terminal distribution line model is constructed 
in Matlab, and various failure scenarios are simulated. Using these frequency values significantly 
improved the accuracy of the fault location model’s estimation results, achieving accuracy more than 
three times higher than models that do not consider frequency. The fault distance estimation error 
is reduced to less than 50 m. And, the model’s applicable fault scenario is increased to 2000Ω. The 
results demonstrate that the proposed technique significantly improves the calculation efficiency and 
accuracy of the fault location model, providing a robust solution for fault location and line parameter 
estimation in distribution networks.
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Fault diagnosis of distribution lines is a difficult problem facing the distribution network. Distribution line 
unbalanced faults(such as Single-line-to-ground faults, Line-to-line faults, and Double-line-to-ground faults) 
account for more than 50% of all faults in the distribution network1–3. The distribution network prioritizes 
the efficiency, precision, and cost-effectiveness of fault location methodologies, with a keen focus on rapid 
response times. Precise and prompt problem location lowers the operator’s maintenance expenses and lessens 
the likelihood of worsening the issue.

Currently, transmission line fault location technology is the foundation for most distribution network fault 
location technologies4–6. The objective is to acquire voltage and current measurement data from distribution 
network nodes and lines, which is subsequently analyzed for fault characteristics to identify and locate faults 
within distribution lines, such as the traveling wave method7–9, impedance method10,11, state estimation12, and 
machine learning13–15. The aforementioned methods have varying requirements for fault data, and all necessitate 
the deployment of measurement devices within distribution network nodes or lines. Then, measurement devices 
for distribution networks are mainly based on advanced metering infrastructure(AMI)16, Smart Meters17, Micro-
phasor measurement unit (µPMU)18–20, and other drives21. However, the wire-based location method, originally 
designed for extensive distribution network areas, is currently impractical. Despite this, the deployment of wire-
based measuring devices across a substantial portion of the distribution network necessitates a reduction in 
associated costs. Balancing cost and accuracy, the integration of µPMUs with the aforementioned methods has 
garnered significant scholarly attention22,23.
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The T-type lines (three-terminal and multi-terminal) vary in percentage within distribution networks 
based on specific regional factors, the age of the infrastructure, and the applicable design standards. These lines 
pose challenges in fault location, particularly due to insufficient measurement equipment in the public node 
segment24–26. In the context of three-terminal line fault localization or distribution line localization balancing, 
achieving an optimal balance between localization accuracy and solution cost can be addressed by leveraging 
low-cost µPMU information to achieve accurate fault localization.

Lin et al.24 have cited several examples of this, including using synchronous measurement data and line 
parameters to construct fault location indicators, which can distinguish between faults within and outside the 
region in question, and subsequently calculate the distance to the fault. However, the accuracy of the required 
distribution line parameters may limit the applicability of this approach. Wang et al.25 have deployed at the 
three-terminal node used voltage and current phase data, line parameters, and fault distance to construct the 
fault location equation and solved it using numerical optimization. This approach has been able to accurately 
calculate the fault distance but did not test the effect of frequency on the line operating parameters. In the field 
of electrical engineering, Yun et al.26 have considered the measured voltage as line voltage and calculated the 
phase voltage phasor by using the line voltage phasor. Then, it used the measured data before and after the fault 
to construct the fault location equations, thereby improving the practical applicability of the method. To further 
reduce the dependence on measurement equipment, Panahi et al.27 have considered the actual installation 
location and used the measurement data of two nodes to estimate the fault location of three-terminal lines. 
The aforementioned methodologies utilize the phase information of voltage and current, yet fail to consider the 
frequency information28.

The distribution network is directly connected to the loads, and its frequency fluctuation is even more 
pronounced. With the advent of distributed energy sources, the frequency components of the distribution 
network will become more diverse23. Distribution lines are frequency-sensitive components, and thus, the 
effect of frequency must be taken into account during the calculation. Moreover, the dependence on the initial 
radius of the trust domain for faults occurring at different locations is not uniform. To address these issues, this 
paper proposes a fault location equation containing frequency based on reference25 and introduces an index for 
determining the starting moment of the fault, which is established by a heuristic algorithm to provide the initial 
value for the calculation. This paper establishes the voltage and current operating equations of the three-terminal 
line in both the operational and fault states, based on the impedance model of the three-terminal distribution 
line. The main contributions are as follows:

	1.	� It is important to establish a time reference for initiating the fault location process and to differentiate data 
before and after a fault occurs. By substituting the estimated voltage and current phase values from the 
µPMU into the operational process model, the point of fluctuation in the residuals of the equations can be 
identified. This point of fluctuation serves as the fault time reference.

	2.	� The application of estimated frequency values as parameters in the line operation model capitalizes on the 
extensive data from µPMU to broaden the application scenarios of fault location models within distribution 
networks. The distribution network is influenced by fluctuations in source load, with the frequency of the 
network signal exhibiting a certain degree of variability. The distribution network signal contains a wealth of 
frequency information.

	3.	� The integration of the simulated annealing algorithm with the trust domain enhances the solvability of the 
fault location calculation process. The occurrence of faults introduces uncertainty, which in turn affects the 
initial radius of the trust domain. Fault distances that are either too small or too large impede the solvability 
of the fault localization algorithm.

The paper is organized as follows: Sect. 2 introduces the distribution line frequency parameter model and analyzes 
the three-terminal line operation model under normal operation state and fault state. Section 3 introduces the 
proposed fault moment determination method and frequency-containing fault location model, and describes 
in detail the distribution line fault location fall solution method. Section 4 presents the localization results of 
the proposed method and those of existing methods in the same scenarios, and analyzes the localization results 
of the proposed method in different distribution line fault scenarios. Finally, the paper is summarized and an 
outlook is provided.

Distribution line model and frequency characteristic analysis
Line impedance is susceptible to changes in line operating frequency. This section is devoted to a detailed 
analysis of the frequency-dependent characteristics of line impedance, to develop the mathematical equations 
that describe the operation of T-lines in both normal and fault conditions.

Distribution line model frequency characteristic analysis
Since distribution network lines are shorter and have more branches than transmission network lines, which are 
longer and often adopt a dispersed architecture, the equivalent circuit utilized for analysis is typically the PI-type 
equivalent circuit. Figure 1. depicts the distribution lines, a comparable model.

The impact of the coupling parameters in the line is fully taken into account in Fig. 1. From a time-domain 
perspective, and the single-line-to-ground admittance has a negligible effect on the fluctuation of line current 
in the fault situations. Thus, Fig.  2. may be further simplified by ignoring the impact of the line-to-ground 
admittance during the fault-finding procedure.

According to Fig. 2., ignoring the effects of switching and environmental factors on the power distribution 
lines, it is assumed that the parameters of the three-phase power distribution lines are symmetrical, and the 
expression for three-phase impedance can be written as shown in Eq. (1)29.
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Zij = D ×

[
zSI zMI zMI
zMI zSI zMI
zMI zMI zSI

]
= D ×

[
rSI + j2πf × lSI rMI + j2πf × lMI rMI + j2πf × lMI

rMI + j2πf × lMI rSI + j2πf × lSI rMI + j2πf × lMI
rMI + j2πf × lMI rMI + j2πf × lMI rSI + j2πf × lSI

]
� (1)

where D is the line length, zSIis the unit line self-impedance(SI), zMIis the unit line mutual impedance(MI), rSI 
is the unit line self-resistance, lSI is the unit line self-inductance, rMI is the unit line mutual resistance, lSI is the 
unit line mutual inductance, and f is the line’s operating frequency, with obtained from the µPMU.

The distribution line is a frequency-sensitive element. Based on Eq. (1)., the impedance analysis of the circuit 
was constructed, and impedance and phase analysis of the circuit were carried out in the frequency range of 
45–55 Hz, as shown in Fig. 3.

From Fig. 3, it may be seen that a variation in frequency will result in a corresponding change in the value of 
line impedance parameters. The operating frequency of the distribution network is not constant and is subject to 
fluctuations due to changes in distributed power sources, loads, and equipment operating states. The allowable 
fluctuation range for this frequency is 0.02 Hz. The µPMU may provide a more accurate value of the frequency, 
thus allowing for the introduction of frequency as a means of improving the accuracy of the line parameter 
estimation when the µPMU information is used for the impedance parameter estimation.

Distribution T-type model
The distribution network line wiring is available in various forms, with the T-type line being a more common 
type. This type of wiring does not allow for the installation of monitoring equipment at the intermediate nodes, 
and there is no new energy or load injection. Generally, at the three endpoints of the T-type line, monitoring 
equipment such as µPMU is installed, as shown in Fig. 4. Figure 4 illustrates the modified IEEE 14 node as an 
example. The nodes indicated as 2, 4, 3, and 8 represent the zero injection node, while the red, green, and yellow-
labeled areas in the figure correspond to the typical T-type wiring.

Fig. 3.  Analysis of impedance frequency characteristics of the circuit.

 

Fig. 2.  The simplified equivalent model for distribution lines.

 

Fig. 1.  The general model for distribution lines.
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To determine the voltage and current information under normal operating conditions, the T-type wiring is 
analyzed in conjunction with Fig. 5. Figure 5 shows the voltage and current flow of the three-phase system with 
nodes J, T, K, and L of T-type wiring.

To illustrate consider the c-phase of nodes J and K. The loop voltage equation is derived in accordance with 
Kirchhoff ’s law, as detailed in Eq. (2).

	 U̇Jc − ZJTc-SI × İJTc − ZJTc-MI × İJTa − ZJTc-MI × İJTb = U̇Kc − ZKTc × İKTc − ZKTc-MI × İKTa − ZKTc-MI × İKTb� (2)

where U̇Kais the voltage phasor of nodes J and K, IJTa,b,c, IKTa,b,c is the current phasor of lines JT and KT.
The extension of Eq. (2) to the a, b, c phasor of nodes J and K is demonstrated in Eq. (3).

	

{
U̇Ja − ZJTa-SI × İJTa − ZJTa-MI × İJTb − ZJTa-MI × İJTc = U̇Ka − ZKTa-SI × İKTa − ZKTa-MI × İKTb − ZKTa-MI × İKTc

U̇Jb − ZJTb-SI × İJTb − ZJTb-MI × İJTa − ZJTb-MI × İJTc = U̇Kb − ZKTb-SI × İKTb − ZKTb-MI × İKTa − ZKTb-MI × İKTc

U̇Jc − ZJTc-SI × İJTc − ZJTc-MI × İJTa − ZJTc-MI × İJTb = U̇Kc − ZKTc-SI × İKTc − ZKTc-MI × İKTa − ZKTc-MI × İKTb

� (3)

The T-type line is capable of writing three loop voltage equations on the four nodes of the T-type line. According 
to Eq.  (3), it is possible to write the voltage-current operating expression of the T-type line under normal 
operating conditions, as shown in Eq. (4).

	




U̇Ja − ZJTa-SI × İJTa − ZJTa-MI × İJTb − ZJTa-MI × İJTc = U̇Ka − ZKTa-SI × İKTa − ZKTa-MI × İKTb − ZKTa-MI × İKTc

U̇Jb − ZJTb-SI × İJTb − ZJTb-MI × İJTa − ZJTb-MI × İJTc = U̇Kb − ZKTb-SI × İKTb − ZKTb-MI × İKTa − ZKTb-MI × İKTc

U̇Jc − ZJTc-SI × İJTc − ZJTc-MI × İJTa − ZJTc-MI × İJTb = U̇Kc − ZKTc-SI × İKTc − ZKTc-MI × İKTa − ZKTc-MI × İKTb

U̇Ja − ZJTa-SI × İJTa − ZJTa-MI × İJTb − ZJTa-MI × İJTc = U̇La − ZKTa-SI × İLTa − ZKTa-MI × İKTb − ZKTa-MI × İKTc

U̇Jb − ZJTb-SI × İJTb − ZJTb-MI × İJTa − ZJTb-MI × İJTc = U̇Lb − ZLTb-SI × İLTb − ZLTb-MI × İLTa − ZLTb-MI × İLTc

U̇Jc − ZJTc-SI × İJTc − ZJTc-MI × İJTa − ZJTc-MI × İJTb = U̇Lc − ZLTc-SI × İLTc − ZLTc-MI × İKTa − ZLTc-MI × İLTb

U̇Ka − ZKTa-SI × İKTa − ZKTa-MI × İKTb − ZKTa-MI × İKTc = U̇La − ZLTa-SI × İLTa − ZLTa-MI × İLTb − ZLTa-MI × İLTc

U̇Kb − ZKTb-SI × İKTb − ZKTb-MI × İKTa − ZKTb-MI × İKTc = U̇Lb − ZLTb-SI × İLTb − ZLTb-MI × İLTa − ZLTb-MI × İLTc

U̇Kc − ZKTc-SI × İKTc − ZKTc-MI × İKTa − ZKTc-MI × İKTb = U̇Lc − ZLTc-SI × İLTc − ZLTc-MI × İLTa − ZLTc-MI × İLTb

� (4)

Equation (4) describes the relationship between the voltage and current at the three ends of the T-type line. If the 
distribution line parameters are accurate, the difference should be zero. Equation (4) can accurately describe the 
fluctuation of the T-type three-terminal voltage-current signal and the variation of line impedance.

Fig. 5.  Diagram of voltage and current analysis during normal operation of a T-type circuit.

 

Fig. 4.  Topology of the distribution network containing T-lines.
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Faulty operating state equations
Suppose a single earth fault occurs in phase c of line JT, and the distance of the fault from node J is d, as shown 
in Fig. 6:

At this point, the current flowing to the fault can be expressed according to KCL as:

	 İfault = İJTc − İ ′
JTc = İJTc −

(
İLTc − İKTc

)
� (5)

Based on Eq. (5), the voltage loop equation for phase C can be established as shown in Eq. (6):

	





U̇Jc − d × zJTc-SI × İJTc − d × zJTc-MI × İJTa − d

× zJTc-MI · İJTb − (DLT − d) ×
(
zJTc-SI ×

(
İLTc − İKTc

))

− (DLT − d) ×
(
zJTc-MI ·

(
İLTa − İKTa

))

− (DLT − d) ×
(
zJTc-MI ×

(
İLTb − İKTb

))
= U̇Kc − DKT × zKTc-SI

× İKTc − DKT × zKTc-MI × İKTa − DKT

× zKTc-MI × İKTb

� (6)

Where d is the fault distance.
Introducing the fault distance in Eq. (6), the fault distance can be calculated by simply substituting the voltage 

and current data measured by the µPMU and the line parameters into the equation. In practice, the error of 
the calculated fault distance is large due to the large deviation between the actual and nominal values of the 
distribution line parameters. If the line parameters are taken as unknown quantities, the number of equations 
needs to be further supplemented.

Design of T-line fault localization model based on µPMU
The distribution line fault location model can be divided into two parts: the first part of fault location initiation 
and the second part of fault location calculation. The fault location initiation phase focuses on determining the 
start time of the fault, and the measurement data required for fault location calculation provides a time base.

Fault location time start judgment
Equation (4) is further analyzed when the resistance and inductance values of the distribution network line are 
constant. Theoretically, the two ends of Eq. equals should be equal. When a fault occurs on the line, the estimated 
value of the micro PMU fluctuates due to the influence of voltage and current signal fluctuations, and a deviation 
occurs at both ends of the equation. Using this deviation as an activation criterion, changes in the line will be 
acutely detected. For this purpose, the distribution line operation model under normal state is established:

	




g (1) = U̇Ja − ZJTa-SI × İJTa − ZJTa-MI × İJTb − ZJTa-MI × İJTc − U̇Ka + ZKTa-SI × İKTa + ZKTa-MI × İKTb + ZKTa-MI × İKTc=0
g (2) = U̇Jb − ZJTb-SI × İJTb − ZJTb-MI × İJTa − ZJTb-MI × İJTc − U̇Kb + ZKTb-SI × İKTb + ZKTb-MI × İKTa + ZKTb-MI × İKTc=0
g (3) = U̇Jc − ZJTc-SI × İJTc − ZJTc-MI × İJTa − ZJTc-MI × İJTb − U̇Kc + ZKTc-SI × İKTc + ZKTc-MI × İKTa + ZKTc-MI × İKTb=0
g (4) = U̇Ja − ZJTa-SI × İJTa − ZJTa-MI × İJTb − ZJTa-MI × İJTc − U̇La + ZKTa-SI × İLTa + ZKTa-MI × İKTb + ZKTa-MI × İKTc=0
g (5) = U̇Jb − ZJTb-SI × İJTb − ZJTb-MI × İJTa − ZJTb-MI × İJTc − U̇Lb + ZLTb-SI × İLTb + ZLTb-MI × İLTa + ZLTb-MI × İLTc=0
g (6) = U̇Jc − ZJTc-SI × İJTc − ZJTc-MI × İJTa − ZJTc-MI × İJTb − U̇Lc + ZLTc-SI × İLTc + ZLTc-MI × İKTa + ZLTc-MI × İLTb=0
g (7) = U̇Ka − ZKTa-SI × İKTa − ZKTa-MI × İKTb − ZKTa-MI × İKTc − U̇La + ZLTa-SI × İLTa + ZLTa-MI × İLTb + ZLTa-MI × İLTc=0
g (8) = U̇Kb − ZKTb-SI × İKTb − ZKTb-MI × İKTa − ZKTb-MI × İKTc − U̇Lb + ZLTb-SI × İLTb + ZLTb-MI × İLTa + ZLTb-MI × İLTc=0
g (9) = U̇Kc − ZKTc-SI × İKTc − ZKTc-MI × İKTa − ZKTc-MI × İKTb − U̇Lc + ZLTc-SI × İLTc + ZLTc-MI × İLTa + ZLTc-MI × İLTb=0

� (7)

Equation (7) involves complex number operations that consume a lot of computing time and to require further 
organization of Eq. (7) to make the real and imaginary parts of the equation equal to zero. This turns Eq. (7) 
into 18 Eq. 

Fig. 6.  Voltage and current analysis diagram for T-line fault operation.
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


gg (1) = real (g (1)) =




real
(
U̇Ja

)
− DJT ×




real(İJTa) × rJT−SI − imag
(
İJTa

)

× 2πf × lJT-SI + real(İJTb) × rJT-MI

− imag
(
İJTb

)
× 2πf × lJT-MI + real(İJTc)

× rJT −MI − imag
(
İJTc

)
× 2πf × lJT-MI




− real
(
U̇Ka

)
+ DKT ×




real(İKTa) × rKT-SI − imag
(
İJTa

)

× 2πf × lKT-SI + real(İKTb) × rKT-MI

− imag
(
İKTb

)
· 2πf · lKT-MI + real(İKTc) · rKT-MI

− imag
(
İKTc

)
× 2πf × lKT-MI







gg (1) = imag (g (1)) =




imag
(
U̇Ja

)
− DJT ×




real(İJTa) × 2πf × lJT-SI + imag
(
İJTa

)

× rJT-SI + real(İJTb) × 2πf × lJT-MI

− imag
(
İJTb

)
× rJT-MI + real(İJTc

× 2πf × lJT-MI − imag
(
İJTc

)
× rJT-MI




− imag
(
U̇Ka

)
+ DKT ×




real(İKTa) × 2πf × lKT-SI + imag
(
İKTa

)

× rKT-SI + real(İKTb) × 2πf × lKT-MI

+ imag
(
İKTb

)
× rKT-MI + real(İKTc)

× 2πf × lKT-MI + imag
(
İKTc

)
× rKT-MI







...
... ...

gg (17) = real (g (9)) =




real
(
U̇Kc

)
− DKT ×




real(İKTc) × rKT-SI − imag
(
İKTc

)

× 2πf × lKT-SI + real(İKTa) × rKT-MI

− imag
(
İKTa

)
× 2πf × lKT-MI + real(İKTb)

× rJT-MI − imag
(
İKTb

)
× 2πf × lKT-MI




− real
(
U̇Lc

)
+ DLT ×




real(İLTc) × rLT-SI − imag
(
İLTc

)

× 2πf × lLT-SI + real(İLTa) × rLT-MI

− imag
(
İLTa

)
× 2πf × lLT-MI + real(İLTb)

× rLT-MI − imag
(
İLTb

)
× 2πf × lLT-MI







gg (18) = imag (g (9)) =




imag
(
U̇Kc

)
− DJT ×




real(İKTc) × 2πf × lKT-SI + imag
(
İKTc

)

× rKT-SI + real(İKTa) × 2πf × lKT-MI

− imag
(
İKTa

)
× rKT-MI + real(İKTb)

× 2πf × lKT-MI − imag
(
İKTb

)
× rKT-MI




− imag
(
U̇Kc

)
+ DLT ×




real(İLTc) × 2πf × lLT-SI + imag
(
İLTc

)

× rLT-SI + real(İLTa) × 2πf × lLT-MI

+ imag
(
İLTa

)
× rLT-MI + real(İLTb)

× 2πf × lLT-MI + imag
(
İLTb

)
× rLT-MI







� (8)

where rSI, lSI, rMI, lMI are the initial value of distribution line parameters, and f is real-time frequency values 
from the µPMU. The accuracy of the current µPMU’s frequency estimation is greater than 1mHz, so the 
frequency provided by the µPMU can be assumed to be accurate30.

In this way, the value ofξ, calculated for the 18 equations, can be used as a basis for the judgment of fault 
location initiation.

	
ξ = ∥gg (·)∥2 = 1

2gg′ (·) · gg (·)� (9)

Fault location algorithm design
When a fault occurs in a T-type line, the fault location has uncertainty, and it can appear at any location in the 
three interval segments of JT, KT, and LT. Establishing a localization model for the three segments is necessary 
when performing fault localization. Further analyzing Eq. (8), only 12 equations need to be established in each 
zone to estimate fault distance. The results of each zone are analyzed based on the discriminant method, and if 
the results meet the requirements, the fault distance and zone can be determined.
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


ha (2) =




imag
(
U̇ia

)
− d ×




real(İiTa) × 2πf × liT−SI + imag
(
İiTa

)

× riT−SI + real(İiTb) × 2πf × liT−MI

− imag
(
İiTb

)
× riT−MI + real(İiTc)

× 2πf × liT−MI − imag
(
İiTc

)
× riT−MI




− (DiT − d) ×




real(İqTa − İwTa) × 2πf × liT−SI + imag
(
İqTa − İwTa

)

× rJT−SI + real(İqTb − İwTb) × 2πf × lJT−MI

− imag(İqTb − İwTb) × riT−MI + real(İqTc − İwTc)
× 2πf × liT−MI − imag(İqTc − İwTc) × riT−MI




− imag
(
U̇wa

)
+ DwT ×




real(İwTa) × 2πf × lwT−SI + imag
(
İwTa

)

× rwT−SI + real(İwTb) × 2πf × lwT−MI

+ imag
(
İwTb

)
× rwT−MI + real(İwTc)

× 2πf × lwT−MI + imag
(
İwTc

)
× rwT−MI







ha (2) =




imag
(
U̇ia

)
− d ×




real(İiTa) × 2πf × liT−SI + imag
(
İiTa

)

× riT−SI + real(İiTb) × 2πf × liT−MI

− imag
(
İiTb

)
× riT−MI + real(İiTc)

× 2πf × liT−MI − imag
(
İiTc

)
× riT−MI




− (DiT − d) ×




real(İqTa − İwTa) × 2πf × liT−SI + imag
(
İqTa − İwTa

)

× rJT−SI + real(İqTb − İwTb) × 2πf × lJT−MI

− imag(İqTb − İwTb) × riT−MI + real(İqTc − İwTc)
× 2πf × liT−MI − imag(İqTc − İwTc) × riT−MI




− imag
(
U̇wa

)
+ DwT ×




real(İwTa) × 2πf × lwT−SI + imag
(
İwTa

)

× rwT−SI + real(İwTb) × 2πf × lwT−MI

+ imag
(
İwTb

)
× rwT−MI + real(İwTc)

× 2πf × lwT−MI + imag
(
İwTc

)
× rwT−MI







� (10)

where i, q, w represent the node numbers, and their respective ranges of values are J, K, L.
Referring to Eq. (10), the expressions for phase b and phase C can be written, and by combining the three 

sets of expressions a, b, and c, the fault location model of a zone can be composed. Based on Eqs. (4) and (6), 
the equations of faults in lines JT, KT, and LT can be constructed according to Eq. (10), respectively. Assuming 
that the fault is between KT, according to Eq. (4), only the equations of K-T-J, K-T-L two circuits need to be 
constructed, and according to Eqs. (10), 12 equation equations can be constructed, which is used as the solution 
model of fault localization. If the fault is between JT, construct the equations of the two circuits J-T-K, J-T-L, and 
12 equivalent equations can be established. If the fault is between LT, construct the equations of L-T-K and L-T-J 
two circuits. According to Eqs. (10), 12 equations can be established.

	

h (x) =




ha (1)
∣∣K-T-J/J-T-K/L-T-K

ha (2)
∣∣K-T-J/J-T-K/L-T-K

hb (1)
∣∣K-T-J/J-T-K/L-T-K

hb (2)
∣∣K-T-J/J-T-K/L-T-K

hc (1)
∣∣K-T-J/J-T-K/L-T-K

hc (2)
∣∣K-T-J/J-T-K/L-T-K

ha (1)
∣∣K-T-L/J-T-L/L-T-J

ha (2)
∣∣K-T-L/J-T-L/L-T-J

hb (1)
∣∣K-T-L/J-T-L/L-T-J

hb (2)
∣∣K-T-L/J-T-L/L-T-J

hc (1)
∣∣K-T-L/J-T-L/L-T-J

hc (2)
∣∣K-T-L/J-T-L/L-T-J

� (11)

Equation  (11) then constitutes the fault localization model for the T-shaped line. In setting the unknown 
quantities, the line parameters are taken as unknown quantities: rJK-SI, lJK-SI, rJK-MI, lJK-MI, rLT-SI, lLT-SI, 
rLT-MI, lLT-MI, and the variables can be described as:

	 x = [ DJT d rJK-SI lJK-SI rJK-MI lJK-MI rLT-SI lLT-SI rLT-MI lLT-MI ]′� (12)

The solution of Eq.  (11) is generally computed by numerical optimization. Trust-region(TR) is a better 
computational method for solving such equation26. However, it is necessary to solve the problem of the initial 
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radius of the trust-region method. In this paper, we use the Simulated Annealing Algorithm(SAA) to solve the 
approximate solution of the initial radius. The flow chart of the algorithm involved in this paper is shown:

Basis for determining the estimated results
In order to further constrain the results of the calculation, it is possible to further delimit the range of the 
parameter solution and set the upper limit of the line parameters after the introduction of the frequency, based 
on the conditions of determination in reference25. In the implementation of the algorithm in Fig. 7, the calculated 
results are local optimal solutions, not global optimal solutions. There will be some results that satisfy the 
evaluation conditions of reference26, but the results are not the actual solution. Therefore, based on the analysis 
of a large number of line parameters, the upper limit can be statistically derived from the line manufacturer’s 
data. In order to accurately determine whether the estimation result is the solution of the fault determination 
model, this paper further qualifies the determination conditions of the line parameters as shown in Eq. (13). By 
specifying Eq. (13), the calculation results are further restricted to reduce the probability of misjudgment.

	




0 < d < D
0 < LJT < D
0 < rSI < 0.5
0 < lSI < 0.05
0 < rSI < 0.5
0 < lMI < 0.05

� (13)

where the value of D is taken as the lengths of the JT, KT, and LT lines.

Verification of experimental results
Data processing
Considering that the fault transient changes the line voltage and current in the initial phase of the fault will affect 
the micro-PMU estimation results. Therefore, after determining the fault moment based on Eq. (9) and waiting 
for 1–2 cycles, 20 sets of micro-PMU measurement data are selected for calculation. The procedure is shown in 
Fig. 8.

In the figure, t0 is the moment of fault determination, and t1 is the moment of fault localization model 
initiation. Since the action time of relay protection is not less than 50ms, the time interval between t0 and t1 
should not be too long, generally 1–2 cycles can be taken.

In order to analyze the accuracy of the proposed method, the results can be processed and analyzed according 
to Eqs. (14)-(15).

	 ∆ =
∣∣x[·]method − x[·]true

∣∣� (14)

	
x% =

∣∣x[·]method − x[·]true

∣∣
x[·]true

× 100%� (15)

Analysis of results
To verify the accuracy of the method proposed in this paper, a T-type line model is built in Matlab with the 
model parameters shown in Table 1. Different fault types and parameters are set, and a program is written in 
MATLAB to verify the algorithm.
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Fault start time judge
To verify the accuracy of the fault determination moment method proposed in this paper, in the data in Table 1, 
build a T-type line model, set up a single-phase ground fault, a phase-seeing fault, and a fault resistance of 500Ω, 
respectively, at t = 0.1s. Calculate the voltage and current phase values corresponding to the fundamental wave 
and calculate the real-time deviation values. The results are shown in Fig. 9. Calculate the voltage and current 
phase values corresponding to the fundamental wave and calculate the real-time deviation values. The results 
are shown in Fig. 9:

Fig. 7.  SAA-TR algorithm flow chart.
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From Fig. 9, during normal operation, the deviation value of gg is basically unchanged, but if it is disturbed, 
its value will change according to the measured value. The figure shows that after t = 0.1s, the value of g fluctuates, 
which can be used as a time base for fault localization. After analyzing the changes of gg(a), gg(b), and gg(c) 
in different fault types, it can be seen that the residuals of a, b, and c corresponding to different fault types are 
different in each phase. Further analysis is needed to reflect the failure type by the residuals of each phase.

Error analysis of fault localization models
Applicable fault setting analysis
Generally, a fault resistance less than 100Ω is a low-resistance fault, and a fault greater than 100Ω is a high-
resistance fault. Combined with the fault scenarios designed in reference25,26, the method proposed in this 
paper is compared and analyzed in comparison with the applicability of the method proposed in the reference 
literature. An arc fault is constructed using the mentioned model in reference26. The results are shown in Table 2:

Fig. 9.  Changes in g for different failure scenarios.

 

Line parameter Value

Line JK self-resistance per length 0.2293 (Ω/km)

Line JK self-inductance per length 3.2252 (mH/km)

Line JK mutual-resistance per length 0.0353 (Ω/km)

Line JK mutual- inductance per length 1.4449 (mH/km)

Line LT self-resistance per length 0.382 (Ω/km)

Line LT self-inductance per length 2.3990 (mH/km)

Line LT mutual-resistance per length 0.05 (Ω/km)

Line LT mutual- inductance per length 1.0997 (mH/km)

Table 1.  PI model line parameter.

 

Fig. 8.  Schematic diagram of data selection.
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From Table 2, it can be seen that the method proposed in this paper has better applicability for fault scenarios 
and has some localization ability in high-resistance fault settings.

Effect of considering frequency and not considering frequency on localization results
Distribution network frequency has volatility, and its line impedance will change with the frequency value. 
The fault type and initial value are set to be consistent, and each of the 21 sets of phase data under different 
fault resistances and fault distances are selected for calculation and analysis to verify the influence of frequency 
parameters on the estimation process and results. The results are shown in Fig. 10:

As can be seen from Fig. 10, as the fault resistance increases, the localization model without the frequency has 
fewer values that satisfy the decision conditions in its 21 sets of calculation results. In contrast, the calculation 
results of the localization model designed in this paper that considers frequency are significantly higher than 
those of the localization model that does not consider frequency. In order to be able to verify the difference 
between the two localization models in terms of computational efficiency, the average number of iterations of 
the calculation results that meet the decision conditions under each error condition is calculated, and the results 
are shown in Fig. 11:

In the calculation process of the localization model, the calculation process involved in each iteration is the 
same, so the calculation time can be expressed by the number of iterations. As can be seen from Fig. 11 the 
number of computation iterations for the localization model proposed in this paper that takes frequency into 
account is significantly smaller than that for the localization model that does not take frequency into account. 
The reason for the lower number of computation iterations of the localization model without considering 
frequency is that it does not compute the value that satisfies the determination conditions in the test case of a 
faulted circuit of 1500Ω and a fault distance of 0.5 km.

Analysis of different fault localization results considering the effect of frequency
The distribution network frequency is not stable, its allowable fluctuations in the range of 2 Hz, and its line 
parameters will also change. The fault location model involved in this paper considers the effect of frequency 
variation on the estimation results of the fault location model. Set the frequency change range − 0.2 Hz–0.2 Hz, 
analyze the model without considering the frequency and consider the frequency in the calculation of efficiency 
and accuracy of the table laugh. The results are shown in Fig. 12.

From Fig. 12, it can be seen that by introducing frequency into the fault location model under the same fault 
setting conditions, the fault location model with frequency built in this paper requires much more computational 
time and computational accuracy than the fault location model without frequency.

Fig. 10.  Analysis of calculation results under different fault scenarios.

 

Method

Fault

< 100Ω 500Ω 1000Ω 1500Ω 2000Ω Arc fault

This 
paper Y Y Y Y Y Y

26 Y – – – – Y
25 Y – – – – –

Table 2.  Applicability analysis of different fault setting.
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Error analysis of estimated parameters of fault location models
The accuracy analysis of the estimation of fault distance and line parameters under different fault resistances and 
fault distances is analyzed to verify the accuracy of the fault location model established in this paper. The results 
are shown in Table 3.

From Table 3, it can be seen that the accuracy of fault distance under different fault conditions is much less 
than 100 m. Especially with the increase in fault distance, the fault model proposed in this paper can still meet 
the accurate estimation of fault distance. The data shows that the self-impedance estimation accuracy in the line 
parameters is higher than the mutual impedance parameter accuracy. In the analysis of fault distance accuracy, 
the parameters that affect its estimation accuracy are mainly line self-impedance parameters. If the fault distance 
accuracy requirement is not high, the influence of mutual impedance can be considered to be negligible.

Effect of different fault types on the estimation results of fault localization models
To verify the applicability of the fault location model established in this paper to different fault types, the line 
simulation models with different fault intervals, fault resistances, and fault distances are constructed, and their 
fault distances and line parameter estimation results are shown in Table 4:

As shown in Table  4, the fault location model proposed in this paper can still accurately locate the fault 
and estimate the fault distance for different fault intervals and fault resistance scenarios. The estimated fault 
distance is less affected by the actual fault distance and more affected by the fault resistance. As the fault 
resistance increases, the proposed model can still accurately estimate the fault distance, but the deviation of its 
line parameter estimation results will gradually increase.

Conclusion
This study introduced the frequency of operation of the distribution network into the parametric equations to 
construct a fault location model for three-terminal distribution lines. To address the sensitivity of the numerical 

Fig. 12.  Effect of frequency variations on fault localization models under different fault scenarios.

 

Fig. 11.  Analysis of the number of iterations under different failure scenarios.
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optimization solution to initial values, the simulated annealing algorithm was introduced to provide initial 
values for the fault location model, enhancing both the solvability and the accuracy of the estimation results.

	1.	� By substituting the estimated values of voltage and current phasors into the operational process model, the 
fluctuation point of the residual values of the equations was determined. This point sets the time benchmark 
for initiating the fault location procedure and differentiating pre-fault and post-fault data.

	2.	� The estimated frequency values were incorporated as parameters in the distribution line parameter model. 
Using these frequency values significantly improved the accuracy of the fault location model’s estimation 
results, achieving accuracy more than three times higher than models that do not consider frequency. The 
fault distance estimation error was reduced to less than 50 m.

	3.	� The confidence region demonstrated sensitivity to the initial radius when solving the problem. The confi-
dence region and the simulated annealing approach were used to enhance further the fault location model’s 
calculation process’s solvability.

This work assumes that communication and time synchronization of end-node configured µPMUs functioning 
without issues, while more realistic scenarios should consider issues such as communication errors and time 
desynchronization. Future work will focus on analyzing the applicability of fault location methods for distribution 
networks under challenging conditions, including communication time asynchrony, as well as techniques to 
enhance location performance.

Parameter Fault distance (m)

500Ω 1000Ω 1500Ω 2000Ω

Δ % Δ % Δ % Δ %

d(m)

500 3.1574 0.6315% 0.7430 0.1486% 1.6805 0.3361% 10.6964 2.1393%

1000 1.4192 0.1419% 2.3130 0.2313% 0.0007 0.0001% 0.0003 0.0000%

1500 2.0837 0.1389% 0.9066 0.0604% 0.5909 0.0394% 2.0837 0.1389%

2200 1.7639 0.0802% 0.2245 0.0102% 1.2004 0.0546% 1.7639 0.0802%

rSI
(Ω/km)

500 0.0005 0.2059% 0.0009 0.4077% 0.0007 0.3228% 0.0003 0.1429%

1000 0.0009 0.4061% 0.0003 0.1148% 0.0007 0.2942% 0.0006 0.2751%

1500 0.0002 0.0859% 0.0009 0.3710% 0.0005 0.2188% 0.0002 0.0859%

2200 0.0000 0.0000% 0.0000 0.0000% 0.0000 0.0000% 0.0000 0.0000%

lSI
(mH/km)

500 0.0090 0.2786% 0.0044 0.1366% 0.0033 0.1012% 0.0205 0.6369%

1000 0.0045 0.1409% 0.0096 0.2964% 0.0001 0.0030% (0.0052) 0.1610%

1500 0.0108 0.3354% 0.0091 0.2817% 0.0020 0.0609% 0.0108 0.3354%

2200 0.0255 0.7894% 0.0010 0.0299% 0.0011 0.0345% 0.0255 0.7894%

rMI
(Ω/km)

500 0.0001 0.2816% 0.0005 1.4562% 0.0015 4.1942% 0.0004 1.1927%

100 0.0006 1.7722% 0.0000 0.0426% 0.0014 3.9894% 0.0002 0.6128%

1500 0.0000 0.0575% 0.0007 1.9897% 0.0010 2.8772% 0.0000 0.0575%

2200 0.0011 2.9853% 0.0011 3.0098% 0.0012 3.2874% 0.0011 2.9853%

lMI
(mH/km)

500 0.0083 0.5729% 0.0038 0.2605% 0.0031 0.2162% 0.0195 1.3470%

1000 0.0040 0.2748% 0.0090 0.6195% 0.0002 0.0114% 0.0048 0.3312%

1500 0.0103 0.7126% 0.0085 0.5907% 0.0019 0.1344% 0.0103 0.7126%

2200 0.0251 1.7345% 0.0013 0.0902% 0.0011 0.0752% 0.0251 1.7345%

rSI
(Ω/km)

500 0.0001 0.0183% 0.0002 0.0610% 0.0038 0.9890% 0.0003 0.0729%

1000 0.0002 0.0573% 0.0004 0.0955% 0.0042 1.0868% 0.0000 0.0066%

1500 0.0004 0.1140% 0.0074 1.9301% 0.0039 1.0306% 0.0004 0.1140%

2200 0.0008 0.2218% 0.0013 0.3487% 0.0025 0.6533% 0.0008 0.2218%

lSI
(mH/km)

500 0.0196 0.8151% 0.0222 0.9252% 0.0321 1.3360% 0.0095 0.3978%

1000 0.0211 0.8787% 0.0199 0.8298% 0.0351 1.4634% 0.0239 0.9960%

1500 0.0187 0.7781% 0.0334 1.3923% 0.0461 1.9229% 0.0187 0.7781%

2200 0.0079 0.3286% 0.0271 1.1281% 0.0339 1.4136% 0.0079 0.3286%

rMI
(Ω/km)

500 0.0008 1.5212% 0.0012 2.3290% 0.0012 2.4754% 0.0005 0.9054%

1000 0.0009 1.7187% 0.0009 1.7083% 0.0014 2.7251% 0.0012 2.3553%

1500 0.0007 1.4106% 0.0075 14.9932% 0.0020 3.9563% 0.0007 1.4106%

2200 0.0009 1.8000% 0.0015 2.9147% 0.0013 2.5177% (0.0009) 1.8000%

lMI
(mH/km)

500 0.0099 0.8958% 0.0085 0.7713% 0.0070 0.6364% (0.0126) 1.1444%

1000 0.0094 0.8560% 0.0098 0.8955% 0.0066 0.5990% (0.0095) 0.8620%

1500 0.0113 1.0259% 0.0042 0.3774% 0.0074 0.6688% (0.0113) 1.0259%

2200 0.0224 2.0328% 0.0041 0.3711% 0.0030 0.2740% (0.0224) 2.0328%

Table 3.  Parameter error analysis.
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