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A B S T R A C T

In this work, we determined an approximate eigen solutions of Modified multi-parameter exponential potential
using supersymmetric quantum mechanics approach (SUSY) with improved Greene-Aldrich approximation to the
centrifugal term. The energy equation and its corresponding normalised radial wave function were fully obtained.
The proposed potential reduces to other useful potentials like Rosen-Morse, Hellmann, Yukawa and Coulomb
potential as special cases. The thermodynamic properties like the vibrational mean energy (Uðβ;VÞ), Vibrational
heat capacity (Cðβ;VÞ), vibrational entropy (Sðβ;VÞ) and vibrational free energy (Fðβ;VÞ) of the interacting po-
tential were studied via partition function (Zðβ;VÞ) obtained from the resulting energy equation. This study was
applied to three diatomic molecules: Chromium hydride (CrH), Titanium Hydride (TiH) and Thiocynate (ScN). To
ascertain the high degree of our analytical mathematical accuracy, we compared the results of special cases with
an existing results. These were found to be in excellent agreement with the existing results.
1. Introduction

Because of their numerous applications in chemical, physical, and
molecular spectroscopy, many diatomic molecular potentials have been
used to study bound state solutions of both relativistic and non-
relativistic wave equations. Meanwhile, a thorough understanding of
molecular structure is dependent on the atom's inter-nuclear interactions
and the molecular potential model under consideration [1]. The
Deng-Fan potential [2], Tietz-Wei potential model [3], Improved
deformed four parameter exponential potential [4], Tietz-Hua potential
[5, 6, 7], Morse and Modified Morse potential [8], Deng-Fan-Eckart po-
tential [9], Molecular attractive potential model [1], Mobius square plus
Screened Kratzer potential [10], Four parameter potential [11], Varshni
potential [12, 13], New generalized Morse-like potential exists in various
forms in all of these potential models. The various forms of the Morse
potential, on the other hand, have been used to investigate the physical
behavior of semiconductor surfaces and interfaces [14, 15, 16]. The
Morse potential has been successfully used to model hydrogen bonds
connecting two bases in a pair in the study of thermal denaturation of
nate).
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double DNA, stranded-DNA chains [16, 19, 20, 21, 22]. Morse potential
is a better diatomic potential model for describing potential energy than
other diatomic potential models. A great deal of research has been done
on Morse and other exponential-type potentials. Pena et al. [23], for
example, investigated the D-dimensional Schr€odinger equation for a class
of multi-parameter exponential type potentials, they obtained eigen-
functions and eigenvalues for Mie-Type, Coulomb, and Kratzer-Fues
potentials as special cases. Okorie et al. [24] investigated the thermo-
dynamic properties of the improved deformed exponential-type potential
(IDEP) for some diatomic systems, they obtained the ro-vibrational en-
ergy spectra of the potential model using coordinate transformation and
the Greene-Aldrich approximation to centrifugal term. Omugbe et al.
[11] investigated the unified treatment of non-relativistic bound state
solutions, thermodynamic properties, and expectation values of expo-
nential type potentials within the framework of the semi-classical WKB
approach. On a general ground several studies have been reported on the
Schr€odinger equation for some potentials [25, 26, 27, 28]. The rotational
Morse potential as a function of bond length was calculated by Theaban
and Wadi [29]. The electronic state of the lithium molecule was
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Table 1. Spectroscopic constants for the selected diatomic molecules.

Molecules DeðeVÞ reðA0Þ
λ
� 1
A0

�
μðamuÞ

CrH 2.13 1.694 1.52179 0.988976

TiH 2.05 1.781 1.32408 0.987371

ScN 4.56 1.768 1.50680 10.628771

Table 2. Bound state energies for CrH, TiH and ScN diatomic molecules for the
multi-parameter exponential potential for ða;a1; ::a6 ¼ 1:0Þ.
n l EnlðeVÞ

CrH
EnlðeVÞ
TiH

EnlðeVÞ
ScN

0 0 -5.936194219 -6.219344374 4.567928358

1 0 -67.71577027 -64.57331478 0.437525808

1 -32.98985462 -38.66887002 8.349496658

2 0 -169.7832712 -159.0445144 -11.28280451

1 -151.4127864 -149.6230943 -4.300364506

2 -124.8431562 -137.2443523 9.329232176

3 0 -302.9326768 -282.2731371 -29.44001840

1 -297.2199229 -286.1953201 -23.24638829

2 -288.6291116 -291.6170716 -11.14053317

3 -279.6634650 -296.8925735 6.347734306

4 0 -463.7828317 -431.9104730 -53.17747594

1 -468.9688138 -447.7872094 -47.66381268

2 -476.9766516 -470.4755669 -36.87434564

3 -485.6139478 -493.4153334 -21.25788804

4 -493.7892582 -514.2287760 -1.426098604

5 0 -650.8552649 -607.0190157 -81.84799625

1 -665.9994759 -634.1432880 -76.92886133

2 -689.8294853 -673.8104132 -67.29273926

3 -716.1542226 -715.0287443 -53.32180773

4 -741.6825926 -753.4209217 -35.53861045

5 -5.936194219 -787.8341849 -14.55649007

Table 3. Bound state energies�EnlðeVÞ for CrH, TiH and ScN diatomic molecules
for the multi-parameter exponential potential for ða;a1; ::a6 ¼ � 1:0Þ.
n ℓ CrH TiH ScN

0 0 14.76561920 14.99700294 4.494729246

1 0 94.93805117 85.95508663 14.49676826

1 47.67966134 71.42467103 4.941165272

2 0 184.5554467 156.3367642 33.78369838

1 173.5364015 158.2822244 24.77723181

2 325.2090091 263.5274741 6.277293597

3 0 273.2786336 233.8314015 61.05674970

1 266.7289626 228.8045777 52.79665123

2 334.8811815 325.5131118 35.87261603

3 456.6289312 405.6469371 9.427552545

4 0 374.4338653 331.0250109 94.66432980

1 365.0324080 319.8787353 87.27384212

2 387.1866073 431.7608969 72.18171084

3 563.5410636 546.7204921 48.73505077

4 656.9335698 620.7096252 15.87341406

5 0 495.9505572 451.8729974 132.8588256

1 483.2211448 436.8029203 126.3869525

2 480.7730030 571.4477102 113.2245048

3 710.7504787 720.4121338 92.92090291

4 834.6213261 817.5267184 64.76818439

5 924.9910213 893.7875797 27.76716103

Table 4. Comparison of Eigenvalues ð�EnlÞ in atomic units for the Hellmann
potential and Coulomb potential.

State λ Hellmann Coulomb

Present NU [39] PTB [40] Present NU [39] AP [39]

1s 0.001
0.005
0.010

2.249500
2.247506
2.245025

2.250500
2.252506
2.255025

2.249000
2.245010
2.240050

2.248500
2.242506
2.235025

2.248500
2.242506
2.235025

2.247001
2.235037
2.220149

2s 0.001
0.005
0.010

0.562001
0.560025
0.557600

0.563001
0.565025
0.567600

0.561505
0.557550
0.552697

0.561001
0.555025
0.547600

0.561001
0.555025
0.547600

0.559506
0.547649
0.533091

2p 0.001
0.005
0.010

0.561250
0.556256
0.550025

0.563000
0.565000
0.567500

0.561502
0.557541
0.552664

0.561750
0.558756
0.555025

0.560250
0.551256
0.540025

0.559505
0.547624
0.532993

3s 0.001
0.005
0.010

0.249168
0.245867
0.241803

0.250502
0.252556
0.255225

0.249004
0.245111
0.240435

0.248502
0.242556
0.235225

0.248502
0.242556
0.235225

0.248502
0.235332
0.221306

3p 0.001
0.005
0.010

0.249168
0.245867
0.241803

0.250501
0.252531
0.255125

0.249004
0.245103
0.240404

0.248835
0.244201
0.238469

0.248168
0.240867
0.231803

0.247012
0.235308
0.221212

3d 0.001
0.005
0.010

0.248500
0.242506
0.235025

0.250833
0.254151
0.258269

0.249003
0.245086
0.240341

0.249500
0.247506
0.245025

0.247500
0.237506
0.225025

0.247010
0.235259
0.221024
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calculated using the effective potential. Sanjib and Debnath [30] investi-
gated Woods-Saxon plus Rosen-Morse potential solutions within the
framework of the Nikiforov-Uvarov method. They derived the eigenfunc-
tions and eigenvalues of the Woods-Saxon potential, as well as the PT and
non-PT symmetric solutions of the Rosen-Morse potential. Nasser et al.
[31] used triadiagonal J-matrix representation to investigate the bound
state of the rotating Morse potential model for diatomic systems. For
arbitrary angular momentum, they obtained the bound state energy
spectrum for some diatomic systems (H2, LiH, HCl, and CO). The
asymptotic iteration method was used by Barakat and Abodayeh [32] to
investigate the exact solutions for vibrational levels of the Morse potential.
In this paper, we use supersymmetric quantum mechanics approach to
investigate the bound state solutions of the Schr€odinger equation with a
modified multiple parameter exponential potential. The energy eigen
equation is presented in closed form, and it is extended to study partition
function and other thermodynamic properties. This article is broken down
intofive sections. Section 1 provides a brief overview of the article. Section
2 presents the bound state solution of the proposed potential using a su-
persymmetric quantum mechanics approach. Section 3 presents the ther-
modynamic properties of the proposed potential. Section 4 discusses the
numerical results, while Section 5 concludes the article.

2. Radial solution of Schrӧdinger equation using supersymmetric
quantum mechanics approach (SUSY)

The bound state solutions for the proposed potential is obtained in
this section. The radial Schr€odinger equation as

�ℏ2

2μ
d2Rn;ℓðrÞ

dr2
þ VðrÞRn;ℓðrÞ þ ℏ2

2μ
ℓðℓþ 1Þ

r2
Rn;ℓðrÞ ¼ En;ℓRn;ℓðrÞ; (1)

where the energy of the is En;ℓ; ℏ is Planck's constant, μ is the reduced
mass, Rn;ℓðrÞ is the wave function and VðrÞ is the interacting potential
given by

VðrÞ¼De

"
aþ a0λþ a1λþ ða2 þ a3λþ a4eλre Þe�λr

1� e�λr þ a5 þ a6e2λre

ð1� e�λrÞ2 e
�2λr

#
:

(2)

The centrifugal term in Eq. (1) can be approximated by the formula [33].

1
r2

� λ2

ð1� e�λrÞ2: (3)



Figure 1. (a): The variation of multi-parameter exponential potential with the
screening parameter. (b): The approximation scheme in Eq. (3).
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To solve equation in Eq. (1) using supersymmetric approach, Eq. (2)
and Eq. (3) are first substituted into Eq. (1) to have

d2Rn;ℓðrÞ
dr2

¼

264VP þ
2μa1λDe

ℏ2
þ VTe�λr

1� e�λr þVRe�2λr � ℓðℓþ 1Þλ2e�λr

ð1� e�λrÞ2

375Rn;ℓðrÞ; (4)
3

where

VP ¼ℓðℓþ 1Þλ2 þ 2μðaDe þ a0λDe � En;ℓÞ
ℏ2 ; (5)

VT ¼ 2μDeða2 þ a3λþ a4eλre Þ
ℏ2 � ℓðℓþ1Þλ2; (6)

VR ¼ 2μDeða5 þ a6e2λre Þ
ℏ2 : (7)

Eq. (5), Eq. (6) and Eq. (7), are used for simplicity. The use of su-
persymmetric approach involves the proposition of superpotential func-
tion as a general solution to Riccati equation. Thereafter, the
supersymmetric partner potential can be constructed where a simple
mapping of the desire result is formed to determine the energy equation
[34, 35, 36]. To proceed from Eq. (4), first the ground state wave function
is written as

R0;ℓðrÞ¼ exp
�
�
Z

WðrÞdr
�
; (8)

Where WðrÞ is called superpotential function in supersymmetric quan-
tum mechanics. The ground state wave function corresponds to the two
partner Hamiltonians [37].

Hþ ¼ bAbAy ¼ � d2

dr2
þ VþðrÞ; (9)

H� ¼ bAy bA ¼ � d2

dr2
þ V�ðrÞ; (10)

where

bAy ¼ � d
dr

�WðrÞ; (11)

bA¼ d
dr

�WðrÞ: (12)

Substituting Eq. (8) into Eq. (4) leads to a non-linear Riccati equation
of the form

W2ðrÞ� dWðrÞ
dr

¼ VP þ
2μa1λDe

ℏ2
þ VTe�λr

1� e�λr þ VRe�2λr � ℓðℓþ 1Þλ2e�λr

ð1� e�λrÞ2 ; (13)

To proceed from Eq. (13), we propose a superpotential function of the
form

WðrÞ¼ ρ0 þ
ρ1

1� e�λr ; (14)

and substituting it into Eq. (13) with the consideration that the radial wave
equation satisfy the boundary conditions that Rn;ℓðrÞ=r becomes zero as
r → ∞; and Rn;ℓðrÞ=r is finite when r ¼ 0; some simple mathematical
manipulations and simplifications result to the following equations

ρ20 ¼VP (15)

ρ1 ¼
λ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ 4ℓðℓþ 1Þλ2 þ 4VRλ

�2
q

2
; (16)

ρ0 ¼
VR þ VT � 2μa1λDe

ℏ2

2ρ1
� ρ1

2
: (17)

Eq. (15), Eq. (16) and Eq. (17) are the bases for the energy equation.
Using Eq. (14) in conjunction with Eqs. (9), (10), (11), and (12), the two
partner potentials of the supersymmetry quantummechanics can fully be
written in the form



Figure 2. Variation of bound state energy spectral with screening parameter λ (a) and dissociation energy De (b).
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VþðrÞ¼W2ðrÞ þ dWðrÞ
dr

¼ ρ20 þ
ρ1ð2ρ0 þ λÞ
1� e�λr þ ρ1ðρ1 � λÞ

ð1� e�λrÞ2; (18)
V�ðrÞ¼W2ðrÞ � dWðrÞ
dr

¼ ρ20 þ
ρ1ð2ρ0 � λÞ
1� e�λr þ ρ1ðρ1 þ λÞ

ð1� e�λrÞ2: (19)

It can be seen from Eq. (18) and Eq. (19) that the family potentials
satisfied a shape invariance condition which established a relation of the
form

Vþða0; rÞ¼V�ða1; rÞ þ Rða1Þ; (20)

via mapping of the form ρ1 → ρ1 þ λ; where ρ1 ¼ a0: In terms of the
parameters of the partner potentials in Eq. (20), the relation a1 ¼
f ða0Þ ¼ a0 þ n; where a1 is a new set of parameters uniquely deter-
mined from an old set of parameters a0; the term Rða1Þ; is called a
remainder or residual term and it is independent of the variable r:
Since a1 ¼ a0 þ λ; then, a2 ¼ a0 þ 2λ; a3 ¼ a0 þ 3λ; a4 ¼ a0þ 4λ; sub-
sequently, the recurrence relation is generalized as an ¼ a0þ nλ: Using
the shape invariance approach [37], the recurrence relations above, Eq.
(20) is transformed as

Rða1Þ¼

0B@VR þ VT � 2μa1λDe
ℏ2

� a20
2a0

1CA
2

�

0B@VR þ VT � 2μa1λDe
ℏ2

� a21
2a1

1CA
2

; (21)

Rða2Þ¼

0B@VR þ VT � 2μa1λDe
ℏ2

� a21
2a1

1CA
2

�

0B@VR þ VT � 2μa1λDe
ℏ2

� a22
2a2

1CA
2

; (22)

Rða3Þ¼

0B@VR þ VT � 2μa1λDe
ℏ2

� a22
2a2

1CA
2

�

0B@VR þ VT � 2μa1λDe
ℏ2

� a23
2a3

1CA
2

; (23)

RðanÞ¼

0B@VR þ VT � 2μa1λDe
ℏ2

� a2n�1

2an�1

1CA
2

�

0B@VR þ VT � 2μa1λDe
ℏ2

� a2n
2an

1CA
2

; (24)
4

Using the negative partner potential, the energy equation of the sys-
tem can be written as

Enℓ ¼
Xv
k¼1

RðakÞ ¼ �

0B@VR þ VT � 2μa1λDe
ℏ2

� a2n
2an

1CA
2

; (25)

which on correct substitution of the parameters of the system into Eq.
(25) using Eqs. (15), (16), and (17) and Eqs. (21), (22), (23), and (24)
gives a complete energy equation in a one-dimensional system as

Enℓ ¼De

0BB@aþ a0λþ a1λ

1CCAþ λ2ℏ2

2μ

2664ℓ
0BB@ℓþ 1

1CCA�

0B@2μDeðβ0þβ1Þ
λ2ℏ2

� ℓ
�
ℓþ 1

�
2nþ 1þ δ0

� 2nþ 1þ δ0
4

1CA
23775: (26)

δ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2ℓÞ2 þ 8μDeða5 þ a6e2λre Þ

λ2ℏ2

r
(27)

β0 ¼ a2 þ a5 þ λða3 � a1Þ (28)

β1 ¼ eαre
�
a4 þ a6eλre

�
(29)

where Eq. (27), Eq. (28) and Eq. (29) are used for simplicity.

2.1. Special cases

The proposed potential model given in Eq. (2) can be reduced to some
potential models by varying the potential parameters.

(a) Improved Rosen-Morse-like Potential [38].

Substituting a0 ¼ a1 ¼ a3 ¼ 0; into Eq. (26) gives the energy of
Improved Rosen-Morse-like potential as



Figure 3. Wave function and probability density plots for l ¼ 0 (a–b) and l ¼ 1 (c–d).

C.A. Onate et al. Heliyon 8 (2022) e10343
Enℓ¼Dea2 0 1 0 123

þλ2ℏ2

2μ
664ℓBB@ℓþ1

CCA�BB@
2μDeða2þa5þa4eλreþa6e2λre Þ

λ2ℏ2
�ℓ
�
ℓþ1

�
2nþ1þδ0

�2nþ1þδ0
4

CCA 775:
(30)

(b) Hellmann Potential.

Substituting a ¼ a0 ¼ a2 ¼ a4 ¼ a5 ¼ a6 ¼ 0 into Eq. (26) gives the
energy of Hellmann potential as

Enℓ ¼ λa1De

þ λ2ℏ2

2μ

2664ℓ
0BB@ℓþ1

1CCA�

0B@2μDeða3�a1Þ
λℏ2

� ℓ
�
ℓþ 1

�
� ð1þ nþ ℓÞ2

2ð1þ nþ ℓÞ

1CA
23775:

(31)
5

(c) Yukawa Potential

Substituting a ¼ a0 ¼ a1 ¼ a2 ¼ a4 ¼ a5 ¼ a6 ¼ 0 into Eq. (26) gives
the energy equation of Yukawa potential as

Enℓ ¼ℓðℓþ 1Þλ2ℏ2

2μ

2664ℓðℓþ1Þ�

0B@2μDea3
λℏ2

� ℓðℓþ 1Þ � ð1þ nþ ℓÞ2
2ð1þ nþ ℓÞ

1CA
23775:
(32)

(d) Coulomb Potential

Substituting a ¼ a0 ¼ a2 ¼ a3 ¼ a4 ¼ a5 ¼ a6 ¼ 0 into Eq. (26) gives
the energy equation of Coulomb potential as

Enℓ ¼ λa0De þ λ2ℏ2

2μ

2664ℓðℓþ 1Þ�

0B@�2μDea1
λℏ2

� ℓðℓþ 1Þ � ð1þ nþ ℓÞ2
2ð1þ nþ ℓÞ

1CA
23775:
(33)

Using the constant a ¼ a1 ¼ a2 ¼ a3 ¼ a4 ¼ a5 ¼ a6 ¼ 0, Eq. (33)
can further be reduced to



Figure 4. Wave function and probability density plots for l ¼ 2 (a–b) and l ¼ 3 (c–d).
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Enℓ ¼Dea0λþ λ2ℏ2
"
ℓðℓþ1Þ�De

 
�ℓðℓþ 1Þ � ð1þ nþ ℓÞ2

!2#
: (34)
2μ 2ð1þ nþ ℓÞ

Eq. (30), Eq. (31), Eq. (32), Eq. (33) and Eq. (34) are special cases of
Eq. (26). The total wave function for the proposed potential is given as

Rn;ℓðyÞ¼ yβð1� yÞηF1ð� n; nþ 2ðβþ ηÞ; 2βþ 1; yÞ; (35)

where

β¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℓðℓþ 1Þ þ 2μDeðaþ a0λþ a1λÞ � 2μEn;ℓ

λ2ℏ2

r
; (36)

η¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ℓþ 1Þ2 þ 8μDeða5 þ a6e2λre Þ

λ2ℏ2

r
; (37)

and F is the hypergeometric function. Eq. (36) and Eq. (37) are used as
simplicity. To obtain the normalization constant of Eq. (35), we employ
the normalization condition

Z∞
0

jRnlðrÞj2dr¼1 ⇒
Z∞
0

	
Nnlyβð1� yÞηPð2β;2η�1Þ

n ð1� 2yÞ
2dy¼ 1: (38)

The wave function is assumed to be in bound at r 2 ð0; ∞Þ and y ¼
e�λr 2 ð1; 0Þ.
6

Eq. (38) reduces to

�N2
nl

λ

Z0
1

y2βð1� yÞ2η	Pð2β;2η�1Þ
n ð1� 2yÞ
2 dy

y
¼1 (39)

Let z ¼ ð1�2yÞ such that the boundary of integration of Eq. (39)
changes from y 2 ð1; 0Þ to. z 2 ð � 1; 1Þ. Then Eq. (39) reduces to

N2
nl

2λ

Z1
�1

�
1� z
2

�2β�1�1þ z
2

�2η	
Pð2β;2η�1Þ
n ðzÞ
2dz¼1 (40)

Using the standard integral [31]

Z1
�1

�
1�w
2

�x�1þw
2

�y	
Pðx;y�1Þ
n ðwÞ
2dw¼ 2xþyþ1Γðxþnþ1ÞΓðyþnþ1Þ

n!Γðxþyþnþ1ÞΓðxþyþ2nþ1Þ
(41)

where we assume that z ¼ w ; x ¼ 2β � 1 ; y ¼ 2η. Then, using
equation (40) and Eq. (41), the normalization constant can be obtained as

Nnl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λðn!ÞΓð2β þ 2ηþ nÞΓð2β þ 2ηþ 2nÞ

2ð2βþ2ηÞΓð2β þ nÞΓð2ηþ nþ 1Þ

s
: (42)

Using Eq. (42), the total normalized wave function is given as
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2λðn!ÞΓð2β þ 2ηþ nÞΓð2β þ 2ηþ 2nÞ
ð2βþ2ηÞ yβð1� yÞηPð2β;2η�1Þ

n ð1�2yÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 Γð2β þ nÞΓð2ηþ nþ 1Þ

s
(43)

Eq. (43) is a complete normalized radial wave function of the system.

3. Thermodynamic properties for the modified four parameter
Morse potential

The thermodynamic properties of quantum systems can be obtained
from the exact partition function given by

ZðβÞ ¼
XV
n¼0

e�βEn (44)
7

where, V is an upper bound of the vibrational quantum number obtained
from the numerical solution of dEn

dn ¼ 0; β ¼ 1
kT where k and T are Boltz-

mann constant and absolute temperature respectively. In the classical
limit, the summation in Eq. (44) can be replaced with an integral:

ZðβÞ ¼
ZV
0

e�βEndn: (45)

Eq. (45) is the equation for partition function. The energy Eq. (26) can
be simplified further as

Enl ¼ υ1 � υ2

�
υ3

ðnþ δÞ � ðnþ δÞ
�2
: (46)



Figure 6. Variation of Z(λ) against λ for CrH (a), TiH (b) and ScN (c).
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where

υ1 ¼ Deðaþ a0 þ a1λÞ þ ℏ2λ2lðlþ 1Þ
2μ ; υ3 ¼ 2μDeðβ0 þ β1Þ

ℏ2λ2
� lðlþ 1Þ ;

υ2 ¼ ℏ2λ2

8μ ; δ ¼ 1
2
þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2lÞ2 þ 8μDe

�
a5 þ a6e2λre

�
ℏ2λ2

s
9>>>>=>>>>;:

(47)

Let ρ ¼ ðn þ δÞ, then Eq. (46) can then be express as

Enl ¼ �
�
υ2ρ2 þ υ2υ23

ρ2

�
þ υ1 � 2υ2υ3 (48)

Using Eq. (47) and Eq. (48), the partition function of Eq. (26) can then
be express as

ZðβÞ ¼ eβð2υ2υ3�υ1Þ
ZV
0

e
β

�
υ2ρ2þ

υ2υ
2
3

ρ2

�
dρ (49)
8

Using Mathematica 10.0 version, the partition function of Eq. (49) is
obtained as

ΖðβÞ¼ ½eχ1�χ2 ð1þ χ4Þ þ eχ1þχ3 ð�1þ χ5Þ�
4
ffiffiffiffiffiffiffiffiffiffiffi�βυ2

p (50)

where

χ1¼βð�υ1þ2υ2υ3Þ; χ2¼2
ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ23

q
; χ3¼�2

ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ23

q
;

χ4¼erf

"
V

ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ

2
3

q
V

#
; χ5¼erf

"
λ
ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ

2
3

q
V

#
9>>=>>;:

(51)

Eq. (50) gives the complete partition function while Eq. (51) is used
for simplicity.
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(a) Vibrational mean energy

UðβÞ¼ � ∂ln ZðβÞ
∂β ¼UðβÞ¼

�

8>>>>><>>>>>:

"
1þ χ4 þ e2χ2 ðχ5 � 1Þ � 2β

	
1þ χ4 þ e2χ2 ðχ5 � 1Þ
ω0þ

ω14
ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p 	 ffiffiffi
π

p
β
�� 1� e2χ2 � χ4 þ e2χ2χ5

�
υ2υ23 � eχ2þw2


 #
2β½1þ χ4 þ e2χ2 ð�1þ χ5Þ�

9>>>>>=>>>>>;
:

(52)
9

where

w0¼ð�υ1þ2υ2υ3Þ ; w1¼ 1ffiffiffi
π

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ

2
3

q ; w2¼
βυ2
�
λ4þυ23

�
λ2

λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ23

q 
:

(53)

Eq. (52) is a vibrational mean energy while Eq. (53) are used for
simplicity.
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(b) Vibrational Specific heat capacity

CðβÞ¼Kβ2
∂2InZðβÞ

∂β2

¼
(h

πλð1�e2χ2 þχ4þe2χ2χ5Þ2ω3þΦ0þΦ1þΦ2�8eχ2
ffiffiffi
π

p
λω3þΦ3þχ4Φ4

i
h
2πλð1�e2χ2 þχ4þe2χ2χ5Þ2ω3

i )
(54)where
Φ0 ¼ 2eχ2þω2βλ2υ2

" ffiffiffi
π

p � e2χ2
ffiffiffi
π

p þ ffiffiffi
π

p
χ4

þe2χ2
ffiffiffi
π

p
χ5 þ 4eχ2þω2λ

ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p #
ω6;Φ1 ¼ 4eχ2

ffiffiffi
π

p
β2υ22

	� eω

Φ2υ23
�
4eω2ω5 þ 4e2χ2þω2ω5 þ eω2ω6 � e2χ2þω2ω6

�
;Φ3 ¼ eχ2χ5

�
8
ffiffiffi
π

p
λω3 þ eχ2þω2

�

Φ4 ¼
	� 8eχ2

ffiffiffi
π

p
VΛ3 þ 8eχ2

ffiffiffi
π

p
Vω3 þ eΛ2

�
4V2ω3

� 

;ω3 ¼

ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ23

q
;ω

ω5 ¼ V2
ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p
; ω6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ23

q

10
Eq. (54) is a vibrational specific heat capacity while Eq. (55) is used
for simplicity.
4λ4
�
1� e2χ2 þ χ4 þ e2χ2χ5

� 

ω6;

� 4λ2
ffiffiffiffiffiffiffiffiffiffiffi
�βυ2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�βυ2υ23

q ��
;

4 ¼
βυ2
�
V4 þ υ23

�
V2 ;

9>>>>>>>>>>>>>>=>>>>>>>>>>>>>>;

(55)
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(c) Vibrational entropy

SðβÞ¼ k ln ZðβÞ� kβ
ln ZðβÞ
∂β2

¼ k ln
�
e�βυ1þ2βυ1�χ2

ffiffiffi
π

p ½1þ χ4 þ e2χ2 ðχ5 þ 1Þ�
4
ffiffiffiffiffiffiffiffiffiffiffi�βυ2

p
�

�Kβ

8>>>>>>>>><>>>>>>>>>:

2641þ χ4 þ e2χ2 ðχ5 � 1Þ � 2β
�
1þ χ4 þ e2χ2 ðχ5 þ 1Þ�ω0

þ
�
4
ffiffiffiffiffiffiffiffiffiffiffi�βυ2

p � ffiffiffi
π

p
βðe2χ2χ5 � e2χ2 � χ4 � 1

�
υ2υ23 � eχ2þω2ω6

�ffiffiffi
π

p
ω6

�
375

2β½1þ χ4 þ e2χ2 ðχ5 � 1Þ�

9>>>>>>>>>=>>>>>>>>>;
(56)

Eq. (56) is a vibrational entropy.

(d) Vibrational free energy

FðβÞ¼ � 1
β
ln ZðβÞ¼ � eβω0 ln

ffiffiffi
π

p ½eχ3 ðχ4 þ 1Þ þ eχ2 ðχ5 � 1Þ�
4β

ffiffiffiffiffiffiffiffiffiffiffi�βυ2
p (57)

Eq. (57) is a vibrational free energy
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4. Results and discussion

Table 1 shows the standard spectroscopic parameters for all the
diatomic molecules used in this work. Tables 2 and 3 are the numerical
bound state energies computed using Eq. (26), the spectroscopic con-
stants of Table 1 and the arbitrary constants ða; a1; ::a6 ¼ 1:0Þ and
ða; a1; ::a6 ¼�1:0Þ for CrH, TiH and ScN molecules respectively. From
Tables 2 and 3, the numerical bound state solutions of these molecules
decreases with an increase in quantum state but increases with an in-
crease in the angular momentum quantum state. Table 4 are the nu-
merical solutions of Hellmann potential and Coulomb potential as special
cases of the potential in the present work. The results of the special cases
in Table 4 were also compared with an existing literature. The numerical
solutions as reported in this table are in excellent agreement with the
reports of other researchers.

Figure 1 (a) shows the potential for the present study. Figure 1(b)
shows the approximation scheme. Figure 2 is the variation of bound state
energy spectral with screening parameter λ and dissociation energy De (is
presented). The variation of spectral in Figure 2 shows unique quanti-
sation of different energy level. Figures 3(a-d) shows the wave function



Figure 10. Variation of C(λ) against λ for CrH (a), TiH (b) and ScN (c).
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and probability density for orbital angular quantum number l ¼ 0 and l ¼
1 respectively. While Figures 4 (a-d) are the wave function plots and
probability density plots for orbital angular quantum number l ¼ 2 and
l ¼ 3 respectively. Both Figures 3(a-d) and 4(a-d) reproduces similar
trend as reported in other literatures.

In Figure 5 and Figure 6, we examined the how the vibrational
partition function varies with the temperature parameter and maximum
quantum state for CrH, TiH and ScN. In Figure 5, the partition function
and the temperature varies inversely with each other for the three
diatomic molecular systems. At absolute zero, the partition function at
various maximum quantum state tends to converged but diverged as the
temperature decreases. In Figure 6, the partition function increases as the
maximum quantum state increases for TiH and ScN. However, for CrH,
the partition function decreases for β ¼ 0.00000102, 0.00000103 and
0.00000104 but increases for β ¼ 0.00000105 as the maximum quantum
12
state increases. The behaviour of partition function against V for TiH and
ScN are similar while that of CrH differes.

The variation of the vibrational mean energy against the temperature
parameter and maximum quantum state respectively for CrH, TiH and
ScN are shown in Figures 7 and 8. In Figure 7, the vibrational mean
energy decreases monotonically as the temperature of the system de-
creases gradually for all the molecules. The vibrational mean energy at
various V are the same for threemolecules at all values of β. Although, the
mean energy for the three molecules exhibit the same features but that of
the ScN has lower values compared to CrH and TiH. In Figure 8, the
vibrational mean energy increases as the maximum quantum state in-
creases for TiH. However, for CrH, the vibrational mean energy decreases
for the first β ¼ 0.00000102, 0.00000103 and 0.00000104 and the mean
energy are found to be greater than zero but for β ¼ 0.00000105, the
mean energy increases as V increases. The mean for the last value of β
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Figure 12. Variation S(λ) entropy against λ for CrH (a), TiH (b) and ScN (c).

C.A. Onate et al. Heliyon 8 (2022) e10343
even when it increases is seen to be less than zero. The behaviour of the
mean energy against V for ScN is opposite to that of the CrH.

The variation of the vibrational specific heat against the temperature
parameter and maximum quantum state for CrH, TiH and ScN are shown
in Figures 9 and 10 respectively. In Figure 9, the specific heat capacity
rises significantly as the temperature parameter increases for all the
molecules. The specific heat capacity at different values of V tends to
converge as the specific heat capacity is almost zero. In Figure 10, though
the specific heat capacity rises as the maximum quantum state increases
for all molecules, but the variation in CrH and TiH are the same while
that of ScN differs. In Figures 10 (a) and (b), the specific heat capacity for
various β converges when the specific heat capacity is zero after which
they diverged as the rise significantly.
14
In Figures 11 and 12, we plotted the vibrational entropy against the
temperature parameter and maximum quantum state for CrH, TiH and
ScN. The vibrational entropy increases while the temperature parameter
increases for the three molecules considered in this work. The vibrational
entropy for various maximum quantum state diverged as they increase
from zero. In Figure 12, the vibrational entropy for TiN and ScN de-
creases and have a turning point as the maximum quantum state in-
creases steadily. The turning point for the two molecules are not very far
from each other. For CrH, the vibrational entropy decreases as the
maximum quantum state increases.

The variation of the vibrational free energy against the temperature
parameter and the maximum quantum state for CrH, TiH and ScN are
shown in Figures 13 and 14 respectively. The vibrational free energy for



Figure 13. Variation F(β) against β for CrH (a), TiH (b) and ScN (c).
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all maximum quantum state decreases monotonically as the temperature
parameter increases gradually for the three molecules in Figure 13.
However, the vibrational free energy for various V for ScN converged
when the β is zero and diverged as β gradually increases. This particular
feature is not observed in CrH and TiH. In Figure 14, CrH and ScN have
the same variation while that of TiH differs. The vibrational free energy
increases as V increases for CrH and ScN, though the increase terms to be
insignificant for V ranges from 0 to about 3 and a sharp increase is
noticed but the vibrational free energy of TiH decreases as V increases for
some values before it begins to have a turning point. The thermal prop-
erties are useful in different scientific fields e.g. regulation of heat
content.
15
5. Conclusion

In this research work we calculated an approximate bound state so-
lutions of four parameter Morse potential using supersymmetric quantum
mechanics approach. The energy eigen equation is presented in a closed
form and extended to study partition function and other thermodynamic
properties for three diatomic molecules using standard spectroscopic
constants. The proposed potential reduces to Improved Rosen Morse,
Hellmann, Yukawa and Coulomb potential as special cases. The numer-
ical bound state solutions obtained for some of the special cases are in
excellent agreement with an existing literature. The normalised wave
function and probability density plots were obtained for various quantum



Figure 14. Variation F(λ) against λ for CrH (a), TiH (b) and ScN (c).
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state and orbital angular quantum number. The thermal properties for
the three molecules studied in some cases showed the same character-
istics while in some areas, their thermal properties exhibit different
features. The results obtained are applicable in Molecular Physics espe-
cially in the field of spectroscopy.
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