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Abstract—Studies of receptor diffusion on a cell surface
show a variety of behaviors, such as diffusive, sub-diffusive,
or super-diffusive motion. However, most studies to date
focus on receptor molecules diffusing on a single cell surface.
We have previously studied receptor diffusion to probe the
molecular mechanism of receptor clustering at the cell–cell
junction between two opposing cell surfaces. Here, we
characterize the diffusion of receptors and ligands that bind
to each other across two opposing cell surfaces, as in cell–cell
and cell–bilayer interactions. We use a Monte Carlo method,
where receptors and ligands are simulated as independent
agents that bind and diffuse probabilistically. We vary
receptor–ligand binding affinity and plot the molecule-
averaged mean square displacement (MSD) of ligand mol-
ecules as a function of time. Our results show that MSD plots
are qualitatively different for flat and curved interfaces, as
well as between the cases of presence and absence of directed
transport of receptor–ligand complexes toward a specific
location on the interface. Receptor–ligand binding across
two opposing surfaces leads to transient sub-diffusive motion
at early times provided the interface is flat. This effect is
entirely absent if the interface is curved, however, in this
instance we observe sub-diffusive motion. In addition, a
decrease in the equilibrium value of the MSD occurs as
affinity increases, something which is absent for a flat
interface. In the presence of directed transport of receptor–
ligand complexes, we observe super-diffusive motion at early
times for a flat interface. Super-diffusive motion is absent for
a curved interface, however, in this case we observe a
transient decrease in MSD with time prior to equilibration
for high-affinity values.
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INTRODUCTION

The lateral diffusion of receptor molecules on a cell
membrane is of great importance to many cellular
processes.6,23 Diffusion is critical to processes such as
receptor segregation,16 the formation of supramolecu-
lar signaling complexes,15,39–42 receptor internaliza-
tion,23 and association of receptors with lipid rafts,20,22

among others. Diffusion of receptors on cellular
membranes has been extensively studied using experi-
mental techniques such as fluorescence recovery after
photobleaching (FRAP) and single-particle tracking
(SPT),20,35 and theoretical techniques such as Monte
Carlo simulation.3,26,27,29–32,37,42,44 Such experimental
and theoretical studies demonstrated that the cell
membrane is a highly complex and heterogeneous
environment. It is now well-known that cell surfaces
are divided into compartments, such that it is consid-
erably more difficult for surface molecules to diffuse
between compartments than within a compartment
(hop diffusion).21 Cell membranes also contain inert
obstacles and reactive immobile membrane proteins
(traps), as well as sphingolipid-enriched regions (rafts)
that can hinder the diffusion of mobile membrane
molecules. Experimental FRAP studies have shown
that diffusion on the cell membrane is one to two
orders of magnitude slower than on artificial lipid
bilayers.35 In addition, experimental SPT and theo-
retical studies have shown that diffusion on a surface
with obstacles, such as a cell membrane, can deviate
from pure (or classical) diffusion and is in many cases
sub-diffusive,6,20,26,31–35,42,43 i.e., the mean square dis-
placement (MSD) varies with time in sub-linear fash-
ion so that MSD = D Æ ta, where a < 1 (also known as
anomalous diffusion).

Most receptor-mediated cellular processes of inter-
est also involve some form of chemical reaction, whe-
ther it is receptor oligomerization, binding to reactive
membrane proteins on the same surface, or binding to
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soluble or membrane-bound ligands on another cell
surface. Several studies of diffusion on a cell membrane
include reaction, however, most of these studies deal
exclusively with reactions that occur on the same sur-
face on which the receptors are diffusing, such as
receptor oligomerization, or binding of receptors to
traps.7,11,17,31,33,34,37,44 Yet, understanding how recep-
tor–ligand binding on opposing surfaces impacts dif-
fusion is of great interest to the study of cell–cell
communication processes, as happens, for example, in
the immune system during antigen recognition. In this
instance, the lymphocyte receptor (in the case of T cells
it is the T cell receptor, or TCR, in the case of B cells it
is the B cell receptor, or BCR) binds to antigen arrayed
on the surface of an antigen presenting cell (APC) and
becomes activated depending on the affinity with
which it binds the antigen. Receptor–antigen com-
plexes cluster at the center of the cell interface, sur-
rounded by integrin–integrin complexes, forming the
supramolecular activation complex known as the
‘‘immunological synapse,’’ a key step in the lympho-
cyte activation process.1,5,14,19,25,46 Diffusion of recep-
tors and ligands (in this case, antigens and integrins)
plays a crucial role in the formation of the immuno-
logical synapse.15,40–42 During the initial phase immu-
nological synapse formation, receptors form nanoscale
micro-clusters on lipid raft domains, whose formation
is also crucially modulated by diffusion of receptors
and ligands.10,13,36,38

In previous work, we used a Monte Carlo simula-
tion method to show that the MSD of receptors and
ligands that bind across opposing surfaces can be used
as a tool to estimate the order of magnitude of the
diffusion coefficient of receptor–ligand complexes,
something that is difficult to measure experimentally.42

In that work, we showed that the MSD increased in a
sub-diffusive manner with time and that sub-diffusive
motion is highly dependent on the affinity of receptor–
antigen binding. However, we did not thoroughly
investigate the causes of affinity-dependent sub-diffu-
sive motion, nor did we attempt characterize the
motion or study its equilibrium behavior. In a separate
study, we have shown that directed transport of
receptors can be a mechanism for immunological
synapse formation in B cells.40 However, in that work,
the directed transport of receptors was not probed
quantitatively through MSD plots.

In this work, we quantitatively investigate the
motion of receptors that bind to diffusing monovalent
ligands on an opposing surface. Though this may seem
equivalent to binding of receptors to traps on the same
surface, an additional complication in this case is that
the geometry of the cell–cell interface may vary. The
shape of the interface, in turn, may strongly affect the
motion of receptors that bind ligands on an opposing

surface. For example, it has been shown that thermal
roughness in membranes can reduce the diffusion
coefficient of membrane-bound molecules by a factor
of 2.18 Thus, in contrast to previous work, we study
both cell–cell interfaces where the cell surfaces exhibit
strong curvature, as is the case during the early stages
of a cell–cell interaction (e.g., through protru-
sions10,13,36,38), and as a completely flat surfaces, as is
the case during the late stages of cell–cell interac-
tion.10,13,36,38 Three potential sources of deviation from
classical diffusion (MSD = D Æ t) were investigated:
receptor–ligand binding, interface curvature, and
cytoskeletally driven transport of receptors to the
center of the contact zone, as observed in a number of
experiments.7,9,10,13,16,29,36,38,45 In order to gage the
effect of each of these components on diffusion,
controlled virtual experiments were performed in
which each of these system properties were varied
individually.

We show that for a flat contact interface, receptor–
ligand binding causes transient sub-diffusive behavior
at early times that disappears once kinetic equilibrium
of receptor–ligand binding is reached. For a curved
interface, this effect is absent, but we show that surface
curvature alone can induce sub-diffusive behavior at
late times, so that higher affinity values converge to a
lower equilibrium MSD value. By contrast, for a flat
interface, the MSD converges to the same equilibrium
value, regardless of receptor–ligand affinity or other
parameter values. Directed transport causes super-
diffusive motion (MSD = D Æ ta, where a > 1) at early
times for a flat interface, but not for a curved interface.
At late times, directed transport of receptors induces
sub-diffusive motion in an affinity-dependent manner
irrespective of the geometry of the cell–cell interface, in
a manner that is qualitatively similar to undirected
transport on a curved interface.

METHOD

Our method is a Monte Carlo simulation procedure
similar to our previous work.28,41,42 The two opposing
cell surfaces are simulated as discrete lattices, on which
receptors and ligands randomly diffuse and react with
each other according to probabilistic parameters. A
distinguishing feature of our method is a mapping
between the probabilistic parameters of the Monte
Carlo simulation and their physical counterparts,
which enables us to physically interpret our results.41

Setup

Cell surfaces are simulated as discrete, N 9 N
Cartesian lattices. No two molecules may occupy the

P. K. TSOURKAS AND S. RAYCHAUDHURI428



same node, hence we choose a spacing between nodes
of 10 nm, about equal to the exclusion radius of lym-
phocyte receptor molecules. Each node has four
neighbors. In this work, we simulate diffusion within a
single 3 9 3 lm membrane compartment, thus the
number of nodes on one side is N = 300. The vertical
separation distance between the two surfaces, denoted
by z, may be constant (flat interface), or it may vary
with position on the lattice (curved interface). For a
flat interface, we use a value of 40 nm (the optimum
binding distance between lymphocyte receptors and
antigens4) for the vertical separation distance, while for
a curved interface we use the relation for spherical
curvature:

zðx; yÞ ¼ z0 þ Rcell

� R2
cell � ðx� x0Þ2 þ ðy� y0Þ2

� �� �1=2
ð1Þ

Here Rcell denotes the cell radius, which is set to
6 lm, a typical radius for a lymphocyte, while z0 is set
to 40 nm. At the center of the contact interface, the
vertical separation distance is thus equal to 40 nm, but
increases according to Eq. (1) away from the center.41

For a 6 lm cell radius, the vertical separation distance
at the corners of a 3 9 3 lm area is ~400 nm, which is
an order of magnitude greater than the optimum
binding distance between receptors and ligands. The
choice of a 3 9 3 lm area is thus large enough to
include the entire region where receptor–ligand bind-
ing is possible on a curved interface, and is also large
enough to assume a zero net flux at the domain
boundaries, which we simulate using reflective bound-
ary conditions.41,42 The use of reflective boundary
conditions is also analogous to diffusion within a single
membrane compartment with low probability of
escape, and allows us to study equilibrium behavior.
To simulate membrane protrusions, we used a smaller
radius of curvature, though this did not qualitatively
alter our results. The molecules on surface 1 are
denoted as ‘‘receptors,’’ while those of surface 2 are
denoted as ‘‘ligands.’’ The spatial parameters of our
model are summarized in Table 1.

Random Sampling

At the start of a simulation run, R0 = 1000 recep-
tors and L0 = 1000 ligands are uniformly distributed
over their respective surfaces (the number is obtained
by dividing the typical value of 104–105 receptors/cell
by the surface area of a cell with radius 6 lm and
multiplying the result by 3 9 3 lm). At each time step,
molecules in the population are individually sampled
in a random manner to undergo either diffusion or
reaction, determined by means of a coin toss with

probability 0.5. A number S of diffusion/reaction trials
is performed during every time step. The number of
trials S is set equal to the total number of molecules
(free and complexes) at the beginning of each time
step, and the simulation is run for a number of time
steps T. Each Monte Carlo time step corresponds to
1023 s, as shown in Tsourkas et al.41

Diffusion

If a molecule has been selected to undergo diffusion,
a random number trial with probability pdiff is used to
determine whether the diffusion move will occur. The
diffusion probability pdiff is directly analogous to the
diffusion coefficient D.41 The probability of diffusion
of free molecules (receptors and ligand) is denoted by
pdiff(F), and that of receptor–ligand complexes by
pdiff(C). If the trial with probability pdiff is successful,
one of the four neighboring nodes is selected at ran-
dom and checked for occupancy. The diffusion move is
only carried out if the target node is vacant. For
receptor–ligand complexes, the target nodes on both
surfaces are checked. The diffusion coefficient of
receptor molecules on a cell membrane has been experi-
mentally measured to be of the order of 0.1 lm2/s.12,24

The probability of diffusion of receptor–ligand com-
plexes has not been measured experimentally, but
receptor–ligand complexes are generally believed to
diffuse an order of magnitude slower than free mole-
cules.24,38 Since free receptor and ligand molecules are
the fastest diffusing species, we set pdiff(F) = 1, and
pdiff(C) = 0.1.

Because of the intricacies involved in explicitly
modeling the cytoskeleton, cytoskeletally mediated
transport of receptor–ligand complexes toward the
center of the contact zone is simulated in an indirect
manner by biasing the diffusion of receptor–ligand
complexes toward the center. We define a biasing
factor g that we multiply pdiff(C) by if the target node is
closer to the center of the domain than the molecule’s
current location. The case g = 1 corresponds to purely
random motion, with biased motion toward the center
increasing with larger g. The use of a biasing factor
does not account for signaling-driven effects, such as
stochastic variations in the time scale of the onset of

TABLE 1. Spatial dimensions of the model.

Parameter Value

Size of contact region 3 9 3 lm

Number of nodes (N) 300 9 300

Nodal spacing 10 nm

Cell radius (Rcell) 6 lm

Minimum vertical separation distance (z0) 40 nm
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directed diffusion. However, simulating cytoskeletally
mediated transport in this manner is equivalent to
explicitly simulating attachment, detachment, and
transport by the cytoskeleton, as shown in our previ-
ous work.40

Reaction

If selected for a reaction, a receptor (or ligand) may
bind to a ligand (or receptor) with probability pon and
form a receptor–ligand complex, provided a ligand (or
receptor) happens to be located on the facing node on
the opposing surface. If a receptor–ligand complex is
selected for a reaction, it may dissociate with proba-
bility poff. The probabilities pon and poff are directly
analogous to the kinetic constants kon and koff, and
their ratio, denoted as PA, is directly analogous to the
association constant KA. A detailed description of the
mapping of pon, poff, and PA to their respective phys-
ical counterparts, kon, koff, and KA can be found in our
previous work.41

For a flat interface, pon and poff are constants, but
for a curved interface, pon and poff vary as the square of
the difference between the local vertical separation
distance and the optimum receptor–ligand bond length
(z 2 z0)

2 (hence a fourth-order dependence on x and
y), in accordance with the well-known linear spring
model.2,4,8,41,42 The probability of binding pon is given
by:

ponðzÞ ¼ pmax
on exp �jðz� z0Þ2

2kBT

 !
ð2Þ

The bond is modeled as a mechanical spring with
stiffness j and equilibrium length z0, while kB denotes
the Boltzmann constant (1.34 9 10223 J/K) andT is the
temperature (~300 K). Similarly, the dissociation prob-
ability of a receptor–ligand complex, poff(i), is given by:

poffðzÞ ¼ pmin
off exp

jðz� z0Þ2

2kBT

 !
ð3Þ

Since pon and poff are analogous to kon and koff, we
can obtain the probabilistic analog to the association
constant KA, denoted as PA, by dividing Eq. (2) by
Eq. (3):

PAðzÞ ¼
pmax
on

pmin
off

exp �jðz� z0Þ2

2kBT

 !

¼ Pmax
A exp �jðz� z0Þ2

2kBT

 !
ð4Þ

Thus, for a curved interface, pon reaches its
maximum value at the center of the contact zone,

decreasing as one moves away from the center, while
poff is a minimum at the center and increases away
from it, reaching a value of 1 well before the domain
boundary is reached.41 Thus, in our model receptor–
ligand complexes are effectively restricted to a region
within a certain distance from the center of the
domain. The boundary of this area is probabilistic and
emerges naturally from the kinetic parameters and
interface geometry rather than being arbitrarily set.
Setting a strict boundary past which receptor–ligand
complexes could not diffuse would introduce an ele-
ment of arbitrariness that is absent from our current
binding model. If the boundary were set too close
to the center, this would lead to an artificially high
concentration of receptor–ligand complexes near the
center. If the boundary were set far from center, to the
outermost limit of the region where binding is possible
in our current model, there would be no difference in
results between the two binding models. Using a
Metropolis scheme, as in Krobath et al.,18 where the
probability of diffusion is proportional to the change
in energy associated with the proposed diffusion hop,
would result in behavior similar to our model, how-
ever, at a greater computational cost.

Affinity Variation

Simulations are performed for flat and curved cell–
cell interface, and biased and unbiased diffusion,
resulting in four overall sets of experiments. Five values
of receptor–ligand binding affinity are used in the sim-
ulations for unbiased diffusion, while three affinity and
three bias values are used in the simulations for biased
diffusion. As in the biological experiments our work is
based on,5,13 affinity is varied by keeping pon constant
and varying poff. A value of PA = 1 thus corresponds to
pon/poff = 1/1, PA = 10 to pon/poff = 1/0.1, and so
forth. Also included in every simulation is a control
with no receptor–ligand binding, i.e., pon = 0 and
PA = 0. For a curved interface, the zone where binding
is possible is a fraction of the entire domain, since the
vertical separation distance at the edges is too great for
receptor–ligand binding to occur. For this reason, it is
necessary to vary affinity differently for a flat and
curved interfaces. For a flat interface, the affinity range
used is PA = 1, 10, 100, 1000 (corresponding to a range
of KA = 104–107 M21). At PA = 1000, most ligands
are bound to a receptor, and there is little difference
between PA = 1000 and PA = 104. By contrast, for a
curved interface, because the zone where binding is
possible is a fraction of the entire domain, the affinity
range used is PA = 1, 102, 104, 106 (corresponding to a
range of KA = 104–1010 M21, the physiological affinity
range in lymphocytes).
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The molecular parameters used in our model are
listed in Table 2. Parameter values found in the lit-
erature are given on the left side of Table 2, while the
appropriately mapped forms used in our simulation,
where applicable, are listed on the right side of
Table 2.

RESULTS

To characterize diffusion, we track the square dis-
placement of ligand molecules over time, defined as the
square of the Euclidean distance between a ligand’s
current location and its location at the start of the
simulation. As trajectories and the square displace-
ment can vary widely from molecule to molecule
(many orders of magnitude), we collect the square
displacement for all 1000 ligand molecules in one
simulation run and plot the molecule-averaged, or
mean square displacement (MSD). We also tabulate
the molecule-averaged distance from the center of the
contact zone of ligand molecules as a measure of
clustering.

Unbiased Diffusion

Flat Contact Interface

The plot of MSD as a function of time for unbiased
diffusion and a flat contact interface is shown in Fig. 1.
Note the different time and MSD scales in each of the
figure panels. The evolution of MSD up to t = 104

time steps is shown in Fig. 1a, up to t = 105 time steps
in Fig. 1b, up to t = 106 time steps in Fig. 1c, and up
to t = 107 time steps in Fig. 1d. Before t = 104 time
steps (Fig. 1a), MSD appears to be linear with time,
though the diffusion coefficient (the slope of the MSD
curves) decreases with affinity. After t = 104 time
steps, sub-diffusive behavior is observed, and the MSD
eventually reaches an equilibrium value set by the size
of the domain. Since similar sub-diffusive behavior is
observed for all affinity values, even the case of no

receptor–ligand binding (PA = 0), the finite size of the
domain is the sole source of the sub-diffusive behavior.

The reason for the slower increase in MSD with
increasing affinity is that as affinity increases, a greater
fraction of ligands are bound to receptors and diffuse
with pdiff(C) = 0.1 instead of pdiff(F) = 1. MSD thus
increases more slowly on average for higher affinity
values, the effects of finite-domain size take longer to
be felt, and equilibrium takes increasingly longer to
reach. For zero, low, and intermediate affinity
(PA = 0, 1, 10), the transition to sub-diffusive motion,
and equilibrium, is reached an order of magnitude
sooner compared to high affinity (PA = 100, 1000), as
can be seen in Fig. 1b, c. Though it takes longer to
reach equilibrium as affinity increases, the equilibrium
MSD value itself is the same for all affinity values
(Fig. 1d).

If we look at very early times in Fig. 1a, however,
we discern that for the high-affinity cases, there is a
very brief period during which sub-diffusive behavior
is observed. This becomes immediately apparent when
we plot MSD after t = 102 and t = 103 time steps, in
Fig. 2a, b, respectively. Sub-diffusive motion is seen at
early times (t< 1000 time steps) for high-affinity
binding, which transitions to linear diffusion later on.
This transient sub-diffusive behavior is due to the
transition from the pdiff(F) = 1 to the pdiff(C) = 0.1
regime as ligand molecules bind receptors. Initially, all
ligands diffuse with pdiff(F) = 1. However, as time goes
by, ligands that bind a receptor will diffuse with
pdiff(C) = 0.1. While the number of receptor–ligand
complexes increases (i.e., before kinetic equilibrium),
more and more ligands will diffuse with pdiff(C) = 0.1
as time goes by, resulting in an increasingly slower
increase in MSD, thereby producing sub-diffusive
behavior. Once the number of receptor–ligand com-
plexes reaches its equilibrium value, after t ~ 200 time
steps for high affinity as shown in Fig. 3a, the transi-
tion to the pdiff(C) = 0.1 regime is complete and diffu-
sion for high-affinity binding is once again linear,
albeit with a lower diffusion coefficient.

TABLE 2. Experimentally measured parameter values and their probabilistic counterparts.

Parameter Physical value Simulation parameter Mapped value

KA (flat) 0, 104–107 M21 Pmax
A 0, 1–1000

kon (flat) 0, 107 M21 s21 pmax
on ðBAÞ 0, 1

koff (flat) 103–1 s21 pmin
off BAð Þ 1–1023

KA (curved) 0, 104, 106, 108, 1010 M21 Pmax
A 0, 1, 102, 104, 106

kon (curved) 0, 107 M21 s21 pmax
on 0, 1

koff (curved) 103,101, 1021, 1023 s21 pmin
off 1, 1022, 1024, 1026

Receptors ~104–105/cell2 R0 1000 molecules

Ligands ~104–105/cell2 L0 1000 molecules

Dfree molecules ~0.1 lm2/s12,24 pdiff(F) 1.0

Dcomplexes ~0.01 lm2/s24,38 pdiff(C) 0.1

j 40 lN/m4 j Same as meas. value
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We thus see that receptor–ligand binding can by
itself induce transient sub-diffusive behavior provided
receptor–ligand complexes diffuse slower than free

molecules. This effect disappears once kinetic equilib-
rium is reached. These results are consistent with
those of Saxton for diffusion on a single surface with

FIGURE 1. MSD as a function of time for unbiased diffusion and a flat interface. The simulation is run for T 5 107 time steps.
Snapshots are taken after t 5 104 time steps (a), t 5 105 time steps (b), t 5 106 time steps (c), and t 5 107 time steps (d). Affinity
takes on values of PA 5 1, 10, 100, 1000, and also includes a control with PA 5 0. The remaining parameters are given in Tables 1
and 2. Each curve represents the MSD averaged over 1000 ligand molecules for a single simulation run. The dashed line represents
classical diffusion.

FIGURE 2. MSD as a function of time at early times for unbiased diffusion and a flat interface. The parameter values are the same
as in Fig. 1, however, (a) is taken after t 5 102 time steps and (b) after t 5 103 time steps.
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non-inert obstacles.31 This effect is entirely absent if we
set pdiff(C) = 1, in which case it also is not possible to
distinguish between affinity values.

Curved Contact Interface

The plots of MSD as a function of time for unbiased
diffusion on a curved contact interface are shown in
Fig. 4. Several significant differences from the case of a
flat contact interface are noted. First, the time to MSD
equilibration is roughly the same for all affinity values
(Fig. 4d). Second, the equilibrium MSD value for high
affinity is reached roughly an order of magnitude faster
than for the flat contact interface, and MSD for high
affinity generally increases much faster compared to a
flat contact interface. For example, at t = 104 time
steps, the MSD for high affinity for the curved inter-
face is ~3000 (Fig. 4b), as compared to ~1000 for the
flat interface (Fig. 1a). At t = 105 time steps, the MSD
for high affinity for the curved interface is significantly
higher than that for the flat interface (compare Fig. 4c
to Fig. 1b). By t = 4 9 105 time steps, the MSD has
reached its equilibrium value for the curved interface
(Fig. 4d), which it does not do until t = 2 9 106 time
steps for the flat interface (Fig. 1d).

The explanation for the faster increase and equili-
bration of MSD is mainly due to that for a curved
interface, receptor–ligand binding is possible only in a
fraction of the total 3 9 3 lm domain, in contrast to a
flat interface, where receptor–ligand binding is equally
likely throughout the domain. The probability of dis-
sociation poff is a minimum only at the center, and
increases rapidly away from it. For example, for
PA = 102, poff = 0.01 everywhere for a flat interface,

but for a curved interface this holds only at the very
center of the domain, and poff increases rapidly away
from the center, reaching a value of 1.0 before the
domain boundary is reached.41 If a receptor–ligand
complex wanders near the edge of the zone where
binding is possible, it will dissociate with probability
poff � 0.01. The area-averaged value of poff is thus
much higher for a curved interface, and thus the fre-
quency of receptor–ligand complex dissociation is
considerably higher for a curved interface. Compared
to a flat interface, ligand molecules spend a greater
proportion of time in the pdiff(F) = 1 regime, and MSD
increases faster.

Another significant difference between the results of
Figs. 1 and 4 is the complete absence in Fig. 4 of the
transient sub-diffusive behavior due to receptor–ligand
binding. Purely diffusive behavior across all affinity
values is observed at t = 103 time steps (Fig. 4a), while
sub-diffusive behavior across all affinity values is
observed at t = 104 time steps (Fig. 4b). The absence of
transient sub-diffusive behavior due to receptor–ligand
binding is due to the fact that kinetic equilibrium is
reached very slowly, at around t = 2 9 105 time steps,
as seen in Fig. 3b. This time scale is roughly the same as
the time scale for equilibration of the MSD itself. Since
kinetic equilibrium is reached at around the same time
as dynamic equilibrium (MSD), the transition from the
pdiff(F) = 1 to the pdiff(C) = 0.1 regime occurs very
gradually, and any transient sub-diffusive behavior due
to receptor–ligand binding is imperceptible. Further-
more, by t = 104 time steps sub-diffusive behavior due
to the finite-domain size and surface curvature has
already set in, thereby masking any subsequent sub-
diffusive behavior due to receptor–ligand binding.

FIGURE 3. Bound ligand (i.e., no. of receptor–ligand complexes) as a function of time for a flat interface (a) and a curved interface
(b), with no bias in diffusion in either case. Note the different time scale for flat and curved interfaces. For a flat interface, because
equilibrium in the number of receptor–ligand complexes is reached rapidly (before t 5 1000 time steps), the plot only extends to
t 5 1000 time steps rather than the full T 5 107 time steps of the simulation.
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Perhaps the most noticeable difference between
Figs. 1 and 4, however, is that as affinity increases, the
equilibrium MSD value decreases (Fig. 4d). This is in
marked contrast to the flat interface, where even
though MSD increased more slowly with time as
affinity increased, the equilibrium MSD value was the
same for all affinity values (Fig. 1d). The decrease in
the equilibrium value of MSD with affinity for a
curved interface is due to the fact that pdiff(C) = 0.1 for
receptor–ligand complexes but pdiff(F) = 1 for free
ligands. For a curved interface, ligands that wander in
the part of the domain where receptor–ligand binding
is possible and bind to a receptor will experience a
decrease in mobility by an order of magnitude and may
thus remain near the center for a long time (trapping),
thereby not reaching the maximum MSD possible (set
by the domain size). As affinity increases, the region
where receptor–ligand binding is possible becomes
larger,41 and thus an increasing number of molecules
remain near the center, and the molecule-averaged

equilibrium MSD value is lower. Such trapping at the
center of the domain is wholly absent in a flat contact
interface, as pon and poff are constants throughout the
domain. The decrease in equilibrium MSD with affin-
ity is analogous to a decreasing diffusion exponent (a),
indicating that interface curvature induces stronger
sub-diffusive motion with increasing receptor–ligand
binding affinity. Such affinity-dependent sub-diffusive
motion is particularly important for studies on B cells,
where the affinity of B cell receptors for antigens varies
over five orders of magnitudes (KA = 106–1010 M21)
and contact between B cells and APCs initially takes
place on protrusions that exhibit surface curvature.5,13

Given that the diffusion exponent decreases with
affinity, in situations where kinetic parameters are not
known it would theoretically be possible to extract
such parameters from experimentally obtained log–log
plots of MSD, provided a calibration between the
diffusion exponent and kinetic parameters can be
established.

FIGURE 4. MSD as a function of time for unbiased diffusion and a curved interface. The simulation is run for T 5 106 time steps.
Snapshots are taken after t 5 103 time steps (a), t 5 104 time steps (b), t 5 105 time steps (c), and t 5 106 time steps (d). Affinity
takes on values of PA 5 1, 102, 104, 106, and also includes a control with PA 5 0. The remaining parameters are given in Tables 1
and 2.
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Biased Diffusion

Single Surface, No Reaction

In order to separate the effect of biased diffusion on
MSD from the effect of receptor–ligand binding and
interface curvature, we first perform simulations with
biased diffusion on a single surface, without receptor–
ligand binding. The evolution of MSD with time is
shown in Fig. 5.

The difference between biased and unbiased diffu-
sion is immediately apparent. At t = 103 time steps
(Fig. 5a), MSD for biased diffusion increases super-
diffusively (a > 1) and much more rapidly compared
to unbiased diffusion, where MSD increases linearly
with time. By t = 104 time steps (Fig. 5b), the MSD
for biased diffusion increases in a sub-diffusive man-
ner, and in particular for the high bias cases of
g = 1.5 and 2, it is approaching its equilibrium value.
This is because at high bias, most molecules have
already reached the center of the compartment by this
time, and there is nowhere for them to diffuse to. Even
if a molecule diffuses away from the center, it will

quickly move back toward the center under the
influence of bias. For unbiased diffusion, the MSD
also increases sub-diffusively, albeit in a weaker
manner and due exclusively to finite compartment
size. We also note that MSD reaches its equilibrium
value an order of magnitude faster when diffusion is
biased (compare Fig. 5c, d), and that the equilibrium
MSD value for biased diffusion is about half that for
unbiased diffusion. This is due to the fact that mole-
cules cluster at the center of the domain when diffu-
sion is biased, causing them to ‘‘see’’ a smaller
domain, similar to the ‘‘trapping’’ effect seen for
unbiased diffusion on a curved contact interface dis-
cussed in the preceding section.

Flat Contact Interface

In Fig. 6, we show MSD as a function of time for a
flat interface and weakly biased diffusion of receptor–
ligand complexes (g = 1.1). Prior to t = 104 time steps
(Fig. 6a), the results are very similar to unbiased dif-
fusion (Fig. 1a). At late times sub-diffusive behavior is

FIGURE 5. MSD as a function of time for biased diffusion on a single surface, without reaction. The simulation is run for T 5 106

time steps. Snapshots are taken after t 5 103 time steps (a), t 5 104 time steps (b), t 5 105 time steps (c), and t 5 106 time steps (d).
In this figure there is no receptor–ligand binding, however, cytoskeletally mediated transport of molecules toward the center is
simulated by means of biasing diffusion toward the center of the domain. The strength of the bias in diffusion ranges from g 5 1.1,
1.2, 1.5, 2.0, with g 5 1.0 (no bias) included as a control.
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apparent for all affinity values. The transient, early time
sub-diffusivemotion due to receptor ligand binding seen
in Fig. 2 is also observable in Fig. 6a for PA = 10, 100,
1000. In a major difference from unbiased diffusion
(Fig. 1), super-diffusive behavior is observed after
t = 104 time steps for high affinity (PA = 100, 1000).
Equilibrium is reached around t = 3 9 105 time steps
(Fig. 6c), roughly the same as in Fig. 1. In a significant
difference from Fig. 1, the time to equilibrium is the
same for all affinity values, and the equilibrium MSD
value decreases with increasing affinity.

At the lowest affinity value (PA = 1), too few
receptor–ligand complexes form for the effect of
biased diffusion to be noticeable. Rather, sub-diffusive
motion is due exclusively to finite-domain size and the
MSD curves are identical to those for unbiased diffu-
sion (Fig. 1). The case of PA = 1 can thus be thought
of as a control (the case of PA = 0 is not really suitable
for a control, since biased diffusion only affects
receptor–ligand complexes, thus for PA = 0 biased
diffusion is undefined).

The evolution of MSD as a function of time for
strongly biased diffusion (g = 2.0) is shown in Fig. 7.

Strongly super-diffusive motion is observed from the
start for high affinity (PA = 100, 1000). Sub-diffusive
motion due to receptor–ligand binding is absent, as the
effect of strong bias completely negates it. Equilibrium
is approached rapidly, however, there is a sharp tran-
sition to very slow sub-diffusive motion t = 2 9 104

time steps (Fig. 7b), and true equilibrium for high
affinity is not reached till t = 2 9 106 time steps
(Fig. 7d). As expected, the results for PA = 1 are
identical to those for weak bias (Fig. 6) and no bias
(Fig. 1), since very few receptor–ligand complexes
form at this affinity value.

At equilibrium, the MSD value for PA = 10, 100,
and 1000 is about half that for PA = 1, the reason
being that when significant receptor–ligand binding
occurs, most ligands cluster at the center of the contact
zone as a result of strong bias and thus ‘‘see’’ a smaller
domain. All sub-diffusive motion for these affinity
values is due to bias toward the center, rather than
finite-domain size. In contrast to the case of weak bias
in Fig. 6, the equilibrium value does not decrease
gradually with increasing affinity. With the exception
of the control case of PA = 1, for which no significant

FIGURE 6. MSD as a function of time for weakly biased diffusion (g 5 1.1) on a flat interface, with reaction. The simulation is run
for T 5 107 time steps. Snapshots are taken after t 5 104 time steps (a), t 5 105 time steps (b), t 5 106 time steps (c), and t 5 107

time steps (d). Affinity takes on values of PA 5 1, 10, 100, 1000, with PA 5 1 as a control since receptor–ligand binding is negligible
at this affinity value and biased diffusion is undefined for PA 5 0.
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binding occurs, it is difficult to distinguish between
PA = 10, 100, and 1000 at equilibrium.

Curved Contact Interface

Plots of MSD as a function of time for a curved
interface and weakly biased diffusion of receptor–
ligand complexes (g = 1.1) are shown in Fig. 8. The
results are broadly similar to those for unbiased dif-
fusion (Fig. 4). Purely diffusive motion at t = 103 time
steps (Fig. 8a) gives way to sub-diffusive motion by
t = 104 time steps (Fig. 8b). The only significant dif-
ference with respect to unbiased diffusion is that the
decrease in equilibrium MSD with increasing affinity is
more prominent here. This is because the effects of
curvature and biased diffusion compound each other.
As we saw in Fig. 4, curvature is by itself sufficient to
induce clustering of receptor–ligand complexes at the
center of the domain, causing ligand molecules to
‘‘see’’ a smaller domain. Biasing the diffusion of
receptor–ligand complexes toward the center of the
contact zone accelerates this process, resulting in a
stronger decrease in equilibrium MSD value with
increasing affinity.

Plots of MSD for strongly biased diffusion (g = 2.0)
are shown in Fig. 9. Up until t = 105 time steps
(Fig. 9c), the plots in Fig. 9 are overall quite similar to
those for unbiased diffusion (Fig. 4) and weakly biased
diffusion (Fig. 8). Beginning at t = 2 9 105 time steps,
however, for high affinity (PA = 104, 106) we observe a
decrease in MSD immediately prior to the attainment
of equilibrium at t = 4 9 105 time steps (Fig. 9d). The
explanation for this phenomenon is as follows. For a
curved interface, receptor–ligand complexes can only
form within a fraction of the overall domain, where pon
is high enough and poff sufficiently low.41 A receptor–
ligand complex that forms at the edge of the zone
where binding is possible will likely diffuse under the
influence of bias to the center of the contact zone. It
may, however, overshoot the center and once again
enter the zone where poff is large on the opposite side.
If the complex wanders back toward the center, its
MSD will decrease, as it is moving in this case closer to
its original position. If on the other hand it dissociates
(with high probability if it diffuses in the zone where
poff is high), the ligand molecule may, after some time,
bind another receptor or re-bind its original partner
and once again be transported toward the center, in

FIGURE 7. MSD as a function of time for strongly biased diffusion (g 5 2.0) on a flat interface, with reaction. The simulation is run
for T 5 107 time steps. Snapshots are taken after t 5 104 time steps (a), t 5 105 time steps (b), t 5 106 time steps (c), and t 5 107

time steps (d).
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which case its MSD will also decrease before settling to
its equilibrium value. This effect can only occur with a
curved contact interface, because for a flat contact
interface poff is uniformly low (at high affinity)
throughout the domain, hence the likelihood of dis-
sociation is uniformly low throughout the domain.
Bias is necessary for this phenomenon, because at high
affinity for a curved interface, in the absence of bias
most receptor–ligand complexes will form at the edge
of the zone where binding is possible and stay there,
forming a ring-like structure.41 This effect is also only
observed at high affinity, because at low affinity most
molecules will stay free, and hence will not be trans-
ported to the center.

Quantification of Clustering

Given that clustering of lymphocyte receptors and
antigens on the surface of an APC is a crucial step in the
lymphocyte activation pathway,1,5,10,13,14,16,19,25,36,38,46

we investigate how diffusion on a cell membrane
impacts clustering. As a metric of clustering, we use the
mean distance of ligands from the center of the contact

zone. In Fig. 10, we tabulate mean distance from the
center for a flat interface (Fig. 10a) and a curved inter-
face (Fig. 10b) for unbiased (g = 1.0), weakly biased
(g = 1.1), and strongly biased diffusion (g = 2.0). For
unbiased diffusion across a flat interface, the mean dis-
tance from the center does not change with affinity,
fluctuating around a value of 120 nodal spacings. This is
the value corresponding to uniformdistribution (a circle
with this radius has half the area of a 300 9 300 square),
indicating the complete absence of clustering in this
case. When diffusion is biased toward the center, the
mean distance of ligands from the center decreases with
affinity, more steeply so with stronger bias. For weak
bias (g = 1.1), we observe a steep decrease in mean
distance from the center when affinity increases from
PA = 10 to PA = 100. For strong bias (g = 2.0), a
similar steep decrease is observed going from PA = 1 to
PA = 10. The mean distance from the center following
the steep decrease is ~40 or less nodal spacings, indi-
cating strong clustering (in previous work, we showed
that significant clustering occurs when the mean dis-
tance of the center is around half value for uniform
distribution40).

FIGURE 8. MSD as a function of time for weakly biased diffusion (g 5 1.1) on a curved interface, with reaction. The simulation is
run for T 5 106 time steps. Snapshots are taken after t 5 103 time steps (a), t 5 104 time steps (b), t 5 105 time steps (c), and
t 5 106 time steps (d).
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For a curved interface, the mean distance from the
center decreases with affinity even for unbiased diffu-
sion, albeit weakly. This reflects the trapping of
receptor–ligand complexes in the zone where binding is
possible observed in the MSD curves of Fig. 4. The
results for biased diffusion are strikingly similar to
those for biased diffusion for a flat interface: a steep
decrease in the mean distance from the center when
affinity increases from PA = 102 to PA = 104 for weak
bias, and when affinity increases from PA = 1 to
PA = 102 for strong bias. Taken together, these results
indicate that directed transport toward the center of
the contact interface appears necessary for significant
clustering to occur, no matter the geometry of the
interface.

The reason clustering is not very strong for a curved
interface for unbiased diffusion (Fig. 9b) is that
receptor–ligand complexes tend to form near the edges
of the zone where binding is possible, rather than at the
very center. This is because most receptor–ligand
complexes form as free receptors and ligands diffuse
from outside the zone of binding, where most of them
are initially located, and encounter a binding partner.

As they diffuse slower once they bind, many receptor–
ligand complexes remain near where they formed, in
the outer regions of the zone of binding, rather than
diffuse to the center. Thus, clustering for unbiased
diffusion on a curved interface is weaker than for
biased diffusion, as in the latter case the receptor–
ligand complexes cluster tightly at the very center of
the contact region due to the influence of bias.

DISCUSSION

In this study, we investigated diffusion of receptors
and ligands that bind to each other across two opposing
surfaces, as is the case during cell–cell or cell–bilayer
interactions. Cell–cell interactions are key to recogni-
tion of foreign pathogens by T and B lymphocytes.
Immune receptors such as TCR or BCR have evolved
to sense antigen affinity. Our results indicate diffusion
of receptors that bind to ligands on an opposing surface
is very much affinity dependent and therefore influences
the ability of cells to sense antigen affinity in a manner
similar to positive feedback.

FIGURE 9. MSD as a function of time for strongly biased diffusion (g 5 2.0) on a curved interface, with reaction. The simulation is
run for T 5 106 time steps. Snapshots are taken after t 5 103 time steps (a), t 5 104 time steps (b), t 5 105 time steps (c), and
t 5 106 time steps (d).
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Our results show the MSD of tracked ligand mole-
cules, as can be obtained from single particle-tracking
experiments, is a powerful tool for probing the nature
of diffusion across a cell–cell interface. Plots of MSD
can reveal information about the shape of the inter-
face. For a completely flat interface, the MSD reaches
the same equilibrium value regardless of receptor–
ligand binding affinity. By contrast, should either or
both surfaces exhibit curvature, our results show a
decrease in the equilibrium value of the MSD as
receptor–ligand binding affinity increases. Higher sur-
face curvature makes the affinity-dependent decrease in
the equilibrium value of MSD more pronounced.

The evolution of MSD as a function of time can also
be used to test for directed transport of receptors

toward a specific point on the cell surface, as is known
to happen during antigen recognition by lymphocytes.
For a flat interface, super-diffusive motion is detected
at early times. By contrast, super-diffusive motion is
never observed for a curved interface, even with strong
bias. For a curved interface and high affinity binding,
an unmistakable decrease in MSD with time is
observed prior to equilibration for high-affinity values.
Both effects can be used to detect the presence of
directed transport, as well as to determine whether the
interface is flat or curved. The decrease in the diffusion
exponent, a, with affinity that can be observed in our
simulations could also lead to the development of a
theoretical method for estimating kinetic parameters
(when they are not known) from log–log plots of
MSD.

Experimental and theoretical studies show that
membrane heterogeneity can affect transport of
receptor proteins diffusing on a cell surface. In this
study, we have shown that sub-diffusive motion can
arise from effects associated with receptor–ligand
binding across two opposing surface. For a flat
interface, receptor–ligand binding causes transient
sub-diffusive motion at early times, provided recep-
tor–ligand complexes diffuse slower than free mole-
cules. This effect disappears once kinetic equilibrium
is reached, in which case motion is purely diffusive
albeit with a lower diffusion coefficient. Such an effect
is entirely absent when the interface between the two
surfaces exhibits curvature. However, in this case,
interface curvature induces sub-diffusive behavior, the
result of which is the decrease in the equilibrium
value of MSD with increasing receptor–ligand bind-
ing affinity.

Also of note is that directed transport induces a
decrease in the equilibrium value of MSD as receptor–
ligand binding affinity increases, similar to what is seen
for unbiased diffusion with a curved interface. This
holds true even for a flat interface, which was not
the case with unbiased diffusion. For weak bias, the
decrease in equilibrium MSD with affinity is gradual,
however, for strong bias values, it becomes difficult to
distinguish among affinity values for which significant
receptor–ligand binding occurs. Our results also indi-
cate that some form of directed transport is necessary
for significant clustering of receptors and ligands to
occur.
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