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A hydrodynamic model within the discontinuous Galerkin method is used to simulate the non-linear 
optical properties of plasmonic gold nanorods. Highly pure spherical and vector spherical harmonics 
are obtained in the near and far-fields, where each over-tone and polarization represents a unique 
state. The nano-rods may be treated as switchable quasi-atoms, where the activating mechanism 
is the intense incident pulse. These properties might become useful in future quantum or optical 
computation applications. The pure harmonical states are explained by the localized Fermi gas 
pressure gradients, which is the main force driving the second harmonic generation (SHG).

Nonlinear optics is a phenomenon where the induced oscillation moves differently to the intense incident wave. 
Higher or lower frequency modes arise, where the new frequencies are either integer multiplication, sum, or 
difference between all modes (both the incident and the subsequently created modes during the non-linear 
process). Examples of nonlinear optical phenomena are second and third harmonic generation (SHG & THG), 
where the wave frequency is doubled and tripled, respectively.

Birefringent crystals are commonly used in generating second and third harmonics. The input and output 
frequencies adhere to phase-matching conditions and the crystal size determines the conversion efficiency1. 
However, phase-matching is not required for nanoparticles1 as near-fields act as the primary mechanism2 
(different orders of electric modes form during illumination and are localized to the surface of metal nano 
particles).

Lately, semiconducting nanoparticles have become popular in second and third-harmonic generation 
studies3–5 and are resistant to intense irradiation. Silicon and germanium are examples of centrosymmetric 
lattices, suitable for third harmonic generation at shorter wavelengths (near-IR to UV). While semiconductors 
are transparent beyond near-infrared wavelengths, gold is excellent at absorbing longer wavelengths. Today’s 
information technology is dependent on the optical single-mode, long-range 1.55 µm band.

Due to its centrosymmetric lattice, bulk gold only supports odd-order nonlinearities (ex. THG). However, 
within the first two atomic layers at the surfaces, the potential and the electron density profile are non-uniform 
(spill-out tail)6–8. Surfaces allow SHG by breaking the symmetry. SHG is known to stem from bound and free 
electron contributions9,10. A conductive nano-particle is a potential well for its free electrons, generating second-, 
and higher harmonics under intense source illumination.

Here, the non-linear response of free electrons is modeled and simulated using the Navier–Stokes equation 
and the discontinuous Galerkin method.

Nano-cylinders with varying tip sharpness are simulated, and their near- and far-field modes are presented. 
Next, the second-order susceptibility maps are plotted and the microscopic source of SHG is discussed. Finally, 
dielectric maps, source polarization effects and spectral are compared with expected values.

Methods
Equations and method
Set of hydrodynamic equations
The set of equations constituting the hydrodynamical model is the following:

	 ∇ × (∇ × E⃗) + ∂ttE⃗/c2 + µ0∂ttP⃗ = 0� (1)

	 men (∂tv⃗ + (v⃗ · ∇)v⃗ + γv⃗) = −en
(
E⃗ + v⃗ × H⃗

)
− ∇⃗p� (2)
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p = ℏ2(3π2)3/2

5me
n5/3� (3)

	 ∂tn + ∇ · (nv⃗) = 0� (4)

	 ∂tP⃗ = −env⃗� (5)

, where c is the speed of light, me is the electron mass, n is the electron density, γ is the damping parameter 
(γAu = 1.075·1014s−1). and p is the quantum pressure of a Fermi gas. The electron velocity 

⇀
ν  is in the Eulerian 

perspective; the average electron velocity field at a certain point and not the velocity of an individual particle. 
Equation (1) is the regular wave equation. Equation (2) is the Navier–Stokes equation, driven by the Lorentz and 
the quantum pressure gradient forces. Equation (2) without the pressure term is, in essence, the Drude model 
(in the low intensity, linear regime). The classical Drude model fails at nanometer scales as it treats the electrons 
as non-interacting11. Realistically, the electrons do not accumulate on the very ends of nanoparticles under 
illumination, but spread out on the surface, resulting in a quantum pressure11. The polarization density relation 
(Eq. 5) couples electron densities and velocities with the wave equation (Eq. 1). Equation (4) is the continuity 
equation. Equation (3) expresses the Fermi gas pressure, which has a nonlinear relation to the electron number 
density.

The hydrodynamical model together with the standard electromagnetic interface conditions is implemented 
through the discontinuous Galerkin method in the COMSOL Multiphysics program. The discontinuous 
elements in a Finite Element Method allow for conforming meshes on rounded objects and account for sharp 
discontinuities at metal surfaces, without any significant loss of simulation error and stability11. Numerous 
articles have demonstrated the discontinuous FEM method using Maxwell’s equations (linear and perturbative 
nonlinear regime) for photonic applications12. The domain is cubical where the side-length of the air-domain 
and the thickness of the PML layer are 1600 nm. The minimum and maximum mesh element sizes are 4 and 150 
nm, respectively. The total simulation time is 1.6·10−12s, and the time step size is 4·10−16s.

Source
The source is a Gaussian pulse, with its polarization along the long axis of the gold nano ellipsoid:

	 E⃗source = (x̂ sin(θ) + ŷ cos(θ))E0eiωt−α(ω)(t−t′)2 � (6)

, where ω  is the input frequency (ω = 1.21·1015rad/s or λ = 1560nm), t′ is the offset, a is the pulse width and θ 
is the polarization angle. The polarization angle is set to 0° for Figs. 1, 2, 3 and 4, and only varied to test the 
polarization/amplitude dependency of SHG/THG. The second and third harmonic generation is expected to 
decrease as cos2(θ) and cos3(θ) when angle θ is swept from 0° to 90°, respectively. Localized plasmon lifetimes 
are generally 100 fs13 and the pulse length is set to 100 fs. The source pulse amplitude is E0 = 107 V/m, far below 
the melting threshold of gold14 and similar to commercially available fs pulsed lasers.

Particle dimensions
Five different nano-rods are simulated. The nano-rods include one ellipsoid and four nano-cylinders with 
different conical tips. Their dimensions and drawings have been added to the supplementary materials. The 
diameter of all nano-rods is limited to 40  nm, ensuring that the electrons scatter at least once and that the 
continuum requirement for the hydrodynamical model is retained to a degree (the mean electron scattering 
length in gold is (37.7–42 nm)15,16). The simulation regime is nor fully continuum or free particle, but rather in a 
transitional regime. At very small scales electrons need to be treated as particles and the semi-classical approach 
becomes inadequate, necessitating quantum dynamics approaches.

Post-processing
Susceptibility maps
The second-order susceptibility maps are calculated in the post-process. Equation (5) expresses the anisotropic 
and time-dependent polarization density through electron velocities. Values of Pi(2ω), Pi(3ω) and Ei(ω) are 
determined by performing a fast Fourier transform (FFT) and extracting the data for the corresponding 
wavelength. The polarization density, electric fields and the higher-order susceptibilities have the following 
relation:

	
Pi(2ω) = ε0

∑
jk

χ
(2)
ijkEj(ω)Ek(ω)� (7)

	
Pi(3ω) = ε0

∑
jkl

χ
(3)
ijklEj(ω)Ek(ω)El(ω)� (8)

The susceptibilities x(2) and x(3) are tensors, but are set as factors here due to the isotropic and centrosymmetric 
gold lattice.

Spectral widths
The spectral widths, incident polarization dependency and dielectric values are compared to expected values. 
Equation (9) expresses the pulse length τ  for a Gaussian pulse, which is related to the harmonic order by the 
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inverse square root. The expected second and third harmonic pulse lengths are 70.7 fs and 57.7 fs, respectively, 
for a fundamental pulse length of 100.0 fs. The expected values are compared with simulated spectral pulse-
widths which are converted to pulse-lengths using Eq. (10), where Δν is the spectral bandwidth in Hz and the 
factor of 0.441 is the time-bandwidth product for a Gaussian pulse.

	 τ = 2
√

ln(2)/
√

N · a� (9)

	 τ = 0.441/∆ν� (10)

Dielectric map
The Drude model and Navier–Stokes’ equation are similar in the low-intensity (linear) regime and the results are 
expected to converge. Equation (11) is used to provide a dielectric map of a nano-ellipsoid, which is compared 
with the theoretical value in Eq. (12).

	
ϵ = 1 + P⃗ (r⃗)

ε0E⃗(r⃗)
� (11)

	
ε(ω) = 1 − ne2

ε0mω2
� (12)

The expected dielectric value at 1560 nm wavelength is − 127.1.

Fig. 1.  Nearfield modes of a nano-cylinder with sharp tips. SH/TH are abbreviations for second/third 
harmonic. The fields are plotted by performing a fast Fourier transform (FFT) on the time-dependent data.
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Fig. 3.  Second-order susceptibility maps of different nanorods. The peak to lowest values is in descending 
order and their values are tabulated in Table 1.

 

Fig. 2.  Far-field modes of a nano-cylinder with sharp tips. The second column of figures is the 2D 
representation of the first 3D column. The θ̂   component curls in the YZ/XZ-plane. FH, SH and TH are 
abbreviations for first, second and third harmonic. Figure 1(a) uses a different colormap to accentuate the 
deformed donut shape.
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Results and discussion
Nearfields
The near- and far-fields (Fig. 1 and 2) consist of highly pure spherical harmonics and vector spherical harmonics, 
respectively. This is probably the first time pure spherical harmonics have been reported for plasmonic 
nanoparticles. The results are significant because the near-fields are comparable with the electron wave functions 
in hydrogen-like atoms and the nano-rods act as switchable quasi-atoms, which could have uses in future 
quantum or optical computing applications. Each spherical harmonic is orthogonal to one another and unique 
energy states are formed under intense illumination. The states can be turned on or off by simply turning the 
illuminating source on or off. Another advantage of nano-particles is the ability to shift the resonance frequencies 
changing the size and shape during fabrication.

Frazer has previously analytically shown that an infinite series of spherical harmonics are solutions (zero 
divergence toroidal and poloidal fields) to the incompressible Navier–Stokes equation17 and the expected 
solution for a sphere in the perturbative model (x(2) tensor replacing the Navier–Stokes’ equation) is a series of 
spherical and vector spherical harmonics, respectively18,19.

The solution series is explained by the non-linear Mie theory, where the incident plane wave is expanded in 
a series of vector spherical harmonics and inserted into the perturbative non-linear polarization density term20. 
However, the situation for sharp features is different to the case of spherical particles. A detailed study follows 
in the susceptibilities section, where the localized quantum pressure gradient is determined as the critical force 
driving the SHG. The effective source is not a series of vector spherical harmonics but instead a localized single 
mode. In the case of Fig. 1, one may expect pure modes.

The finite difference time domain (FDTD) method is another alternative to the discontinuous Galerkin 
method. Figure  1 is compared with the work of Sukharev et al. who simulated a gold cuboid21. The FDTD 
method yields similar modes, but smeared, whereas the discontinuous Galerkin method localizes the fields to 
edges and corners. One possible cause might be the implementation of the electromagnetic interface conditions. 
The discontinuous Galerkin method uses discontinuous shape-functions on a geometry conforming mesh, 
whereas the FDTD method suffers from staircasing at the boundary (although methods remedying the effects 
of staircasing exist22).

Note that the semi-classical method here assumes a homogeneous ionic background and does not consider 
atomic effects at the tips, but is valid for nano-antenna pairs and arrays, where the gap exceeds a few nanometers. 
Quantum dynamics simulation methods are preferable for applications involving very small particles, where 
the sizes and gaps are approximately (or below) one nanometer. Studies have demonstrated large differences 
between dipole approximations and quantum dynamics methods at length scales below one nanometer23, 
especially when multiple atom clusters in close proximity are involved24,25.

Far-fields
Figure  2 shows almost pure vector spherical harmonics. The results in Fig.  2b, d and f are common in 
experimental studies, where the first harmonic radiates two lobes, the second harmonic generation radiates four 
lobes and the third harmonic generation radiates six lobes (the antenna in the experimental study rests on an 
opaque substrate)18,26–28. It is therefore safe to say that the far-field results are accurate and the nano-rods scatter 
vector spherical harmonic modes fairly purely. The radiated second and third harmonics are obtained directly 
and the first harmonic is obtained by subtracting the reference data consisting of an empty air-domain from 
the non-linear data. The fundamental mode consists of a deformed donut with no front-scattering and higher 
back-scattering.

Similarly to the results in the previous section, the linear and non-linear Mie theory predicts a series of vector 
spherical harmonics. However, the higher-harmonics are accelerated by localized quantum pressure gradients.

The scattered field polarization is mostly aligned with the incident wave (θ̂-direction), only having a small 
cross-talk with the perpendicular φ̂-component. The radial component is not relevant in the far-field and the 
φ̂-component is tiny in comparison (added in the supplementary materials). The average second harmonic 

Fig. 4.  (a) is the plot of the electric field norms and (b) is the gradient norm of the quantum pressure p 
in Eq. (3) without the pre-factor. The maximum values are tabulated in Table 2. The color bar in (b) is 
logarithmic.
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electric far-field amplitude at a distance of r = 700 nm was 26.87 V/m, equating to a radiated power of 2.95·10−12 
W. The incident power (assuming an absorption cross-section of σ ≈ 3) is 1.58·10−12 W, leading to a SH power 
conversion ratio of ~ 7·10−10.

Susceptibilities
Second-order susceptibilities were calculated using Eqs. (7 and 8) and the maps are presented in Fig. 3. One 
can observe that the particle shape has a huge impact on SHG. The sharp nano-cylinder has second-order 
susceptibility over one order of magnitude greater compared to the blunter shapes. Another observation is the 
non-uniformity of SHG. Contributions come mainly from corners. The peak and average susceptibility values 
are tabulated in Table 1, and sharper tips are correlated with increased SHG, independent of surface area.

Important to note: the hydrodynamical set of equations is a partial description of SHG. The symmetry 
breaking surface effect requires an additional microscopic description. The following discussion compares the 
hydrodynamical results with reported experimental susceptibilities and dissects the SHG contribution to the two 
components, particle shape and surface area.

Although the non-linear response depends on large electric field amplitudes, it does not explain the large 
difference in SHG between the nanorods. Figure 4a plots the fundamental electric field norms. The differences 
between the nanorods are far below one order of magnitude and the ellipsoid has the greatest electric field 
enhancement. If the non-linearity had purely been driven by Lorentz forces the differences in Fig. 3 would be 
significantly smaller. Figure 4b plots the map of the quantum pressure gradient (without the pre-factor in Eq. 3) 
and the difference is between two and four orders of magnitude. The conclusion is: SHG is mainly driven by the 
electron-density gradient, not the electric field amplitudes. The effects of quantum pressure are known to shift 
the resonance frequency and were previously suspected as a critical factor in SHG29,30.

Studies on symmetrical and smooth nano-particles have shown a correlation between particle surface area 
and second-order hyperpolarizabilities31,32. The surface area was the main factor determining the second-order 
hyperpolarizability and it had a linear dependency. The measured hyperpolarizabilities were on the order of 
β ~ 10−24 esu which equate to x(2) ~ 10−13 m/V. The hyperpolarizability and second-order susceptibility are related 
through: 

√
Nβ = χ(2) (electrostatic units). The number density of nanorods is assumed N ~ 1017 cm−3 (from 

TEM images). The reported surface area dependent susceptibility is on average an order of magnitude lower and 
higher compared to the peak and average values in Table 1, respectively.

So far, non-contributing smooth surfaces have been assumed. But the hydrodynamical model can be used 
to explain SHG from a rough surface as every defect contributes to SHG33. However, symmetry breakage at the 
surface is not explained, and added roughness requires fine meshing, increasing computation requirements.

Experimental studies on sharp nano prisms show that the increase in corner sharpness increases the 
hyperpolarizability by 8 times34. Triangles with rounded corners had similar SHG properties as spherical 
particles and the corner sharpness was determined to be the dominating factor (over surface area) in SHG. 
The authors also performed a hydrodynamical FDTD simulation on nano triangles, showing strong electric 
fields on the corners. In a different study, the hyperpolarizabilities of tetra-pods (with varying corner sharpness) 
were determined and the sharpest nano tetra-pods had a hyperpolarizability over 10 times greater compared to 
nanospheres35. The hyperpolarizabilities were sensitive to particle sharpness, decreasing rapidly for blunter tips 
and plateauing until slowly reaching the hyperpolarizability of spheres.

Rods
Max 

∥∥∥⇀

E

∥∥∥ Max 
∥∥∇n5/3

∥∥
Sharp 1.35·1010 6.52·1054

Ellipsoid 2.73·1010 2.40·1052

Tapered 1.18·1010 2.01·1051

Flat 9.25·1010 1.94·1051

Flanged 1.45·1010 1.00·1050

Table 2.  Maximum norm values of the fundamental electric field and the quantum pressure gradient (without 
its pre-factor). Units are V/m and m−6.

 

Rods Max Mean Surf. area

Sharp 2.33 · 10−11 6.36 · 10−13 5.79·104

Ellipsoid 3.64 · 10−12 2.08 · 10−14 5.03·104

Tapered 2.36 · 10−12 4.54 · 10−14 5.83·104

Flat 2.14 · 10−12 3.58 · 10−14 5.91·104

Flanged 6.96 · 10−13 3.06 · 10−14 6.02·104

Table 1.  Average and maximum values of the second-order susceptibilities (m/V) and surface areas (nm2). 
Types of rods are ellipsoid and cylindrical rods with different tips.
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The hydrodynamical simulations here give peak and average second-order susceptibilities (for the sharp 
nano-cylinder) over 30 and 20 times greater compared to the flanged nanorod, respectively. The greater difference 
compared to experimental results is likely due to the perfectly sharp tips in the simulation.

Overall, the hydrodynamical model is able to explain the SHG from sharper features, but unable to explain 
the symmetry breakage of the air-particle interface7. A perturbative surface susceptibility could be added but it 
would defeat the non-perturbative nature of the hydrodynamical model.

Spectral and dielectric properties
The dielectric function map was obtained using Eq. (11) and compared with an expected theoretical dielectric 
value from the Drude model. The dielectric values are uniform and range from − 127.3 to − 127.6 and are close 
to the Drude value of − 127.1 at 1560 nm.

The spectral widths are converted to pulse lengths (fs) using Eq. (10) and are compared with expected values 
according to Eq. (9). The simulated pulse lengths are 98.8, 70.7 and 57.5 fs for the fundamental, second and third 
harmonic, respectively. The simulated values are close to the expected values of 100, 70.7 and 57.7 fs.

The incident polarization is varied and non-linear amplitudes are plotted. The fundamental, second and 
third harmonics have a cos(θ), cos2(θ) and cos3(θ) dependency, respectively. The results are according to 
expectations as the amplitude of the second and third harmonics are quadratically and cubically dependent on 
the fundamental amplitude.

All figures on dielectric maps, spectra and polarization dependent plots are appended in the supplementary 
materials.

Conclusions
Highly pure spherical harmonics are simulated at the tips of the nanorods under intense illumination. In analog, 
highly pure vector spherical harmonics are simulated for the radiated far-fields.

Second-order susceptibility maps are obtained, whose values are directly correlated to the shape of the tips. 
The critical factor enhancing SHG is the quantum pressure gradient and not the Lorentz force. The hydrodynamic 
model is accurate in explaining SHG from sharp edges but does not account for symmetry breaking surfaces. 
Between sharp and blunt tips, a difference of over 30 times is predicted in second-order susceptibility.

Additionally, dielectric maps are obtained and are in agreement with the Drude model. The source polarization 
is varied and the fundamental, second and third harmonics are shown to depend linearly, quadratically and 
cubically to cosine. Finally, the spectral widths change as the inverse square root of the harmonic order.

Data availability
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