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Appendix A. CircAdapt equations summary

A.l. CircAdapt tube module

The tube module represents the entrance of a compliant blood vessel capable of propagating a pressure-flow wave
component added to a constant flow, see [27]. Vessels directly attached to the heart, aorta (AO), arteria pulmonalis
(AP), venae cavae (VC), and venae pulmonales (VP) are modeled in a similar fashion in CircAdapt and for the
whole section we define the iterator ¢ € {AO, AP, VC, VP}.

The current lumen cross sectional area is computed by

_
=7
with V, the cavity volume and /, the length of the vessel segment.

Using a model of a tube with a fibrous wall, see [101], gives the average extension, A, of the fibers in the wall
by

A, (A.1)

A= (1 —|—2‘/l/‘/twall)l/3 _ (1 +2AT/A;NaH)1/3,

with AY!! the wall cross-sectional area and V3! = A}, the wall volume. Cavity pressure depends on A,
Pr = Ur()\z))»r_3,
with the mean Cauchy fiber stress o, that is modeled by the constitutive equation

or(A) = o_tref . ()\t/)\;ef)k/’

13

see Arts et al. [101]. Here, k, a stiffness exponent; Aj*f = (1 + 2V V*) " and o/ = prf ()»f’f)3 are the fiber
ref

extension and fiber state at normal physiological reference state, respectively; and p;* is the reference tube pressure.
By combining above results the current tube pressure is computed as

e f A ¢ 3 ref)\3 e M 3
m=ﬁ(WJM(W)=ﬁ(ﬁJ
t t
k-3
_ Vwall 2V, 3 X Awall 2A 3
=ﬁ(—ﬁi—%) =ﬁ«—ﬁi—%>, (A.2)
era _"_ 2‘/[[‘6 A;’Va _"_ ZA}‘E

with A™ the initial cross sectional area and V™' = A™/, the initial vessel volume. The compliance is

k=3

k=3
1 _ dpt d ref( Vtwall_i_zvt ) 3

C{ - th = d_Vl Py Vtwall_l_zvtref
@,1)

of k—3 Vtwall + 2Vt ( 3

4 3 Vtwall +2Vtref

_ 2p; (k —3) _ 2p, (k —3)
3(Vtwall +2‘/t) 3[[ (A;)vall +2AZ)

2
Vtwall + 2 Vtref
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Finally, the basic relation between characteristic wave impedance Z, compliance C,, and inertance I;

Zz_i_ Pol;

=L = A3
G ACG (A3)
yields
2 I2(k — 3 2 k—3
7, = Pb P tu( ) _ Pb D El ) (Ad)
3V, (VU +2v,) 3A, (A7 +24,)

with pp the blood density.
A.2. Sarcomere mechanics

In the following a sarcomere contraction model is described that is based on a modified Hill model, see [61,44],
for all tissue patches in the wall of the cavity: ¢ € {LV, RV, Sep, LA, RA}, with the left (LV) and right (RV) ventricle,
the septum (Sep), and the left (LA) and right (RA) atrium. Natural strain E?b of the myofiber is estimated as

fib L;
E®=In (LS’:ef) (A.5)
and from this the total sarcomere length L} can be computed as
L} = L>exp (E), (A.6)

with Lj’ref a constant describing the reference sarcomere length. The sarcomere is supposed to be made up of a
contractile element of length L™ in series with an elastic element of length L&t = [$ — eont,

Sarcomere active stress

Sarcomere contracting length L™ varies over time according to

cont s cont
Lcont — ch — pmax Lc B Lc -1
== —_— s
¢ Lelast,lso

AT
” (A7)
where the constant Le*%i ig the length of the series elastic element during isovolumetric contraction and the
constant v™ is the maximum velocity of contraction.

The governing equation for the contractility C,, describing the density of cross bridge formation within the fibers
of the patch, is

. dc. _
Coim — = = [OC (L&) — flv@)C.. (A8)

In Eq. (A.8) sarcomere contractility rises according to the function fcﬁse, a phenomenological representation of the
rate of cross bridge formation within the patch,

1 3 2
0.02x>(8 — x.)? exp(—x.),

trise

£ =

t — pact
X(t) = min | 8, max { 0, —< ,
tglse

depending on the time of onset of activation of the patch, >, and the rising time

s be 0
t;lse — O.SSTRZ‘?CK’ret.

Here, t® a constant and %™ is the reference duration of contraction for initial fiber length.

Sarcomere contractility in (A.8) decays according to the function £

1530 = e [1 -+ sin (signomin (3 141))].

2t éiecay
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act act,dur
t— l‘c — lc

yc(t) =

deca ’
teo ™

depending on the decay time
t;iecay — 0.33.”.Dt§ct,ref7

with 72 a constant and 249" s the duration of contraction of the fiber that lengthens with sarcomere length
129 = (0.65 + 1.0570LM™) r2trer,

Here, L7°™ is the normalized sarcomere length for active contraction

L™™ = max (0.0001, L& /L0 — 1) |

where L*0™f i5 the zero active stress sarcomere length.
C: in (A.8) describes the increase in cross bridge formation with intrinsic sarcomere length due to an increase
in available binding sites,

C3 (L&) = tanh (0.75 + 9.1204(L1™)°)

Contractility C. (A.8) and sarcomere contracting length L™ (A.7) are used to compute the actively generated fiber
stress

s _ Lcont
fib,act — LactO,refO,act,maxCCLnorm c 'c , (A9)
¢ ¢ Lelast,lso
with constants L2t0ref gactmax - pelastiso goe Table A5,
Sarcomere passive stress
. fib,pas . . .
Passive stress o, is considered to contain two components,
fib, pe fib, tit fib
o, Pas — o, U + o, eem (A.10)

first the stress arising from cellular structures such as titin, a highly abundant structural protein of the sarcomere,
anchoring to the Z-disc, o™, and second the stress arising from the extracellular matrix (ECM), o1>¢™_ Both
depend on the passive fiber stretch which is computed as

s
pas __ c
¢ 7 [ pasOref’

where LP*0ef js sarcomere length with zero passive stress and L3 the total sarcomere length, see above. Using that
we compute

O,flb,[il — 0.010,act,max ([)‘ans]km B 1) ’

c
with ¢%"M¥ the maximal isometric stress and the constant exponent

L sref

dLspas’
The ECM is modeled as being stiffer than the myocyte contribution using

X ((C R

c

ktil =2

where oP*™ is an empirical parameter.
Sarcomere total stress

Total myofiber stress af'b is the sum of an active (A.9) and a passive (A.10) stress component

fib __ _fib,act fib,pas
o.” =0, + o, 7P, (A.11)
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fib

Sarcomere stiffness «

is now computed as the derivative of total fiber stress (A.11) with respect to fiber strain (A.5)

fib,pas
s 0ol ggfibact gg PP

K. = = + , A.12
¢ S 9Em = gEm T 9w &.12)
with

fib,act 5
BO'C e — Lac[O,refO_act,maxCCLnorm : ,

aECﬁb ¢ [ clast,iso
ao_ﬁb,pas

c

S = 001K ()" 40,0349 % 100715 (3.)1°.

A.3. CircAdapt chamber module

An actively contracting chamber ¢ € {LV, RV, LA, RA} is modeled using the state variables volume V,, length
of the contractile element of the sarcomere L™ (A.7), and contractility C. (A.8). Volume changes driven by inflow
and outflow of blood induce changes in midwall volume V™ and area A™.

Sphere mechanics

Note that in CircAdapt ventricles are usually modeled using the TriSeg formulation, see Appendix A.4. If TriSeg
is turned on, the calculations in this chapter are only used for the atria while ventricular values are computed as
in Appendix A.4.

Midwall volume V™ is estimated as

mid 1 wall
V. =Vc+§Vc , (A.13)
where V! is constant wall volume. If not set to a specific value the wall volume is estimated by extruding the
sphere enclosing the cavity volume V, by a constant wall thickness hzf“au, see Table A.4. Chambers are modeled as
closed spheres, thus, the following equations result from volume and surface formulas for spheres

. 47 \/3

led — i , A.14

= () e

Amidor _ dr (A.15)
(Cmia)®

A?lid _ A;nid,tot _ Aznid,dead’ (A.16)

where C j,md is midwall curvature, i.e., the inverse of radius; and A?“d'dead is non-contractile area, i.e., valve openings
and orifices.

Update fiber strain

Natural fiber strain Ef® is calculated by

w1 Amid
E® — “n( ¢ (A.17)
c 2 Azmd,ref

with A?‘id’ref the surface area in the reference state, see [44]. Note that this updated fiber strain is used in the place
of (A.5) to update values in the sarcomere module Appendix A.2.
Cross-sectional area A, of chambers is estimated as

_Vetoayy
=

lc — Z(chid)l/?,,

: (A.18)

c

with [, the long-axis length of the cavity.
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The characteristic wave impedance Z. is approximated according to (A.3), see also [27], and by applying the
chain rule

1 :
Z. = E,/pblc |iemid |, (A.19)

with the sheet stiffness
_ aTcmid _ Vcwall <80'fb 5 ﬁb) _ V:vall

JEf> O 4(A?1id)2

mid

o T gamid T 4(Amid)?

(k> — 251) (A.20)

and the updated fiber stiffness «1°, see Eq. (A.12).
Conservation of energy

CircAdapt connects midwall tension 7™¢ and midwall area A™ to fiber stress o™ and strain E® through the
law of conservation of energy. With the law of Laplace we get

Tmid dAmid — O,ﬁbvwall dEﬁb (A21)
and with (A.17) we get for the midwall tension
fib y 7 wall
mid __ O, Vc
" = o qmid (A.22)
Transmural pressure p™ is finally computed as follows
pzrans — 2Tcmidcz‘nid' (A23)

Since at the moment external pressures are assumed to be zero, the transmural pressure coincides with the internal
pressure of the contracting chamber

trans

Pec = D,
A.4. TriSeg model of ventricular interaction

In case that one ODE and one PDE cavity is included in the model, ventricles are modeled as atria above.
Otherwise, ventricular and septal midwall volumes are modeled as a ventricular composite [61] which is defined
by the common radius y™¢ of the wall junction and the enclosed midwall cap volumes, see Fig. A.9c. Midwall cap
volumes of the right and the left ventricle are computed as

. . 1
VK = Vi + Vs - > (v + v

. , 1 ,
Vialt = Ve + Ve + 5 (v + v

Here, the wall volumes of the left, Vlf{,a", and right, Vﬁ”\?n, ventricle are constants. The blood pool volumes of the
left, Vv, and right, Vgy, ventricle are ODE variables as well as the radius ymicl and the septal midwall volume
Vs‘g)d. Note that the sign of midwall volume V™9 is positive if wall curvature is convex to the positive x-direction
and negative otherwise.
Distance x™9, see Fig. A.9c¢, is then computed by the relation
. T . . .
v = S ((x;md)2 + 3(ym‘d)2) . for ¢ € {LV, RV, Sep},
hence

¢

_ midy2 3 2 3
xmid — g, — O™ with ge=" \/ (-chid> + (ymid)° 4 Z yymid,
2 b
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y-direction

(a) Tube Wall Segment Valve Resistance (b) intersection
juction circle
T s A = 2
RV Wall Sep Wall ymid LV Wall
positive 0
x-direction axis of

rotational
symmetry

Mitral
Valve

Tricuspid
Valve

TriSeg Model

Fig. A.9. TriSeg model of septal (Sep) and left (LV) and right ventricular (RV) mechanics. (a) The TriSeg model (gray shading) incorporated
in the modular CircAdapt model of the systemic (Syst) and pulmonary (Pulm) circulations. (b) Cross-section of the ventricular composite.
(c) Cross-section of a single wall segment (¢ € {LV, RV, Sep}) through the axis of rotational symmetry.

Source: Adapted with permission from [61].

Midwall area and curvature are consequently computed
Amid — o ((x;“idf i (ymid)z) , for ¢ € {LV, RV, Sep},

mid _ 2xM
¢ (xmid)2 + (ymid)2 ’

and used to calculate midwall tension Tcmid (A.22).

for ¢ € {LV, RV, Sep},

Axial T* and radial T tension components are computed using laws of trigonometry
zxmid ymid
C
(xmid)? 4 (ymidy?’
c
_(xmid)2 + (ymid)2
C
(xmid)2 + (ymid)2 ’
[
It is required that the total midwall tension at junctions is zero, i.e.,
. . TX X TX
f(ym1d’ Vsrgijd) — ( LV + RV + Syep) ; 0. (A24)

Ty + Ty + Ts,,

T = TCmid sina, with sina = for ¢ € {LV, RV, Sep},

TY = T™cose, with cosa = for ¢ € {LV, RV, Sep}.

Eq. (A.24) is solved by an iterative Newton scheme

. . . . T . .
O, v Ay, AVRE) = = O VIR, k=1,2,. (A.25)
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and increments Ay and AVk‘?ggp are added to y™ and Vk'f‘si‘gp. The solution of (A.25) in the first step, i.e., for
k = 0 is used to define the ODE updates for the septum

. 1 . o 1
oo = Laypis i
TSep TSep

Aypid, (A.26)

where Ts¢p is a time constant.
Consequently, the values for the tensions discussed above are updated and the scheme is iterated until
convergence. Midwall volumes are updated by

. 1
Vled — Vc + z (Vcwall + Vg\égll) ,

long-axis length /. and cross-sectional area A, and of the cavity are computed by

i 1 \ w. 13
I, = 2(\/;““ +3 (ves+ VS;;”)) , (A27)
chid + %) (Vcwall + VS\Z;H)
A= l . (A28)
c

Finally, wave impedance Z,. is computed according to Eq. (A.19) and transmural pressure p"™" is computed as

C
total axial force
X
trans — 2 C

De

Jmid’ for ¢ € {LV, RV, Sep}.

Assuming the pressure surrounding the ventricular composite to be zero, internal chamber pressure for the ventricles
is now found as

trans

PLv = —Pry >
____trans
PRV = PRy -

A.5. Pericardial mechanics

The four cardiac chambers are supposed to have an additional pressure component due to the pericardium.
Pressure pperi exerted by the pericardial sack on atria and ventricles was computed as a non-linear function of
pericardial volume Ve, computed as the sum of blood pool and wall volumes of the four cardiac chambers:

Vieri = Vi + Vev + Via + Vea + Vi7" + Ve + Vit + vl (A.29)
k .
V . peri
Pperi = Phos ( V";‘ff ) , (A.30)
peri

where pg;fri and V;:rfi are constant reference pressure and volume, respectively, and k.; defines the degree of

non-linearity of the pressure—volume relation.
Cavity pressures are updated according to

Pe = Pe+ pperi» for ¢ € {LV, RV, LA, RA}. (A.31)

A.6. Periphery

Pulmonary (pulm) and systemic (sys) periphery are modeled as resistances. The current pressure drop Ap,,, for

py € {pulm, sys}, is computed as the difference of the pressures in the inflow artery p} and the outflow vein

dist.

Pi

prox dist

Appy =Dt —D;
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Using this, the current flow over the periphery is

kpy
Ap
_ f Py
4 py Q;fy (Vp» Apr°f> ) (A.32)

where A pref is the reference arteriovenous pressure drop; g, ref is the reference flow over the periphery; 7, is a scaling
factor of the arteriovenous resistances; and k,, is a factor that accounts for the nonlinearity of the arteriovenous
resistances, see Tables A.4 and A.5.

A.7. Connect modules

Volume change of inflow arteries V" and outflow veins V5 is now updated by
thisl 4= dpy
*, prox
Vl +: q[)y

Computation of time derivative of flow across valves and venous-atrial inlet requires as input the cross-sectional
area of proximal and distal elements to the channel.

(A.33)

thist 4= ;
Jor T4 (A.34)
Vc,z +=qu
prox Prox ~,prox
= VPP
of el (A.35)

4 v
A.8. Valve dynamics

The pressure drop (Ap,) across a valve is the sum of the effects of inertia due to acceleration in time and the
Bernoulli effect, see [102]
L . oo 2 2
A t5 ((vﬁ‘“) =) ) , (A.36)
where py, is the density of blood, A, is the current cross-sectional area of the valve, and [, is the length of the
channel with inertia. If not mentioned otherwise this value is estimated as

L= VA,

with AP" the given cross-sectional area of the open valve, see Table A.4. For g, > 0, v" is the velocity proximal
to the valve v)"™*. v is the maximum of the blood velocities in the valve region v = max(v3s, v, v5). For
¢y < 0 which 1ndlcates that the valve is leaking v} is the velocity distal to the Valve vd‘St and the outflow velocity
is the maximum of the blood velocities in the Valve region vO" = v, Using v, = ¢, / A, we can write

Apy = py

APU — prox pglst — avq.v + ﬁqu (A37)
with
l
oy = pbA—”v (A.38)

the inertia of the channel. The open/closed status of the valve is a function of pressure drop and flow. Valves are
clearly open/closed if both pressure drop and flow point in the same direction. With forward pressure drop, the
valve opens immediately. With backward pressure and forward flow, the valve is closing softly by a continuous
function
Xy

x2+ Ap?
_ 40pp gv lqv|
= —(Agpen)z

Aclosmg (A(;pen _ Abeak) +Ai)eak (A.39)
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Table A.4

Input parameters for the CircAdapt model. Adjusted to match patient-specific data.
Parameter Value Unit Description
General
b 1050.0 kg/m> Blood density
feycle 0.585 S Cycle time (= 1/heartrate)
Tubes: aorta (AO), arteria pulmonalis (AP), venae cavae (VC), and venae pulmonales (VP)
Atw"‘ll 274 (AO), 141 (AP), 58 (VC), 85 (VP) mm? Cross-sectional wall area
I 500 (AO), 400 (VC), 200 (AP, VP) mm Length of vessel
Aref Adjacent valve area mm? Initial cross sectional area
k; 5 (AO), 8 (AP), 10 (VC, VP) [-] Stiffness exponent
Chambers: left (LV) and right (RV) ventricle; left (LA) and right atrium (RA)
Ve 57.0 (LV), 75.3 (RV), 44.2 (LA), 544 (RA) mL Cavity volume
pyal 15.0 (LV), 4.0 (RV), 2.0 (LA), 2.0 (RA) mm Constant wall thickness
Ardet 0.1 (LV), 0.1 (RV), 0.02 (LA), 0.0 (RA) S Delays of onset of activation in each beat starting at L

tf.m — tbt + Atgcl

Valves: aortic (AV), pulmonary (PV), mitral (MV), and tricuspid (TV) valve; pulmonary (PO) and systemic (SO) outlet

A" 500 MYV, TV) 400 (AV, PV, SO, PO) mm? Valve cross-sectional area

ALe"’k 0 (AV, PV, MV, TV) AY" (SO, PO) mm? Cross-sectional area of closed/regurging valve
Periphery: systemic (sys) and pulmonary (pulm) circulation

A pif)tf 1.5 (pulm) 10.0 (sys) kPa Blood pressure drop in pulmonary/systemic circulation
q{ff 85 (pulm, sys) mL/s Reference pulmonary/systemic flow

T py 1 (pulm) 2 (sys) [-] Resistance scaling factor

where Alueak is the given valve cross-sectional areas of the closed (regurging) valve. Using this the current cross
sectional area of the valve is

AYPen for Ap, > 0,

A, = { Aleak for Ap, <0 and g, <0, (A.40)
A for Ap, <0 and g, > 0.
We define
AT = min (AP, A,, ASY), (A41)

with AD™* and A%t the cross-sectional area of the proximal and distal cavities or tubes respectively, see
(A.1), (A.18), (A.28) and Fig. A.10. Using this 8, is given as

1 1 2 1 2
| () = ()| roran=o,

By = 5 5 (A.42)
o[ () = ()| e <o
Flow over the valve is finally updated using (A.37) by
. Apv - ﬂv 3
G = a—q. (A.43)

A.9. Solve ODE system
A Runge—Kutta—Fehlberg method (RKF45), see, e.g., [104], is used to solve the system of 26 ordinary differential
equations (ODEs):

8 ODE:s: for each of the four tubes and the four cavities we get an ODE to update the volume using Eqgs. (A.33)
and (A.34).
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(2) (b)

prox TOX
AP AP

Fig. A.10. Schematic of the (a) open and (b) regurging valve.
Source: Based on [103].

Table A.5
Default parameters for the CircAdapt model, fitted to general experimental data in [44].

Parameter Value Unit Description

Tubes: aorta (AO), arteria pulmonalis (AP), venae cavae (VC), and venae pulmonales (VP)

p{Ef 12.0 (AO) 0.5 (VP) kPa reference tube pressure
0.12 (VC) 1.8 (AP)

Sarcomeres in left (LV) and right (RV) ventricle; left (LA) and right atrium (RA)

L‘”Ef_ 2.00 wm Reference sarcomere length

Lelastiso 0.04 pwm Length of isometrically stressed series elastic element
pmax 7 (LV, RV) 14 (LA, RA) um/s Reference shortening velocity

tf.‘c‘*'ef 0.5 feycle (LV, RV) 0.15tcyc1e (LA, RA) S Reference duration of contraction

R 0.25 (LV, RV) 0.4 (LA, RA) [-] Ratio rise time to th‘"Cf

P 0.25 (LV, RV) 0.4 (LA, RA) -] Ratio decay time to ractref

Lact0 ref 1.51 wm Contractile element length with zero active stress
L pasOref 1.80 pwm Sarcomere length with zero passive stress
oractmax 120 (LV, RV) 84 (LA, RA) kPa Maximal isometric stress

o Pas.max 22 (LV, RV) 50 (LA, RA) kPa Maximal passive stress

dLspas 0.6 wm

TriSeg module

TSep 0.005 [-] Time constant

Pericardium

p;il;_i 0.005 -] Constant reference pressure

yret 0.005 -] Constant reference volume

Periphery: systemic (sys) and pulmonary (pulm) circulation

kpy 2 (pulm) 1 (sys) [-1 Nonlinearity exponent

2 ODEs: for the septum we update midwall volume and the radius according to (A.26).
10 ODEs: for the sarcomeres of each cavity and the septum we update sarcomere contracting length and
contractility using (A.7)—(A.8).
6 ODEs: for each of the four valves and the two outlets we update flow by (A.43).

Appendix B. Finite element formulation

B.1. Variational formulation

We first ignore the acceleration term in (3) and look at the stationary version of the boundary value problem
(3)—(4) and (15). For the full nonlinear elastodynamics problem see Appendix C. The stationary boundary value
problem is formally equivalent to the equations

(Ao(@), v) o, — (Foa, pe), V) o, = 0, (B.1)

(VFPE), ¢) g, — (VOPE(pe), q) gy = 0, (B.2)
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which is valid for all smooth enough vector fields v vanishing on the Dirichlet boundary I} p, testfunctions g that
are 1 for the cavity ¢ and O otherwise, the duality pairing (-, -) ., and cavities ¢ € {LV, RV, LA, RA}. The second
term on the left hand side of the variational equation (B.1) has the physical interpretation of the rate of internal
mechanical work and is given by

(Ao(w), v) o := f S(u) : X(u, v)dX, (B.3)
2

with the second Piola—Kirchhoff stress tensor S, see (5), and the directional derivative of the Green—Lagrange strain

tensor X'(u, v), see [41,105]. The weak form of the contribution of pressure loads (B.1), right term, is computed

using (4)

Fotw po)viay =—pe [ TE @ v dsx (B.4)
IoN
The first term of the coupling equation (B.2) is computed from (14) using Nanson’s formula and x = X 4 u by
1
(VCPDE(U), Q) = 3 [ X +u)- ]F—Tngulq dsx, (B.5)
I'oN

The second term of (B.2) is computed using the lumped CircAdapt model, see Section 2.4, for ¢ € {LV, RV, LA, RA}.
B.2. Consistent linearization

To solve the nonlinear variational equations (B.1)—(B.2), with a FE approach we first apply a Newton—Raphson
scheme, see [77]. Given a nonlinear and continuously differentiable operator F: X — Y a solution to F(x) = 0
can be approximated by

= x4+ Ax,
oF

— Ax = —F(x"),
ax x=xk

which is looped until convergence. In our case, we have X = [HI(QO, FO,D)]3 xR, Y =R?, Ax = (Au, Ap,)T,
x* = (u*, pf.)T, and F = (Ry, R,)". We obtain the following linearized saddle-point problem for each (u*, p¥) e
[H'(2, Top)]’ x R, find (Au, Ap,) € [H}(2)]" x R such that

(Au, Ayu*) v) g, + (Au, Fyb, p¥yv)g,

+ (Ape, Fy*, phyv) g, = —(Ru*, p5), V) g, (B.6)
(Au, VIPEWh) q) gy — (Ape, VEPE(PD) 4) 9, = — Ry, p), q) g, (B.7)
with the updates
u ! = uf + Au, (B.8)
pICchl _ plcc + Ap., (B.9)

and the particular terms are introduced below. The Gateaux derivative of (B.1) with respect to the displacement
change update Au yields the first

(Au, AgU) v) g, - = DaulAo(u), ¥) g | ,_

= Sk:E(Au,v)dX+/ Xk, Au): Ci - Xk, v)dX, (B.10)
2 2

and second term of (B.6)
(Au, Fou®, p)v)ay : = DaulFo, pe). V) eyl yyt ek
=pf / JF T Grad" AuF; "nd™" - v dsx
T'oN
k -1 . —T_ out
- pL./ Jx(F, ' : Grad Aw)F, 'ng" - v dsx, (B.11)

I'oN
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with abbreviations
F, .= F(u"), J; == det(F"), S; := S|yt » Cr = Cly_yt -

The Géteaux derivative of (B.1) with respect to the pressure change update Ap, yields the third term of (B.6)

(Ape, Fou, pOVY gy = Dap (Fo, po) V) 2 |yt ot
= —Ap(.f Ji Fk’T ng" - v dsx. (B.12)
I'oN
The residual Ry, i.e., the right hand side of (B.6), is computed as
(Ru(u, p5). V) ) = (Ao(u"), V) g, — (Fou®, p). V). (B.13)
From (B.5), using the known relations, see, e.g., [105],
aJ
3F : Grad Au = JF~ " : Grad Au
9F T

: Grad Au = —F~"(Grad Au)"F~ T

we can calculate the first term of (B.7) as the Géteaux derivative with respect to the update Au

(Au, VFPEWh) q) gy 1 = Dau(VIPE(), q) g

U:llk

1
= Dau= / (X + llk) . JkF,:TnS‘“q dsx
3 I'oN

1
= —/ J(F; T : Grad Au)x - F; "'nd" ¢ dsx
3 TI'oN

1
- - f Jix - F; T (Grad Au)"F, "ng" g dsx
3 I'oN

1
+‘/ Jidu - Fy "o g dsx, (B.14)
3 Ton

with ¢ a testfunction that is 1 for the surface of cavity c, I, and O otherwise.
The second term of (B.7) is computed as a numerical derivative

(Ape, VP @)y 2 = Dap (VO P @y

1

= (VOPRE + © = VPR 4. (B.15)

€

where € = pf. /ém is chosen according to [106, Chapter 5.7] with €, = 2752 &~ 2.2 % 107! the machine accuracy.
Finally, the residual Ry, i.e., the right hand side of (B.7), is computed as

(Ry(*, p), q) 2y = (VPE(), ¢) gy — (VEPE(PO), @) .- (B.16)

B.3. Assembling of the block matrices

To apply the finite element method (FEM) we consider an admissible decomposition of the computational domain
2 C R? into M tetrahedral elements 7; and introduce a conformal finite element space

X, c H'(), N =dim X,

of piecewise polynomial continuous basis functions ¢;. The linearized variational problem (B.6)—(B.7) and a
Galerkin FE discretization result in solving the block system to find $u € R*" and §p, € R such that

R, ", g’é))

= — K@k, p*), K@k, pk) = —
) K@, p,). K@, p,) (517@(’22)

32
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ie.,
(A =M@, pb) BLwh (su) _ [ AWH - By, ph) (B.17)
B, (u) Cpp)) \ép, VEPE@wk) — VOPE(pk) |7 '
u = b+ su, (B.18)
Pt =pl+dp, (B.19)

k

P € RNeav at the kth Newton step. The tangent stiffness matrix A’ € R3V>3V

with the solution vectors u* € R*" and
is calculated from (B.10) according to

AWHL, i1 = (g, A @) g (B.20)

c R3N x3N

and the mass matrix M’ is calculated from (B.11) according to

MW", PO, i1 = (@i Fo, ) @) 2. (B.21)

see also [41,105].
The off-diagonal matrices B, € R*V>*Nev and B, € RM«>3N in (B.17) are assembled using (B.14)

B, poli. j1=(9;, VPG g, i=1.... Ne (B.22)
and using (B.12)
B (", p)li, j1=(¢;, Fo, peiyay,  j=1,..., Neay, (B.23)

with the constant shape function ¢; = 1if t; € [y and ¢; =0 if t; ¢ I for c € {LV,RV,LA, RA}.
Using a technique as described in [64, Sect. 4.2] this assembling procedure can be simplified for closed cavities
such that

-
rekoky [k ok
By, pl) = [But, p)] -
The circulatory compliance matrix C'( BZ) € RNeavNeav i5 computed from (B.15) as

C(pOli, j1= (), VPR i ays =1, New, (B.24)

with the constant shape function ¢;, ¢; = 1 for cavity ¢ and 0 otherwise, leading to a diagonal matrix.
The terms on the upper right hand side A € RV, B, € R3V are constructed using (B.13) resulting in

Ry, pt) = AW — B, (", pt) with

AWHi] = (Ao(W"), 9;) g, (B.25)
and

By, p)lil = (Fou", pb), 9;) - (B.26)

Finally, the lower right hand side in (B.17), Ep(ﬂk, p’c‘) = VPPE(,k) —XODE(p’C‘) € RN is assembled from (B.16)
with a -

VPPE@Hi] = (VPE), ¢i) gy, i =1,..., Nea, (B.27)
and
VOPEPOIT = (VO (po), @)y, i =1, Nea. (B.28)

Appendix C. Generalized-o scheme
After standard discretization we rewrite Eq. (3) using Egs. (B.25) and (B.26) as a nonlinear ODE reading
poMqii(1) + R, (u, 1) = 0, (C.1
with the mass matrix
M. 1= [ 9%0-9,(0dX.
2
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Following [107] we reformulate Eq. (C.1) as a first order ODE system by introducing the velocity v

PoMa (1) + Ry (u, 1) = 0, (C2)
M, i(t) — Mgu() =0 (C3)

and apply a generalized-o approach [108]. To this end we define three parameters

_ 1 gy = P
4o " 204px) T2

where the spectral radius p~, is a parameter between 0 and 1. With this we introduce

O @

Vytay = %mUyyq + - am)gn,

Uty = FmlUy g +d - am)ﬁn’
Vpyop =01 Uy + (I —ap) v,
Upyop = 0f Uy g + A —ap)u,,

and reformulate Eq. (C.2) as

POy, + Rultty ) = 0, (C4)
Mot —Mav,,, =0. (C.5)

Here, the second equation gives us

ZnJram = yn+(xf
and we get for the velocity update

Um Y —Qnm. ot — 1

Upg1 = ary At (ysr — 1) + vy + L (C.6)
From this and the relationship by Newmark [109]

Uy =, + At (yit, + (1= p)it,).

QnJrl = yn + At (V2n+1 + (1 - )’)Qn) )
we obtain

. Om 1 Y — 1 . Y —Om

Vo = —— (U, —U,) — v v . C.7

“n+1 OlfJ/ZAl‘z (—n+1 —n) ozfyAt_" + y “n + Otf)/ZAl ( )
Hence, we can rewrite the whole first order system only dependent on the unknowns u,,_ ;.
Newton’s method for the generalized-a scheme. For the implementation of Newton’s method we compute

8Qn+am _ 0531 ayn+af _ Um0y 8£n+af = . (C.8)

Ou,yy P AT B,y ey Aty AT du,y,
To calculate the solution at the current timestep we assume that we know u,,, u,, v, and v, from the previous time
step n and get from Eq. (C.4) for the residual

Rl ) = —poModf , — Ryl ). (C.9)

with p¥ tom = Untan (ub_,)and u} b = Uy +mf(g’; +1)- To increase stability we consider Rayleigh damping by adding
the two matrices

Dmass(ﬂi_H) = Po ﬂmassMa EﬁJrafv (ClO)
Dyirr(tty ) =Bsitr AUV, (C.11)
to the residual (C.9) with yﬁ top = Uy +af(gﬁ +1) and Rayleigh damping parameters Biass > 0ms™!, Byt = Oms.
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The tangent stiffness matrix is now calculated using (C.8) as

v du,
A/ (u k ) = po —n+amM 4 e n+af (A/( n_mf) 1\/[/(’4”4_01f7 pC n+1)>

n+l’_c n+1 aun+1 Bu
2
=ro 2A —" =M, + o (A Uy ) — My P n+1)> (C.12)

with A’, and M’ being the known tangent stiffness matrices from the quasi-stationary elasticity case, see Eqgs. (B.20)
and (B.21). When using a coupling with the circulatory system we compute the off diagonal matrices and lower
right hand side, see Eqgs. (B.22), (B.23) and (B.27), in terms of g’,‘lw

Appendix D. Direct Schur complement solver for a small number of constraints

Given the block system A € R"*", D € R™*"
A B\ (x\_ [(f
C D/\y) g

B = (él [ Qm) e R C= (gl | Qm)T e R™",

with

we can write the Schur complement system as
(CAT'B—D)y=g—CA"'f
X = A_li - A_IBX.

With
r=A""f, S=AT"B=(s; | - | s5,)€R s;=A""b,i=1,....m (D.1)
we get
(CS—D)yy=g¢g—-Cr
x=r—Sy. D2)

The realization of (D.2) involves m + 1 solves and the inversion of an m x m matrix. Since m is generally small
this can be done symbolically.

[CS]ijZQi'ij’ fori,j=1,...,m
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