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Appendix A. CircAdapt equations summary

A.1. CircAdapt tube module

The tube module represents the entrance of a compliant blood vessel capable of propagating a pressure-flow wave
component added to a constant flow, see [27]. Vessels directly attached to the heart, aorta (AO), arteria pulmonalis
(AP), venae cavae (VC), and venae pulmonales (VP) are modeled in a similar fashion in CircAdapt and for the
whole section we define the iterator t ∈ {AO, AP, VC, VP}.

The current lumen cross sectional area is computed by

At =
Vt

lt
, (A.1)

with Vt the cavity volume and lt the length of the vessel segment.
Using a model of a tube with a fibrous wall, see [101], gives the average extension, λt , of the fibers in the wall

by

λt =
(
1 + 2Vt/V wall

t

)1/3
=
(
1 + 2At/Awall

t

)1/3
,

with Awall
t the wall cross-sectional area and V wall

t = Awall
t lt the wall volume. Cavity pressure depends on λt

pt = σt (λt ) λ−3
t ,

with the mean Cauchy fiber stress σt that is modeled by the constitutive equation

σt (λt ) = σ ref
t ·

(
λt/λ

ref
t

)kt
,

see Arts et al. [101]. Here, kt a stiffness exponent; λref
t =

(
1 + 2V ref

t /V wall
t

)1/3 and σ ref
t = pref

t

(
λref

t

)3 are the fiber
extension and fiber state at normal physiological reference state, respectively; and pref

t is the reference tube pressure.
By combining above results the current tube pressure is computed as

pt = pref
t

(
λ

λref
t

)k

λ−3
t

(
λref

t

)3
= pref

t

(
λt

λref
t

)k−3

= pref
t

(
V wall

t + 2Vt

V wall
t + 2V ref

t

) k−3
3

= pref
t

(
Awall

t + 2At

Awall
t + 2Aref

t

) k−3
3

, (A.2)

ith Aref
t the initial cross sectional area and V ref

t = Aref
t lt the initial vessel volume. The compliance is

1
Ct

=
dpt

dVt
=

d
dVt

⎡⎣pref
t

(
V wall

t + 2Vt

V wall
t + 2V ref

t

) k−3
3

⎤⎦
= pref

t
k − 3

3

(
V wall

t + 2Vt

V wall
t + 2V ref

t

)( k−3
3 −1

)
2

V wall
t + 2V ref

t

=
2pt (k − 3)

3
(
V wall

t + 2Vt
) =

2pt (k − 3)
3lt
(

Awall
t + 2At

) .
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Finally, the basic relation between characteristic wave impedance Z t compliance Ct , and inertance It

Z2
t =

It

Ct
=

ρblt

At Ct
(A.3)

yields

Z t =

√
2ρb pt l2

t (k − 3)
3Vt

(
V wall

t + 2Vt
) =

√
2ρb pt (k − 3)

3At
(

Awall
t + 2At

) (A.4)

with ρb the blood density.

A.2. Sarcomere mechanics

In the following a sarcomere contraction model is described that is based on a modified Hill model, see [61,44],
for all tissue patches in the wall of the cavity: c ∈ {LV, RV, Sep, LA, RA}, with the left (LV) and right (RV) ventricle,
the septum (Sep), and the left (LA) and right (RA) atrium. Natural strain Efib

c of the myofiber is estimated as

Efib
c = ln

(
Ls

c

Ls,ref

)
(A.5)

and from this the total sarcomere length Ls
c can be computed as

Ls
c = Ls,ref exp

(
Efib

c

)
, (A.6)

with Ls,ref
c a constant describing the reference sarcomere length. The sarcomere is supposed to be made up of a

contractile element of length Lcont
c in series with an elastic element of length Lelast

c = Ls
c − Lcont

c .

Sarcomere active stress

Sarcomere contracting length Lcont
c varies over time according to

L̇cont
c :=

dLcont
c

dt
= vmax

[
Ls

c − Lcont
c

Lelast,iso − 1
]

, (A.7)

where the constant Lelast,iso is the length of the series elastic element during isovolumetric contraction and the
constant vmax is the maximum velocity of contraction.

The governing equation for the contractility Cc, describing the density of cross bridge formation within the fibers
of the patch, is

Ċc :=
dCc

dt
= f rise

c (t)C s
c

(
Lcont

c

)
− f decay

c (t)Cc. (A.8)

n Eq. (A.8) sarcomere contractility rises according to the function f rise
c , a phenomenological representation of the

ate of cross bridge formation within the patch,

f rise
c (t) =

1
t rise
c

0.02x3
c (8 − xc)2 exp(−xc),

xc(t) = min
(

8, max
(

0,
t − tact

c

t rise
c

))
,

epending on the time of onset of activation of the patch, tact
c , and the rising time

t rise
c = 0.55τRtact,ref

c .

Here, τR a constant and tact,ref
c is the reference duration of contraction for initial fiber length.

Sarcomere contractility in (A.8) decays according to the function f decay
c

f decay
c (t) =

1
decay

[
1 + sin

(
sign(yc) min

(π
, |yc|

))]
,

2tc 2
22
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yc(t) =
t − tact

c − tact,dur
c

tdecay
c

,

epending on the decay time

tdecay
c = 0.33τDtact,ref

c ,

ith τD a constant and tact,dur
c is the duration of contraction of the fiber that lengthens with sarcomere length

tact,dur
c =

(
0.65 + 1.0570Lnorm

c

)
tact,ref
c .

Here, Lnorm
c is the normalized sarcomere length for active contraction

Lnorm
c = max

(
0.0001, Lcont

c /Lact0,ref
− 1

)
,

where Lact0,ref is the zero active stress sarcomere length.
C s

c in (A.8) describes the increase in cross bridge formation with intrinsic sarcomere length due to an increase
in available binding sites,

C s
c

(
Lcont

c

)
= tanh

(
0.75 ∗ 9.1204

(
Lnorm

c

)2
)

.

Contractility Cc (A.8) and sarcomere contracting length Lcont
c (A.7) are used to compute the actively generated fiber

stress

σ fib,act
c = Lact0,refσ act,maxCc Lnorm

c
Ls

c − Lcont
c

Lelast,iso , (A.9)

with constants Lact0,ref, σ act,max, Lelast,iso, see Table A.5.

Sarcomere passive stress

Passive stress σ
fib,pas
c is considered to contain two components,

σ fib,pas
c = σ fib,tit

c + σ fib,ecm
c , (A.10)

first the stress arising from cellular structures such as titin, a highly abundant structural protein of the sarcomere,
anchoring to the Z-disc, σ fib,tit

c , and second the stress arising from the extracellular matrix (ECM), σ fib,ecm
c . Both

epend on the passive fiber stretch which is computed as

λpas
c =

Ls
c

Lpas0,ref ,

here Lpas0,ref is sarcomere length with zero passive stress and Ls
c the total sarcomere length, see above. Using that

e compute

σ fib,tit
c = 0.01σ act,max

([
λpas

c

]ktit
− 1

)
,

ith σ act,max the maximal isometric stress and the constant exponent

k tit
= 2

Ls,ref

dLs,pas .

he ECM is modeled as being stiffer than the myocyte contribution using

σ fib,ecm
c = 0.0349σ pas,max

((
λpas

c

)10
− 1

)
,

where σ pas,max is an empirical parameter.

Sarcomere total stress

Total myofiber stress σ fib
c is the sum of an active (A.9) and a passive (A.10) stress component

σ fib
= σ fib,act

+ σ fib,pas. (A.11)
c c c
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Sarcomere stiffness κfib
c is now computed as the derivative of total fiber stress (A.11) with respect to fiber strain (A.5)

κfib
c =

∂σ fib
c

∂ Efib
c

=
∂σ fib,act

c

∂ Efib
c

+
∂σ

fib,pas
c

∂ Efib
c

, (A.12)

with
∂σ fib,act

c

∂ Efib
c

= Lact0,refσ act,maxCc Lnorm
c

Ls
c

Lelast,iso ,

∂σ
fib,pas
c

∂ Efib
c

= 0.01k titσ act,max
c

(
λpas

c

)ktit
+ 0.0349 ∗ 10σ pas,max(λpas

c

)10
.

A.3. CircAdapt chamber module

An actively contracting chamber c ∈ {LV, RV, LA, RA} is modeled using the state variables volume Vc, length
of the contractile element of the sarcomere Lcont

c (A.7), and contractility Cc (A.8). Volume changes driven by inflow
and outflow of blood induce changes in midwall volume V mid

c and area Amid
c .

Sphere mechanics

Note that in CircAdapt ventricles are usually modeled using the TriSeg formulation, see Appendix A.4. If TriSeg
is turned on, the calculations in this chapter are only used for the atria while ventricular values are computed as
in Appendix A.4.

Midwall volume V mid
c is estimated as

V mid
c = Vc +

1
2

V wall
c , (A.13)

where V wall
c is constant wall volume. If not set to a specific value the wall volume is estimated by extruding the

sphere enclosing the cavity volume Vc by a constant wall thickness hwall
c , see Table A.4. Chambers are modeled as

closed spheres, thus, the following equations result from volume and surface formulas for spheres

Cmid
c =

(
4π

3V mid
c

)1/3

, (A.14)

Amid,tot
c =

4π(
Cmid

c

)2 , (A.15)

Amid
c = Amid,tot

c − Amid,dead
c , (A.16)

where Cmid
c is midwall curvature, i.e., the inverse of radius; and Amid,dead

c is non-contractile area, i.e., valve openings
and orifices.

Update fiber strain

Natural fiber strain Efib
c is calculated by

Efib
c =

1
2

ln
(

Amid
c

Amid,ref
c

)
(A.17)

with Amid,ref
c the surface area in the reference state, see [44]. Note that this updated fiber strain is used in the place

of (A.5) to update values in the sarcomere module Appendix A.2.
Cross-sectional area Ac of chambers is estimated as

Ac =
Vc + 0.1V wall

c

lc
, (A.18)

lc = 2
(
V mid

c

)1/3
,

with lc the long-axis length of the cavity.
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The characteristic wave impedance Zc is approximated according to (A.3), see also [27], and by applying the
chain rule

Zc =
1

5Ac

√
ρblc

⏐⏐κmid
c

⏐⏐, (A.19)

with the sheet stiffness

κmid
c =

∂T mid
c

∂ Amid
c

=
V wall

c

4
(

Amid
c

)2

(
∂σ fib

c

∂ Efib
c

− 2σ fib
c

)
=

V wall
c

4
(

Amid
c

)2

(
κfib

c − 2σ fib
c

)
(A.20)

and the updated fiber stiffness κfib
c , see Eq. (A.12).

Conservation of energy

CircAdapt connects midwall tension T mid
c and midwall area Amid

c to fiber stress σ fib
c and strain Efib

c through the
law of conservation of energy. With the law of Laplace we get

T mid
c dAmid

c = σ fib
c V wall

c dEfib
c (A.21)

and with (A.17) we get for the midwall tension

T mid
c =

σ fib
c V wall

c

2Amid
c

. (A.22)

Transmural pressure ptrans
c is finally computed as follows

ptrans
c = 2T mid

c Cmid
c . (A.23)

Since at the moment external pressures are assumed to be zero, the transmural pressure coincides with the internal
pressure of the contracting chamber

pc = ptrans
c .

.4. TriSeg model of ventricular interaction

In case that one ODE and one PDE cavity is included in the model, ventricles are modeled as atria above.
therwise, ventricular and septal midwall volumes are modeled as a ventricular composite [61] which is defined
y the common radius ymid of the wall junction and the enclosed midwall cap volumes, see Fig. A.9c. Midwall cap
olumes of the right and the left ventricle are computed as

V mid
LV = −VLV + V mid

Sep −
1
2

(
V wall

LV + V wall
Sep

)
,

V mid
RV = VRV + V mid

Sep +
1
2

(
V wall

RV + V wall
Sep

)
.

Here, the wall volumes of the left, V wall
LV , and right, V wall

RV , ventricle are constants. The blood pool volumes of the
eft, VLV, and right, VRV, ventricle are ODE variables as well as the radius ymid and the septal midwall volume
V mid

Sep . Note that the sign of midwall volume V mid
c is positive if wall curvature is convex to the positive x-direction

and negative otherwise.
Distance xmid

c , see Fig. A.9c, is then computed by the relation

V mid
c =

π

6
xmid

c

(
(xmid

c )
2
+ 3(ymid)

2
)

, for c ∈ {LV, RV, Sep},

hence

xmid
c = qc −

(ymid)2

q
, with qc =

3

√√( 3
π

V mid
c

)2

+
(
ymid

)6
+

3
π

V mid
c .
c
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Fig. A.9. TriSeg model of septal (Sep) and left (LV) and right ventricular (RV) mechanics. (a) The TriSeg model (gray shading) incorporated
in the modular CircAdapt model of the systemic (Syst) and pulmonary (Pulm) circulations. (b) Cross-section of the ventricular composite.
(c) Cross-section of a single wall segment (c ∈ {LV, RV, Sep}) through the axis of rotational symmetry.
Source: Adapted with permission from [61].

Midwall area and curvature are consequently computed

Amid
c = π

(
(xmid

c )
2
+ (ymid)

2
)

, for c ∈ {LV, RV, Sep},

Cmid
c =

2xmid
c

(xmid
c )2

+ (ymid)2 , for c ∈ {LV, RV, Sep},

and used to calculate midwall tension T mid
c (A.22).

Axial T x
c and radial T y

c tension components are computed using laws of trigonometry

T x
c = T mid

c sin α, with sin α =
2xmid

c ymid

(xmid
c )2

+ (ymid)2 , for c ∈ {LV, RV, Sep},

T y
c = T mid

c cos α, with cos α =
−(xmid

c )2
+ (ymid)2

(xmid
c )2

+ (ymid)2 , for c ∈ {LV, RV, Sep}.

It is required that the total midwall tension at junctions is zero, i.e.,

f (ymid, V mid
Sep ) :=

(
T x

LV + T x
RV + T x

Sep
T y

LV + T y
RV + T y

Sep

)
!
= 0. (A.24)

Eq. (A.24) is solved by an iterative Newton scheme

f ′(ymid, V mid )
(
∆ymid,∆V mid

)⊤

= − f (ymid, V mid ), k = 1, 2, . . . (A.25)
k k,Sep k k,Sep k k,Sep
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and increments ∆ymid
k and ∆V mid

k,Sep are added to ymid
k and V mid

k,Sep. The solution of (A.25) in the first step, i.e., for
= 0 is used to define the ODE updates for the septum

V̇ mid
Sep =

1
τSep

∆V mid
0,Sep, ẏmid

=
1

τSep
∆ymid

0 , (A.26)

where τSep is a time constant.
Consequently, the values for the tensions discussed above are updated and the scheme is iterated until

convergence. Midwall volumes are updated by

V mid
c = Vc +

1
2

(
V wall

c + V wall
Sep

)
,

ong-axis length lc and cross-sectional area Ac and of the cavity are computed by

lc = 2
(

V mid
c +

1
2

(
V wall

c + V wall
Sep

))1/3

, (A.27)

Ac =

V mid
c +

1
20

(
V wall

c + V wall
Sep

)
lc

. (A.28)

Finally, wave impedance Zc is computed according to Eq. (A.19) and transmural pressure ptrans
c is computed as

otal axial force

ptrans
c = 2

T x
c

ymid , for c ∈ {LV, RV, Sep}.

Assuming the pressure surrounding the ventricular composite to be zero, internal chamber pressure for the ventricles
is now found as

pLV = −ptrans
LV ,

pRV = ptrans
RV .

.5. Pericardial mechanics

The four cardiac chambers are supposed to have an additional pressure component due to the pericardium.
ressure pperi exerted by the pericardial sack on atria and ventricles was computed as a non-linear function of
ericardial volume Vperi, computed as the sum of blood pool and wall volumes of the four cardiac chambers:

Vperi = VLV + VRV + VLA + VRA + V wall
LV + V wall

RV + V wall
LA + V wall

RA (A.29)

pperi = pref
peri

(
Vperi

V ref
peri

)kperi

, (A.30)

where pref
peri and V ref

peri are constant reference pressure and volume, respectively, and kperi defines the degree of
non-linearity of the pressure–volume relation.

Cavity pressures are updated according to

pc = pc + pperi, for c ∈ {LV, RV, LA, RA}. (A.31)

.6. Periphery

Pulmonary (pulm) and systemic (sys) periphery are modeled as resistances. The current pressure drop ∆ppy , for
py ∈ {pulm, sys}, is computed as the difference of the pressures in the inflow artery pprox

t and the outflow vein
pdist

t :

∆p = pprox
− pdist.
py t t

27
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q

Using this, the current flow over the periphery is

qpy = q ref
py

(
rpy

∆ppy

∆pref
py

)k py

, (A.32)

where ∆pref
py is the reference arteriovenous pressure drop; q ref

py is the reference flow over the periphery; rpy is a scaling
factor of the arteriovenous resistances; and kpy is a factor that accounts for the nonlinearity of the arteriovenous
resistances, see Tables A.4 and A.5.

A.7. Connect modules

Volume change of inflow arteries V̇ prox
t and outflow veins V̇ dist

t is now updated by

V̇ dist
t += qpy

V̇ prox
t += qpy

(A.33)

Computation of time derivative of flow across valves and venous-atrial inlet requires as input the cross-sectional
area of proximal and distal elements to the channel.

V̇ dist
c,t += qv

V̇ prox
c,t += qv

(A.34)

pprox
c,t += V̇ prox

c,t Zprox
c,t

pdist
c,t += V̇ dist

c,t Zdist
c,t

(A.35)

A.8. Valve dynamics

The pressure drop (∆pv) across a valve is the sum of the effects of inertia due to acceleration in time and the
Bernoulli effect, see [102]

∆pv = ρb
lv
Av

q̇v +
ρb

2

(
(vout

v )2
− (vin

v )
2
)

, (A.36)

where ρb is the density of blood, Av is the current cross-sectional area of the valve, and lv is the length of the
channel with inertia. If not mentioned otherwise this value is estimated as

lv =

√
Aopen

v ,

with Aopen
v the given cross-sectional area of the open valve, see Table A.4. For qv ≥ 0, vin

v is the velocity proximal
to the valve v

prox
v . vout

v is the maximum of the blood velocities in the valve region vmax
v = max(vdist

v , vv, v
prox
v ). For

v < 0 which indicates that the valve is leaking vin
v is the velocity distal to the valve vdist

v and the outflow velocity
is the maximum of the blood velocities in the valve region vout

v = vmax
v . Using vv = qv/Av we can write

∆pv = pprox
v − pdist

v = αvq̇v + βvq2
v (A.37)

with

αv = ρb
lv
Av

(A.38)

the inertia of the channel. The open/closed status of the valve is a function of pressure drop and flow. Valves are
clearly open/closed if both pressure drop and flow point in the same direction. With forward pressure drop, the
valve opens immediately. With backward pressure and forward flow, the valve is closing softly by a continuous
function

Aclosing
v =

√
xv

x2
v + ∆p2

v

(
Aopen

v − Aleak
v

)
+ Aleak

v (A.39)

xv =
40ρb qv |qv|( open)2 ,
Av
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Table A.4
Input parameters for the CircAdapt model. Adjusted to match patient-specific data.

Parameter Value Unit Description

General

ρb 1050.0 kg/m3 Blood density
tcycle 0.585 s Cycle time (= 1/heartrate)

Tubes: aorta (AO), arteria pulmonalis (AP), venae cavae (VC), and venae pulmonales (VP)

Awall
t 274 (AO), 141 (AP), 58 (VC), 85 (VP) mm2 Cross-sectional wall area

lt 500 (AO), 400 (VC), 200 (AP, VP) mm Length of vessel
Aref

t Adjacent valve area mm2 Initial cross sectional area
kt 5 (AO), 8 (AP), 10 (VC, VP) [–] Stiffness exponent

Chambers: left (LV) and right (RV) ventricle; left (LA) and right atrium (RA)

Vc 57.0 (LV), 75.3 (RV), 44.2 (LA), 54.4 (RA) mL Cavity volume
hwall

c 15.0 (LV), 4.0 (RV), 2.0 (LA), 2.0 (RA) mm Constant wall thickness
∆tact

c 0.1 (LV), 0.1 (RV), 0.02 (LA), 0.0 (RA) s Delays of onset of activation in each beat starting at tbt;
tact
c = tbt

+ ∆tact
c

Valves: aortic (AV), pulmonary (PV), mitral (MV), and tricuspid (TV) valve; pulmonary (PO) and systemic (SO) outlet

Aopen
v 500 (MV, TV) 400 (AV, PV, SO, PO) mm2 Valve cross-sectional area

Aleak
v 0 (AV, PV, MV, TV) Aopen

v (SO, PO) mm2 Cross-sectional area of closed/regurging valve

Periphery: systemic (sys) and pulmonary (pulm) circulation

∆pref
py 1.5 (pulm) 10.0 (sys) kPa Blood pressure drop in pulmonary/systemic circulation

q ref
py 85 (pulm, sys) mL/s Reference pulmonary/systemic flow

rpy 1 (pulm) 2 (sys) [–] Resistance scaling factor

where Aleak
v is the given valve cross-sectional areas of the closed (regurging) valve. Using this the current cross

sectional area of the valve is

Av =

⎧⎪⎨⎪⎩
Aopen

v for ∆pv > 0,

Aleak
v for ∆pv < 0 and qv < 0,

Aclosing
v for ∆pv < 0 and qv > 0.

(A.40)

e define

Amin
v = min

(
Aprox

v , Av, Adist
v

)
, (A.41)

ith Aprox
v and Adist

v the cross-sectional area of the proximal and distal cavities or tubes respectively, see
A.1), (A.18), (A.28) and Fig. A.10. Using this βv is given as

βv =

⎧⎪⎪⎨⎪⎪⎩
1
2ρb

[(
1

Amin
v

)2
−

(
1

Aprox
v

)2
]

for qv ≥ 0,

1
2ρb

[(
1

Adist
v

)2
−

(
1

Amin
v

)2
]

for qv < 0.

(A.42)

low over the valve is finally updated using (A.37) by

q̇v =
∆pv − βvq2

v

αv

. (A.43)

A.9. Solve ODE system

A Runge–Kutta–Fehlberg method (RKF45), see, e.g., [104], is used to solve the system of 26 ordinary differential
equations (ODEs):

8 ODEs: for each of the four tubes and the four cavities we get an ODE to update the volume using Eqs. (A.33)

and (A.34).
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Fig. A.10. Schematic of the (a) open and (b) regurging valve.
Source: Based on [103].

Table A.5
Default parameters for the CircAdapt model, fitted to general experimental data in [44].

Parameter Value Unit Description

Tubes: aorta (AO), arteria pulmonalis (AP), venae cavae (VC), and venae pulmonales (VP)

pref
t 12.0 (AO) 0.5 (VP)

0.12 (VC) 1.8 (AP)
kPa reference tube pressure

Sarcomeres in left (LV) and right (RV) ventricle; left (LA) and right atrium (RA)

Ls,ref 2.00 µm Reference sarcomere length
Lelast,iso 0.04 µm Length of isometrically stressed series elastic element
vmax 7 (LV, RV) 14 (LA, RA) µm/s Reference shortening velocity
tact,ref
c 0.5 tcycle (LV, RV) 0.15 tcycle (LA, RA) s Reference duration of contraction
τR 0.25 (LV, RV) 0.4 (LA, RA) [–] Ratio rise time to tact,ref

c
τD 0.25 (LV, RV) 0.4 (LA, RA) [–] Ratio decay time to tact,ref

c
Lact0,ref 1.51 µm Contractile element length with zero active stress
Lpas0,ref 1.80 µm Sarcomere length with zero passive stress
σ act,max 120 (LV, RV) 84 (LA, RA) kPa Maximal isometric stress
σ pas,max 22 (LV, RV) 50 (LA, RA) kPa Maximal passive stress
dLs,pas 0.6 µm

TriSeg module

τSep 0.005 [–] Time constant

Pericardium

pref
peri 0.005 [–] Constant reference pressure

V ref
peri 0.005 [–] Constant reference volume

Periphery: systemic (sys) and pulmonary (pulm) circulation

kpy 2 (pulm) 1 (sys) [–] Nonlinearity exponent

2 ODEs: for the septum we update midwall volume and the radius according to (A.26).
10 ODEs: for the sarcomeres of each cavity and the septum we update sarcomere contracting length and

contractility using (A.7)–(A.8).
6 ODEs: for each of the four valves and the two outlets we update flow by (A.43).

Appendix B. Finite element formulation

B.1. Variational formulation

We first ignore the acceleration term in (3) and look at the stationary version of the boundary value problem
(3)–(4) and (15). For the full nonlinear elastodynamics problem see Appendix C. The stationary boundary value
problem is formally equivalent to the equations

⟨A0(u), v⟩Ω0 − ⟨F0(u, pc), v⟩Ω0 = 0, (B.1)
PDE ODE
⟨Vc (u), q⟩Ω0 − ⟨Vc (pc), q⟩Ω0 = 0, (B.2)
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which is valid for all smooth enough vector fields v vanishing on the Dirichlet boundary Γ0,D, testfunctions q that
are 1 for the cavity c and 0 otherwise, the duality pairing ⟨·, ·⟩Ω0 , and cavities c ∈ {LV, RV, LA, RA}. The second
term on the left hand side of the variational equation (B.1) has the physical interpretation of the rate of internal
mechanical work and is given by

⟨A0(u), v⟩Ω0 :=

∫
Ω0

S(u) : Σ (u, v) dX, (B.3)

with the second Piola–Kirchhoff stress tensor S, see (5), and the directional derivative of the Green–Lagrange strain
tensor Σ (u, v), see [41,105]. The weak form of the contribution of pressure loads (B.1), right term, is computed
using (4)

⟨F0(u, pc), v⟩Ω0 = −pc

∫
Γ0,N

J F−⊤(u) nout
0 · v dsX. (B.4)

The first term of the coupling equation (B.2) is computed from (14) using Nanson’s formula and x = X + u by

⟨V PDE
c (u), q⟩Ω0 =

1
3

∫
Γ0,N

(X + u) · JF−⊤nout
0 q dsX, (B.5)

The second term of (B.2) is computed using the lumped CircAdapt model, see Section 2.4, for c ∈ {LV, RV, LA, RA}.

B.2. Consistent linearization

To solve the nonlinear variational equations (B.1)–(B.2), with a FE approach we first apply a Newton–Raphson
scheme, see [77]. Given a nonlinear and continuously differentiable operator F : X → Y a solution to F(x) = 0
can be approximated by

xk+1
= xk

+ ∆x,

∂ F
∂x

⏐⏐⏐⏐
x=xk

∆x = −F(xk),

which is looped until convergence. In our case, we have X =
[
H 1(Ω0,Γ0,D)

]3
× R, Y = R2, ∆x = (∆u,∆pc)⊤,

xk
= (uk, pk

c )⊤, and F = (Ru, Rp)⊤. We obtain the following linearized saddle-point problem for each (uk, pk
c ) ∈

H 1(Ω0,Γ0,D)
]3

× R, find (∆u,∆pc) ∈
[
H 1

0 (Ω0)
]3

× R such that

⟨∆u, A′

0(uk) v⟩Ω0 + ⟨∆u,F ′

0(uk, pk
c ) v⟩Ω0

+ ⟨∆pc,F ′

0(uk, pk
c ) v⟩Ω0 = −⟨Ru(uk, pk

c ), v⟩Ω0 , (B.6)
⟨∆u, V PDE

c (uk) q⟩Ω0 − ⟨∆pc, V ODE
c (pk

c ) q⟩Ω0 = −⟨Rp(uk, pk
c ), q⟩Ω0 , (B.7)

ith the updates

uk+1
= uk

+ ∆u, (B.8)
pk+1

c = pk
c + ∆pc, (B.9)

nd the particular terms are introduced below. The Gâteaux derivative of (B.1) with respect to the displacement
hange update ∆u yields the first

⟨∆u, A′

0(uk) v⟩Ω0 : = D∆u⟨A0(u), v⟩Ω0

⏐⏐
u=uk

=

∫
Ω0

Sk : Σ (∆u, v) dX +

∫
Ω0

Σ (uk,∆u) : Ck : Σ (uk, v) dX, (B.10)

nd second term of (B.6)

⟨∆u,F ′

0(uk, pk
c ) v⟩Ω0 : = D∆u⟨F0(u, pc), v⟩Ω0

⏐⏐
u=uk ,pc=pk

c

= pk
c

∫
Γ0,N

JkF−⊤

k Grad⊤∆u F−⊤

k nout
0 · v dsX

− pk
c

∫
Jk(F−⊤

k : Grad∆u) F−⊤

k nout
0 · v dsX, (B.11)
Γ0,N
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with abbreviations

Fk := F(uk), Jk := det(Fk), Sk := S|u=uk , Ck := C|u=uk .

The Gâteaux derivative of (B.1) with respect to the pressure change update ∆pc yields the third term of (B.6)

⟨∆pc,F ′

0(uk, pk
c ) v⟩Ω0 : = D∆pc ⟨F0(u, pc), v⟩Ω0

⏐⏐
u=uk ,pc=pk

c

= −∆pc

∫
Γ0,N

Jk F−⊤

k nout
0 · v dsX. (B.12)

he residual Ru, i.e., the right hand side of (B.6), is computed as

⟨Ru(uk, pk
c ), v⟩Ω0 := ⟨A0(uk), v⟩Ω0 − ⟨F0(uk, pk

c ), v⟩Ω0 . (B.13)

rom (B.5), using the known relations, see, e.g., [105],
∂ J
∂F

: Grad∆u = JF−⊤
: Grad∆u

∂F−⊤

∂F
: Grad∆u = −F−⊤(Grad∆u)⊤F−⊤

we can calculate the first term of (B.7) as the Gâteaux derivative with respect to the update ∆u

⟨∆u, V PDE
c (uk) q⟩Ω0 : = D∆u⟨V PDE

c (u), q⟩Ω0

⏐⏐
u=uk

= D∆u
1
3

∫
Γ0,N

(
X + uk)

· JkF−⊤

k nout
0 q dsX

=
1
3

∫
Γ0,N

Jk(F−⊤

k : Grad∆u)x · F−⊤

k nout
0 q dsX

−
1
3

∫
Γ0,N

Jkx · F−⊤

k (Grad∆u)⊤F−⊤

k nout
0 q dsX

+
1
3

∫
Γ0,N

Jk∆u · F−⊤

k nout
0 q dsX, (B.14)

with q a testfunction that is 1 for the surface of cavity c, Γ0,c, and 0 otherwise.
The second term of (B.7) is computed as a numerical derivative

⟨∆pc, V ODE
c (pk

c ) q⟩Ω0 : = D∆pc ⟨V
ODE

c (pc) q⟩Ω0

⏐⏐
pc=pk

c

=
1
ϵ

(
V ODE

c (pk
c + ϵ) − V ODE

c (pk
c )
)

q, (B.15)

here ϵ = pk
c
√

ϵm is chosen according to [106, Chapter 5.7] with ϵm = 2−52
≈ 2.2 ∗ 10−16 the machine accuracy.

Finally, the residual Rp, i.e., the right hand side of (B.7), is computed as

⟨Rp(uk, pk
c ), q⟩Ω0 := ⟨V PDE

c (u), q⟩Ω0 − ⟨V ODE
c (pc), q⟩Ω0 . (B.16)

.3. Assembling of the block matrices

To apply the finite element method (FEM) we consider an admissible decomposition of the computational domain
⊂ R3 into M tetrahedral elements τ j and introduce a conformal finite element space

Xh ⊂ H 1(Ω0), N = dim Xh

f piecewise polynomial continuous basis functions ϕi . The linearized variational problem (B.6)–(B.7) and a
alerkin FE discretization result in solving the block system to find δu ∈ R3N and δ pC ∈ RNcav such that

K′(uk, pk
C)
(

δu
δ p

)
= −K (uk, pk

C), K (uk, pk
C) := −

(
Ru(uk, pk

C)

R (uk, pk )

)
,

C p C
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i.e., (
(A′

− M′)(uk, pk
C) B′

p(uk)
B′

u(uk) C′(pk
C)

)(
δu
δ pC

)
= −

(
A(uk) − Bp(uk, pk

C)

V PDE
c (uk) − V ODE

c (pk
C)

)
, (B.17)

uk+1
= uk

+ δu, (B.18)

pk+1
C = pk

C + δ pC (B.19)

ith the solution vectors uk
∈ R3N and pk

C ∈ RNcav at the kth Newton step. The tangent stiffness matrix A′
∈ R3N×3N

is calculated from (B.10) according to

A′(uk)[ j, i] := ⟨ϕi ,A′

0(uk) ϕ j ⟩Ω0 (B.20)

nd the mass matrix M′
∈ R3N×3N is calculated from (B.11) according to

M′(uk, pk
C)[ j, i] := ⟨ϕi ,F ′

0(uk, pk
c ) ϕ j ⟩Ω0 , (B.21)

ee also [41,105].
The off-diagonal matrices B′

u ∈ R3N×Ncav and B′
p ∈ RNcav×3N in (B.17) are assembled using (B.14)

B′

u(uk, pk
C)[i, j] = ⟨ϕ j , V PDE

c (uk)ϕ̂i ⟩Ω0 , i = 1, . . . , Ncav (B.22)

and using (B.12)

B′

p(uk, pk
C)[i, j] = ⟨ϕ̂ j ,F ′

0(uk, pk
c )ϕi ⟩Ω0 , j = 1, . . . , Ncav, (B.23)

ith the constant shape function ϕ̂ j = 1 if τ j ∈ Γ0,c and ϕ̂ j = 0 if τ j /∈ Γ0,c for c ∈ {LV, RV, LA, RA}.
Using a technique as described in [64, Sect. 4.2] this assembling procedure can be simplified for closed cavities

uch that

B′

p(uk, pk
C) =

[
B′

u(uk, pk
C)
]⊤

.

The circulatory compliance matrix C′(pk
C) ∈ RNcav×Ncav is computed from (B.15) as

C′(pk
C)[i, j] = ⟨ϕ̂ j , V ODE

c (pk
c ) ϕ̂i ⟩Ω0 , i, j = 1, . . . , Ncav, (B.24)

ith the constant shape function ϕ̂i , ϕ̂ j = 1 for cavity c and 0 otherwise, leading to a diagonal matrix.
The terms on the upper right hand side A ∈ R3N , Bp ∈ R3N are constructed using (B.13) resulting in

Ru(uk, pk
C) = A(uk) − Bp(uk, pk

C) with

A(uk)[i] := ⟨A0(uk), ϕi ⟩Ω0 (B.25)

and

Bp(uk, pk
C)[i] := ⟨F0(uk, pk

c ), ϕi ⟩Ω0 . (B.26)

inally, the lower right hand side in (B.17), R p(uk, pk
c
) = V PDE(uk) − V ODE(pk

c
) ∈ RNcav , is assembled from (B.16)

with

V PDE(uk)[i] = ⟨V PDE
c (u), ϕ̂i ⟩Ω0 , i = 1, . . . , Ncav, (B.27)

nd

V ODE(pk
c
)[i] = ⟨V ODE

c (pc), ϕ̂i ⟩Ω0 , i = 1, . . . , Ncav. (B.28)

ppendix C. Generalized-α scheme

After standard discretization we rewrite Eq. (3) using Eqs. (B.25) and (B.26) as a nonlinear ODE reading

ρ0Mα ü(t) + Ru(u, t) = 0, (C.1)

with the mass matrix

Mα[i, j] :=

∫
ϕi (X) · ϕ j (X) dX.
Ω0
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Following [107] we reformulate Eq. (C.1) as a first order ODE system by introducing the velocity v

ρ0Mα v̇(t) + Ru(u, t) = 0, (C.2)

Mα u̇(t) − Mαv(t) = 0 (C.3)

and apply a generalized-α approach [108]. To this end we define three parameters

αf :=
1

1 + ρ∞

, αm :=
3 − ρ∞

2(1 + ρ∞)
, γ :=

1
2

+ αm − αf,

here the spectral radius ρ∞ is a parameter between 0 and 1. With this we introduce

v̇n+αm
:= αmv̇n+1 + (1 − αm)v̇n,

u̇n+αm
:= αmu̇n+1 + (1 − αm)u̇n,

vn+αf
:= αf vn+1 + (1 − αf) vn,

un+αf
:= αf un+1 + (1 − αf) un,

and reformulate Eq. (C.2) as

ρ0Mα v̇n+αm
+ Ru(un+αf

) = 0, (C.4)

Mα u̇n+αm
− Mαvn+αf

= 0. (C.5)

Here, the second equation gives us

u̇n+αm
= vn+αf

and we get for the velocity update

vn+1 =
αm

αfγ∆t

(
un+1 − un

)
+

γ − αm

γαf
u̇n +

αf − 1
αf

vn. (C.6)

From this and the relationship by Newmark [109]

un+1 = un + ∆t
(
γ u̇n+1 + (1 − γ )u̇n

)
,

vn+1 = vn + ∆t
(
γ v̇n+1 + (1 − γ )v̇n

)
,

e obtain

v̇n+1 =
αm

αfγ 2∆t2

(
un+1 − un

)
−

1
αfγ∆t

vn +
γ − 1

γ
v̇n +

γ − αm

αfγ 2∆t
. (C.7)

Hence, we can rewrite the whole first order system only dependent on the unknowns un+1.

ewton’s method for the generalized-α scheme. For the implementation of Newton’s method we compute

∂v̇n+αm

∂un+1
=

α2
m

αfγ 2∆t2 ,
∂vn+αf

∂un+1
=

αfαm

αfγ∆t
=

αm

γ∆t
,

∂un+αf

∂un+1
= αf. (C.8)

To calculate the solution at the current timestep we assume that we know un , u̇n , vn and v̇n from the previous time
tep n and get from Eq. (C.4) for the residual

Rα(uk
n+1) := −ρ0Mα v̇k

n+αm
− Ru(uk

n+αf
), (C.9)

with v̇k
n+αm

:= v̇n+αm
(uk

n+1) and uk
n+αf

:= un+αf
(uk

n+1). To increase stability we consider Rayleigh damping by adding
the two matrices

Dmass(uk
n+1) = ρ0 βmassMα vk

n+αf
, (C.10)

Dstiff(uk
n+1) =βstiff A′(un)vk

n+αf
, (C.11)

o the residual (C.9) with vk
:= v (uk ) and Rayleigh damping parameters β ≥ 0 ms−1, β ≥ 0 ms.
n+αf n+αf n+1 mass stiff
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The tangent stiffness matrix is now calculated using (C.8) as

A′

α(uk
n+1, pk

C,n+1
) := ρ0

∂v̇n+αm

∂un+1
Mα +

∂un+αf

∂un+1

(
A′(uk

n+αf
) − M′(uk

n+αf
, pk

C,n+1
)
)

= ρ0
α2

m

αfγ 2∆t2 Mα + αf

(
A′(uk

n+αf
) − M′(uk

n+αf
, pk

C,n+1
)
)

, (C.12)

with A′, and M′ being the known tangent stiffness matrices from the quasi-stationary elasticity case, see Eqs. (B.20)
and (B.21). When using a coupling with the circulatory system we compute the off diagonal matrices and lower
right hand side, see Eqs. (B.22), (B.23) and (B.27), in terms of uk

n+αf
.

Appendix D. Direct Schur complement solver for a small number of constraints

Given the block system A ∈ Rn×n , D ∈ Rm×m(
A B
C D

)(
x
y

)
= −

(
f
g

)
ith

B =
(
b1 | · · · | bm

)
∈ Rn×m, C =

(
c1 | · · · | cm

)⊤
∈ Rm×n,

we can write the Schur complement system as

(CA−1B − D)y = g − CA−1 f

x = A−1 f − A−1By.

With

r = A−1 f , S = A−1B =
(
s1 | · · · | sm

)
∈ Rn×m, si = A−1bi , i = 1, . . . , m (D.1)

we get

(CS − D)y = g − Cr

x = r − Sy. (D.2)

The realization of (D.2) involves m + 1 solves and the inversion of an m × m matrix. Since m is generally small
his can be done symbolically.

[CS]i j = ci · s j , for i, j = 1, . . . , m.
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