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scale directional heat transfer with
Janus nanoparticles†

Chen Xie, a Blake A. Wilson a and Zhenpeng Qin *abc

Janus nanoparticles (JNPs) with heterogeneous compositions or interfacial properties can exhibit

directional heating upon external excitation with optical or magnetic energy. This directional heating

may be harnessed for new nanotechnology and biomedical applications. However, it remains unclear

how the JNP properties (size, interface) and laser excitation method (pulsed vs. continuous) regulate the

directional heating. Here, we developed a numerical framework to analyze the asymmetric thermal

transport in JNP heating under photothermal stimulation. We found that JNP-induced temperature

contrast, defined as the ratio of temperature increase on the opposite sides in the surrounding medium,

is highest for smaller JNPs and when a low thermal resistance coating covers a minor fraction of JNP

surface. Notably, we discovered up to 20-fold enhancement of the temperature contrast based on

thermal confinement under pulsed heating compared with continuous heating. This work brings new

insights to maximize the asymmetric thermal responses for JNP heating.
Introduction

Nanoparticle (NP) heating has enabled many applications,1–4

including cancer treatment,5–9 neuromodulation,10,11 molecular
hyperthermia,12–15 point-of-care diagnosis,16–18 contrast
agents,19,20 controlled release,21 energy harvesting,22,23 and
catalysis.24,25 Janus nanoparticles (JNPs) refer to nanostructures
with asymmetric structures, and have recently brought new
opportunities to the eld.26–28 Two types of JNPs have been
widely studied recently: the rst type of JNPs consists of
heterogeneous materials, such as combinations of metallic and
non-metallic materials;29–31 whereas the second type of JNPs is
asymmetrically coated with different ligands, such as hydro-
phobic versus hydrophilic coatings.32 Upon laser excitation, the
asymmetric structures of JNPs can lead to heterogeneous
heating source,33 or nonuniform NP–water interfacial thermal
resistances (ITRs).34 These asymmetries have been harnessed to
regulate the thermal transport around the JNP and lead to
directional heating.34–37 Directional heating with the rst type of
JNPs has enabled novel applications with JNPs, such as ther-
mophoretic nanomotors,33,35,38 nano tweezers,39,40 Janus nano
pen injection,41 and energy management.42
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For the second type of JPNs, recent theoretical studies have
shown the possibility of directional heating with signicantly
smaller (∼5 nm) than the rst type JNPs (50–200 nm),34 thus
promising to open the new size range for potential applications.
The central issue for JNP heating is a better understanding of
thermal transport and temperature regulation.40 Olarte-Plata
et al. was among the rst to analyze the directional heating of
JNPs with heterogeneous coating and ITRs under continuous
heating.34 Using molecular dynamics (MD) simulation and
continuous modelling, they demonstrated a temperature
difference up to 10 K with hydrophilic/hydrophobic
(octanethiolate/mercaptohexanol)-coated JNPs and estimated
the temperature difference with a wide range of ITR combina-
tions (0.1–100 × 109 m2 K W−1) and sizes (5–100 nm, contin-
uous modeling). Jiang et al. further utilized MD simulation to
provide an atomic resolution of ITR variations of Au–water
interface and demonstrate a temperature difference on the
order of 5 K for with 20–30 nm NPs with 1 mW heating per NP.43

While these studies have greatly advanced our knowledge of
directional heating with JNP, several key questions remain
unclear, specially how the distribution of heterogeneous ITR on
JNP and the laser excitation duration (continuous vs. pulsed)
regulate the nanoscale thermal transport.

This work focuses on elucidating how the heterogeneous
interface properties (ITRs), the area fraction of heterogeneous
ITRs, and the laser excitation method (continuous vs. pulsed)
regulate the nanoscale heat transfer (Fig. 1A) for JNPs with gold
core and asymmetric surface coatings. Here we developed
a numerical framework based on continuous models as it
enables us scanning a wide range of parameter space, especially
for the pulsed heating (transient process) scenarios. We dened
© 2024 The Author(s). Published by the Royal Society of Chemistry
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Fig. 1 Schematic illustration of the JNP heating modeling. (A) A
spherical Janus nanoparticle (JNP) with gold core is heterogeneously
coated, leading to nonuniform interfacial thermal resistance (ITR). The
two ITRs on the JNP are R1, covering the north pole, and R2, covering
the south pole. The polar angle (q0) defines the boundary between two
different coatings and determines the fraction of the low thermal
resistance coating vs. high thermal resistance coating. Continuous and
pulsed heating was imposed on the JNP tomodel the steady-state and
transient heating scenarios. (B) Schematic of the model under spher-
ical coordinates. DT1 and DT2 indicate the temperature change in the
water.
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a dimensionless parameter based on the ratio of asymmetric

temperature increase (z ¼ DT1

DT2
, Fig. 1B) to quantify the

magnitude of directional heating. Our modeling results suggest
that increasing JNP size reduces the temperature contrast,
additionally, an approximate solution is provided to estimate
the JNP size-dependent temperature contrast. Furthermore, the
distribution of interface thermal resistance (varying the surface
coverage of low versus high interface thermal resistance) has
a signicant impact on the temperature contrast, with a minor
coverage by low interface resistance leading to higher temper-
ature contrast. Importantly, we demonstrate a signicant
enhancement of temperature contrast with pulsed JNP heating
compared with continuous heating. Our work advances the
understanding of directional heating with JNP by clarifying the
contributions of various factors to JNP nanoscale thermal
transport.
Results
Directional heating and temperature contrast under
continuous heating

We rst developed a numerical framework with nite difference
methods (FDM) based on the continuous modeling of thermal
transport (Fourier's law) to simulate thermal transport with the
second type of JPN, which consists of a gold core and asym-
metric coatings (Fig. 1A). It should be noted that continuous
modeling are sufficiently accurate for estimating the JNP heat-
ing in an aqueous solution as the mean free path of phonon in
the water (∼0.3 nm) is orders of magnitude smaller than the
© 2024 The Author(s). Published by the Royal Society of Chemistry
characteristic length in this work (5–100 nm).14,44,45 Additionally,
a recent study has shown that results from continuous
modeling are in well consistence with the MD simulation even
for small JNP (5 nm) heating.34 We adopted constant thermal
thermophysical properties (c, r, k) as we have shown in our
previous work that temperature-dependent thermophysical
properties have limited effect on the temperature prole
compared that with the constant properties.14 The model
(Fig. S1†) was vigorously validated including mesh indepen-
dence and boundary effect analysis (ESI section “FDM model
validation” and Fig. S2–S4†). To quantify the temperature
contrast for JNP heating, we rst dene a dimensionless
parameter:

z ¼ DT1

DT2

(1)

where DT1 and DT2 indicate the representative temperature rise
of the two coating parts (Fig. 1B). When z = 1, it indicates no
temperature contrast or homogeneous heating, whereas when z

< 1 or z > 1, it indicates directional heating.
Several factors can affect the thermal transport and temper-

ature prole during JNP heating, including the interfacial
thermal resistance (ITR), the JNP size (rJNP), the fraction of the
low thermal resistance coating vs. high thermal resistance
coating (as quantied by the polar angle q0 of the heterogeneous
coatings, Fig. 1A), and the heating method (i.e., continuous
heating vs. pulsed heating, can be quantied by heating time, t).
First, we analyzed JNP heating under continuous heating and
the simplest JNP with a symmetric geometry (polar angle q0 = p/
2). Nonuniform interfacial properties can stem from the
heterogeneous coating, including hydrophilicity that leads to
different ITR values, and the contrast between ITRs can be tuned
by altering the combination of surface coating materials or
ligands.46–48 Since the ITR values for NPs in an aqueous solution
reported are in the order of 1–100 × 10−9 m2 K W−1 (Table S1†),
or interfacial conductance: 0.01–1 × 109 W m−2 K−1,49–53 we will
set our parameter range for ITRs as 1–100 × 10−9 m2 K W−1

throughout the paper. Fig. 2A shows that for a given JNP size
(rJNP= 15 nm), the combination of R1 and R2 signicantly affects
the temperature prole and temperature contrasts (z). With
uniform ITR (case 1, R1 = R2 = 50 × 10−9 m2 K W−1), the
temperature increase is uniform around the nanoparticle. With
the increase in the ITR contrast (cases 2–4), we observed a higher
temperature contrast, referred to as directional heating, in the
surrounding water near the north pole and south pole (Fig. 2A).
The maximum ITR ratio (R2/R1 = 100) gives a temperature
contrast z = 2.5 (case 4). It should be noted that a uniform
temperature proled is observed inside JNP across all the
combinations of the ITRs as the thermal conductivity and
diffusivity of gold is much higher than those of water. To gain
a complete picture of the temperature contrast as a function of
ITRs, we constructed the 2D map of zs.s. as a function of R1 and
R2 (Fig. 2B), where the subscript s.s. indicates steady-state (i.e.
continuous heating). The range for ITRs in Fig. 2B (1–100× 10−9

m2 K W−1) is consistent with ITRs reported in the literature.14

zs.s. equals to 1 along the diagonal where R1 = R2 while zs.s.

deviates from 1 in the off-diagonal region (when R1 s R2).
Nanoscale Adv., 2024, 6, 3082–3092 | 3083



Fig. 2 Temperature profile and contrast with Janus NP heating under the steady-state. (A) Normalized temperature rise (DT) with Janus
nanoparticle (JNP) heating. The JNP size (rJNP) is 15 nm, and the polar angle for the heterogeneous coating (q0) is p/2. (B) 2D map of zs.s. in terms

of the two ITRs, R1, and R2. Dotted lines are contour lines for zs.s.. The Kapitza number (Ka) is defined as: Ka ¼ Rk
rJNP

, where R is the interfacial

thermal resistance, k is the thermal conductivity of the media, rJNP is the radius of JNP.

Nanoscale Advances Paper
Fig. 2B is symmetric along the diagonal line since exchanging
the R1 and R2 should lead to the inverse of zs.s..

To further investigate how the combination of ITRs affects
zs.s., we developed a parallel circuit model (ESI section “Parallel
3084 | Nanoscale Adv., 2024, 6, 3082–3092
circuit model”†) to analyze the JNP heating analytically. Here we
assume no heat transfer across the polar angle (q0) of heteroge-
neous ITR in the water domain, and we simplied the model to
a parallel circuit analogy (Fig. S5A†) with a set of linear equations
© 2024 The Author(s). Published by the Royal Society of Chemistry
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to describe the temperature at the critical nodes (eqn (S2) and
(S3)†). Based on this parallel circuit model, the temperature
contrast under the steady-state can be estimated by:

zs:s: ¼
DT1

DT2

¼ ðrJNP þ R2kwÞ
ðrJNP þ R1kwÞ (2)

Comparing results from the parallel circuit model with the
FDM results (Fig. S5B†), the parallel circuit model overestimates
Fig. 3 Effect of the polar angle (q0) on the temperature contrast under ste
1 × 10−9 m2 K W−1 and R2 = 100 × 10−9 m2 K W−1, rJNP = 15 nm. (B) Th
southern pole ( _q2) as a function of q0. (C) DT1 and DT2 as a function of q0
100 × 10−9 m2 K W−1. The dotted lines are contour lines for zs.s..

© 2024 The Author(s). Published by the Royal Society of Chemistry
zs.s. and is more accurate with larger JNPs. This overestimation
may arise from the assumption of no heat transfer across q0.
The agreement between the numerical simulation and parallel
circuit model improves for larger JNPs because heat ux in the q
direction becomes less important compared with the radial heat
ux. Furthermore, eqn (2) demonstrates the size dependence of
temperature contrast with JNP heating. For a given combination
of R1 and R2, larger JNP size will yield less temperature contrast.
This size dependence agrees with Kapitza number analysis,52,54
ady-state. (A) Temperature profile of JNP heating with different q0. R1=
e local heat flux rate across the interface at the northern pole ( _q1) and
. (D) zs.s. map as a function of rJNP and q0. R1 = 1 × 10−9 m2 K W−1, R2 =

Nanoscale Adv., 2024, 6, 3082–3092 | 3085
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where for larger NP, the ITR has a smaller effect on the heat

dissipation

0
BB@zs:s: ¼

�
1þ R2kw

rJNP

�
�
1þ R1kw

rJNP

� ¼ 1þ Ka2
1þ Ka1

1
CCA. This size

dependence of zs.s. is also conrmed with the FDM model,
and the zs.s maps with rJNP ranging from 3.75 to 60 nm
(Fig. S6†).
Effect of JNP size and asymmetric coating on the temperature
contrast under steady-state

Next, we analyzed how the asymmetric surface coating impacts
the temperature contrast. Under experimental conditions, the
surface coating can be highly asymmetric with a major or minor
fraction of the low thermal resistance coating vs. high thermal
resistance coating, i.e., q0 deviates from p/2 (Fig. S7†).31,55 Here,
we investigated how the asymmetric coating impacts the
temperature contrast by examining a range of polar angle q0

values (Fig. 3A). Fig. 3B shows that the asymmetric coating
strongly affects the local heat ux rate across the interface ( _q).
The local heat ux at the north pole ( _q1) is signicantly higher
(∼50-fold at q0 = 0.02p) than that of the south pole ( _q2) when q0

< p/2. The difference between _q1 and _q2 with smaller q0 leads to
a remarkably higher DT1 (Fig. 3C) than DT2. We further exam-
ined the asymmetric coating for different JNP sizes (Fig. 3D).
Our results suggest that smaller JNP size gives greater temper-
ature contrast (e.g., zs.s. = 10 for a 3 nm JNP with q0 ∼ p/12, area
fraction for low thermal resistance ∼3%).
Fig. 4 The temperature evolution during the transient heating. (A) DT
heating power (g)= 35.6 mW, heating time (theating)= 100 ns. R1= 1× 10−9

of local heat flux rate ( _q)at the north pole and south pole, (C) DT and DT2 a
indicates the corresponding zs.s..
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Directional heating during pulsed heating

Recently, NP heating with femtosecond to nanosecond pulsed
energy excitation has shown unique thermal responses and has
played essential roles in various applications.12,15,56 As the
characteristic thermal relaxation time is on the order of nano-

seconds (s ¼ rJNP2

Dw
¼ 1:6 ns for 30 nm JNP), JNP heating with

nanosecond or shorter pulsed heating is far from steady-state
and can lead to thermal connement. Here we imposed 100
ns laser pulse (constant heating) on a 30 nm JNP with R2/R1 =

100 and q0 = p/2. Fig. 4A illustrates the temperature proles
during the transient heating process. At t = 1 ns, only a thin
layer of water adjacent to the JNP–water interface is heated
along the northern hemisphere (DT ∼ 200 K). On the contrary,
minimal heating is observed near the southern hemisphere (DT
∼ 25 K) due to higher ITR. By comparing the local heat ux at
the north pole and south pole ( _q1 and _q2), both the magnitude
and slope for _q1(t) are signicantly higher than those for _q2(t) for
t < 1 ns, leading to enhanced temperature contrast (Fig. 4B–D, z
∼ 20 at 0.1 ns). Here we adopted the Fourier's number

(Fo ¼ Dt
rJNP2

, D: thermal diffusivity, t: time) as dimensionless

time. As heating continues, thermal energy continuously
diffuses and leads to reduced temperature contrast. At t = 100
ns, the maximum temperature is reached as it is the end time
point for the pulsed heating and the heating asymptotically
approaches the steady-state value (Fig. 4B, Fo = 63.5), and the
temperature contrast z asymptotically falls to its steady-state
profiles during the transient heating process with JNP. rJNP = 15 nm,
m2 KW−1, R2= 100× 10−9 m2 KW−1, q0= p/2. (B) Temporal evolution
nd (D) z during the transient heating process. The blue dotted line in (D)

© 2024 The Author(s). Published by the Royal Society of Chemistry
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level (Fig. 4C, zs.s. = 2.5). Aer the pulsed heating (t > 100 ns),
the whole system cools down rapidly, and both DT1 and DT2
drop to 0 with z approaching 1. Therefore, the thermal
connement under short ns pulse heating (Fo� 1) leads to a 8-
fold enhancement of temperature contrast under current
conditions (Fo = 0.06, R2/R1 = 100, rJNP = 15 nm, q0 = p/2).

Effect of JNP size and asymmetric coating on the temperature
contrast during the transient heating

Lastly, we investigated how the JNP size and asymmetric impacts
the temperature contrast under pulsed heating. We started by
Fig. 5 Effect of thermal resistance (R2/R1), asymmetric coating (q0), an
heating. (A) zmap as a function of rJNP and Fo. (B) zmap as a function of q
+ R1 = 100 m2 K W−1 and alter the R2/R1. The dotted lines are contour l

© 2024 The Author(s). Published by the Royal Society of Chemistry
analyzing JNP size (rJNP) on the temperature contrast z and
observe a strong size dependence (Fig. 5A). Smaller JNPs aremore
sensitive to heating time and hence have a stronger enhanced
temperature contrast with pulsed heating (Fo = 0.06) compared
with steady-state scenarios (14-fold enhancement for rJNP = 3 nm
and 4-fold for rJNP = 60 nm). As shown in Fig. 5B, analysis of the
asymmetric coating shows a strong enhancement for tempera-
ture contrast (13-fold) for amoderate q0 (p/12 < q0 < 3p/4) at short
heating times (Fo < 1). Lastly, Fig. 5C demonstrates z in terms of
ITR contrast and heating time and suggests that for high ITR
contrast (R2/R1 > 25), the temperature contrast is signicantly
d particle size (rJNP) on the temperature contrast during the transient

0 and t. (C) zmap as a ITR ratio and heating time (t). Here we regulate R2

ines for z.

Nanoscale Adv., 2024, 6, 3082–3092 | 3087
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enhanced with short heating time (z ∼ 12–20 when Fo ∼ 0.1).
Whereas for low ITR contrast (R2/R1 < 25), z is less sensitive to
heating time, and for minimal ITR contrast (R2/R1 ∼ 1–2),
z approximately keeps constant (z ∼ 1.5) throughout the tran-
sient process. In conclusion, our analysis gives a clear landscape
of the transient temperature contrast due to JNP size (rJNP) and
ITR distribution (q0, R2/R1). Specically, smaller-sized JNP with
large ITR contrast and moderate polar angle has the maximal
temperature contrast under pulsed heating.
Discussion
Directional heating with the rst kind of JNP

In this work, we focused on directional heating with the second
type of Janus NP characterized by heterogeneous interfacial
thermal resistances (ITRs). One key result from our model is
a much-enhanced temperature contrast (z) with ultra-short
pulsed heating compared with that of continuous heating.
However, the mechanism behind this enhanced z remains
elusive due to the formidable challenge of solving the analytical
solution for the temperature function. We propose a potential
explanation for the enhanced z observed during pulsed heating:
the thermal connement due to short heating time, leading to
localized heating only around the north hemisphere, also
known as thermal connement, and consequently amplifying z

during the pulsed heating.
Recently, FEM modeling has been used to investigate

thermal transport with the rst kind of JNP which consists of
heterogeneous materials. González-Colsa et al. has shown
a temperature gap of 10 K with a gold/polymer semi-shell
nanostructure under pulsed heating, though the temperature
gap under steady-state conditions with the semi-shell remains
unclear.36 Drawing parallels with the rst type of JNP investi-
gated in our study, we speculate a signicantly enhanced
directional heating potential for this type of JNP under ultra-fast
pulsed heating compared to continuous heating, attributable to
similar factors such as thermal connement. We anticipate that
ultra-fast pulsed heating could be an effective method for har-
nessing directional heating across various types of JNPs.
Effect of Brownian motion on JNP heating

The Brownian motion of particles in a liquid can have a signif-
icant impact on thermal transport around JNPs. For instance,
the mean velocity associated with Brownian motion for a 10 nm
particle in water is approximately 10 mm s−1. Considering the
time scale of our analysis (100 ns), this velocity suggests only
minimal displacement (on the order of ∼1 pm). As a result, we
anticipate that the inuence of Brownian motion on thermal
transport will be minimal under these conditions.
Conclusion

This work focuses on directional heating with Janus nano-
particle (JNP). Through computational modeling, we analyzed
the effect of ITR contrast, JNP size, and asymmetric coating on
the temperature contrast under steady-state and transient
3088 | Nanoscale Adv., 2024, 6, 3082–3092
heating conditions. First, we found a signicant size depen-
dence of temperature contrast, where a smaller JNP can lead to
greater temperature contrast. We further revealed the role of
asymmetric coating and found higher temperature contrast
when low thermal resistance coating covers a minor fraction of
JNP surface. Importantly, we elucidated the temperature
evolution near a JNP during a transient heating process and
found up to 20-fold enhancement of the temperature contrast
for pulsed JNP heating versus continuous heating. Our work
provides the basis to design JNP and maximize the directional
heating.
Methods
Theoretical model

Here we considered a JNP with two different surface coatings
and interface thermal resistance values (Fig. 1A). The material
of our JNP is gold and the JNP is submerged in an aqueous
solution. Heat can transfer through the interface into the water
when the JNP is excited by laser radiation.40 To facilitate the
investigation of thermal transport during the transient, we
adopted square pulsed heating in our modeling. Recently,
studies reported that heat conduction under the nanoscale
could deviate from Fourier's law when the mean free path is
comparable to the characteristic length.57 In this work, the
temperature prole in the water domain is our primary concern.
Considering that the mean free path of phonons in the water
(∼0.3 nm) is orders of magnitude smaller than the character-
istic length (∼10 nm),45 the Fourier law should be sufficient to
model the thermal transport,14,44 we applied Fourier's law with
the governing equation:1

VðkVTÞ þ g ¼ rc
vT

vt
(3)

Here, k is the thermal conductivity, g is the heat source, r is
density, and c is the specic heat. We further expand the gov-
erning equation under spherical coordinates with azimuthal
symmetry and simplify our model to a 2D problem (Fig. 1A and
S1†). To further simplify the model, we assume constant
thermal properties. Based on our previous work, the constant
property assumption introduces minimal error.14 The theoret-
ical model is shown as follows:

v2T

vr2
þ 2

r

vT

vr
þ 1

r

v2T

vq2
þ cotðqÞ

r2
vT

vq
þ g

k
¼ 1

D

vT

vt
(4)

where D refers to thermal diffusivity. Expanding the governing
equation with spherical coordinates enables us to discretize the
system with an orthogonal mesh (Fig. 1B and S1†). However, as
shown in eqn (4), the system will have singularities when r /
0 and q/ 0 & p and is discontinuous at the center point where
the two singularities meet (r = 0, q = 0).58 To overcome this, we
assume the temperature is uniformly distributed in the q

direction near the center point. Thus, we can further reduce the
governing equation in the region near the center point to a 1D
problem (Fig. S1†). Since the thermal diffusivity of metal is
much higher than that in water, the temperature prole inside
the JNP is close to isothermal, and this 1D assumption is
© 2024 The Author(s). Published by the Royal Society of Chemistry
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acceptable. Consequently, the temperature governing equation
is given by:

The boundary and initial conditions are:
8>>>>>>>>><
>>>>>>>>>:

v2TJNP

vr2
þ 2

r

vTJNP

vr
þ g

kJNP

¼ 1

DJNP

vTJNP

vt
; r# r1D

v2TJNP

vr2
þ 2

r

vTJNP

vr
þ cotðqÞ

r2
vTJNP

vq
þ 1

r

v2TJNP

vq2
þ g

kJNP

¼ 1

DJNP

vTJNP

vt
; r1D\r# rJNP

v2Tw

vr2
þ 2

r

vTw

vr
þ cotðqÞ

r2
vTw

vq
þ 1

r

v2Tw

vq2
¼ 1

Dw

vTw

vt
; r. rJNP

(5)
TJNP � Tw

R
¼ �kJNP

vTJNP

vr
¼ �kw vTw

vr
;

r ¼ rJNP Tw ¼ 0; r ¼ rboundary TJNP ¼ 0; Tw ¼ 0; t ¼ 0

(6)

r1D refers to the radius of the 1D region (Fig. S2†), rJNP refers to
the radius of the JNP, and rboundary refers to the radius of the
boundary for the water domain. It should be noted that R is the
interfacial thermal resistance (ITR), and it is a function of q:

R ¼
(

R1; 0# q# q0
R2; q0\q#p

(7)

where R1 and R2 indicate the ITR for the coating on the northern
part and the ITR for the coating on the southern part, respec-
tively, and q0 refers to the polar angle boundary between the
heterogenous coatings (Fig. 1A).
Finite difference method model

Next, we used the nite difference method model and discretized
eqn (5)–(7).59 Here, we adopted a biased mesh in the radius
direction in the water domain to achieve higher accuracy and save
computational time (Fig. S1†). For the steady-state problem, the
le-hand side of eqn (5) equals zero, and the discretized govern-
ing equation in the water domain is as follows:

AaTi�1;j þ AbTiþ1;j þ AcTiþ2;j þ ðAa þ Ab þ AcÞTi;j

ðDrÞ2

þ2

ri

DaTiþ1;j þDbTi�1;j þ ðDa þDbÞTi;j

Dr

þ1

ri

Ti;jþ1 � 2Ti;j þ Ti;j�1

ðDqÞ2 þ cot
�
qj
�

ðriÞ2
Ti;jþ1 � Ti;j�1

2Dq
¼ 0

Aa ¼ 2ða3 þ 2a2 þ a� 1Þ
a4 þ 3a3 þ 2a2 þ aþ 1

; Ab ¼ 2ða2 þ a� 1Þ
a4 þ 2a3 � a2

;

Ac ¼ �2ða� 1Þ
a7 þ 4a6 þ 5a5 þ 3a4 � a2

Da ¼ �a
aþ 1

; Db ¼ 1

a2 þ a
(8)

where the subscript i indicates the ith node in the r direction, and j
indicates the jth node in q direction, a indicates the biased mesh
factor (Dri+1 = aDri). The system has a second order of accuracy,
and we validated the model by conducting a mesh-independent
analysis and boundary effect analysis (Fig. S2 and S3†).
© 2024 The Author(s). Published by the Royal Society of Chemistry
For the transient problem, we discretized eqn (5)–(7) with
a Crank–Nicolson scheme,60 and the discretized governing
equation in the water domain is:
1

2

"
AaTi;j

nþ1 þ AbTiþ1;j
nþ1 þ AcTiþ2;j

nþ1 þ ðAa þ Ab þ AcÞTi;j
nþ1

ðDrÞ2

þAaTi;j
n þ AbTiþ1;j

n þ AcTiþ2;j
n þ ðAa þ Ab þ AcÞTi;j

n

ðDrÞ2
#

þ1

ri

"
DaTiþ1;j

nþ1 þDbTi�1;j
nþ1 þ ðDa þDbÞTnþ1

i;j

Dr

þ DaTiþ1;j
n þDbTi�1;j

n þ ðDa þDbÞTn
i;j

Dr

�

þ 1

ri

"
Ti;jþ1

nþ1 � 2Ti;j
nþ1 þ Ti;j�1

nþ1

ðDqÞ2 þ Ti;jþ1
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(9)

where superscript n indicates the nth node in the time direc-
tion. We further validated the accuracy and stability of the
model (Fig. S4†). Numerical results are consistent with analyt-
ical solutions. Eqn (8) and (9) are solved with MATLAB R2020b.
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