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ARTICLE INFO ABSTRACT
Keywords: The equivalent pupil and the point spread function constitute the Fourier-Bessel transform
Photon sieve relation. Based on this, we established the equivalent pupil function theory of rotating symmetric

Flattened Gaussian beam

; > ! photon sieve and derived the Fourier transform of the flattened Gaussian function. The focal spot
Equivalent pupil function

produced by this type of photon sieve exhibits a uniform intensity and phase distribution. Ac-
cording to the numerical results, the flattened Gaussian field distribution is consistent with the
designed function. In addition, the nonuniformity in intensity and phase is approximately 1% and
less than 1/170 wavelength, respectively.

1. Introduction

Uniform illumination has been used in various fields of optics. For microscopy in the visible spectrum, Kohler illumination which
provides uniform illumination plays an important role [1]. Besides microscopy [2,3], uniform illumination has also been applicated in
fields such as lithography [4], inertial confinement fusion [5], laser processing [6], compact antenna test range [7], and so on [8]. The
flattened Gaussian beam which has a flat-top spatial profile was introduced by Gori [9]. This flat-top beam provides one kind of
interesting possibility for uniform illumination. Several theoretical and experimental studies for flattened Gaussian beams were carried
out by different groups [4,10-12]. Similarly, super-Gaussian beams [13] and infinite Laguerre Gaussian modes [14] can also have
flat-top profiles. But because of the more complicated mathematics, we do not adopt these two models. Herein, we propose a specific
photon sieve that produces a flattened Gaussian focal spot with uniform intensity and a uniform phase.

Photon sieve was proposed by Kipp et al. [15], and the original idea was that the pinhole radius could break through the width limit
of the outermost zone plate ring and enhance the resolution by improving the characteristic size of the element. In subsequent studies,
researchers have realized that the photon sieve structure offers a greater degree of freedom of design that can be utilized for achieving
completely new functions. Such as the fractal photon sieve which provides higher resolution [16], the spiral photon sieve which can
modulate phase [17], the binary photon sieve aiming at promoting efficiency [18], the wavefront coding photon sieve expanding the
bandwidth [19], the random photon sieve that suppresses higher-order focal points [20], and so on. As a result, photon sieve has been
studied for telescopes [21-23], beam shaping [17,24], imaging [19,25], holograms [26,27], and biological optics [28].

For a deeper understanding of the photon sieve, paraxial and non-paraxial analytical expressions of the photon sieve were obtained
by the Rayleigh-Sommerfeld integral [29,30]. The influence of the pinholes’ shape, which indicated the importance of the pinhole
area, was sequentially discussed by researchers as well [31-34]. Large apertures or high numerical aperture photon sieves may contain
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millions or even hundreds of millions of pinholes that cause considerable inconvenience to simulation and optimization. To solve this
drawback, the pinhole ring model for photon sieve was proposed [35,36]. In this model, all pinholes in the same ring are considered
together instead of calculating them individually.

Some photon sieve models rely on a particular arrangement of pinholes [16,37]. The apodized photon sieves also need to adjust the
distribution of pinholes [38-42]. Based on the pinhole ring model and equivalent pupil function theory working on zone plate [43,44],
we further develop the equivalent pupil function theory of rotational symmetric photon sieve. In this theory, the single ring described
by the pinhole ring model is extended to the whole photon sieve plane; consequently, the distribution function of the optical field
passing through the rotating symmetric photon sieve is analytically related to the function of the optical field in the focal plane. A
detailed derivation is presented in Section 2. Since this theory is based on scalar diffraction theory, the proposed photon sieve is
polarization independent. Also, this theory is based on the rotational symmetric in every ring, it can be applied in an aperiodic photon
sieve, but there may exist higher-order focal points that can be suppressed by random photon sieve [20].

In Section 3, we present the mathematical derivation that converts plane waves into flattened Gaussian beams with a uniform
phase. For an arbitrary optical element, the pupil function exhibits a Fourier transform relation with the point spread function in the
focal plane. As the transformation relation is reversible, we can design the optical field distribution function in the focal plane in
advance, use the equivalent pupil function theory to calculate the pupil function of the photon sieve, and determine the pinhole
distribution.

In Section 4, we numerically simulate the distribution of the optical field in the focal plane of the designed photon sieve. The results
reveal a highly uniform intensity and uniform phase in the center of the focal spot. We test the equivalent pupil function model as well,
which was compatible with the sum of the pinhole model. In Section 5, we summarize the study. We believe that the work presented in
this paper will enlighten the design of photon sieve for relevant fields.

2. Equivalent pupil function theory

As displayed in the schematic of the photon sieve in Fig. 1, the light is vertically incident on the photon sieve. To ignore the
complexity of the incident light, we define it as a plane wave with uniform amplitude. The photon sieve plane and the focal plane is
denoted by the x-y plane and the X-Y plane, respectively. The distance between the two planes q is designed to be the focal length f of
the photon sieve. In analogy to the zone plate, at photon sieve, pinholes in the same zone must have a similar focal contribution. These
pinholes in the mth zone are designed to be uniformly distributed and of equal radius ap,. The distance from the center of the photon
sieve to the center of the mth zone is denoted by r;;, and the coordinates of the center of the nth pinhole in the mth zone are denoted by
(Xmn, ¥Ymn)- Therefore, r% = x,z,m + y,z,m. Np, denotes the number of pinholes in the mth zone.

The work of the pinhole ring model was proposed in Refs. [35,36]. The model is derived repeatedly to ensure the integrality of this
paper. According to Refs. [28,29], the optical field of the nth pinhole in the mth zone in the focal plane is

kAmnaﬁmq . . kamn
Um(X,Y)= — expljk (L + Hyu)|Jinc (Hm" p) , (€))

where A, is the amplitude of the incident light at the pinhole, k is the wave number in vacuum, j is the imaginary unit, and p = [(X —
xmn)2 + (Y- ymn)z]l/ 2, Because the amplitude of the incident light is identical at all locations of the photon sieve in this study, Ap, is
omitted. In the discussion of the optical field in the focal plane, q can be replaced by f. From the mathematical form of the formula, we
can see that among all the factors, the exponential term has the largest influence. L, and Hp,, in the exponential term are given by

oL oL
Lmn7L(-xmn7)mn)+a(x7xmn) +aiy(y7ym”)’ (2)
Hmn = \/qz + (X - xnm)z + (Y - ynm)z‘ (3)

L is the eikonal from light source to the center of specific pinhole in photon sieve. For plane waves, we only consider Hy,p,, as Ly, in
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Fig. 1. Schematic view of photon sieve [35]. Reproduction authorized.
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Eq. (2) is constant and its influence on the final result is negligible. The Taylor expansion of Hy,, in Eq. (3) can be written as Hy, ~ fi +
(R? — 2XymnX — 2YmnY)/(2f ), where f2 = f2 + r2, and R* = X% + Y Considering the photon sieve to be circularly symmetrical, the
exponential term is converted from rectangular coordinates to polar coordinates. By substituting the Taylor expansion into the
exponent, the exponential term can be expressed as

mnX mnY
expljk(Lyn + Hu)] = expljk(f,, — f)]exp <Jk 7) exp( jk%)

= explik(f —f)lexp <_|k 73 )GXP{—jkw}

(€]

)

where ¢ indicates the angular variable in the X-Y plane and 0y, indicates the angle between the x-axis and the line from the original
point to the center of the nth pinhole located at the mth zone. Herein, in focusing, phase difference plays a more important role than the
phase itself; therefore, we use exp[jk(fm — ] instead of exp(jkfi,) in Eq. (4) as the two expressions are essentially identical.

Because all N, pinholes are in the mth zone, the optical field in the focal plane can be determined from the arrangement of the
pinholes in the photon sieve. Based on the circular symmetry, because the intensity in the center near the focus is much higher than the
other positions, the optical field near the focus is considered. Consequently, Eq. (1) simplified considerably, as X — 0, Y — 0, Hyp = fi,
and p = ry,. Therefore, the optical field of the pinhole in the focal plane can be written as

2 e - n k mn
U (X.Y) =L ex nexp(JkT)exp[— kM}J(f ) ®)

As per Eq. (5), for Np,, pinholes in the mth zone of the photon sieve, the total optical field is the superposition of the optical fields of
the Ny, pinholes. The difference between these pinholes is their azimuth angle 6,,,; therefore, the sum can be written as

ta N . TR cos(p — 0,,)
ZU’”” (X,Y)= - mexp[]k(fm f)}eXP(Jk % ) <fm ) ;exp{ﬂkT} N

We assume that all the pinholes in the same zone are uniformly distributed at the ring and had the same radius. Therefore, the
difference between the azimuth angles of the two adjacent pinholes is A0 = 21/Np,,. Based on this symmetry, the sum form of Eq. (6) can
be transformed into the integral form demonstrated as

”’ rmR cos(@ — Oy R cos(@ — Opn)
RSN Sk A — k=P Tl Ag
R R e R

1 [ kRr, kRr,
~— _ ;M s(¢p — 0,,) |dO=N,, 2.
39, e"p[ i, cosle )} J“( 7. )

It should be noted that in this step, the validity of Eq. (7) has certain requirements regarding the number of pinholes. As fewer
pinholes affect the accuracy of the function, we recommend at least 20 pinholes in each zone to ensure symmetry.
Thus far, we have obtained a pinhole ring model of the photon sieve. According to this model, the optical field at the focal plane of

the whole photon sieve is given by:
M M kay,r, <er )
UXx,y)= Um(X, )= N, 2 nf ex k(f, ex| L 2. (8)
AP p> et~ lesa (o o (57 ('
To further deduce the model, the photon sieve is divided into M regions, and Eq. (8) is changed to
zM:N k(o — )] (k >J ("“’”’”)J (kR’”)D ©
i ex o x| s
2Dy T P2 U )\

because these two equations are numerically identical. In this case, each region contained one pinhole ring. Let s = r%, and D,, be the

(7)

width of the mth region in the s coordinate. Therefore, we obtain >°¥_, D,, = A%, where A represents the radius of the photon sieve.
Based on the zone plate theory, Dy, =~ 24fn, fm only varies slightly, therefore it can be assumed to be uniformly distributed in the s
coordinate.

When M is sufficiently large, the sum of Eq. (9) can be reduced to an integral. In addition, in Eq. (9), Dy, ~ ds = 2rdr. Therefore, the
integral can be written as

UX,Y)= / Nmfm D, exp[jk(fm f)lexp (Jk2fm> <kc.z;;rm)J0 <k;:'"> rdr. (10)

According to the identical equation of Fourier transform in polar coordinates, U(R) = 2z [ $rG(r)Jo(2arR)dr, we obtain Eq. (11)
from Eq. (10).

_ R 2n [* mf}'F kit
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The factor F in Eq. (11) is the average value of all terms of f,;; therefore, it can be simply set as (f; + fa)/2. Factor ry, in Jo(.) term in
Eq. (11) can be changed to a variable r. The form of Eq. (11) is similar to the Fourier form of the lens-focusing formula. The equivalent
pupil function is given by

G(rm),0<r<A
G(r) =

0,r>A 12)
_ anfAF o ka1,
G(rm) = Nmm expljk(fn — )01 < 7 )

As the size of a real optical element is finite, its pupil function would be truncated at the boundary.

Based on the pinhole ring model, we have established the transformation relation between the photon sieve plane and focal plane. G
(r) represents the equivalent pupil function, which is truncated in a real optical element; it is G(r;;,) when the radius in the range of 0 <r
< A and zero when the radius is greater than A. Using Eq. (12), we can observe the effect of the pinhole parameters on the value of the
equivalent pupil function. The position, size, and number of pinholes can affect the contribution of the focal spot. Therefore, similar to
the formula in Refs. [43,44] for designing zone plate, by regulating the parameters of the pinholes, we can adjust the equivalent pupil
function and modulate the final field distribution of the focal spot of the photon sieve.

3. Flattened Gaussian beams with uniform phase

The flattened Gaussian beam, proposed by Gori in 1994 [9], has attracted considerable attention. As shown in Eq. (13), Gori
expanded exp(—7R?) using the Taylor expansion, took its first n terms, and multiplied it by the Gaussian function. As Gaussian
functions decay faster than polynomials, a flat-top function can be easily obtained.

© TCRZ n

Z—( ') e =1, (13)
n.

n=0

The exp(—mr?) and exp(—xR?) are basic Fourier transform pairs. Once the functional form of the optical field in the focal plane is
determined, we can find the pupil function by inverse Fourier transform. The core of this problem is the inverse Fourier transform of
(nRz)"exp(fnRz). To facilitate the operation, we use a rectangular coordinate system at first.

U(x,y) ://exp(7nX2)exp(fnY2)exp[jZn(Xx + Yy)]dxdy. 14

Next, we set up a Fourier transform, as displayed in Eq. (14). The Laplace operator of U(x, y) is the Fourier transform of the function
(nR?)exp(—nR?), as displayed in Eq. (15). Therefore, by proceeding with the Laplace operator, we obtain the Fourier transform of the
function (nRZ)”exp(fnRZ).

VU(x,y) = — 4n° // (X* + Y*)exp(—nX*)exp(—nY?)exp[i2n(Xx + Yy)|dXdY. (15)

To make the function computable, we perform some variation on the left side of Eq. (15). By letting v = —mr? and expanding the
Laplace operator into polynomials, we obtain V2’ = e’(v + 1), (V3)2e’ = /(v + 4v + 2), and (VH)3e’ = &’ (V> + 92 + 18v + 6). As
expected, these polynomials obey the form of Laguerre polynomials. However, it is not adopted as the general formula of the Laguerre
polynomials is substantially complicated. It can be seen that the order of variable v in the polynomials increases as the Laplace operator
order increases. We represent (V2)"” as e'S_% _ 0Cnmv™. Therefore, (V" 1¢” can be written as 'L 0Cn-1,mV™. For (Ve =
V(v e, S 0CrmV™ = V2ers -l 0Cn-1,mV™ is natural. The Laplace operator for e’ in the v coordinate is as follows:

d d
V?=(—4n)— (v—|. 16
(—47) dv (V dv) (16)
Initially, the constant factor —4x is not considered, and the recurrence relation is expressed as follows:
n n—1 n—1 n—1
e Con" =" | Y Cot™ ! Y 2mAD)Co " + Y mPCo " a7
m=0 m=0 m=0 m=0

Subsequently, the coefficients in Eq. (17) attain a matrix form. The factors in (VA" and (VA" Le¥ are expressed by sequence
separately, and the relationship between them is T, which is the below given matrix. Here, by taking the constant factor —4x into
account, we can get (Ve = (—4n)"e"V,,T"P,. In this formula, V, = Vv v 2734 .y 48421 1], and P, =[0000 O ---
00001]1%
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[2n 41 1 0 0 0 0 0000
n’ 2n—1 1 0 0 0 0000
0 (m-17% -3 1 0 0 0000
0 0 (n—2°* 2n-5 1 0 0000
0 0 0 (n=37° 2n—-7 0 0000

T=| : : : : S 18
0 0 0 0 0 - 9 1000
0 0 0 0 0 16 7 1 0 0
0 0 0 0 0 0 9510
0 0 0 0 0 0 0 4 3 1
| 0 0 0 0 0 0 00 1 1]

Taking all the equations in this section into account, we can obtain the Fourier transform relationship of the flattened Gaussian
function as

= VTP, e S (7R)
e Z I =7 e ZT . (19)

1=0 =0

The flattened Gaussian focal spot form of Eq. (19) can be obtained by representing the left side of the equation as the equivalent
pupil function (details in Appendix A), and the right side of the equation as the parameters of the focal spot. The integer n in Eq. (19)
indicates the order of the flattened Gaussian function. To analytically present this Fourier transform relationship, phase information
can also be included when the specific parameters are satisfied. As a result, we can obtain a flat-top Gaussian beam with a uniform
phase.

4. Numerical simulation

Based on the above model, we designed a photon sieve that works in the soft X-ray band. Soft X-ray can be absorbed by other
organic molecules of the organism in the water window band of 2.4-4.5 nm, where the water is transparent. The light in this band can
be used for biological imaging. The working wavelength, focal length, and the total radius of the photon sieve were set to be 3 nm, 1
mm, and 50 pm, respectively. We set these parameters to demonstrate the simulation; for the actual element, all these parameters can
be changed as per requirement. According to Eq. (19), we took the sum of the first nine terms of the Taylor expansion to obtain the 9-
order flattened Gaussian beam in the focal plane; the focal spot of the 9-order was found to be better than that of the 8- or 10-order; this
may be due to the truncation of the equivalent pupil function.

First, we calculated the equivalent pupil function of the photon sieve. Fig. 2 displays the normalized 9-order flattened Gaussian
function and the corresponding equivalent pupil function in the polar coordinate direction, which are the Fourier transforms of each
other. Although the flattened Gaussian function and the equivalent pupil function are infinitely extended in the plane, the radius of the
photon sieve is finite. Therefore, the equivalent pupil function had to be truncated. In the simulation, a quick calculation was per-
formed to determine that the designed photon sieve can have 416 zones, and 400 rings were picked up for truncation. Based on the
design of the photon sieve, the value of the equivalent pupil function can be positive or negative. When the value was positive, the
center of the pinhole was located in the bright ring zone, whereas when the value was negative, it was located in the dark ring zone.
When the value approached zero, we could control the size of the pinhole so that its contribution to the optical field approached zero as
well. A related discussion was presented in Refs. [29,43,44].

To test the accuracy of the equivalent pupil function model, two computational methods were used to simulate the optical field at
the focal plane of the photon sieve, namely the non-paraxial pinhole and the pinhole ring models. The non-paraxial pinhole model
needs to calculate the optical field superposition of all pinholes in the focal plane of the photon sieve; in addition, the photon sieve
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Fig. 2. (a) 9-order flattened Gaussian function. (b) The corresponding equivalent pupil function.
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needs to be designed in advance. Consequently, the non-paraxial pinhole model requires more computational time. In contrast,
because the pinhole ring model (or the equivalent pupil function model) treats all the pinholes in one zone as a ring, it only needs to
design the equivalent pupil function and does not require a complete photon sieve, thereby allowing faster calculations.

Then, we simulated the pinhole ring model. In this model, the curve in Fig. 2(b) was truncated and sampled as coefficients. We
multiplied every coefficient and the diffraction integral of the corresponding ring in the zone plate, and summed these products to get
the result. The radial intensity distribution and phase distribution of the optical field in the focal plane are displayed in Fig. 3. The
intensity in the central region was very high and nearly identical. As displayed in Fig. 3(a), the nonuniformity of the beam was close to
1% in the circular region within a radius of 100 nm. After a displacement away from the center, the light intensity decreased as a
Gaussian function. It should be emphasized that in the central region of high intensity, as demonstrated in Fig. 3(b), the phase was
uniform as well. Within this region, the phase difference did not exceed 1/170 wavelength. When the light intensity dropped to near
zero, a phase change occurred. However, since the light intensity was already negligible at these places, the phase change did not affect
the overall light spot. By comparing the curves in Figs. 2(a) and Fig. 3(a), we confirmed that the designed focal spot conforms to the
expectation.

Herein, we can determine the specific parameters of the optical field through the Fourier transform relation between the equivalent
pupil function and the optical field distribution in the focal plane. In addition, we can exchange the sequence and design the optical
field first in the other scheme. Consequently, there is no need to design the whole photon sieve, which saves considerable time.

Once the Fourier transform pair has been determined, the photon sieve can be designed. We had to determine the location, number,
and size of the pinholes in the photon sieve. A schematic view of the designed photon sieve of the 9-order flattened Gaussian focal spot
is displayed in Fig. 4. At the center of the photon sieve, because the value of the equivalent pupil function was positive, the pinholes
occupied most of the area of the zone. When the value of the equivalent pupil function decreased, the diameter and number of pinholes
decreased as well. When the value of the equivalent pupil function approached zero, we chose a suitable diameter and number of
pinholes to ensure manufacturability and symmetry. Although only one design scheme has been displayed here, there could be various
other schemes. As long as the overall focusing contribution of each ring meets the requirements, the design requirements of a single
pinhole can be regulated appropriately.

The photon sieve designed as per the schematic in Fig. 4 was simulated for the non-paraxial pinhole model, which is closer to reality
than the equivalent pupil function model. The simulation results are presented in Fig. 5. As per Fig. 5(a), the nonuniformity in the
intensity of the optical field was still less than 2%. As per Fig. 5(b), the phase change of the focal spot center was less than 1/1496
wavelength. In the central region of the uniform focal spot intensity, the phase was uniform as well. Comparing Fig. 3 with Fig. 5, it can
be seen that the curves in the figures were very close to the other, and the phase changes occurred in a similar position as well. In
addition, the phase curve in Fig. 5(b) changed slightly slower than that in Fig. 3(b). These results suggest that the equivalent pupil
function model exhibited similar performance to that of the traditional model. In addition, it worked well in the simulation of photon
sieve.

To explain the phase change, we further compared the intensity of the two models shown in Figs. 3 and 5 in the log scale. As shown
in Fig. 6, the intensity distributions of the two models in Fig. 6(a) are the same, and the phase distributions in Fig. 6(b) are slightly
different. It can be seen that the phase of the ideal model changes more sharply than that of the real model. The difference comes from
the fact that two-dimensional simulations are closer to reality than one-dimensional ones. The phase changed rapidly from zero to ©
when the intensity approached zero, indicating the presence of a node in the focal light field, which suggested a sidelobe. Theoretically,
the flattened Gaussian function does not have a node or sidelobe. The equivalent pupil function is truncated due to the limited size of
photon sieve, the sidelobe appears in the designed flattened Gaussian beam.

To show the advantages of the produced flattened Gaussian beam, we compare them with the normal Gaussian beam. As shown in

@ 1}
0.8
£ 1
£ 0.6 0.99
E 04 0.98
- 0.97 X(nm)
0.2 0.96
0 -100 0 100
() " F ' : '
o pi2| 1
- -
A pif2 ¢ .
_pi L L L
-200 -100 0 100 200
X(nm)

Fig. 3. Simulation results of the equivalent pupil function model. (a) Intensity of the focal spot in X-Y plane; inset: top area of the intensity. The
nonuniformity of the focal spot was approximately 1%. (b) Phase of the focal spot in X-Y plane. The phase was primarily stable in the focal area and
changed sign when the intensity became zero.
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Fig. 4. Schematic view of designed photon sieve that produced 9-order flattened Gaussian optical field.
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Fig. 5. Simulation results of the non-paraxial pinhole model of designed photon sieve. (a) Intensity of the focal spot in X-Y plane; the inset indicates
that the nonuniformity of the focal spot was approximately 1%. (b) Phase of the focal spot in X-Y plane; the phase change was below 1/1496
wavelength in the focal area.

Fig. 7, the spot size (FWHM) of the flattened Gaussian beam is 274 nm, while that of the normal Gaussian beam is 58 nm, and the
difference in spot size between these two kinds of beams is 4.7 times. Their transverse resolution is 189 nm and 108 nm, respectively.
Both of the sidelobes are very small, and the normalized intensities of sidelobes are less than 0.01, which are almost negligible. The
total diffraction efficiency of the designed photon sieve that generates the flattened Gaussian beam is 0.12%, and the diffraction ef-
ficiency of the normal Gaussian beam is 0.68%.

We also simulate the transverse distribution of the designed photon sieve. As shown in Fig. 8, the photon sieve has the largest focal
spot at the focal length, and its axial size is 0.1 mm. Due to the special equivalent pupil function and symmetry of the designed photon
sieve, focal spots of even-order diffraction can also appear. By comparison, we can see that the flattened Gaussian beam has obvious
advantages over the usual Gaussian beam in uniform illumination.

The numerical simulations in this section have demonstrated the following points: (1) the equivalent pupil function model was
effective, and (2) the flattened Gaussian focal spot produced by this photon sieve exhibited a highly uniform degree of intensity and
phase. The produced optical field has great potential for application in biological imaging for illuminating specimens and other
associated fields.

Because the light field distribution on the focal plane depends on the equivalent pupil function of the photon sieve, numerical
accuracy is very important in this theory. At the same time, the symmetry of the pinholes of the photon sieve is necessary to ensure the
uniformity of the light field. Compared with the two-dimensional Fourier transform [45], our approach is to take the one-dimensional
Fourier-Bessel transform of the radial coordinate r, which is theoretically faster than the two-dimensional Fourier transform of the x-y
coordinate.
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Fig. 6. Intensity and phase distribution of designed photon sieve simulated by the non-paraxial pinhole model (blue line) and the equivalent pupil
function model (red dash line). (a) Intensity distribution (in log scale), and (b) phase distribution. (For interpretation of the references to colour in
this figure legend, the reader is referred to the Web version of this article.)
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Fig. 7. Calculated intensity distributions of the flattened Gaussian function (blue line), and the normal Gaussian function (red dash line). The focal
spot sizes (FWHM) are 274 nm and 58 nm. The transverse resolutions are 189 nm and 108 nm, respectively. (For interpretation of the references to
colour in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 8. Longitudinal intensity distribution of the designed photon sieve. The axial focal spot size is 0.1 mm.

Meanwhile, there are also constraints for fabricating the device. The imaging theory of photon sieve depends on optical path
differences. The most important part of fabricating a photon sieve is to locate the position of pinholes. Large deviations in positioning
may bring about large errors. Since this theory involves quantitative calculation, precise control of pinhole size should also be
considered. Fortunately, deviations in the same ring can be compensated by each other to some extent. For the purpose of uniform
illumination, the current machining accuracy of about 2 nm should be enough [15].
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5. Conclusion

In summary, based on the pinhole ring model of the photon sieve, we have established the equivalent pupil function theory for a
rotating symmetric photon sieve and derived the equivalent pupil function expression for a flattened Gaussian focal spot with a
uniform phase produced by the photon sieve. In addition, we have analytically derived the inverse Fourier transform of the flattened
Gaussian function. Based on the equivalent pupil function expression, we have designed a photon sieve scheme that works in the water
window band of soft X-ray and evaluated it using numerical simulation. As per the results, the focal spot intensity nonuniformity in the
focal plane was close to 1%, and the phase change was less than 1/170 wavelength. This work can be utilized to design different types
of photon sieves that can produce a flattened Gaussian focal spot with uniform phase, thereby providing a new scheme and idea for
uniform illumination in biological imaging. In addition, it lays a foundation for the application of a flattened Gaussian beam with a
uniform phase.
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Appendix A

Generally, there are two parallel planes denoted by the x-y plane and the X-Y plane, respectively. The function F(X, Y) in the X-Y
plane is the Fourier transform of the function f(x, y) in the x-y plane, which can be written as F(X, Y) = # {f(x, y)} or f(x, y) = # "L {F(X,
)}

In this article, the flattened Gaussian beam is the desired profile, so the function in the X-Y plane is

N (nRZ)” —nR?
F(X,Y)= ;Te . (A1)

From Eq. (14) and Eq. (15), we can derive the relation # ~! {—4n(mR?)exp(—1R%)} = V? [exp(—nr?)] and F ~ {(—4m)"(nR%)"exp
(—7RH)} = (V)" [exp(fnrz)]. From this relation, we can know

fo)= 30V lexplor)) a2

— n!(—4n)"

Because the Laplace operator in this equation is not intuitive for calculation, we transformed the Laplace operator to polynomials
first and to matrix form then. From Eq. (16) to Eq. (18), we simplified the Laplace operator as (V?)"¢’ = (—4n)"e’V,T"P,. In this
formula, v = —nr?, V= V'V 1V 234432y 1], and Py=[00000 ---0000 11" Combining this formula with Eq. (A.2),
we can get

f(x,y) — iw (A3)

]
=0 n

According to Eq. (A.1) and Eq. (A.3), the Fourier transform relation of two planes for a certain order flattened Gaussian beam can be
established, it was written as Eq. (19).
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Let us return to Eq. (11). This expression is obviously a form of Fourier transform. These two Fourier transforms of Eq. (11) and Eq.

(19) can be combined to design a photon sieve which can produce flattened Gaussian focal spot. For example, we can calculate a curve
just like Fig. 2(b) from Eq. (19). Then, curve is sampled for Eq. (12) to set the photon sieve parameters. Wavelength 4 and focal length f
should be determined first for a certain situation, thus r,, and D, are subsequently determined according to the zone plate theory. So,
we only need to decide the radius a,, and amount of pinholes Ny, in the mth ring. Putting N, the aside, we can find the G(r;;) in Eq. (12)
is similar to the widely used curve of d/w ~ 1.5, 3.5, 5.5, ...in Ref. [29]. The rest for us to do is to fit the product of this curve and Ny, to
Fig. 2(b), so that we can get the value of a,, and N, for each ring.
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