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Nanoresonator Enhancement of Majorana-Fermion-Induced
Slow Light in Superconducting Iron Chains
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Abstract: We theoretically investigate Fano resonance in the absorption spectrum of a quantum
dot (QD) based on a hybrid QD-nanomechanical resonator (QD-NR) system mediated by Majorana
fermions (MFs) in superconducting iron (Fe) chains. The absorption spectra exhibit a series of
asymmetric Fano line shapes, which are accompanied by the rapid normal phase dispersion and
induce the optical propagation properties such as the slow light effect under suitable parametric
regimes. The results indicated that the slow light induced by MFs can be obtained under different
coupling regimes and different detuning regimes. Moreover, we also investigated the role of the NR,
and the NR behaving as a phonon cavity enhances the slow light effect.
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1. Introduction

check for . . . s .
updates Majorana fermions (MFs) have witnessed significant progress in the past few decades

in condensed matter systems due to their potential applications in decoherence-free quan-
tum computation and quantum information processing [1] because they obey non-Abelian
statistics. Although proposed originally as a model for neutrinos, MFs have recently been
predicted to occur as quasi-particle bound states in engineered solid state systems [2], such
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both the linear [22] and nonlinear [21] optical spectra are enhanced significantly when the
NR is introduced. In the present paper, we first investigated the absorption spectra of the
QD in the hybrid QD-NR system and the iron chains on the superconducting Pb surface,
as shown in Figure 1, under different system parameters including the QD-MF coupling
strength B, the QD-NR coupling strength g, the Majorana—pump field detuning A, and
the exciton-pump field detuning A.. Especially, the absorption spectra display a series of
asymmetric Fano line shapes when considering QD-MF coupling, which can be illustrated
using the interference effect with the dressed state theory. Due to Fano resonances being
characterized by a rapid, steeper dispersion, the group velocity index n, of light pulses
can be accelerated and decreased significantly, which correspond to the negative and
positive dispersion, respectively, and then reach the fast and slow light effects. Second,
we investigated the slow light effect by numerically calculating the group delay of the
probe field around the transparency window accompanied by the steep phase dispersion,
and we found that a tunable and controllable slow light propagation can be achieved
by manipulating the parametric regimes. Moreover, the slow light effect was enhanced
significantly compared with previous work [24] because, here, the NR was introduced in
the present system, which acts as a phonon cavity, enhancing the slow light effect.
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Figure 1. (a) The schematic of the hybrid device, where a two-level QD is coupled to a nearby MF in
the iron chains on the superconducting Pb surface. (b) The QD driven by two-tone fields is embedded
in an NR.

2. Model and Theory
2.1. The Hamiltonian of the System

The schematic setup studied in this work is shown in Figure 1, where iron (Fe) chains
are overlaid on the superconducting Pb(110) surface [7], and we employed a two-level
QD driven by two-tone fields to investigate the coherent optical properties mediated by
MFs [23]. To obtain the enhanced coherent optical properties, we considered that the
two-level QD is implanted in an NR system to make up a hybrid QD-NR system [22]. Here,
based on the hybrid system as shown in Figure 1, we investigated MF-induced coherent
optical propagation. The QD was treated as a TLS consisting of the ground state |g) and the
single exciton state |e) in the hybrid QD-NR system, and Hop = fiwexS* with the exciton
frequency wey is the Hamiltonian of the QD, where S? and S are the pseudospin operators
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with commutation relations [S?, S*] = 5 and [S*, S~ = 252. For the NR [28,29], which
can be characterized by a harmonic oscillator with Hamiltonian Hyg = fiw;,,b™b (where
b and wy, are the annihilation operator and frequency of the phonon mode), due to the
thickness of the beam being much smaller than its width, and then, the lowest-energy
resonance corresponding to the fundamental flexural mode will constitute the phonon
mode. In the hybrid QD-NR system [28], the flexion induces extensions and compressions,
and then, the longitudinal strain will modify the energy of the electronic states of QDs via
deformation potential coupling with the coupled Hamiltonian Heoy = hw, 8S*(b+ +b)
with the coupling strength 8 [28]. As a result, we obtain the Hamiltonian of the hybrid
QD-NR system as:

HQD——NR = hwexSZ + hwmb+b + hwmﬁsz(b+ + b) (1)

For the QD-MF coupling, due to each MF being its own antiparticle, then an operator
7 with v7 = 9 and 9% = 1 is introduced to describe MFs. We obtain that the Hamiltonian
of the QD couples to the nearby MF 7 as follows [15-19,21-24]:

Hop——mr = iemy172/2 +ihg(S™ — Sy, )

where the first term in Equation (2) is the interaction of the two MFs in Fe chains on the
superconducting Pb. e); = hwy; ~ e~/¢ is the coupling energy with I being the length
of the Fe chains and ¢ the superconducting Pb coherent length with Majorana frequency
wyy. If the length | is large enough, we find the coupling energy exs ~ e~/¢ ~ 0. Therefore,
we need to discuss the two cases, i.e., ey # 0, termed coupled Majorana edge states, and
em = 0, termed uncoupled Majorana edge states. The second one in Equation (2) gives
the near by MFs 1 coupled to the QD with the coupling strength 8, which relate to the
distance of the QD and superconducting device. For simplicity, we introduce the regular
fermion creation and annihilation operators fT and f with the anti-commutative relation
{f, ff} = 1; thus, according to the relation of 7; = f + f and 7, = i(f* — f), Majorana
operator <y can be transformed into the regular fermion operator f. Then, the second
term in Equation (2) reduces to iig(S~ ft — S* f) by neglecting the non-conservation terms
of energy ifig(S™f — ST f1) based on the rotating wave approximation [30]. Therefore,
Equation (2) can be reduced to:

Hop——mr = 1bm(f'f —1/2) +ihg(S™fT = ST f). ®)

When the hybrid QD-NR system is driven by two-tone fields [31], the Hamiltonian of
QD coupled to the two fields is given by [32]:

Hpyi—gp = —ysp(SJre*iW + Sty — yeg(STeTiwst 4 g7 plwst), 4)

where y is the dipole moment of the exciton, w, (ws) is the strong pump (weak probe) field
frequency, and ¢, and &5 are the slowly varying envelope of the pump field and probe field,
respectively. In a rotating frame of frequency w,, we obtain the total Hamiltonian of the
system as:

H = hAS* + hwmb™ b + hwmBS* (b 4+ b) +hdp (FT f —1/2) +ihg(S™ fT — STF)
—1O(ST 4+ 57) — pes(STe 0 4 57, (5)
where A = Wey —we (0 = ws —we, Ay = wpyr — we) is the detuning of the exciton

frequency (probe field, the MF frequency) from the pump frequency. Q. = pe./h is the
Rabi frequency of the pump field.

2.2. Quantum Langevin Equations

According to the Heisenberg equation of motion ihdp/ot = [p,H] (0 = S*, S, f,
(), we can obtain the Heisenberg-Langevin equations (H-LEs) of the operators with the
corresponding noise and damping terms as follows:
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S% = —T1(S*+1/2) —g(S™ T+ ST ) +iQ(ST —S7) + (ines/h)(STe " — 5~€), (6)

S™ = —[(iAc + wmPBQ) 4+ T2]S™ +2¢S* f — 2iQ.S* — 2ipesSPe t/h+ (1),  (7)
f=—(ibm+xm/2)f +85 +E(1), ®)
O+ 1mQ + whQ = —2w3,pS* + &(1), ©)

where T (I') is the exciton spontaneous emission rate (dephasing rate), Q = b" + b
is the position operator, and 7, (xy) is the decay rate of the NR (MF). t(t) is the J-
correlated Langevin noise operator with zero mean and obeys the correlation function
(t(t)tT(t)) ~o(t— t'). ¢ and £ represent the Langevin force arising from the interaction
between the Majorana modes and the environment [22,33].

We introduce the perturbation theory: p = pg + dp, then py (i.e., S, So, and fy) means
the steady parts and dp (i.e., 65%, 6S~, and ¢ f) indicates the fluctuation ones. Substituting
the perturbation method into Equations (6)—(9), we obtain the steady-state solutions of the
variables as follows:

Ty (wo + 1) +2¢(Sofy + S fo) = 2iQ%(So — Sp), (10)
(id. +T2)So = 2(gfo — i), (11)
(iAy +xpm/2) fo = 850, Qo = —Pwo, (12)

which determine the steady-state population inversion (wy = 25) of the exciton as follows:
Ty (wo + 1) (8182 + BPwjEs) + 4wl 205,81 = 0. (13)

where & = A%\/I + K%/I/AL, By = (A2 + I’% + w%g‘*w% — 2w wy), Z3 = B2 — 2wmApg? +
2A:Ap — oy, and A/C = A¢ + wfQo. As all the pump fields are assumed to be suffi-
ciently strong, all the operators can be identified with their expectation values under the
mean-field approximation (Qc) = (Q)(c) [34], and after being linearized by neglecting
nonlinear terms in the fluctuations, the H-LEs for the expectation values are:

(05%) = —T1(65%) - g(50<5f+> +S55(6f) + f5 (057 ) + fo(0ST)) +iQ((85T) — (857))
+i?;l€s (Sgefiét _ Soeiét), (14)
(657) = — (I8 +T2)(857) = 200:(85™) +2g(fo(85™) + So(6f)) — % (15)
(0f) = —(idp +xpm/2)(6f) + g(6S7), (16)
(6Q) + 7 (8Q) + Wy (9Q) = —2wy, B(357). (17)

2.3. Coherent Optical Spectrum

In ordel; to solye the equation set of the above H-LEs, we make the ansatz [32]
(6p) = pre ™ + p_e™t. Solving the equation set and working to the lowest order in e, but

to all orders in ¢,, we obtain the linear optical susceptibility as Xél}(ws) =uSy(ws)/es =

21x (ws) with £y = p2/(hTy), and then, the dimensionless linear susceptibility x (1) (w;)

is given by:

[(HZ + A1H§)H1A3 — inHZ]FZ
TToTT; — A AT T ’

X(l)(wpr) = (18)

where %1 = ¢/ (iMg+xa/2 —i6), Lo = g/ (—iDy +xp1 /2 — i8), 1 = 2Bw?,/ (6% + i6ym —
w2), A1 = [iQc — g(fo + SoX3)]/ (T1 —i8), Ay = [—iQe — g(f§ + S5Z1)]/(T1 —i8), Az =
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iSS/(rl — i§), I, = Z(gfo — iQC) — iwm‘BS(ﬂ], I, = i(AC — 0+ wm‘BQo) +I — ngzl —
Nolly, Tz = 2(gfo — i) — iwmPSon™, 1y = i(Ac + 6 + wmPQo) + T2 — gwoXs — Aslls.
The imaginary and real parts of x(!) (wpr) indicate absorption and dissipation, respectively.

2.4. Group Velocity Index

As the light group velocity as [35,36] vy = ¢/ [n + ws(dn/dws)] where n ~ 1+ 271)(5}1() ,

then we obtain:

¢/vg =1+ 27Re[x [} (ws)mawer + 271w Re(dx T} /A0 )i —aon- (19)

S,}}(ws)]ws:wm = 0, the dispersion is steeply positive or negative
and the group velocity is significantly reduced or increased. We further define the group

velocity index 14 as:

Obviously, when Re[x

c c— vy 2mwapi®, Wefy ey
frd — frd g frd ex € _ = € —
ng - Ug 1 Ug hl"z Re( dws )ws*wex rzZRe( d(US )Ws*wex’ (20)

where X = 27twexp ;42 / hl"%. One can observe the slow light if ng > 0 and the superluminal
light when ny < 0 [37]. For the parameters of the hybrid QD-NR system [28], the exciton
relaxation rate (the exciton dephasing rate I';) I'1 = 0.3 GHz (I, = 0.15 GHz). The
parameters NR are (wy, M, Qf) = (1.2 GHz, 53 x 10718 kg, 3 x 10%), where w;,, M,
and Q ¢ are the resonator frequency, the effective mass, and the quality factor of the NR,
respectively. The decay rate of the NR is v = wy/Qf = 40 kHz, and the coupling
strength is § = 0.06. The parameters of MFs [3-6,24], the QD-MFs coupling strength
g = 0.1 GHz, the decay rate of the MFs xj; = 0.1 MHz, I'1 = 0.3 GHz, I'; = 0.15 GHz, and
Q3F = 0.1(GHz).

3. Numerical Results and Discussion

There are two kinds of coupling in the hybrid system, i.e., the QD-MF coupling and
the QD-NR coupling, as shown in Figure 1, and in the QD-MF coupling regime, Ay = 0
or Ay # 0, i.e., the uncoupled Majorana edge state or coupled Majorana edge state will
also influence the coherent optical properties, so it is necessary to investigate the coherent
optical spectra under different parameters and coupling regimes. Figure 2 shows the
absorption spectra of the QD as a function of probe-exciton detuning As = ws — wey at the
red detuning (A; = wy,) for different parameters and coupling regimes. In Figure 2(al,a2),
we give the absorption spectra under Ay; = 0 and Aps # 0, respectively, for the parameters
ofg =0,8 =0,and A; = wy, i.e., there are no QD-MF coupling (g = 0) and QD-NR
coupling (8 = 0), and only the QD is driven by a pump laser and a probe laser, then
the absorption spectra show a Lorentz peak. In Figure 2(b1,b2), we consider the QD-MF
coupling (g # 0) without considering the QD-NR coupling (8 = 0). In the uncoupled
Majorana edge state (Ap; = 0), the absorption spectrum not only shows a Lorentz peak
around As = 0, but also presents a sideband peak at A; = —wy, (w = 1.2 GHz), as shown
in Figure 2(b1). In the coupled Majorana edge state (Ap; # 0, such as Ay = —0.2 GHz), the
absorption spectrum also displays a Lorentz peak around As = 0; however, the sideband
peak at A; = —wy, in Figure 2(b1) is split into two peaks located at —w;,;, + Ay (—1.4 GHz)
and —wy;, — Ap; (—1.0 GHz), respectively, as shown in Figure 2(b2). In Figure 2(c1,c2), we
not only consider the QD-MF coupling (g # 0), but also consider the QD-NR coupling
(B # 0). In the case of Ay; = 0, the absorption spectrum as shown in Figure 2(c1) shows the
same result as shown in Figure 2(b1), i.e., in the uncoupled Majorana edge state (Ay; = 0),
the role of the QD-NR coupling (B # 0) is feeble and can be neglected. However, in the
coupled Majorana edge state (Ay; = —0.2 GHz), if the QD-MF coupling (¢ # 0) and the QD-
NR coupling (B # 0) simultaneously exist in the system, as shown in Figure 2(c2), we find
that not only the absorption spectrum at As = 0 displays a Fano resonance (an asymmetric
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splitting), but also the sideband peak at A; = —w;, shows a splitting located at —w;;, + Ay
and —wy;, — Ay, respectively. For the Fano resonance around As = 0 in the absorption
spectrum, the physical origin of this result is due to the QD-MF coherent interaction, and a
dressed state theory was introduced to interpret this physical phenomenon [38]. Therefore,
the coupled Majorana edge state (A # 0) combined with the QD-MF coupling and the
QD-NR coupling will together influence the absorption spectrum, and then, it is necessary
to research the role of the coupled Majorana edge state in the following.
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Figure 2. (al,a2) The absorption spectra versus the probe—exciton detuning A; for the parameters
of g =0,B =0, A; = wy under the condition of Ay = 0 and Ap; # 0, respectively. (b1,b2) The
absorption spectra versus A for the parameters of g = 0.1 GHz, = 0, A = w;, under the condition
of Apr = 0and Ay # 0, respectively. (c1,c2) The absorption spectra versus A for the parameters of
g =0.1GHz, g = 0.06, Ac = wy, under the condition of Ay; = 0 and Aps # 0, respectively.

In Figure 3, we further present the absorption and dispersion profiles as a function of
the probe detuning A at the parameters of g = 0.1 GHz, B = 0.06, and A, = w;, for several
different Majorana—pump detuning Ays. The left parts show the absorption, and we can find
that the Fano resonance induced by QD-MF coupling at A; = 0 appear in the absorption
spectra and the sideband peak induced by QD-NR coupling at A; = —wy, is split into
two peaks. With increasing the detuning Ay from Ay; = —0.2 GHz to Ay = —1.4 GHz,
in the two split peaks distributing in two sides of A; = —wy,, the left peak located at
—wy, + Ay moves to the left, while the right peak located at —w;,;, — Ay moves to the
right. The right parts plot the dispersion, and we show that the evolutionary process of
the dispersion as a function of As with increasing detuning Ay from Ay = —0.2 GHz to
Ap = —1.4 GHz, which combines the absorption, will induce the slow light effect because
the dispersion manifests a positive steep slope around As = 0. The details of the absorption
and dispersion around A; = 0 are displayed in the following figures.

Then, in Figure 4a, we take Ap; = —0.6 GHz as an example; the red curve shows the
details of the absorption in Figure 3 around A; = 0; the absorption spectrum presents Fano
resonance, and the Fano shape is related to the detuning Aps. The blue curve plots the
details of the dispersion in Figure 3 around A; = 0, and the dispersion is deep. However,
no matter how the detuning Ay, changes, there is still an invariant result, i.e., the dispersion
shows a positive steep slope around As = 0. Therefore, we also investigated the Fano
resonance-induced coherent optical propagation properties, as shown in Figure 4b. In
Figure 4b, we plot the group velocity index 1, versus the QD-MF coupling g for four
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different Rabi frequencies )2 under the parameters of 8 = 0.06, Ay; = —0.6 GHz, and
Ac = wpy. We can see that the group velocity index ng behaves as the slow light effect,
and the process of the evolution of the group velocity index ng is related to the QD-MF

coupling g.
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Figure 3. (Left) The absorption versus A for several different detuning Ajs. (Right) The dispersion
versus A for several different detuning Aps. The other parameters are g = 0.1 GHz, B = 0.06,
Ac = wy, and O2 = 0.1 (GHz)%.
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Figure 4. (a) The absorption and dispersion as a function of A at fixed Ay; = —0.6 GHz. (b) The
group velocity index ng versus the QD-MF coupling g for four different Rabi frequencies 02 under
the parameters of § = 0.06, Ay; = —0.6 GHz, and A = wy.

Subsequently, in Figure 5a, we further investigate the absorption spectra as a func-
tion of A for three different QD-MF coupling ¢ under the parameters of § = 0.06,
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Ay = —0.6 GHz, A; = wy,, and Qg = 0.1 (GHz)?, and we found that the splitting width
of the absorption spectra is enhanced with increasing the QD-MF coupling g. Figure 5b
displays the process of the evolution of the dispersion for three QD-MF coupling g, and the
inset is the detail part around As = 0. We can obtain that the dispersion shows a positive
steep slope around A; = 0, which results in the slow light effect. Therefore, in Figure 5c,
we plot the group velocity index 7, as a function of the Rabi frequency Q2 for Ay = 0 and
Ay # 0, respectively, at fixed QD-MF coupling ¢ = 0.05 GHz, and it is obvious that the
group velocity index ny gradually increases and reaches a maximum, then decays to almost
a zero value with increasing Rabi frequency Q2, both at the coupled Majorana edge state
(Ap # 0) and uncoupled Majorana edge state (Ay; = 0). If we consider a bigger QD-MF
coupling, such as ¢ = 0.15 GHz, as shown in Figure 5d, we can find that the slow light
effect (i.e., the process of the evolution of the group velocity index 1) is more remarkable
in the coupled Majorana edge state (Ay; = —0.6 GHz) than in Ay; = 0.
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Figure 5. (a,b) The absorption and dispersion as a function of A for three different QD-MF coupling g
under the parameters of § = 0.06, Ay; = —0.6 GHz, A; = wy,;, and Qg = 0.1 (GHz)2. (c,d) The group
velocity index 1 versus Q2 for QD-MF coupling ¢ = 0.05 GHz and g = 0.15 GHz, respectively.

Except the QD-MF coupling g, the pump-exciton detuning A, and the QD-NR cou-
pling B can also affect the slow light effect. In Figure 6a, we give the absorption spectra
as a function of A, for three different pump—exciton detuning A, under the parameters
of B =0.06, g = 0.1 GHz, Ay = —0.6 GHz, and Qg = 0.1 (GHz)?, and it is clear that the
absorption spectra show the mode-splitting behavior around As = 0 and that a transparent
window (i.e., the zero absorption depth, as shown in the inset in Figure 6a) also appears
in the absorption spectra. Figure 6b displays the dispersion for three different A., and the
dispersion has a positive steep slope around As; = 0, as shown in the inset in Figure 6b.
Thus, in Figure 6¢, we plot the group velocity index 4 as a function of Q2 for three A, at
Ap = —0.6 GHz, and we can see that the slow light effect is more obvious in A; = wy, than
in A; # wy,. We also investigated the role of the NR in the hybrid system that influences
the slow light. The previous work demonstrated that the NR will behave as a phonon
cavity, enhancing the coherent optical spectrum. Then, in Figure 6d, we compare the case
of f = 0 (no QD-NR coupling) and  # 0 (the QD-NR coupling strength § = 0.06). If there
is no QD-NR coupling, the slow light effect induced by MFs is demonstrated in a hybrid
semiconductor/superconductor ring device [24], and it is similar to the result of the green
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curve in Figure 6d. However, if the QD-NR coupling is taken into consideration, such as
the purple curve in Figure 6d, we can find that the group velocity index ¢ manifesting the
slow light is enhanced significantly compared with the condition of no QD-NR coupling.
Finally, by controlling the detuning regimes and the coupling regimes, the slow light can
be reached in the hybrid system.
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Figure 6. (a,b) The absorption and dispersion versus A; for three A. under the parameters of § = 0.06,
¢ =0.1GHz, Ay = —0.6 GHz, and Q2 = 0.1 (GHz)?; the insets are their details. (c) ¢ as a function
of O for three A, at Ay; = —0.6 GHz. (d) ng versus 02 in the condition of B=0and B # 0,

respectively.

4. Conclusions

In conclusion, we demonstrated the coherent optical propagation properties in a
hybrid device, which includes a QD driven by a pump field and a probe field implanted
into an NR coupled to nearby MFs in superconducting iron (Fe) chains, and we investigated
the absorption spectra of the probe field under different detuning regimes (such as pump-
exciton detuning A, and Majorana—pump detuning Ay;) and different coupling regimes
(such as QD-MF coupling ¢ and QD-NR coupling ). When the QD couples to nearby
MFs, a Fano resonance can be obtained in the absorption spectra, which accompany the
rapid phase dispersion inducing the slow light effect. The results showed that the group
velocity index can be controlled by the QD-MF coupling, which can reach the slow light
effect. Moreover, the NR was considered, which behaved as a phononic cavity, leading to
an enhanced slow light effect.
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