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Effective Hamiltonian
for silicene under arbitrary strain
from multi-orbital basis

Zhuo Bin Siu & Mansoor B. A. Jalil*?

A tight-binding (TB) Hamiltonian is derived for strained silicene from a multi-orbital basis. The
derivation is based on the Slater—Koster coupling parameters between different orbitals across the
silicene lattice and takes into account arbitrary distortion of the lattice under strain, as well as the
first and second-order spin—orbit interactions (SOI). The breaking of the lattice symmetry reveals
additional SOl terms which were previously neglected. As an exemplary application, we apply the
linearized low-energy TB Hamiltonian to model the current-induced spin accumulation in strained
silicene coupled to an in-plane magnetization. The interplay between symmetry-breaking and the
additional SOI terms induces an out-of-plane spin accumulation. This spin accumulation remains
unbalanced after summing over the Fermi surfaces of the occupied bands and the two valleys, and can
thus be utilized for spin torque switching.

Silicene is the silicon analog of the more established two-dimensional material graphene, and consists of a honey-
comb lattice of silicon atoms. Having been synthesised in recent experiments'~>, silicene has elicited much theo-
retical interest due to its novel transport properties such as giant mangetoresistance®, chiral superconductivity’,
and various Hall effects®~12. These transport properties have made silicene a promising candidate in prospective
device applications. In contrast to graphene, the larger atomic radius of silicon results in a buckling of the crystal
lattice® which in turn leads to a relatively large spin-orbit interaction (SOI) induced band gap®'*!*. An out-of-
plane electric field can modulate the band gap and switch silicene between different topological phases'*"7.
Besides a sizable SOI, silicene is also attractive for spintronics applications due to its relatively long spin-diffusion
time'®-?°, large spin coherence length'®~?!, high Fermi velocity?, and potential ease of integration into current
silicon-based CMOS technology. In this light, a silicene-based field effect transistor was recently demonstrated
experimentally?.

In this work, we derive an effective tight-binding Hamiltonian for strained silicene which is useful for mod-
eling the effect of strain engineering in silicene. Strain engineering”-*® is an emerging technique for manipu-
lating the properties of primarily two-dimensional materials through the mechanical distortion of the crystal
lattices. Experimentally, strain can be applied in a controlled manner via free suspension across trenches?” or
by deposition on textured substrates?®. Numerous ab initio studies have shown, for example, that strain can
affect the mechanical?*** and thermal properties®* properties of silicene. More relevant to the current work,
ab initio calculations have also shown that strain can shift the Fermi energy, change the band gap® and the spin
splitting®, and modulate other aspects of the bandstructure®>*. In particular, strain can displace the positions
of the Dirac points in reciprocal space and introduce a directional anisotropy to the dispersion relation near
these Dirac points®*?’.

Most theoretical studies on strained silicene have focused on bandstructure calculations based primarily on
ab initio methods. Less attention was given on how the resulting bandstructure affects the transport properties
of strained silicene. In the latter, a convenient method is to consider the linear expansion of the Hamiltonian
around the Dirac points and approximate the effects of strain by a single strain-dependent vector gauge potential
term?*38, Using this approach, Wang et al. studied the spin and valley-resolved transmission in a silicene system
consisting of a number of alternating strained and unstrained segments subjected to an out-of-plane electric
field*. The gauge potential term has also used to study the generation of spin, lattice pseudo-spin, and valley-
polarized currents in strained silicene in the presence of electromagnetic barriers*’ and circularly-polarized
light*!.

A more refined approach has been adopted recently in which the hopping parameters of the tight-binding
Hamiltonian in a lattice distorted by applied strain are modulated. Forkohnezhad et al. showed that the distortion
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results in a directional anisotropy of the carrier velocity*’. Subsequently, Li et al. utilized the Slater-Koster
parameters'>* to derive the hopping integrals between the various orbitals in strained silicene**. However, the
parameters themselves were obtained under the assumption of a regular silicene honeycomb lattice possessing
rotational symmetry*?.

Here, we apply the above Slater-Koster framework for a distorted silicene lattice under arbitrary strain to
derive the effective low-energy tight-binding (TB) Hamiltonian. A TB Hamiltonian provides a good balance
between capturing the relevant physics while being simple enough for practical numerical calculations and
analytical derivations for device-oriented applications. On one end of the spectrum, ab-initio calculations offer
the highest degree of accuracy, but they are inaccessible to most researchers because of the computational
hardware and software requirements as well as the long calculation times required. On the other end, using a
strain-dependent gauge to approximate the effects of strain in low-energy linear-momentum Hamiltonians is the
simplest approach to incorporating strain but misses out much of the relevant physics. In particular, inter-valley
effects, which are important in the emerging field of valleytronics**, cannot be modeled by such Hamiltonians.

Our derivation uncovers additional spin-orbit interaction (SOI) terms which have been neglected previously.
Based on the TB Hamiltonian, we show that these additional terms result in current-induced out-of-plane spin
accumulation in the presence of an in-plane magnetization coupling. In the absence of strain and the correspond-
ing lattice distortion, the spin accumulation vanishes. In the presence of strain, the resulting symmetry-breaking
ensures that the spin accumulation remains finite after summing over the entire Fermi surface and over the dif-
ferent valleys. The finite out-of-plane component may thus be utilized for strain-induced spin torque switching
in silicene.

Hamiltonian derivation

Spin-independent Hamiltonian. The basic idea in our derivation of the low-energy effective Hamilto-
nian is to reduce a four-orbital Hamiltonian comprising the s, py, py, and p, orbitals at each lattice site and the
nearest-neighbour couplings between them (the four-orbital model’), to an effective single-orbital TB Hamilto-
nian about the Dirac points'?. This approach has two advantages: First, it partially offsets the loss of the physics
due to the interplay between the different orbitals that would be missed if we had started off from a single-orbital
TB model outright and only modified the TB hopping terms, as was done in*2. The terms that are discarded
in the drastic simplifications made in assuming rotational and reflection symmetry in the derivation of the
singe-orbital Hamiltonian in Ref."® subsequently used in*? can now be restored when we begin afresh from a
four-orbital model and drop the assumptions of rotational and reflection symmetry. At the same time, it is often
unnecessary to know in detail which specific atomic orbitals contribute to phenomena of interest in device-
oriented applications, such as the charge and spin accumulation and transport. A second key advantage of our
approach is that the simplification of a four-orbital model into an effective single-effective orbital model results
in smaller 4-by-4 Hamiltonian matrices in the latter compared to the original 16-by-16 matrices (including the
spin degree of freedom) that are more tractable for both analytical and numerical works. For analytical works,
the eigenvalues and eigenvectors of a larger matrix have necessarily more complicated forms with many terms
that are cumbersome to work with and obscure the essential physics. For numerical works, the time complex-
ity and memory requirements of common numerical eigenvalue algorithms scale with the square of the matrix
dimensions.

Our single-orbital Hamiltonian is expressed in terms of the basis states |A) and | B) denoting the effective
single orbitals localized at an A and B lattice site, respectively. This can basically be regarded as a tight-binding
Hamiltonian, which has proved useful for transport and current-induced spin accumulation calculations (see,
for example, Refs.*6-5").

Consider the distorted honeycomb lattice in Fig. 1 with a two-atom unit cell and the aforementioned four
orbitals at each atom. We neglect the real spin degree of freedom for the time being, and will incorporate it in
the next sub-section. The two atoms in each unit cell can be denoted as the A and B sublattice atoms. We denote
the bond displacement vectors from an A sublattice site to its three nearest neighbours as d; to d3, and define
the primitive lattice vectors as

iy = dy — ds, (1)

iy =dp — 23- (2)

Owing to the lattice periodicity, the Hamiltonian can be written in the Bloch form of
H(E) = Hj + <(exp(i7< -a;)Hy + exp(i% -ay)Hy) + h.c.) (3)

where H is a (8 x 8) matrix (four orbitals per atom x two atoms per unit cell). In Eq. (3), the H; (i = 1,2)s rep-
resent the hopping terms from atomic sites in the reference unit cell to those in the neighbouring unit situated
ata; away (see Fig. 1 ). Hy contains the inter- and intra-site orbital coupling terms within the reference unit cell.
The off-diagonal elements of H correspond to the hopping of the various orbitals between neighbouring lattice
sites. Hp takes the explicit form of
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Figure 1. Schematic of a distorted silicene honeycomb lattice, lattice vectors, and inter-atomic couplings. (a)
shows the A and B sublattice sites with bond displacement vectors dy, d, and d3 and nearest-neighbour coupling
terms. The reference repeating unit cell, denoted by thicker boundaries, is connected to neighbouring unit

cells by lattice translation vectors d; and d,, which can be expressed in terms of the displacement vectors. (b)
Schematic of the various coupling terms linking the first-neighbours and second nearest-neighbours for the
lattice in (a).
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with the basis states comprising of the s, px, py, and p: orbitals on the A and B sublattice sites. A is the on-site
energy difference between the s and p orbitals and ;" denotes the hopping coefficients between the ¢ and 8 orbit-
als. The 3 in the subscript denotes that this hopping is between first-neighbour sites separated by ds. Analogous
. . . af of . . .

expressions hold for H; and H, that contain the hopping terms t;" and t," denoting hoppings between neigh-
bouring lattice sites separated by d; and d; respectively.

The tyﬁ hopping terms can be expressed in terms of the Slater-Koster integrals*’ V7, v,r, V,‘ep ?, and V]‘ep i
and the direction cosines between the lattice sites'?

ss __ y/sso
tl’ - VJ/ >

X __ sso

(55 =1, V5,
xs __ g
£ = —1, V5,

EX=LEVS + 1 -V,

5 =ty (VI — VI,
5 = myny(Vppa - Vppﬂ).

In the above, (I, m,,n,) = (d}, &, dz 2Ty where d" is the x component ofdy, andr, = |d |. The other ‘E},ﬁ
not exphat}}f given above can be found by permuting the indices. Each of the Slater-Koster integrals V7, vy,
Vy ,and V can in turn be approximately expressed in the form of ry S exp(—a3 r"‘“) whereo; (i=1,...,4)
are matenal dependent parameters. In our numerical calculations, we assume the Values of «; for silicon as glven
in Ref.>2,

At each given value of k, H (k) has eight energy eigenvalues, of which the lower four (|¢;) to|@4)) correspond
to hole-like states and the upper four (|@s) to |@s)) correspond to particle-like states. Within the first Brillouin
zone, there are two Dirac points that are related to each other by time-reversal symmetry. At each Dirac point,
the highest-energy hole state (|¢4)) and the lowest-energy particle state (|@s)) are degenerate in energy. The
degeneracy of these states imply that any linear combination of them will also be an energy eigenstate. Because
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our objective is to obtain an effective Hamiltonian with a single orbital contribution at each site, the most natural
basis states for that Hamiltonian would be the two linear combinations of |@4) and |@s) that are the most localized
at the A and B sublattice sites, respectively. For the purpose of determining these linear combinations, we define
the sublattice or pseudospin operator T%:

"= Y ("% —10%)(0"))

4
OE(S)PX)P)/)PZ)

where the index o runs over the s, px, pyand p, orbitals, and |otA/B)y corresponds to the oth orbital localized at the
(A/B) sublattice site. We then define the a (2 x 2) matrix TZ with elements T%, = (a|T,|b) for|a, b) € (I¢4),|Ps)).
(Note that the boldface notation refers to an operator in a matrix representation using a specific basis set. The
boldface notation is dropped when we refer to an operator generally without reference to a specific matrix rep-
resentation.) The eigenvector of T, with the positive (negative) eigenvalue would then correspond to the linear
combination of |@4) and |@5) that is the most localized at the A (B) sublattice site. This eigenvector is denoted as
|pa) (|pB)). We now consider the linear expansion of the four-orbital Hamiltonian H (k) in Eq. (3) about the Dirac
point at k = ko. For simplicity, we focus on the terms associated with H; in Eq. (3) (the terms associated with H,
would follow by analogy, while the terms associated with Hy are independent of k). We then have

exp(i(ko + 8k) - a1)Hy + h.c. ~ exp(iko - a1)(1 + isk - @) Hy + h.c.
= (exp(ilzo -a1)H; + h.c)+ (5)
ik - 41) (exp(ﬂ?o -@)H; — exp(—iko - EI)HD.
Considering the second term of the above, we introduce
hy = i(exp(iko - d1)Hy — exp(—iko - 41)H}). (6)

Recall that h is associated with the hopping between the reference unit cell and its neighbouring unit cells in
the +4, direction. We now project h; into our “single-orbital” states {|¢4), |¢5)}, such that it has matrix elements
(@1lh1lm), (I,m) € {A,B}. The non-diagonal elements of h; (I # m) represent hoppings between different sublat-
tice sites, and hence correspond to nearest-neighbour sites in the unit cells separated by +a; from the reference
unit cell. (As shown in Fig. 1a, a given atom sits on a different sublattice site from its three nearest neighbours.)
The diagonal matrix elements of h; in turn, correspond to hoppings between a given lattice site and its second
nearest-neighbours along the &4, directions. Repeating the above for Ha, the expansion of the Hamiltonian in
Eq. (3) in the neighbourhood of ko is therefore given by

(@il H (ko + 8019w} ~ (@11 H (Ro)lgn) + (0K - 31 (@1lhlgm) + K - Go) @ilhalgm) ). Lm € (AB), (7)

where, in analogy with h;, we define h, = i(exp(iko - a2)H, — h.c.). Note that by projecting the four-orbital
model Hamiltonian to the states {|¢4), |¢5)}, we obtain a (2 x 2) matrix with the basis states localized at the A
and B sublattice sites. However, the matrix still comprises of the coupling terms ¢, which involve all four orbit-
als s, px, py, and p,. We will now relate the above projected Hamlltoman with the single-orbital TB Hamiltonian
in the basis of the A and B sublattice sites, which we denote as H. Considering the nearest and next-nearest
couplings as shown in Fig. 1, the (2 x 2) single-orbital TB Hamiltonian can be written as

M _ (Eo 53
H = <t3 Ey

" Z eik-di tg‘i + c.c. tf‘eik‘ai
tieik'af eik'aftg + c.c. (8)

={1,2}

i eik'(““aﬂtf‘1 + c.c. 0
0 eik'(al’aZ)tB +c.c. '

In the above, t; represents the (single-orbital) nearest-neighbour hoppings in the direction of d;, while tim
represents the corresponding second nearest-neighbour hopping linking the A (B) sublattice sites in the refeg—
ence and neighbouring unit cells. The subscript Im indicates the sequence of the hopping, first along the £d;
direction followed by hopping along the £d,, direction (see Fig. 1b for the schematics of the second nearest-
neighbour hoppings). In equation (8), Ey is the common eigenenergy of|¢a) and |¢p) at the Dirac pomt We will
now express the single-orbital hopping terms, t; and t;;, in terms of their four-orbital counterparts ;" . To do
this, we expand the single-orbital Hamiltonian H in Eq. (8) for a small 8k about the Dirac point, and make a
term-wise comparison with the linear expansion of the projected four-orbital H in Eq. (7), i.e. we equate

W HOSki = > (1)(r] (3 H)Ski|pym) (]
le{A,B}

A(B)

©)

for each k; = (ky, k) individually.|A) and | B) are the single-orbital basis states at the A and B lattice sites respec-
tively. As an example, let us consider the off-diagonal term #; exp(ik - @;) in equation(8). This term corresponds
to the hopping between the A to B sublattice sites in neighbouring unit cells separated by a;. Expanding to linear
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order in 812, we have t; exp(iic' LA R exp(i%o ~a;)(1+ isk - d;). On the other hand, the corresponding linear
expansion of the projected four-orbital Hamiltonian in Eq. (7) yields (8k - @;) (¢g|hi|¢a). Equating the two terms
involving (8k - 4;), we have

. (¢Blhilpa) (10)
i= = 5 _-
iexp(iko - a;)
The above method cannot yield the corresponding expression for t3 because f3 is not involved in the linear
expansion. Instead, ¢3 is obtained by noting that the degeneracy of the hole and particle states at the Dirac point
ko implies that the off-diagonal terms in H") must sum to zero there. This yields the expression

I3 = —1f exp(i%o . al) — b exp(i%o . le) (11)

Next, we proceed to derive the diagonal terms in equat10n (8), which represent the second nearest-neighbour
couplings. Linear expansion of the terms containing {} and 3} in 8k around ko yields (for brevity we neglect the
complex conjugate terms)

Z exp(ilz capth | 4t exp [1% -(ay — az)}
i={1,2}

~ Z ety | +eretsh +...
i=(1,2)

[(ék ) (—ef 5 + et + (8k - @) (—€e 15 +ethy) + ...
Ok - @1 — @) (~eferthy + ereit)]

wheree; = exp(zko a;). All the coupling constants tA have to be real in order to preserve time-reversal symmetry.
Imposing this constraint, the terms that are linear i in sk simplify to

i[(afc 1) (2 Im(en)th) + (0k - @) (2 Im(ex)td) + 8k - (@, — ) (2i Im(ele’z")tfl)]

. . ) 12

= — Z 2((11t§\‘1a11 + 12t?2a21 + llztzAl(all — azl))ﬁkl ( )
lefx,y}

where ay; refers to the Ith-component of a;, §k; refers to the Ith-component of 87(, etc. In the above, r, = Re(ey)
for k = {1,2}, r12 = Re(ey€}), and i and 71, are analogously defined for their imaginary parts. By comparison,
the linear expansion of (¢4 |H (k)|¢4) about ko from the four-orbital model is given by (refer to Eq. (7))

(@alH(k+8K)1¢a) ~ D (@au(dalhilpa) + az(alh2lda))sks 13)

lefx,y}

where we have neglected the 5k- independent terms Matchlng the coefficients of §k, and 8k, in Egs. (12) and
(13) gives two equations for the three unknowns 4, 4, and t{5. A third equation is given by the requirement
that the second nearest-neighbour terms vanish at the Dirac points. (Note that a finite second nearest-neighbour
coupling will cause an energy displacement of the single-orbital Hamiltonian Dirac point with respect to that of
the four orbltal Hamiltonian.) In addition, by symmetry, we have (¢4 |hi|¢a) = (¢plhilpp), so that t?l = t3l =t3
and t{, = 8, = 5. Solving the simultaneous linear equations, the second nearest-neighbour couplings of the
single-orbital Hamiltonian are finally given by

. ) , -1
t31 —2i1a1x — 2i12(a1x — d2x) — 20240« arx(@Palhlpa) + az(palhz|pa)
tia | = | —2iha1, —2in(ayy —azy) — 2hay ary(Palhilga) + azy(Balhzlpa) | . (14)
t32 s} 12 r 0

Spin-orbit interaction. In the previous section, we derived the single-orbital TB Hamiltonian from the
four-orbital Hamiltonian based on the Slater-Koster integrals for the case of a spinless Hamiltonian. In this sec-
tion, we perform the derivation in the presence of spin-dependent terms in the Hamiltonian. We incorporate
the atomic spin-orbit interaction (SOI) Hamiltonian Hso = &o(L - o) into the four-orbital Hamiltonian, where
L is the orbital angular momentum operator, ¢ the spin operator, and & is a scalar representing the SOI strength.
Classically, Hso can be interpreted as the interaction energy of the electron spin magnetic moment with the
magnetic field generated by the electron orbital motion. With the SOI term, the four-orbital Hamiltonian is now
given by

H (k) = H(k) ® 1, + Hso, (15)

where the H (%) is the spin-less four-orbital Hamiltonian discussed in the previous subsection, i.e., Eq. (3). In
the four-orbital model, the atomic SOI Hamiltonian acts only on the orbitals within a single site. However, the
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combination of the atomic SOI with the inter-site Slater-Koster orbital hoppings results in SOI terms that couple
different lattice sites in the single-orbital Hamiltonian. In the case of unstrained silicene, Hso results in two SOI
terms in the single-orbital model: (1) a 8k-independent out-of-plane SOI term and (2) an intrinsic Rashba SOI
with the form (8k x 2) - 6 in the vicinity of a Dirac point.

We consider the expression of Hso in the four-orbital model. Note that only the py, . orbitals contribute to
Hso. Denoting the p; orb1tal (i € {x, y, z}) at lattice site a with spin s as |pf, s), Hso can be succinctly expressed
as Hso = — ZuE{A B} G,J kéolpfss s)ok Ogy (p] ,s'|, where €;k is the Levi-Cevita symbol.

Next, as in the previous subsection, we project the above four-orbital Hso to the states {|¢4), |¢p)} which
are closest to the Dirac point and localized at the A and B sublattice sites, respectively. This time, however, we
need to include the spin degree of freedom. We introduce |¢pa, 1) = |¢pa) ® | 1) where| 1) is the spinor state
with spin in the +z direction. (The|¢a/)s are the same|¢4/p)s as in the previous subsection, i.e. the Dirac point
eigenstates localized at the A/B sublattice sites without the SOI.) Analogously, the other three combinations are
written as|@ag), T ({)). We consider the first and second-order SOI terms which are proportional to & and &2,
respectively. In unstrained silicene, the first and second-order SOI terms contribute to the §k-independent SOI
term, while the second-order SOI term contributes to the intrinsic Rashba SOIL.

Projecting Hso into the set of four|¢a(g), 1 ({)) states at the Dirac point ko, we obtain the first-order SOI term

Higomy ko)=Y 3 1shgnslHsoKo)ldm, s') (m, 5| (16)

I,me{A,B} s,s'=(1,])

The superscript “(1)” indicates that the Hamiltonian is a single-orbital model, while the subscript “1” denotes
the first-order SOI term. Note that in the above, the ket vector |/, s) represents the single-orbital basis states, with
I € {A, B} denoting the sublattice index and s € {1, |} the spin index (and similarly for the bra vector (m,s’|).
The term (¢, s|Hso (ko) |¢m» s') denotes the inner product of Hgo with the four-orbital states |y, s) states. As
abovementioned, the |@,,, s) states are largely localized at the m € gA , B} sublattice site, and contains the four-
orbital hopping integrals. In practice, the off-diagonal terms of H g, are small and can be 1gnored to a first
approximation, and the diagonal terms have equal magnitudes but opposite signs. Hence, H (50:1) & Tz> where
T = (T, Ty, T;) denotes the vector of Pauli matrices in the pseudospin (sublattice) degree of freedom where

= |A)(A] — |B)(B|, and 7, and 7, can be defined analogously. We can then express H((sz) 1)(ko) at the Dirac
point ko as

H((Sl)o;l)(%o) ~ Z hs105 ® T, 17)

se{x,y,z}

where h;.; denotes the first-order SOI coefﬁc1ents associated with spin s at k= ko These coefficients can be
extracted via the relation h;.; = Tr((r; ® os)H(s0 /4. In unstrained silicene, H, (s% 1 contributes to the sk
-independent, out-of-plane SOI term in the linear expansion of the Hamiltonian around tile vicinity of the Dirac
points. At first sight, it would appear that H, ((Sg) ) (ko) corresponds to a constant exchange energy term in the
single-orbital model, i.e., one having the form of 111 - & where 1 is k-independent. Such a term is however pro-
hibited by time-reversal symmetry, which reverses the sign of . To preserve time-reveral symmetry, H ., (ko)
should instead be interpreted as the value of a k-dependent SOI term with an odd dependence on k at the specific
value of k = ko. Because H((s% ) is diagonal in the sublattice degree of freedom, hence, from Fig. 1, the SOI
term would comprise of second nearest-neighbour coupling terms. The k- dependence of the single-orbital SOI
Hamiltonian at k # kg will be addressed after we introduce the second-order SOI term.

The second-order SOI term, H(sz) ,) accounts for the effect of the atomic Hso on all the eight eigenstates of
H (k) in equation (3) . It can be 1nterpreted as an additional term added to the single-orbital Hamiltonian to
capture some of the SOI physics that would otherwise be lost in simplifying the four-orbital model to a single-
orbital one. At the Dirac point k = ko, the eigenstates of H(k = ko) include [¢4 ) and |¢p) which were introduced
previously, as well as six others, some of which may be pair-wise degenerate. For these degenerate pairs, we
express them as linear combinations which would diagonalize T, similar to the treatment in obtaining |¢4)
and |¢pp). Let us label the other six eigenstates as |¢;), i € {1,2,...,6}. We introduce the spin degree of freedom:
lgi,0), 0 € {1, ]}, and definea (12 x 12)matrix Hoo (k) with elements (¢;, o |H (k) ® Is |@j, 0'),i,j € {1,2,...,6},
and a (12 x 4) matrix Hop (k) with elements (¢;, o |[H(k) ® I;|¢j,0”), i € {1,2,...,6},j € {A,B}. (The “D” in
the subscript denotes the four states at the Dirac points, i.e., |4, (1 / |))and|¢g, (1 / |)), while the “O” in the
subscript denotes the other states.) The second-order SOI Hamiltonian H, (50:2) (k) of the single-orbital model is
then obtained from Léwdin partitioning' and is given by

H(l()) 2) (k) = —Hbp (k) (Hoo (k) — Eo) ™ Hop (k). (18)
Expanding H ((51)0:2) (ko + k) to linear order in 8k around the Dirac point, we have
H{gp) (ko + 80) ~ HG (ko) + Y (0, Hg, ) (ko)) 8K1. 19)
lefx,y}

H, slo 2) (k P and 9y, H, (SO 2! (ko) are evaluated numerlcally using equation (18) and the finite difference approxrma—
tlon Bk, (50:2) (ko) =~ (H(so 2) (ko + 8kep) — ((S()) 2) (ko — 8ker))/ (28k21 respectively. Slmlllar to the case of H(SZ) 1
the off- dlagonal terms in the sublattlce degree of freedom in both H, (5022) (ko) and 9, ((sg) 2) (ko) turn out to be
either zero or negligibly small, and are dropped from further con51derat10n In addition, for both matrices, the
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diagonal terms corresponding to the two sublattices also turn out to have equal magnitudes but opposite signs.
Hence, we can express the linear expansion in Eq. (19) as

Hoo ko +80)~ S N (hea + Hskot:

(20)
le{x,y} se(x,y,2)
where the coefficients in the above expansion are obtained as
hos = ST HE . (k 21
52 = 2 I\ 7205 (50;2)( 0) ) (21)
1 -
s = ST (rosd H ) (ko) )- (22)

Both the first and second-order SOI terms are diagonal in the sublattice index, implying that they comprise
of either A-A or B-B couplings that correspond to the second nearest-neighbour couplings. Similar to the form
of the second nearest-neighbour couplmg terms in the case of the spinless Hamiltonian of Eq. (8), the effective
single-orbital SOI Hamiltonian Hso) would take the form of

Hs((ly) (lz) = Z i(t;leik'(a‘_a” + t;leik'al + t;zeik'az)rzas +h.c. (23)
se{x,y,z}

We determine the coefficients £}, in the above, which represent the spin-dependent second nearest-neighbour
couplings, by linearly expanding equation (23) around kg, and matching the terms in the expansion with those
of Egs. (17) and (19). Explicitly, the expansion of Eq. (23) is given by

HYQ (k + 8K) = HSQ) (ko) + 9z HSG (k) - 8k, (24)
where
HQ (ko) = — Y 2m.0:(ityy + iatsy + inatsy), 05)
se{x,y,z}
8EHS%)(I<) =— Z 21'203((1’11?;1 + riotyy)ar + (rt, — rlztil)az). (26)
se{x,y,z}

By term-wise comparison between the above expansion and their counterparts in Egs. (20) to (22), the single-
orbital TB coefficients related to the SOI interaction are given by

-1
5 riaix r2ax r2(ai — azx) B
t | = =2 | nay nay rna(ay — ay) s ) 27)
tél 3 %) 112 hs;2 + hs;l

for each spin component s € Ex ,¥,z). There is an additional spin and pseudo-spin independent energy shift SEq in
H ((sl)o 5 8iven by 8Ey = Tr(H g, ,))/4. Combining both the spinless and SOI components, the full single-orbital
Hamﬂtoman with SOI takes the orm of

HYS = HO @ 1, + HYY) = ((Eo + 8Eo)I; + 1371,

+ Z (tsil; + it DI, + Z 13,7205 exp(ilz - 4;)
ie{1,2} sel{x,y.z) (28)

+ il 1, + Z 1517205 exp(iz -(d1 —a)) | +he
se{x,y,z}

In the above, t T = t;and t; are given by equation (10), t3 by equation (11), £33, t32 and 21 by equation

01
00/,
(14), and the 15}, 15}, 3, by Eq. (27).

Most studies on silicene and related materials would focus on electron energies close to the Dirac points.
Hence, it would be useful to obtain the low-energy expansion of Eq. (28) around a Dirac point. This takes the
general form of

H(Bl:) = Z (v(vjxrx +vjole) + vj},ty)éklg—i-
j=xy
(29)
Z vsop + Z Sjﬂ(?kj 7,08 + (Eo + 8Eg)I; L.
B=(x,y,2) j=x.y
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Figure 2. Compraison between strained and unstrained silicene lattices. (a) The unstrained silicene lattice
(gray) and strained silicene lattices subject to uniaxial strain in the directions of @ = 1rad (red) and & = 2 rad
(blue) with strain magnitude of y = 1.1 (i.e. 10% elongation) for both. (b) A zoomed-in view of the strained
silicene lattice for « = 2 rad and y = 1.1. The black dotted lines illustrate the breaking of the reflection
symmetry under strain—the Jines do not cross at right angles to each other. The three coloured arrows represent
the displacement vectors d, d» and d3 from the central lattice point to its nearest neighbours. The arrows are
redrawn and arranged horizontally at the lower left corner for comparison of their relative lengths.

In Eq. (29), we adopt the convention that vj, are the coefficients of 8k;zy I, for a € {0,x,y,z}, and sjg the
coefficients of 8k;t,0p for j € {x,y,z}. v = 1 denotes the valley index corresponding to the two Dirac points
in the Brillouin zone. The coefficients vjq, s;g can be calculated from equation (28) via

! ws 1 ws
Via = ZTr(aij To) ik SiB = ZTr(aij 7,08) (30)

k=ko

Hamiltonian of strained silicene

In the previous section, we have derived the single-orbital tight-binding Hamiltonian that is applicable for any
silicene lattice with arbitrary bond vectors dy, d» and d3. We now consider a silicene lattice subject to the specific
strain configuration of a uniaxial strain applied at an angle & to the x-axis. This has the effect of elongating lattice
dimensions parallel to strain direction « by a factor y (say), and compressing the dimensions in the in-plane and
out-of-plane directions perpendicular to a by n(y — 1)andn (y — 1) times respectively where n and 1 are the
in-plane and out-of-plane Poisson ratios. Explicitly, the bond vectors d; under the above strain configuration
are given by

0 0

a1 r _ _ (0

di=M 01—ny—1 0 Md;”, (31)
0 0 IL—ni(y =1

where

cosa —sina 0
M= (sina coso 0)
0 0 1

is the rotation matrix, and d;o) s are the unstrained bond vectors, which are given by d{o) = (1.930,1.114, —0.462) A,
d;o) = (—1.930,1.114, —0.462) A, and d§°> = (0, —2.229, —0.462) A. The strained bond vectors d;s are then sub-
stituted into Egs. (1) and (2) in Section IIA to obtain the Hamiltonian for the strained silicene system.

Figure 2 illustrates the strained silicene crystal lattice for two different strain directions of « = 1and 2 rad.
A strain along o < /2 (illustrated by & = 1rad of Fig. 2a) tilts the lattice in the counter-clockwise direction,
while strain along @ > 77/2 (illustrated by « = 2 in Fig. 2) tilts the lattice in the clockwise direction.

The introduction of strain along a skew direction that differs from the symmetry axes along « = 0 and
o = 1 has two effects: (1) It breaks the mirror symmetries of the lattice. While it is obvious that the reflection
symmetries along the x and y axes are broken, the same also occurs to the axes of reflection symmetry along the
armchair and zigzag directions. Figure 2b illustrates the breaking of these reflection symmetries—the armchair
and zigzag directions are not exactly perpendicular to each other in the distorted lattice. (2) The skew strain also
breaks the isotropy of the displacement between a given lattice site to its three nearest neighbours. In unstrained
silicene, the separation distances between a lattice site to its three nearest neighbours are equal and the angular
displacement between each neighbour is 277 /3, both of which no longer hold in strained silicene.

The breaking of the reflection symmetries as well as of the nearest-neighbour isotropy are reflected in the
bandstructure of the strained silicene. Figure 3 illustrates the Equal Energy Contours (EECs) at small energies
above the respective Dirac points for both strained and unstrained silicene. Note that k denotes the electron
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Figure 3. Equal enegy-contours and group velocities of silicene. (a) The EECs for strained (black) silicene

for strain direction @ = 2 and magnitude y = 1.1, and unstrained silicene (green). The three contour lines
correspond to energies of 20 meV, 40 meV and 60 meV above their respective Dirac points. The grey dotted
lines straddling the positive kx EECs denote the major and minor axes of the EECs. (b) A close-up of the EEC of
strained silicene in the vicinity of the positive k. valley (blue line) at 60 meV above the Dirac point. The EEC lies
off-centre about the Dirac point. The thinner gray circle is of uniform radius and centered at the Dirac point to
illustrate the anisotropy of the EEC. The angle ¢; (depicted at the upper right of the EEC) denotes the direction
of the normal to the EEC, which is also the velocity direction corresponding to the state at the k point. (c) Plot of
the velocity as a function of the velocity direction ¢; taken at each k-point on the EEC of strained silicene in (b).

wavevector over the entire Brillouin zone, while §k denotes the small displacement of the wavevector from its
respective Dirac point. Let us first consider the EECs of unstrained silicene. The states in the vicinity of the Dirac
points are distributed over two valleys, each centered about k, = 0 and separated along the k, axis (Fig. 3a). This
separation of the states into two valleys along the k, direction can be explained by reflection and time-reversal
symmetries, and our choice of the unit cell and coordinate system of the lattice, as shown in Fig. 1.

Let us consider the effect of reflection symmetry on the Hamiltonian and bandstructure of silicene. In
unstrained silicene, there is reflection symmetry about the y-axis. A reflection about the y-axis leads to the
replacement of k, — —k,,. In addition, it also swaps the A and B sublattice sites with one another, which brings
about the following replacements of the pseudospin terms: 7, — —1, and 7, — —1. Thus, the only terms lin-
ear in 8k that are allowed by reflection symmetry about the y-axis are 6k, 7, 6k, 7., 8kx Tx and 8k, 1. At the same
time, the silicene system also obeys time-reversal symmetry. Time-reversal is effected by (1) the replacement
of 8k — —&k and (2) considering a spinless system for now, taking the complex conjugate, which results in
7, — —T1, (n.b. 7, and 7, are unaffected because all their elements are real. We will discuss the spin-ful system
in the next paragraph). Suppose the Dirac point were to lie at the origin (ky, k,) = (0,0). Upon linear expan-
sion in 8k, and 8k, the only terms allowed by time-reversal symmetry are 6k, 7, and 6k, 7,. The latter term is
consistent with y-reflection symmetry, as well as the x-reflection symmetry which is present in the system. The
former term however violates both the x and y-axis reflection symmetries. The only way out that preserves both
the time-reversal and reflection symmetries is to have reflection-symmetric pairs of states separated by a finite
separation in k-space along the k, axis. These considerations lead to the existence of two valleys, as evident in
the EECs of Fig. 3a, where the time-reversal and x-reflection partner of a state in one valley lies in the other
valley. They also explain the emergence of the v chirality factor in the spinless single-orbital low-energy linear
expansion for silicene:

H = Vf(&k},‘l.'), + véerx) (32)

appearing as part of the Hamiltonian in many theoretical works on unstrained silicene (e.g. Ref.>**)—the factor
of v comes about because for a state that is displaced by §k, with respect to the Dirac point at one valley, its coun-
terpart at the other valley would be displaced by —§k, with respect to its own Dirac point. Note that in unstrained
silicene, the velocity terms in our low-energy Hamiltonian of Eq. (29) would be given by vj(x,,) = v3j,(x,) and
vjo = 0, so that the Hamiltonian would reduce to Eq. (32) (discounting the spin degree of freedom).

Let us now consider the symmetries involved in the low-energy single-orbital Hamiltonian with spin, as
described by Eq. (29). The valley index v appears together with the spin-independent terms containing , and
the §k-independent spin terms because of time-reversal symmetry. This is because time-reversal flips the signs
of 8k, 7,, & and v (as mentioned above, the time-reversal partner of a state in a valley at 8k in one valley is located
at —8k in the other valley). Thus to preserve the time reversal symmetry, it can be seen that every term in Eq.
(29) consists of an even number of terms from the set comprising {3k, Ty Vs ol

We now consider the effects of applied strain on the EECs and the Dirac points. A small strain would only
perturb the dispersion relation slightly, so that the basic dispersion structure of two valleys separated largely
along the k, direction still holds. The approximate (but not exact) reflection symmetry of the strained silicene
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Figure 4. The values of the various Hamiltonian parameters for strained silicene with y = 1.1as a function
of the strain angle « in Eq. (29) where for j € (x,y),j # j. The dotted lines in each plot shows the values of the
quantities plotted in unstrained silicene. (a) vj;, (b) vji, (€) vj7, (d) sxy» (€) $yx> (f) sjjs (8) sjz» (h) oz, (i) soj-

lattice along the strained armchair direction is mirrored by the approximate reflection symmetry of the EECs
and Dirac points of the two valleys, as shown in Fig. 3a. (The SOI splitting of the energy bands is not evident to
the naked eye at the scale of the figure). Note that although the exact reflection symmetry is broken in strained
silicene, time-reversal symmetry is still preserved. Thus, for any state with energy E at k, there still exists a cor-
responding counterpart state with the same energy at —k.

The application of strain would also introduce an anisotropy to the EEC as shown in Fig. 3b, which plots
the EEC of strained silicene for one particular valley and energy. In unstrained silicene, the low-energy EEC is
circular about the Dirac point, reflecting the isotropy of the system. However, in strained silicene, the EEC has a
non-uniform radius, which may be ascribed to the anisotropy of the velocity around the EEC, as plotted in Fig. 3c.
Recall that the velocity is defined as v = (Vi H). This implies that: (1) the direction of the velocity follows that
of the outward normal on the EEC, and (2) the change in the wavevector §k per unit change in energy at a given
point on the EEC is inversely proportional to the velocity there. In other words, 8k = [(3k/9E) dE = [ 1/v dE.
Therefore, points on the EEC with greater electron velocity would have §k of smaller magnitude, and lie closer
to the Dirac point, giving rise to the non-uniform radius of the EEC. The anisotropy in the velocities, shown in
Fig. 3¢, can be traced to the anisotropy in the bond lengths of a lattice site to its three nearest neighbours in the
strained silicene lattice. A smaller spatial separation between neighbouring sites would lead to a larger hopping
parameter between these sites and thus larger carrier velocity.

We now consider the effect of varying the strain direction, i.e. angle &, on the various coefficients of the low-
energy Hamiltonian in Eq. (29), while keeping the strain magnitude fixed at y = 1.1 (see Fig. 4). We start with
the special cases of strain along @ = 0 and « = 7/2, which preserve the x and y-reflection symmetries of the
silicene lattice. The major and minor axes of the EEC ellipses at « = 0,7/2 lie parallel to the k, and ky axes, in
agreement with the x and y-reflection symmetries of the crystal axes. The strain causes the velocities vy, and vy,
to differ from each other (Fig. 4a), so that the EECs are no longer perfect circles. The strain also results in a finite
vxoand zero vy (Fig. 4b). At o = 0, the finite v term tilts the Dirac cone along the k, direction, so that the EEC
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assumes the shape of a tilted ellipse and the projection of the Dirac point no longer lies at the geometric centre
of the EEC. Conversely, when strain is applied along @ = /2, we have finite v, and zero vxo, which translates
to a tilt of the Dirac cone in the k, direction. A strain which deviates away from the special angles of @ = 0 and
o = /2 leads to finite values of v, (Fig. 4b) and v; where [ = x(y) for [ = y(x) (Fig. 4c). vj and vq have the
effect of rotating the EECs in k-space so that the major and minor axes of the EEC ellipses no longer lie along
the x and y-axes but are now oriented approximately along the direction of the reflection axes of the distorted
crystal lattice. An example of a rotated EEC in strained silicene is plotted in Fig. 3a in which the axes of the EECs
are denoted by the dotted lines. (We also plot the energies and k-space positions of the Dirac points for strained
silicene at different strain angles in the “Suppementary Note”.)

Next, we now consider the spin-dependent terms shown in Fig. 4d-i. In unstrained silicene, the SOI terms
near the Dirac points take the form of

As00; + )VR(SE X Z) - o (33)

in the notation of Ref."> where 4s0 is the strength of a §k-independent SOI component pointing in the out-of-
plane direction, and /g is the strength of the SOI term with a Rashba-like symmetry. This corresponds to sz in Eq.
(29) taking the form of s;g = AR€j gz + As0dp,z> as can be seen from a term-wise comparison of the coefficients
of ogand 8kjog. The application of strain along the special directions of @ = 0 and 77/2 leads to sy, 7# —syx (see
Fig. 4d,e). The breaking of the anti-symmetry between s, and s, means that the direction of the in-plane SOI
field, which is given by (syx8kj, sxy 8k, 0) is no longer perpendicular to 8k when Sk, # 0 or 8k, # 0, and differs
from the simple Rashba form of s, (ky, —kx, 0)T . 5. These effects persist for other values of be51des o=0,m/2.
For an arbitrary strain angle, the breaking of the three-fold rotational and reflection symmetries results in the
emergence of additional SOI terms that are absent in unstrained silicene: (1) Strain coefficients s;; where j € {x, y}
(see Fig. 4f) due to the breaking of the x and y-reflection symmetries. These give rise to spins that are parallel to
8k, and thus lead to in-plane spins deviating even further from the direction perpendicular to k, in addition to
the effect of sy, # syy. (2) Strain coefficients involving sy and s, (see Fig. 4g) due to breaking of the rotational
symmetry. These give rise to out-of-plane spin, i.e., o, which are k-dependent, and hence can be induced or
modulated by current. (3) Strain coefficients so, and sgy (see Fig. 4i). These are 6k-independent terms associated
with in-plane spins. Note that in the absence of strain, the only k-independent terms are those associated with
the out-of-plane spins (see Fig. 4h—n.b. s, is already non-zero in the absence of strain, and the application of
strain merely changes its magnitude). To summarize, applying strain removes the constraints imposed by rota-
tional and reflection symmetries, and induces the emergence of §k-dependent and §k-independent terms with
spin components in all three directions. In the next section, we illustrate the consequence of these additional
SOI terms in strained silicene and their possible role in spin torque applications.

Current-induced spin accumulation

As an exemplary application of our derived Hamiltonian, we study the out-of-plane spin accumulation in strained
silicene induced by an in-plane current or electric field £, in the y-direction. The silicene system is additionally
coupled to an in-plane magnetization M, along the x-direction, and an out-of-plane electric field £,. This &, field
may, for instance, be induced by an out-of-plane gate voltage'* or from substrate effects®, as a result of the A and
B sublattices being affected differently by the substrate due to the lattice buckling. The low-energy Hamiltonian
H' thus takes the form of

H'(8k) = H(5k) + Myoy + &7, (34)

where H is given by Eq. (29). An in-plane magnetization coupling will bring out the effect of two particular terms
in the strained silicene Hamiltonian that have not been studied previously: the §k-independent in-plane SOI field
(Fig. 4i) and the §k-dependent out-of-plane SOI field (Fig. 4g). As we shall show later, the first term allows an in-
plane magnetization to lift the energy degeneracy between the two valleys, while the combination of the two terms
breaks the k-space antisymmetry of the current-induced spin-z accumulation. This results in a net out-of-plane
spin accumulation that is crucial for spin-orbit torque magnetization switching in silicene-based systems>’.

In the relaxation time approximation, the electric field £, shifts the Fermi surface by an amount Ak, = 1€,
where g is the relaxation time. The resulting change in the field-induced accumulation value of an observable
quantity O per unit area of the silicene is then given by

AO = (Z /Sb dk gy (k)v,, (k) (O(k, b))> Ak, = (50)Ak, (35)
b

where the integration in k-space is over the Fermi surface Sp, and the summation b is over the occupied bands
(the subscript b refers to the band index and the integral [, s, dk is aline integral over the one-dimensional Fermi

surfaces of the two-dimensional system) Here, g, (k) = m is the density of states of the band, v (k) is

the velocity in the y-direction, and (O(k, b)) is the expectation value of the operator O for band b at k.80 is the
change in the accumulation value of the quantity O per unit Ak, per unit area after k-space integration over the
Fermi surfaces of all the occupied bands and summation over the bands. §O hence has the dimensions of O
multiplied by an inverse length unit,

We consider the specific case of O = o corresponding to the out-of-plane spin accumulation. We therefore
first study how strain affects the bandstructure, as well as the expectation values (o (k, b)) = (k, blo|k, b) and
Vy,b = (k, b|dk, H|k, b) that are needed for calculating Ao using equation (35) . Figure 5 plots the dispersion
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Figure 5. Comparison of the bandstructure and current-induced spin accumulation between strained and
unstrained silicene. (a)The dispersion relations at 6k, = 0 expectation values of the group velocity v, and
out-of-plane spin accumulation offsets do,, = (0;) — 00,a = (e, . .., 1) at the positive k, (left) and negative
k (right) valleys for unstrained silicene at electron energy E = —0.97 eV. (b) The corresponding plot to (a)
strained sﬂlcene withae =2,y = 1.1at E = —0.585 eV, with an applied M, = 5meV and E; = 8 meV. Here,
00 = —0f = ~0.15708 A", of = —o) = 027132 A Tl60 = —0.110A 00 = —0.183A 00 = 01254,
and 6 = —0.212 A™ . The electron energies of E = —0.97 eV and E = —0. 585 eV are indicated by dotted lines
in the dispersion relation plots in (a) and (b), respectively. The colours of the (Bk H) and (o) plots correspond to
the bands in the dispersion relations plotted with the respective colours.

relations, and the expectation values of vy and o, in unstrained silicene, as well as in silicene under strain of
direction & = 2 rad, and magnitude y = 1.1, calculated using the low-energy Hamiltonian Eq. (34). Here, we
assume My, = 5meV and £, = 8 meV. The expectation values are plotted for the two conduction-like bands
corresponding to a specific energy value of E = —0.585 eV (E = —0.97 eV) for strained (unstrained) silicene,
as functions of the polar angle ¢ of the EEC, defined as ¢ = tan™! (8ky /8ky).

In unstrained silicene, the dispersion relation exhibits a valley symmetry such that the energy at a given § k
at one valley is equal to the energy at —5k at the other valley (Fig. 5a). This degeneracy is lifted in the dispersion
relation for strained silicene (Fig. 5b). This lifting of the degeneracy is due to the finite §k-independent spin
coeflicient so,0y in strained silicene, which lies parallel to the applied magnetization. We can see this clearly
by the fact that the Hamiltonian at the Dirac point 8k = 0 in the presence of an applied magnetization m, (the
subscript ‘@ denoting ‘applied’) and out-of-plane electric field &, takes the form of

H'(8k = 0) = Eo + (if1g + vS07,) - 0 + &7, (36)

where Ej is the constant shift in energy, v = £1denotes the valley index and §0 = (sox» S0y> Soz) is the net SOI field
at the Dirac point (see Eq. (29)). Equation (36) is a (4 x 4) matrix due to the presence of both the A/B sublattice
(7) and real spin (o) degrees of freedom. There are, correspondingly, four eigenvalues at each valley labeled by
the four possible combinations of & (;) and %4 given by

Ei(r)’i(a) = :i:(g)|r_}:lu :i:(r) VSO| :l:(r) SZ, (37)

where v is the valley index in Eq. 29.
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We first consider the scenario where So is perpendicular to m,. This corresponds to the case of unstrained
silicene in Fig. 5a where Sy = Zs0é, lies on the z-direction (see Eq. (33)) and i, in the x direction. In this case,
the |, £(1) vSo)| term in Eq. (37) reduces to v/|So|? + |m4|2, which has no_valley dependence. Despite the
breaking of time-reversal symmetry by 1, for every state with energy E at a k in one valley, there exists a cor-
responding state with the same energy at —8k in the other valley. (Note that this pair of degenerate states are not
time-reversal partners of each other because the expectation values of the real spin along the direction of the
applied magnetization for both states have the same signs.)

The scenario where 719 has components parallel to 711, is more interesting. This occurs for the strained silicene
in Fig. 5b where Sy has a finite x component parallel to 71, i.e., sox (c.f. Fig. 4i). In this case, the coupling to the
magnetization increases (decreases) the energy spacing between the hole (particle) states at one valley while
effecting the reverse at the other valley, thus lifting the energy degeneracy between the two valleys.

We now analyze the effects of strain on the particle velocity along the applied electric field, i.e., vy = (9, H),
and its variation on the EEC. Note that for any electric-field induced accumulation arising from the Fermi surface
shift, the expectation value of the corresponding observable is multiplied by the velocity term, as can be seen
in Eq. (35). In unstrained silicene, the exact y-reflection symmetry results in the upper (lower) half of the EECs
having positive (negative) values of v}, for both of the particle bands in each valley (see the upper right plots of
Fig. 5a) with the dividing line between the two signs of v} falling exactly on the ¢ = 0 axis. Under strain, this
y-reflection symmetry is broken, with the result that the major axis of the tilted elliptical EEC lies off the k, axis.
Hence, the dividing line between the two signs of v is slightly offset from ¢ = 0. This is evident in the plots in
Fig. 5b where the curves for v, do not intercept ¢ = 0 and ¢ = 7 exactly at v, = 0.

Let us now consider the expectation value (0;) and its variation along the EECs of unstrained silicene. In each
valley, the velocity v, varies as cos ¢ owing to the isotropy of the EEC. Likewise, the value of (o, ) for each band
also shows a cos ¢ variation of small amplitude set against a much larger constant offset, as shown in Fig. 5a. At
a given Fermi energy above the band gap, the particle band with the higher band minimum has a larger magni-
tude of (o), as shown in the upper right plots of Fig. 5a. (This is because the value of (o) scales with the ratio of
the magnitude of the §k-independent o, term to the sum of the §k dependent in-plane SOI terms and the applied

x magnetization in the Hamiltonian, i.e. |SOZ/\/Z/3 (Zj sig8kj + My8y,p)?| for j, B = {x,y}. The band with a

higher band minimum would have smaller values of §k leading to a larger ratio). The sinusoidal variation of (o)
in both bands seems to suggest that it would integrate to zero, but this is not the case. The electric field (€,
)-induced spin accumulation is proportional to the product of v, and (o). This product is not a pure sinusoidal
function and thus yields a net spin-z accumulation in each band after integrating over the contributions of all
the states. However, when considering the contributions of the two valleys, the current-induced spin z accumula-
tion would still be exactly zero. This is because the reflection symmetries in unstrained silicene would result in
the value of (o,) for a given value of ¢ having equal magnitudes but opposite signs for corresponding states in
the two valleys (see lower right plots in Fig. 5a).

In contrast, the breaking of the reflection symmetries in strained silicene leads to two effects: (1) the energy
degeneracy between the two valleys is lifted, and so the spin-z accumulation in the two valleys would have differ-
ent magnitudes for a given value of ¢ and do not cancel each other even after adding the two valley contributions;
(2) in each valley, there is a more pronounced asymmetry of the spin-z expectation value about ¢ = 0 (see lower
right plots in Fig. 5b); (3) the variation in (o,) with ¢ has a much larger amplitude compared to the unstrained
case. Effect (2) is a consequence of the anisotropy of the Fermi surface due to its deviation from a perfect circular
shape (see Fig. 3b). Effect (3) results from the larger variation of the ratio of the out-of-plane spin-z terms to the
in-plane spin terms of the Hamiltonian with the direction of §k. The magnitude of the spin-z terms gains an extra
dependence on the direction of 8k via terms involving sy, and s, (plotted in Fig. 4g). Further, the magnitude
of the in-plane spin terms also gains an extra dependence on 8k due to the variation of the magnitude |5k| with
angle ¢ on the EEC, the non-zero values of syy, Sxy » Syx and Syys and the inequality Sxy 7 Syx (see Figs. 3f,g), all as
aresult of the symmetry-breaking of the strained lattice. Consequently, these factors result in a sizable electric-
field induced spin-z accumulation in strained silicene.

Figure 6a shows the dispersion relations at both ky valleys, as well as the net spin accumulation o, as a
function of the Fermi energy E for silicene under the same strain configuration as in Fig. 5. Starting from the
minimum of the lowest energy particle band at the negative k, valley at —0.6025 eV (corresponding to level p in
Fig. 6a), §0, increases steadily with E until it reaches the minimum of the same band at the other (positive) ky
valley corresponding to E = —0.6009 eV (level q). At this point, there is a kink due to §o, increasing at a faster
rate because the net §o;; contributions of the lower bands for both valleys are positive (refer to the blue curves
in Fig. 6b). This trend continues until the Fermi energy hits the minimum of the higher energy particle band at
the positive ky valley at E = —0.5926 eV (level r). §0, then decreases from its maximum value because the net
contribution from the higher energy particle band is negative. At E = 0.5899 eV (level s), we reach the band
minimum of the upper band at the other (negative) valley. Because the net contribution of this band is negative
as well (see red curves in Fig. 6b), this translates into a greater rate of decrease in 8o, with increasing E, as shown
by a kink in the §o, variation in Fig. 6a. The net spin accumulation then approaches zero with further increase
in energy, because the contributions for the two particle bands in each valley approach the same magnitude but
are of opposite directions at large energies.

We now consider the effective magnetic field Hiorque due to the spin torque acting on the FM magnetization as
a result of the out-of-plane spin accumulation. This is proportional to §o, and the magnetization of the FM-doped
silicene system (we assume a magnetic moment of 3¢ per unit cell*®). The spin torque efficiency is then given
by the ratio of the effective torque field to the longitudinal current density j, (which has units of A/m in the 2D
silicene system and is obtained by setting O = ev, in Eq. (35)). Both the torque field and the j, are proportional
to the shift Ak, due to the electric field £, and hence the torque efficiency is independent of £,. (The torque
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Figure 6. Bandstructure and spin accumulation in strained silicene. (a) The bandstructures at §k, = 0 around
the Dirac point in (left) the negative k, valley and (center) positive k. valley in strained silicene, with strain
magnitude y = 1.1and strain direction o = 2, coupled to an in-plane magnetization My = 5meV, and electric
field of E, = 8 meV. The right plot shows the spin accumulation §o, and the spin torque efficiency;, i.e., the
ratio of the effective magnetic field due to the torque exerted by the spin accumulation to the current density.
(b) The solid lines in the top plots show the §o;, for the bands with the corresponding plot colours in (a), for
electron energy E = —0.585 eV. For comparison, we plotted the sinusoidal sin ¢ curves (dotted) to show the
asymmetry of the §o,-dependence with variation in ¢. The bottom plots show §o, after subtracting away off the
antisymmetric sin ¢ contribution, which clearly reveal the sign of the net spin accumulation.

efficiency is dimensionless because both the current density and the effective magnetic field have dimensions
of current divided by length.) In Fig. 6a, the torque efficiency is plotted as a function of the Fermi energy E. It
exhibits a similar dependence on E as the spin accumulation 8o, with kinks at levels p, g, r and s, but the degree
of modulation is enhanced as both v;, and o, are varying with E. In addition, the torque efficiency reaches its
peak value at a lower value of Fermi energy compared to that of o, peak, because of increasing j, between levels
g and r (n.b. j, constitutes the denominator of the torque efficiency ratio). The large modulation of the torque
efficiency with E indicates the possibility of optimizing it in strained silicene by fine-tuning the Fermi level.
We summarize the emergence of finite out-of-plane spin accumulation in the silicene system as being due
to the interplay of three factors, i.e., strain, in-plane SOI field and magnetization. On its own, the in-plane mag-
netization cannot lift the energy degeneracy of the two valleys in unstrained silicene (as shown in Fig. 5a). The
energy degeneracy between the two valleys in turn leads to the perfect cancellation of the current-induced accu-
mulation §o, due to the antisymmetry of 8o, in the two valleys. The situation changes in the presence of strain
due to two factors: (1) the strain gives rise to in-plane components of the SOI field near the Dirac points, which
break the energy degeneracy in the presence of an in-plane magnetization and (2) the strain leads to the breaking
of the reflection symmetries in the silicene lattice. This results in a finite net o, in each particle band (as shown
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in Fig. 6b). Moreover, the contributions to o, of the corresponding bands in both valleys have the same signs.
Hence, there is a out-of-plane spin accumulation §o in strained silicene after integration over the entire Fermi
surface and summation over the valleys. This current-induced out-of-plane spin accumulation may potentially
be applied to effect spin-orbit torque magnetization switching, similar to that demonstrated in magnetic layers
coupled to materials with SOI, such as heavy metals and topological insulators->7%-61,

Although it may not be easy to realize actual applications such as the strain-induced spin torque switching
described in the section at the moment because of the assumption of a homogenous ideal crystal structure and
the need to apply the strain at a specific in-plane angle, the strain-induced spin accumulation described serves
as an example of the possibilities that applying strain away from the high-symmetry armchair and zigzag direc-
tions may open. Such strains can possibly be applied by two recently reported techniques. In the first technique,
the 2D material MoS; was grown on a stretchable substrate®”. In the second technique, a pre-shaped HBN layer
was added to a bilayer graphene layer to serve as a handle that can be pushed by an AFM tip to achieve highly
controlled twist angles on the bilayer graphene®. This technique can be modified to realize strains at arbitrary
desired angles.

Conclusion

In this work, we derived a single-orbital tight-binding Hamiltonian for strained silicene starting from the four-
orbital model in which the crystal lattice distortions under strain were accounted for through the Slater-Koster
hopping integrals. We reduce the full four-orbital Hamiltonian to a single-orbital tight-binding Hamiltonian,
linearized in k close to the Dirac points, which is useful for subsequent spin accumulation calculations under a
small electric field. This approach can also be extended for other two-dimensional materials such as monolayer
MoS,% and other graphene analogues such as phosphorene® and stanene®.

Our derivation reveals terms in the Hamiltonian that have been neglected in previous studies on strained
silicene. In particular, the breaking of the directional isotropy in strained silicene leads to the emergence of in-
plane components in the spin—orbit interaction field near the Dirac points and an anisotropic energy dispersion
relation in the vicinity of the Dirac points. As an exemplary illustration of the effects of these new terms, we
studied the current-induced spin accumulation in strained silicene with an in-plane magnetization. The in-plane
components of the spin—orbit interaction field at the Dirac points coupled to the in-plane magnetization lift the
energy degeneracy between the two valleys. In combination with the anisotropy of the energy dispersions in
strained silicene, we have the breaking of the anti-symmetry of the spin accumulation about the Fermi surface
as well as between the two valleys. This results in a finite out-of-plane spin-z accumulation, which can be utilized
in current-induced spin-orbit torque magnetization switching.

Data availability
The datasets generated during the current study are available from the corresponding author on reasonable
request.
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