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I. INTENSITY-CORRELATED RAMAN SIGNAL WITH ENTANGLED TWIN PHOTONS

In the present study, we employ a single-photon probe pulse produced by a type-II parametric down conversion via
a beta barium borate (BBO) crystal. The entangled photon pairs are essentially generated when the BBO crystal is
pumped by a broadband pulse. The photon pairs are separated by a beam splitter conserving the energy as well as
the momentum. They are then directed into two arms in the fashion of the Hanburry-Brown-Twiss interferometer.
With the off-resonant condition, the field-molecule interaction reads (A = 1)
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where &;, has dimension of electric field. When E,(t) is written in terms of Stokes and anti-Stokes components, it

would reduce to Eq.(2) of Ref.[1]. T denotes the delay relative to the initial preparation of coherence. [as., , a'
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0y, and a(()] ) is the so-called Raman polarizability for electronically ground states [1, 2]. u.(?.) represents the transition

dipole of the jth molecule. In what follows, we assume the identical molecules so that the index j can be eliminated,

ie. ozl()fl) = Qg

Smce we are interested in the AS component in the emission detected in the spectrometer, the interaction in
Eq.(S1a) dictates the full dynamics of the joint molecule-field system. Using Heisenberg’s equation of motion, we find
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The frequency-resolved coincidence counting with the idler photons as a reference leads to the signal, i.e., S(w,w;; T) =
145,02 Ei wi|*(nas.wniw,). Inserting Eq.(S3) one has
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with the 4-point field correlation function
Ca(r',7) = (W[ EL(F) Eo(7) B (wi) Bs(w:) [ W)e ™" =7 (S5)

Eq.(S4) and (S5) provide the most general formalism for the Raman signal with quantum light and nonlinear interfer-
ometry. It may be elaborated by the loop diagrams in Fig.S1, distinct from the ones for the femtosecond stimulated
Raman scattering (FSRS) with entangled photons [3] and the CARS with classical laser pulses [4]. The spectral prop-
erties of the quantum optical fields as given by the field correlation function may play a significant role in accessing
the unusual spectroscopic properties of Raman signals.

The photon state produced by BBO consists of a vacuum and two-photon state with one photon in the s arm and
another one in the 7 arm. It is described by the wave function
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FIG. S1: Loop diagrams for intensity-correlated Raman signal where a and b denote two individ-
ual molecules. Solid and wavy arrows represent the probe and emission fields of photons in s arm.

The horizontal wavy arrows on the top represent the coincidence counting detection of s and i pho-
tons. The Correlation functions corresponding to left and right panels are complex conjugated with each
other. The area shaded in blue represents the free propagation before the action of probe field in s arm.

where af, (af, ) denotes the creation operator of the photons in s (i) arm and the two-photon amplitude follows
Eq.(2) in the main text. Inserting Eq.(S6) into (S5) and dropping the terms from vacuum mode and converting the
summation into integration eventually we obtain (it will be borne in mind that the summations would be converted
to integrals in the last step)
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The coherent Raman process arises from the cooperative motion of molecular pairs [5, 6], as seen from the coherence

term . pl(j ) pl(fg) in Eq.(S4). The product of coherences indicates that the molecules have to be in phase with each

other, so as to generate nonzero coherent Raman signal. We substitute Eq.(S7) into (S4) by dropping the spontaneous
Raman term pppr. The coherent Raman signal is found thereby
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with the Raman line-shape function defined as
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Eq.(S8) and (S9) reveal the coherent Raman signal monitoring the quantum coherence. The math manipulations
can be readily generalized to electronic coherence having the dynamics more complicated than the pure exponential
decay of the vibrational coherence [4, 7]. This will be elaborated later where the Raman signal shares the formalism
with Eq.(S8) for the electronic coherence involved in the Raman line-shape function for electronically excited states.

Substituting the vibrational coherence in Eq.(S9b) one can calculate the Raman line-shape function
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where the integral has been completed via the contour integration in complex domain. Substituting Eq. (S10) into
Eq. (S8) we obtain the Quantum FAST CARS signal
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as given in Eq.(3) in the main text, where v, < T, '. Eq.(S11) indicates a spectral resolution T}, ! when considering
the optimal photon entanglement given T; = T, as entailed in the main text. The two-photon amplitude thereby
reads
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assuming a Gaussian profile for the pump pulse.

To see the photon entanglement closely, we essentially calculate the entanglement entropy for photon pairs, according
to E(®) = — >, A2In(A?). )y denotes the normalized set of the eigenvalues in Schmidt decomposition of the two-
photon amplitude such that Y., A7 =1 and

O(ws,wi) = VB Y Mthi (ws)dj (wi) (S13)
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where {¢} and {¢x} form orthonormal basis, known as the Schmidt modes with normalization constant B [8, 9].
Fig.S2(a)-(e) show the entanglement entropy of the photon wave function based on Eq.(S13). The optimal quantum
entanglement between s and idler photons is observed when they arrive simultaneously, regardless of the pump pulse
bandwidth. By varying the bandwidth of the pump pulse, one can see that with a time delay the photon pair is allowed
to be entangled considerably when using a broad-band SPDC pump field, while the photon entanglement drastically
drops when using a narrow-band SPDC pump field. This can be further understood from the eigenvalue distribution of
the two-photon density matrix under the Schmidt decomposition, as depicted in Fig.S2(f). The photon entanglement
with flexible time delay may provide a promising advantage of using entangled photons to produce ultrafast time-
resolved spectroscopic signals.

For classical probe pulse, the photon wave function is |¥) = [{a}) ® |¢;) where the idler photons are irrelevant in
the detection. The Raman signal reads

5 w 4 . ’ .
Sev(w,w; T) = _ | ZSQ | Zab/gabg/ dT/ dr’ (Zp%? + Z p(J ) (i])>62(“’b’“’9)7 e~ Hwo—wg)T
T

J#5’

x ({a} EL () Eo(7){a}) (i | B (wi) Ei (w;) | 0s e =)

Ni w; t t o) ( )* ( ; ‘ ,

- Zo‘b’gazg/ dT/ dT'(Zprb/ + 7 i >62<wb,wg>r
b',b —0oo —0oo j

J#5’

(S14)

_ |€AS,w|4|gi,w,; 2

~ e*i(wb7wg)7'eiw('rfq—’)E;r(T/ _ T)Epr (7_ _ T)

and Eq(7){a}) = En(t —T)|{a}), (gpAEj(wz)El(wl)\cpZ) = |&iw; Qm,wi. Using CW field, Ep (1 —T) = Epre*“’PrT S0

that
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keeping the most significant terms where |Ep,|? = |Eas.w|*npr- Eq.(S15) coincides with the results in Ref.[2], i.e.,
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along with the two-photon resonance condition wy — wyg + vpr —w = 0 and G = Eis7wabg. Scv is thus a product of
Eq.(S11) in Ref.[2] and idler intensity.
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FIG. S2: (a)-(e) Entanglement entropy of twin photons as a function of time delays between s & i photons and the
SPDC pump, calculated from Schmidt decomposition; oy denotes the bandwidth of SPDC pump. (f) Spectrum of the
eigenvalues A2 in Schmidt decomposition for the entangled state with the amplitude Eq.(S13) assuming T, = T; = 30fs.

Using the classical broadband pulse as probe, i.e., Ep (T —T') = Epre’“’Pf(T’T)(S (r = T), the Raman signal is
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which is highly time-resolved but not frequency-resolved.

Next we compare the Raman signal using entangled twin photons with the cases using incoherent light. For the sake
of simplicity, we focus on the Quantum FAST CARS, whereas the conclusions will be the same for the excited-state
Raman signal. Two incoherent states of light will be of our interest: (i) the psuedo-thermal light and (ii) the photons
at Fock state. For (i), the density matrix of photon is

Ppht = Z Z |‘P(’U, vi)|2|1s,'u; 1i,vi><1s,v; 1i,vi| (S]_S)

which involves the classical correlation. The 4-point field correlation function then reads

|gs,w|2|gi,w1- 2

42

Ca(',7) = Tr | po B () B (1) B (i) Ei(wy) | e = > pw,w) 2 (s19)

w2

which loses the phase relation between different modes, compared to Eq.(S7). Inserting Eq.(S19) into Eq.(S4), some
algebra finds
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Eq.(S20) shows that the high spectral resolution 7! can be achieved by the classically correlated photons but the
temporal resolution is no longer there, as seen from the no T dependence in the field correlation function in Eq.(S19).

For (ii) the Fock state, we have ®(ws,w;) = ®s(ws — wo)P;(w; — wp) where the single-photon amplitude @y (wy)
e~wi/290 has the identical time duration as the pump pulse in Eq.(512). Thus the signal can be obtained
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which in some sense, may emulate the effect of classical pulses at the single-photon level, as will be manifested later
in the excited-state Raman signal. As shown in Eq.(S21), the idler dependence is factorized so that the photons in
idler arm are irrelevant.

Nevertheless, it is worth noting that the Raman signal with entangled photons can provide the information about
the envelop dynamics of the coherence ppg(T") whereas the phase information such as oscillation feature has been
smeared out. To see this closely, we recast Eq.(S11) into
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where the 2nd step takes the rational once T, ! < |wp, 4,| acquired by the enhanced spectral resolution using photon
entanglement that results in little overlap between the amplitudes ® and ®*. Eq.(S22) indicates that the phase
information associated with the electronic coherence cannot be obtained as desired, due to |ppg(7)|?>. The same
conclusion can be made for the excited-state Raman signal using entangled photons, and this will be a crucial scar
for electronic coherence. A new spectroscopic signal is therefore essential to be explored, as will be entailed in next
section.

II. HETERODYNE-DETECTED QFRS

To resolve the phase information of the emission from molecules, a local oscillator has to be involved. Analogous
to the heterodyne signal with classical pulses, the incident photons in s arm serves as a local oscillator interfering
with the emitted photons, so that the interference can be recorded in the detectors. This may be achieved by a beam
splitter which directs a portion of the photons in s arm to propagate freely and subsequently mix with the emission.
This is in a fashion of Mach-Zehnder (MZ) interferometer, as depicted in Fig.1(c) in the main text, where the MZ
scheme generates entangled states in s arm.

To get a closer glance, we note the first beam splitter (BS) gives the operator (v/uas1 + V1 — uas2) @ |e) prior
to the interaction with the molecules, where the subscripts 1 and 2 correspond to the pathways denoted in Fig.1(c).
After the scattering by molecules, the joint state of s photons and molecule becomes /uas 1 ® |€) + /1 — uas 2 ® |e’).
The photons in the two pathways may interfere with each other via the second BS which leads to

@s.1 \/{) \/m bs,l
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where the 7 phase in pathways 2 is due to the half-wave loss of BS-induced reflection. Detecting the photons along the
pathway 2 yields b 2 @ [\/u(l —v)le) + /(1 — u)vei¢|e’>] Thus the quantity related to the pathway interference of
photons measured in the detector reads @ = /u(1 — v)(1 — u)v bi’2b5,2® (e7|e)(€'| + e'?|e’)(e]), which subsequently

results in the joint detection of photons in two arms G = (Qa;raﬁ giving
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with Ny 2 = bl 5bs2, N; = ala;.



In the spirit above, we write down the heterodyne-detected signal explicitly
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where El(w) is the positive frequency part of the Fourier component of the local oscillator and V = 3" _ uegle) (g +
> f irel f)(e] + h.c. denotes the dipole operator. Expanding the signal with respect to molecule-field coupling, one
finds
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in which the superscript a labels the individual molecule in the sample. Inserting Eq.(S27) into Eq.(S26) we proceed
with the heterodyne signal
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where f denotes the highly-excited states and the electronic polarizability is found to be
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when the field is far-detuned from the electronic transitions. The electronic polarizability in Eq.(S29) is consistent
with that given by Eq.(S1).

III. BROWNIAN OSCILLATOR MODEL FOR NUCLEAR DYNAMICS

The pure exponential decay adopted in vibrational coherence is no longer sufficient for studying the fast-evolving
electron dynamics of the excited molecules. The molecules in realistic materials, e.g., embedded in dense medium,
often involve inhomogeneous dephasing, in which the electronic coherence may play a significant role. This acquires
the knowledge on the ultrafast excited-state dynamics coupled to nuclear motion, responsible for rich effects. To this
end, we consider the Frohlich-Holstein model for molecules

H = Hun(p,9)|9) (gl + D Hly (0, 0)le;){es (S30a)

J

Hv1b b, q szb bs, H\J;lb(pa ) = We, g + /\gj)’st + Z {Usblbs - /\gj)vs(bs + bl)] (S3Ob)

where b, and bl are the annihilation and creation operators for the s-th vibration having the frequency vs. p, =
(bt —b,)/iV2, qs = (bl + bs)/+/2 are the dimensionless momentum and coordinate for the vibrations, respectively.
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)\gj ) quantifies the vibronic coupling for the j-th electronic state. The propagation of nuclear wave packets yields the
electronic coherence

pe,ej (t)/pe7€j (0) =Tr |:eiH;,ib(qu)te—iHV;b(pvq)tpiib:I , psib —1 H —vg b bs/ (831)

with the displaced operator by = by — )\ge). To compute the average above, we introduce the nuclear Hamiltonian
associated with individual electronic state such that HY,, (p,q) = we, 4 + ,\E )’21)5 + H; i b and

H\]nb = Z {vsblbs — AP v (b + bl)} (S32)
S
and the energy-gap Hamiltonian H_ = H), — HE, where HS =Y v, (bl — /\ge)’Q). Here e and e; denote different
electronically excited states such that we ; > we; 4 as we are interested in anti-Stokes emission mostly. H_ describes
the time-dependent fluctuation as a result of the interaction with vibrations. The time-average of the correlation
function for these energy gap fluctuations leads to the inhomogeneous line broadening and statistics of the excited-
state transitions. Eq.(S31) can be recast into

Pe.e; (t)/pe,e]' (0) = e_i(we'ej +@E’€j)tTI' (6' vinte —iHy btpe b) =e —i(We,e;H0e,e; <’Te’ fo H_(t")dt’ >
vib,e
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Using the cumulant expansion we obtain [6, 10]
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For the molecules in condensed phase, the high-frequency vibrations, typically of the order of ~ 1000cm™!, are
mostly underdamped whereas the low-frequency ones, typically of the order of ~ 100cm ™!, are densely distributed
and undergo an overdamped process. To amount for such drastic difference, the line-shape function g(t) can be
properly partitioned into g;(t) = g;,:(¢t)+g;,1(t) where [ and h denote the low-frequency and high-frequency vibrations,
respectively [11].

For the low-frequency vibrations, the spectral density is smooth and v, /T < 1, vst < 1, leading to coth(vs/2T") ~
2T Jvs, cosvst =~ 1 — (v2t?/2), sinvgt =~ v4t, and thus

ng(t) >~ iDj’Uﬂf + DjT’Ult2 (835)

where D; = m(/\(J A e)) with m being the number of low-frequency modes.

For the high- frequency modes undergoing a underdamped dynamics, sharp peaks can be often characterized in the
spectral density so that the discrete nature has to be taken into account in calculating the line-shape function. For
the sake of simplicity, we assume a single vibrational mode hereafter and the generalization to multiple modes is
straightforward. With v, > T under room temperature we have

gin(t) = —F; [coth% (cosvpt — 1) — isinvht} ~ —Fj (e7"nt — 1) (S36)

where F; = ()\Ej) e)) Adding Eq.(535) and (S36) the line-shape function reads g;(t) = iv; t+ D;jt>— F;(e~ "t —1)
which gives rise to the electronic coherence

e Fr o
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FIG. S3: (Top) Intensity-correlated signal QFTRS for time-evolving electronic coherence versus the delay
T between entangled photons and pump pulse. (Bottom) Same for top row but for heterodyne detec-
tion. oy = 0.82eV(o,' = 5fs) is the bandwidth of SPDC pump field and T, = 7; means the two pho-
tons arrive simultaneously. Parameters are taken from 4-oriented amino-4’nitrostilbene, ie., w. = 7.1eV,

we, = 536V, we, = 5.7V, v, = 026eV, [} = 22, F, = 1.3, D;/? = 30fs and D,"? = 20fs.

absorbing the frequency renormalization into @, , where e~ 3 F7" /n! is the Franck-Condon factor [12, 13].
With the coherence, we are able to find the Raman line-shape function

[e'e) oo
Fore) (T) =21 / A7pe,e; ()T D R(r = Tyw;) =21y pl) (T)gn,e, (W, T) (538)
—o0 n=0
where
Fy —i(@ vp)T—D;T?
pge)j (T) = Pe,e; (0) (G_Fj TJ') e (@e,e; +non)T—=D;T
(S39)

o0
In,e, (W, T) = / dr /W™ @ewe; T o= Dy (TPH2TT) G (1 1),
—oo

and O(7,w;) = = [7 ®(w,w;)e”“Tdw. Substituting Eq.(S38) into Eq.(S8) and (S28) we obtain the intensity-
correlated and heterodyne-detected Raman signals

N(N — 1) 6 2 - * (n) ’
Sqe(w,w;T) = T'gs’“’ i P DD 0k gnes (0, Tl (T) (S40a)
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(e o]
Samp(@,wii T) = 2NIE, 21w, P 0 D" T [al o, @ (@,wi)gu e, (w0, T)pl2, (1) (840b)
el n=0

Knowing the two-photon wave function one may be able to compute g, j(w,T), so that the quantum Raman signals

will be obtained. Alternatively, for the timescale of interest 7' < 1/,/D;, we can perform the integral in Eq.(S39) for
arbitrary two-photon amplitude, such that

Grse; (W, T)) = / dr el @ee =) =D G (1)) = B(w — e e, — nvp + 2iD;T, w;) (S41)

— 00
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which yields

N(N —1) 2
2
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Eq.(S42) indicates the multiple Raman resonance (lines) w — wpy = @e e, + Ny, in which the intensity is governed by
the Franck-Condon factor quantifying the vibronic interaction. The spectral resolution is 7! that may be greatly
enhanced, as dictated by the two-photon amplitude. The two Raman signals given in Eq.(S42) are highly time- and
frequency-resolved, revealing the ultrafast coherent dynamics of the electronically excited states.

Next we discuss the case of longer timescale that acquires a more precise calculation of the function g, ;(w,T’). To
that end, we consider the pump pulse of Lorentzian shape to create the two photon amplitude such that

Ag
ws + w; — wp + 10

T.] .
D(ws,w;) = sinc [(ws + w; — w0)7 e wstwi—wo)Ts /2 (S43)

Inserting Eq.(S43) into Eq.(S39) some tedious algebra gives (w, = w — @e,e; — nvp)

. 1
gn7€j (w’T) :27T'LAO |:/ dr eijTf(w2+%$)ei(wn—wpr)Tsr (e—aoTsr _ 1)
go 0

(S44)

+(1—enT) / da e~ PiTE (@ Hi2) eliCon—pr) —o0] Toa
1

and the integrals above can be carried out analytically using complementary error function erfc(z) = 1— % foz eV’ dy,
so that the Raman signals can be illustrated from Eq.(S40b).

The role of photon entanglement can be elucidated by the comparison to the fully separable light such that
D(ws, w;) = Py(ws — wo)P;(w; —wg) where

A By

Py (ws — =——, Pj(wi— = 545
(s = wo) ws — Wp 1 100 (i = wo) w; — wp + 10g (545)
We then find the line-shape function
In,e; (W, T) = —iAg®;(w; — wo)/ lilwn=wo)=oolr o =D; (7" +2T7) 47
0
(S46)

A() T _ (un,—w0+1;(;1:.)jT+oo))2 QDJT + 09 — z(wn - UJO)
=0 /" j erfc
2 \| D, 2./D,

which may be much broader than g, ¢, (w,T) with the entangled photons in Eq.(S44) given ¢ > T, *.

Fig.S3 illustrates the intensity-correlated and heterodyne-detected QFRS for various arrival times of entangled twin
photons. Comparing the left, middle and right columns, more vibronic states associated with the coherence dynamics
can be resolved when the two photons arrive later. This is in support of the spectral resolution T, ! claimed in the
main text which reveals a great enhancement not accessible by classically shaped pulses.

) ®;(w; — wo)

IV. COHERENT RAMAN SIGNAL WITH CLASSICAL PULSES

With classical probe pulse, the excited-state Raman signal reads

Yo aie, f(T)
j

Stib (@, T) = NIE Y T [as . Bio (@) £, (T)] (847D)
J

2
Siat(@, T) = N(N = 1)|E,[*

(S47a)
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where the Raman line-shape function is

N . 2
9 Eno, w—wo—we,ej—m;h-*-ijT)
1,1 = = Z e (548)

“4 \/00+2D]

for the Gaussian pulse shape E(w — wp) = Ege~ (@ =®0)*/205
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