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Photonic scheme of discrete
quantum Fourier transform for
quantum algorithms via quantum
dots

Jino Heo(®?, Kitak Won?3, Hyung-Jin Yang?®*, Jong-Phil Hong' & Seong-Gon Choit

We propose an optical scheme of discrete quantum Fourier transform (DQFT) via ancillary systems using
quantum dots (QDs) confined in single-sided cavities (QD-cavity systems). In our DQFT scheme, the
main component is a controlled-rotation k (CRk) gate, which utilizes the interactions between photons
and QDs, consisting of two QD-cavity systems. Since the proposed CRk gate can be experimentally
implemented with high efficiency and reliable performance, the scalability of multi-qubit DQFT scheme
can also be realized through the simple composition of the proposed CRk gates via the QD-cavity
systems. Subsequently, in order to demonstrate the performance of the CRk gate, we analyze the
interaction between a photon and a QD-cavity system, and then indicate the condition to be efficient
CRk gate with feasibility under vacuum noise and sideband leakage.

In various quantum algorithms and quantum computations, such as quantum phase estimation algorithm!-3,
the factoring problem*~, the discrete logarithm problem>**°, and the hidden subgroup problem'*-'?, a discrete
quantum Fourier transform (DQFT)*!*-% plays a critical role in accomplishing quantum information processing.
Thus, for the experimental implementation of DQFT, a variety of physical resources have been used, including
those based on linear optical systems®*~?, nonlinear optical systems'”**-%, nuclear magnetic resonance or ion trap
systems?*~?’, superconducting circuits®, and cavity-QED!>31-33,

In addition, for quantum information processing schemes, many researchers have theoretically proposed and
experimentally designed quantum controlled gates**~**, which can apply an arbitrary operation to a target qubit
according to a control qubit, via nonlinearly optical resources. In addition, in the DQFT scheme, the reliable
quantum controlled operations are crucial components for transforming an input state of qubit into the linearly
combined states of qubit. In particular, preserving the coherence against the decoherence effect and the extension
of coherence time in quantum state are the most important challenges for the reliable performance of quantum
controlled operation with the reliable performance.

From this point of view, for the coherence of quantum system, optical systems of micropillar cavities have been
widely used to construct quantum controlled gates®-*2. In particular, quantum information in the quantum dot
(QD)-cavity system, which consists of an excess electron and a negatively charged exciton (X ™) confined within an
optical cavity**#244-5, can be well isolated from the environment for a long electron-spin coherence time (T5~j1s)*-%
as well as a limited spin relaxation period (T;~ms)®-%. Therefore, quantum controlled gates®®*?414351L67-69 haye been
proposed via the QD-cavity system between photon-photon, electron-electron, and electron-photon.

In this paper, we design an optical controlled-rotation k (CRk) gate based on the interactions between two
photons and two QD-cavity systems, as well as linearly optical devices. The proposed CRk gate can be directly
applicable to comprise a scheme of DQFT for quantum computation and quantum algorithm. According to the
expansion to arrange the CRk gates and the alternation of rotation operators (k), we can achieve scalability of the
DQFT scheme, because our CRk gate using the QD-cavity systems serves as the basic module of the multi-qubit
DQFT scheme. Subsequently, for the deterministic DQFT scheme, we analyze the efficiency and performance of
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Figure 1. Plot presents the theoretical circuit to implement the operation of DQFT on t qubits. This circuit
consists of controlled-rotation k [CRk (k=2, ..., t)] operations and Hadamard operations for DQFT on ¢t qubits.

the CRk gate using the interaction of photon-electron in QD under vacuum noise in the QD-dipole operation,
and leaky modes (sideband leakage and absorption)**#>>3-56, Consequently, our DQFT scheme via the CRk gates
shows scalability and experimental feasibility in practice.

Theoretical Circuit of Discrete Quantum Fourier Transform
The arbitrary quantum state, |¢), can be transformed by the operation of DQFT>'*1°, as follows:

211 211
0) = S anlm) 25 S Bf),
m=0 f=0 (1)

where ﬂf = fr:;(l)ame“"(mf)/zi /ﬁ. Thus, DQFT on an orthonormal basis, |0}, [1), ..., |2/ — 1) is defined as an

operator, Upqprs as follows:

t
R .
U m) = e mi(mf)/2 ,
DQFT‘ ) Eg If) (2)

where the |0), |1), ..., |2 — 1) is the orthonormal basis consisting of the quantum state on ¢ qubits. Using binary
representation, state |m) can be written as |m) < |j;) ® ... ® |j) where m=j; x 2714+ j, x 272 4... 4+ j, x 2% and
j» €10, 1}. Thus, the product representation of DQFT on qubits can be given by

m) = ) © @ ) S = ﬁﬂox + O @ (0); + 1) @ @ (0), + T, 3
where the notation, 0.,j,---j,_j,, is the binary fraction as 0.jj,---j;=j; X 2714 j, X 272 4...4j, x 270,

Figure 1 shows the quantum circuit of DQFT to transform the input state, |j ) ® [j,) ® -+ ® [j,), into the
product representation of DQFT on t qubits. As shown in Fig. 1, the significant important components in a circuit
of DQFT are the CRk operations, Ucgy, between two qubits to transform the input state. For example, let us
assume an initial state of two qubits as @), = x/0), |0) + x,|0),|1)5 + x3/1)5]0)g + x,/1)5|1)5. As described
in Fig. 1, the CRk operation (Ucg) can transform the initial state, |¢);,, into a final state, |$)g,, as follows:

CRK(Ucgy) 27if2k
10)in === [D)in = x1/0)5[0)a + X,[1)g[0)5 + x3]0)g[1)5 + x,e” ™" [1)5[1)4, (4)

where the paths of the two qubits are swapped and the operation of rotation (R,) is applied into the target qubit
when a control qubit is in state | 1) by CRk operation (two qubits controlled operation). Thus, if the CRk (k=2, ..., 1)
and Hadamard operations are arranged as shown in Fig. 1, we can obtain the theoretical circuit of multi-qubit
DQFT with scalability. Consequently, for the high efficiency and reliable performance of DQFT based on CRk
operations, the main issue is to design the experimentally implemented CRk operation in a feasibility manner.

Quantum Dot Inside Optical Cavity and Controlled-Rotation k Gate for Discrete
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Figure 2. Singly charged QD within a single-sided cavity with a photon b, and b,,. Due to the spin selection
rule, the interaction between a polarization of incident photon and a spin state of excess electron in QD can
create the transition that the photon |L) drives the state as |T) — |1 [{}) (or the photon |R) drives the state as
[1Y—=11T1)), where [T) =|+1/2), ||} =|—1/2) are the spin states of the excess electron while |{) and |{})
(J,=+3/2, —3/2) represent heavy-hole spin states.

Quantum Fourier Transform

Interaction of photon and QD-cavity system. We introduce a QD-cavity system*>*-5263 which can
induce the interaction of a photon and a singly charged QD (a negatively charged exciton: X~) confined in a sin-
gle-sided optical cavity, and a reflection operator (R) from the interaction between a photon and the QD-cavity
system. Figure 2 represents that the QD-cavity system is composed of two GaAs/Al(Ga)As distributed Bragg
reflections (DBRs: bottom DBR - partially reflective, and top DBR - 100% reflective) as a single-sided cavity. And
QD is confined at the center of the single-sided cavity (between two DBRs), where x, and -y are the side-leakage
rate of the cavity mode and the decay rate of X~ (two electrons bound to one hole), respectively. When a photon
pulse is incident into the QD, an interaction occurs between the photon and an excess electron into the QD,
according to the Pauli Exclusion Principle, where b, (b,,,) is the input (output) field operators of the photon
pulse. As illustrated in Fig. 2, if the spin state of the excess electron in the QD is in the state |T), then the polariza-
tion |L) of a photon can drive the state |7 [1}) of X~. Also, if the spin state || } of the excess electron in the QD and
the polarization |R) of a photon, the interaction, the state || T{}), of X~ can be created. Let us assume the approxi-
mation of weak excitation with the ground state, (0,) = —1, in the QD for the steady state*>*>*3-52 Then, due to
the spin selection rule, we can calculate the reflection coefficient, R(w), of the reflected photon and the QD from
the Heisenberg equation of motion’, and also the reflectance, |r| (|7o|), and phase shift @, (¢,,) of the hot (cold)
cavity, as follows:

Rw) = by _ lilwy- — @) + v/2][iw, — w) — K12 + K/2] + g°
b, lilwy — w) + 2w, — w) + K12 + KJ2) + g (5)

where wy -, w,, and w are the frequencies of X~, cavity mode, and external field, respectively. Also, gis the coupling
strength between X~ and cavity mode while & is the decay rate of the cavity mode. In the interaction between a
photon and an electron in the QD, when the spin state of the excess electron is in the state |1)(||)), the polariza-
tion of the photon |L)(|R)) drives the hot cavity (the QD is coupled with the cavity: g==0), while the polarization
of the photon |R)(|L)) feels the cold cavity (the QD is uncoupled with the cavity: g=0). Thus, for the resonant
interaction (wy- = w,), the reflection coefficients R;(w) and Ry(w) can be calculated as follows:

li(w, — w) + V2][i(w, — w) — KI2 + KJ2] + g2
li(w, — w) + V/2][i(w, — w) + K2 + KJ2] + g

hot cavity: R (w) = |f(w)|explipy(w)] =

= R(w),
. . i(w. — w) — K2 + KJ2
1d : R = — (4 s'2
cold cavity: Ro(w) = [ro(w) explipre(w)] i(w, — w) + K2 + K2 (6)

where ¢4 = arg[R,] (¢, = arg[R,]) is the phase shift in the hot (cold) cavity. Using these reflectances (|r|, |ro|)
and phase shifts (¢4, ¢yo) in the reflection coeflicients (R, R,), we can obtain the reflection operator, R(w), with
the resonant interaction (wy- = w,), as follows:

R(w) = [r()[e“(IR)(R] @ [L)(L| + [L)(L|@ |1)(T])
+ (@) “XRYR] @ [1)(1] + ILL| @ | 1){L]). %)
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CRk gate using QDs
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Figure 3. Controlled-rotation k (CRKk) gate: For the implementation of the CRk operation illustrated in Fig. 1,
this CRk gate employs two QD-cavity systems (QD1 and QD2 gates) and an Rk operator with linearly optical
devices (BSs, SFs, and feed-forwards: PF-R, PE-L, path switches). Iplthe QD1 gate, the interactions between
photons (A and B) and QD1 are used as the reflection operator of R (w— w,= £/2), in Eq. 8. Further, the
operations of the switches (§1~S6) on the paths of photon A and B comply with the time table. After measuring
QD1 (electron spin 1), the feed-forward (PF-R and path switch 1) is performed by the outcome of QD1. In the
QD2 gate, the reflection operator of R (w—w,=0), shown in Eq. 8, applies to the interaction of a photon B and
QD2. Then, according to the outcome of measurement on QD2 (electron spin 2), PF-R, PF-L, and path switch 2
(feed-forward) are performed on photon A and B.

S: itch
— swits Rk operator = |R><R|+ezm/2k |L><L|

= T:transmission, R: reflection

When the experimental parameters are x, <  (small side-leakage rate) and g> (x, ) (large coupling
N 3
strength) with small 7y (~several p eV)”'=74, two kinds of reflection operators (R and R ), obtained by adjusting the

frequencies of the external field, w, and cavity mode, w,, can be given as
w—w = w2 1 R~ [RYR @ )] + (L)L @ [1)(T] — IR)R| ® [1)(1]
—i[LWL[ @ [1){L],
[RNR| @ [L){L] + [LML] @ [T){T] = [R)(R| @ [T)(T]
— [L{L] @ [1)(L]s (8)

where the reflectances and phase shifts are |r,| = |ry| ~ 1(=1) and ¢4, 20 (=0), ¢,n~ —7/2 (~), respectively, in
the detuning of frequency as w — w,= £/2 (w— w,=0) for g/k =2.4 and v/k = 0.1 with x,— 0 *>#4-3263,

A2
w—w=0 : R(w=

1 2
Subsequently, we will utilize the interaction of the QD-cavity system, the reflection operators (R andR ) in Eq. 8,
on the CRk gate using the QD-cavity systems for the DQFT scheme.

Design of CRk gate using two QD-cavity systems for DQFT scheme.  In this section, we propose a
feasible controlled-rotation k (CRk) gate using the interaction, in Sec. 3.1, of the QD-cavity system, in order to
implement the CRk operation of Fig. 1 for direct applications in the DQFT scheme. First, we assume the defini-
tion of binary representation in the polarization of the photon as {|R), |L)} ={|0), |1)}, and the relation between
the circular- (|R) is right and |L) is left) and linear-polarization (|H) is horizontal and |V) is vertical), as
[R) = (|H) + |V))/</2 and|L) = (|H) — |V))/-/2.

Figure 3 shows a schematic of the CRK gate, which consists of two QD-cavity systems (QD1 and QD2 gates)
and an Rk (rotation k) operator with linearly optical devices, for the DQFT scheme. In order to demonstrate the
CRk gate, let us suppose an input state of two photons A and B with the defined polarization, {|R), [L)} ={|0), |1)},
as follows:\ap)i = xl\R) |R) + xz\R) \L) + x3\L) |R) + x4\L) |L) After a BS and an SF (path 2) on photon
B, as described in Fig. 3, the transformed state, |¢),, is given by
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BS,SE 1 1 1 1 1 1 1 1 1
[Pl = | = ﬁ(xﬁR)A‘R)B + %,|R)a[L)g + X3/ L)5 |R)g + x4 L)5 L)y

+ 2R3 L) + % Rz R} + x5|L)3 [ L) + x| L)s[R))- (9)

[QD1 gate using reflection operator R (w-wc=k/2)]. InQDI, the preparation of electron spin 1 state

isin| 4 ), where| +,) = (|T) £ \L))/ﬂ. Then, the interaction, ﬁl, between QD1 and photons (A and B) is
applied, and the procedure of switches (S1~S6) is performed in accordance with the time table shown in Fig. 3.
After the state, |¢),, passes through SF on path 2 of photon B, the state is transformed into

QD1, SF 1
oy = o) —2(—x1|R)}3\R)}A - xz‘L>123‘R>}\ + x3\R)123|L)}\ + x4|L)}3\L)}\)
® ‘_ e>1
i
- ﬁ(xﬁR)QR)i\ + x2|L)}3|R)i\ + x3|R)113\L)i\ + x4‘L>123|L>i\)
® |+ (10)

where the reflection operator, R (w—w,=K/2), in Eq. 8 applies to the above interaction of QD1 and photons.
According to the measurement result regarding QD1, if the electron spin state is in | —, ), feed-forward (S, and
PF-R) is performed on photons A and B; otherwise, |+ ),, it is not, as described in Fig. 3. Thus, the output state,
|¢)o.1> of QD1 gate is expressed as

feed —forward or not

o), = |©)on = x1‘R>123|R>11«\ + xz‘LXa‘R)}A + x3\R):3|L)}A + x4|L)123|L)}\. (11)

[Rk operator and BS].  After the Rk operator on path 2 and BS is applied to photon B, as described in Fig. 3,
the output state, |¢)q.;, of QD1 gate is transformed into the state, |)s, as follows:

Rk, BS 1 ik
[¥doa = lv)s = ﬁ(xl\Rﬁs\R)k + 2|LYp[RYy + 3 R)BILYx + xe®™ 7 |L)5| L))

1 i)k
+ CalRERL + HILER + BRI, — e ™ LIL).

Subsequently, this state, | o), is injected into the QD2 gate in order to merge the split paths (1 and 2) of photon B.

(12)

[QD2 gate using reflection operator R (w—w,=0)]. After the operation of the interaction, ﬁz,

between QD2 and photon B with the preparation of electron spin 2 state as| -+ ),, the state, |¢)s, is transformed

into
o B 1) = %v x| RBIRY, + %, L5RY — 2RI + x> L)
&) — ),
5 HREIR + LR +xlREILL — xe 7 ILFILY)
® | e )2 (13)

where the reflection operator, ﬁz (w—w,=0), in Eq. 8 applies to the above interaction of QD2 and photon B.
When measuring an electron spin 2 state in QD2, if the electron spin state is in| —, ),, feed-forward (PF-R) is
performed to photon A; otherwise,| + ), feed-forward (S,, PF-R, and PF-L) is performed on photons A and B, as
described in Fig. 3. Finally, after the input state, |),,, passes through the CRk gate (QD1 and QD2 gates) in Fig. 3,
the final state, |¢)4,, can be given by

CRk gate <ok
|hn == |9)an = 1R} R)} + x| L) R)y + x5|R)[L)x + x,e”™ |L)g|L). (14)

Consequently, the final state, |¢)g,, which is applied to the CRk gate using two QD-cavity systems, is identical to
the state, |)g,, in Eq. 4, which is applied to the CRk operation (Ucg,: swapping paths and operation of rotation k).

Now, using a simple example in Fig. 4, we show the implementation of the three-qubit DQFT scheme by
directly utilizing the proposed CRk gates via the QD-cavity systems. As shown in Fig. 4, we can realize the the-
oretical circuit of the three-qubit DQFT to three-photon DQFT scheme employing CRk gates (QD-cavity sys-
tems) and HWPs by arranging our CRk gates in the manner shown in Fig. 3. Thus, for the scalability of the
multi-photon DQFT scheme (for the implementation of multi-qubit DQFT), the structure of the three-photon
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Figure 4. Three-qubit DQFT (the theoretical circuit of DQFT shown in Fig. 1), based on three CRk (two

CR2 and a CR3) operations and three Hadamard operations, can be implemented in the three-photon DQFT
scheme, which consists of three CPk (two CR2 and a CR3) gates using the QD-cavity systems, and three HWPs.
The HWP, which can rotate the polarization of a photon, performs the Hadamard operation.

DQFT scheme can be generalized (or expanded) to realize the multi-photon DQFT scheme by the composition
of the CRk (k=2, ..., t) gatesand HWPs.

The structure of our DQFT scheme, which consists of CRk gates using QDs, is based on the theoretical circuit
of DQFT in Fig. 1. When our scheme is expended to multi-photon DQFT scheme, the method of expansion is
identical with the procedure of the theoretical circuit of multi-qubit DQFT algorithm, as described in Fig. 4.
Thus, we can calculate the complexity? about how many gates our DQFT scheme is utilizing on ¢ photons, as
follows: The total of t gates (a HWP and ¢t — 1 CRk gates) is used on the first photon. And the total of t — 1 gates (a
HWP and t — 2 CRk gates) is used on the second photon. Finally, the tth photon only utilizes one gate (a HWP).
In our DQFT scheme, we can confirm that the number of gates for DQFT is as t(t+1)/2=t+(t—1)+---+
2+ 1. Consequently, our DQFT scheme provides a ©(#?) algorithm for the operation of DQFT on t photons.
Furthermore, compared with the classical best algorithm as fast Fourier transform (FFT)? which provides a
O(#2") algorithm for the discrete Fourier transform, our DQFT scheme on quantum computer is more efficient
than FFT, which requires exponentially more operations, on classical computer.

So far, we have proposed the use of the CRk gate, using the QD-cavity systems, to feasibly implement the CRk
(controlled-rotation k) operation for the optical DQFT scheme with high efficiency and reliable performance. In
the optical DQFT, our CRk gate with two QD-cavity systems (QD1 and QD2 gates) is the essential element with
the stable storage of quantum information and the actual interaction between the photon and QD. Thus, for the
experimental realization of our CRk gate, we should analyze the interaction of the QD-cavity system (QD within
a single-sided cavity) under vacuum noise, sideband leakage, and absorption, in practice.

Analysis of QD-Cavity System under Vacuum Noise and Sideband Leakage

In our CRKk gate, in order to implement a controlled-rotation k (CRk) operation, the critical component is the
interaction of the QD-cavity system inducing a difference in reflectance |r| [|r,|] with phase shift ¢, [¢] from
the reflection coeflicient R j, [R ] shown in Eq. 6 with respect to the hot [cold] cavity. Thus, the interaction
between a photon and an electron spin state in QD should be analyzed to quantify the efficiency and reliable
performance of the QD-cavity system under vacuum noise, N(w), for operation of the QD-dipole and leaky
modes, S(w) (sideband leakage and absorption)***2>*-3¢_For this analysis, we introduce the Jaynes-Cummings
Hamiltonian (H,c) in the rotating frame at the input field (b,,,) frequency.

Hye = h(w, — w)ata + hwy — w)6,6_+ ihig6,a —a*6_y + h j dw'w'b' b
h At A
+ = Jaorm(ab + ).
2m f (15)
Using the solutions of the Heisenberg equations of motion (Bloch equation with damping, ), we can calculate

the quantum Langevin equations of a cavity field operator, 4, a dipole operator, 6_, of X~, and the input-output
relations with vacuum noise, N(w), and leaky modes, S(w), as follows:
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Z—‘: = —é[a, Hil = — [ilw, — w) + = S ]a — g6 — JFby — RS

O s B =~ ey — ) + 6 — g+ T8N,

dt h 2

o, _ doy—n)

dt dt ’

Bout = Bin + ’\/Eﬁ’ §out = §in + ’\/E&’ (16)

where §in(§out) is the input (output) field operator from leaky modes due to sideband leakage and absorption in
the cavity mode, and N is the vacuum noise operator for &_. In Sec. 3.1, we assumed the approximation of weak
excitation with the ground state, (6,) = — 1 (no saturation), in the QD for the steady state’>*>430-2 Based on
this condition and Eq. 16, the output field operator, Eout, can be given by

byt = R(w)b,, + N(W)N + S(w)S,,.. (17)

Here, we consider the vacuum noise, N(w), and leaky mode, S(w) (sideband leakage and absorptior}) in the inter-
action of the QD-cavity, and contrast it with the case presented in Eq. 5 (the ideal case: b = = R(w)b,,). Therefore,

out
the coefficients of noise, N(w), and leakage, S(w), can be calculated with wy - = w,, as follows:

Nw) = JIRg

[i(w, — w) + V/2][i(w, — w) + KI2 + KJ2] + g
—JRElilw, — w) + /2]

li(w, — w) + Y/2)[i(w, — w) + KI2 + KJ2] + g* (18)

>

S(w) =

where the reflection coeflicient, R(w), is obtained from Eq. 5. Then, we can acquire the noise rate-phase shift
(Imn] - @an) [|70] - Puol, as well as the leakage rate-phase shift (|sy| - ¢q,) [|So] - ds0] from the coefficients of noise,
N, = |n,|em [N, = |n,|e’0], and leakage, S, = [s,|e"% [S, = |s,|e"%], corresponding to the (hot: g= 0) [cold:
g=0] cavity.

The graphs shown in Fig. 5 represent the values of the reflectances (|r|, |r,|), noise rates (|n], |1y|), leakage
rates (|sy|, |so]), and phase shifts (¢, Drg> Pap> P> Peh Do) for the detuning frequency as 2(w — w,)/k in terms of
the differences in the side-leakage rates (x/x=0.01 and 1.00) with g/k =2.4, 7/k=0.1, and wy- = w,. Asillus-
trated in Fig. 5, if we take the small side-leakage, x,/x =0.01, with g/k =2.4 and 7/x = 0.1, the values of the reflec-
tances, noise rates, leakage rates, and phase shifts can be respectively acquired as |ry| ~ 1 (=1), |ro| &= 1 (1),
[1y| 0.1 (=0.1), |1y| =0 (=0), |sy| = 0 (=20), |so| 0.1 (=0.2), and ¢, & 0 (=0), ¢~ —7/2 (=), Pp = 0 (x0),
Da0=0(=0), oy~ 117/20 (=7), ¢y~ —37/4 (=) in the adjusted frequencies as w — w, = k/2 (w —w,=0).
Based on these values, we can confirm that the affections of the vacuum noise, N(w), and leaky modes, S(w) (side-
band leakage and absorption) will be small (ignored), due to the extremely small values of noise rates (|ny|, |1])
=2.4 and 7/k = 0.1, respectively, with x/x =0.01 (small side-leakage

rate)40,42,53756'

In addition, for the quantifying efficiency and performance of the QD-cavity system, we should modify the
reflection operator, R(w) in Eq. 7, into the practical reflection operator, R p(w); including to the affections of the
vacuum noise, N(w), and leaky modes, S(w) (sideband leakage and absorptlon) as follows:

Ry(w) = [In(w)]e + |m(w)|e"n) + |5 (w)[e" ]
X (IRYR @ [L)(L] + [D{L] & [T)(T]
+ [r(@)e™ + |sy()le“1(R) (R @ [1)(T] + [LILI @ [1){LD, (19)
where Ny(w) = |ny(w)|explip,o(w)] = 0 (cold cavity: g=0), as shown in Eq. 18. Therefore, we can analyze the effi-

ciencies and performances of the QD-cavity systems (QD1 and QD2 gates) to quantify the fidelity values of the output

states from the reflection operators, }il (w—w,=k/2)and R (w—w,=0) in Eq. 8 (ideal case), and the reflection oper-
ator, R inEq. 19 (practlcal case). When the input state is assumed to be (|R) + |L))/~/2 2 ® (1) + [IN/A2 A[2, theideal
output states, WID)(QDI w— w, = Kk/2) and\q/;ID)(QDZ w — w, = 0), from Eq. 8, and a practical output state,
|tbpg), from Eq. 19, can be given by

) = <57 (RIL) + I — AR + 1LY
[6d) = <57 (RIL) + DI — (RN + L))
RNt ) RN
o) = SIS g1y g1y + LSy | o

where N=|R, + Nj,+ S |*+ | Ry + So|% Then, we can calculate the fidelities F, (QD1 gate) between Wﬁ)) and |tpg),
and F, (QD2 gate) between [¢)1,) and [/pg) as follows:
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Figure 5. Reflectances (|ry|, |ro|), noise rates (|ny|, |no|), leakage rates (|sy|, |so|), and phase shifts (y,, Py Prns
D> Dsh> Ds0) for the detuning frequency, 2(w — w,)/k in terms of the differences in the side-leakage rates
(k/xk=0.01 and k/x=1.00). In these plots, the experimental parameters (the coupling strength and decay rate
of X7) are fixed at g/k =2.4 and v/ =0.1 [g>> (7, k)] withwy- = w,.

F = ‘J(wPR\wI}))(wﬁ)wa) ‘ = ﬁ’/ (R, + N, + ) — iRy + Sp)f ‘

B = [Vlom i Giltm | = VIR + N, 5 = Ro + 87

21

The graphs and tables in Fig. 6 show the distributions and values of fidelities, F, (QD1 gate:|t1,) > |1pg)) and F,
(QD2 gate: |¢)15) + [hpg))» according to the differences in the side-leakage rates, r,/r, as well as the coupling
strength, g/x, with 7/ =0.1 under vacuum noise, N(w), and sideband leakage and absorption, S(w). As described
in Fig. 6, when we take the experimental parameters as the strong coupling strength, g>> (k, 7), and the small
side-leakage rate, k,< K, with fixed 7/k =0.1, two fidelities (F, and F,) are approaching 1 despite the affection of
vacuum noise, N(w), and sideband leakage, S(w). Thus, we can conclude that the influences of the noise rate,
leakage rate, and phase shifts in Eq. 18 will be ignored if the magnitude of coupling strength (g/x) increases, and
if the side-leakage rate (k/x), decreases in the QD-cavity system.

Consequently, by analysis of the efficiency and performance of the QD-cavity system in terms of the fidelities,
F, and F,, from the reflection operator, R _(w), in Eq. 19, we demonstrate that the experimental implementation of
our CRk gate using QD1 and QD2 gates is feasible when there is a strong coupling strength, g>> (x, 7), and the
small side-leakage rate, K, < k.

Conclusions

Thus far, we have designed an optical CRk gate which can realize the controlled-rotation k (CRk) operation
between two photons, using QD confined in a single-sided optical cavity. The theoretical circuit of DQFT can be
directly implemented using the proposed CRk gates. In addition, we can achieve scalability in the multi-photon
DQFT scheme to simply arrange the CRk (k=2, .., t) gates and HWPs (i.e. three-photon DQFT scheme in Sec.
3.2) for applicable multi-qubit DQFT. Thus, in order to successfully design a practical CRk gate in the structure of
DQFT, we also analyzed the efficiency and performance of the interaction in the QD-cavity system to quantify the
fidelities of the QD1 and QD2 gates (components of a CRk gate), and also demonstrated a method, using strong
coupling strength and small side-leakage rate as g> (k, 7) and k, < &, to improve the robustness against the
affection of the vacuum noise, N(w), for the operation of the QD-dipole and leaky modes, S(w) (sideband leakage
and absorption)**#253-56 ag described in Sec. 4.
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©w-w,=k/2 (QD1 gate) ©0-w,=0 (QD2 gate)

c

y/x=0.1

0.0
0 1 K, /K 2 3
K /K F, F, g/x F, F
0.01 099 0.999 2.00 0901 0941
g/x=25 K /x=10
1.00 0920 0.998 1.00 0.675 0.996
y/x=01 y/x=01
2.00 0872  0.960 0.50 0.166 0584

Figure 6. Fidelities, F, (QD1 gate: w — w,= x/2) and F, (QD2 gate: w — w, = 0) of the output states for the side-
leakage rate s/ and coupling strength g/ with 7/k=0.1 and wy - = w, under vacuum noise, N(w), for the
operation of the QD-dipole and leaky modes, S(w) (sideband leakage and absorption). In the tables, the values
of fidelities F; and F, are listed for the differences in x,/x with g/x =2.5, and also the differences in g/« with
KdKk=1.0.

In the previous works of QFT (including DQFT) schemes, the various physical resources have been employed
for the operation of QFT. Though the QFT schemes??, which are implemented using the linearly optical devices,
has the advantage to realize the operation of QFT with the experimental simplicity, the performances (accura-
cies) of QFT schemes are probabilistic (as less than 35%)>*2. Also, the affection of the inaccuracy influences
the entire performance of quantum algorithms because QFT or DQFT is a main subroutine of quantum algo-
rithms. Therefore, many researchers have proposed the QFT schemes via the nonlinearly optical devices, such
as cross-Kerr nonlinearities (XKNLs)!”%, and optical cavities'>?”*1-33, However, the experimental realization of
strong XKNL is still a big challenge”. And the decoherence effect, which can occurs the evolution of the mixed
state after homodyne measurement, is also unavoidable when a coherent state is transmitted through a fiber in
practice!”?>3¢%%_ From this point of view, well-isolated qubits might not necessarily suffer from the same decoher-
ence effects in Kerr medium. The optical cavity system, which is one of the candidates for the QFT schemes, has
recently attracted extensive attention. Weinstein et al.'” and Scully et al.*! have designed to implement the opera-
tions of QFT using the Ion trap and cavity QED. But the drawback of these schemes is to require a large number of
qubits for the operation of QFT. And the QFT schemes'>*>* based on the distant atoms trapped in separate cav-
ities could be restrictively utilized for the one-way quantum computing, due to the trapped atoms used as qubits.

Compared with the previous schemes!>17:21222527:31-33 ' gur DQFT scheme consists of the QD-cavity systems
(nonlinearly optical devices) to implement the CRk operations as the basic modules for the deterministic perfor-
mance and simple expansion into multi-qubit DQFT. Moreover, in our scheme, the flying photons play the roles
of qubits transferring quantum information, and QDs are the ancillary systems to efficiently perform the CRk
operations for the applications of various quantum computations and algorithms.

Also, In view of the experimental realization, for the high fidelity (condition of g>> (k, 7) and k, < k) of the
interaction between a photon and the QD-cavity system, researchers have proposed a variety of experimental
techniques, including the following: Rosenblum et al.*® obtained the coupling strength as g/(x + k,) = 0.5 in a
micropillar cavity (d = 1.5 pm) with a quality factor Q = 8800, and for Q =40000, the coupling strength could
be increased to g/(k + k,) & 2.47% Furthermore, Arnold et al.”® enhanced the quality factor, Q =215000 (x ~ 6.2
peV), in order to acquire a small side-leakage rate. Reitzensteina et al.”” demonstrated two methods (the etching
process and improving the sample growth) to reduce the side-leakage rate, x/, in an Iny4Ga, 4As optical cavity
having g/(k + k) ~ 2.4 and Q =40000. Thus, the QD-cavity systems in our CRk gate can be reliably operated
with high fidelity, according to the results of our analysis presented in Sec. 4. Moreover, in order to ensure the
reliable interaction between a flying photon and stationary qubit (electron spin in QD), the initialization (elec-
tron spin-superposition state) and manipulation of the spin state can be prepared by optical pumping or optical
cooling’®, and can be acquired using pulsed magnetic resonance techniques, nanosecond microwave pulses, or
picosecond/femtosecond optical pulses’®#2,

Therefore, we obtain the interaction of the CRk gate, using the QD-cavity system, with high fidelity for the
DQFT scheme. Consequently, according to our analysis results, in practice (under vacuum noise and sideband
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leakage), we can obtain high efficiency and reliable performance of the interaction between a photon and QD
within a single-sided optical cavity (CRk gate). Our results also indicate that our DQFT scheme using CRk gates
can be experimentally feasible, as well as scalable for multi-qubit DQFT.
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