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Large-amplitude plasma wave is known to accelerate electrons to high energies. The electron 
energy gain mainly depends on plasma wave amplitude. In this paper, we investigate the 
excitation of large-amplitude plasma waves by laser beat-wave in an inhomogeneous plasma. The 
idea behind this work is to employ linear and radial plasma density profiles to enhance the plasma 
wave amplitude. PIC simulations are used to validate the numerical solution of the nonlinear wave 
equation in cylindrical dimensions through the finite difference method. Furthermore, the effects 
of the quadratic-radial plasma density profiles and magnetic field on the plasma wave excitation 
are investigated. The study shows that compared to the linear density profile of plasma, the 
plasma wave amplitude in the case of a linear-radial density profile is far more pronounced. For 
the linear-radial density profile, the plasma wave amplitude remains steady over greater distances 
of propagation compared to the linear density profile, resulting in reduced immediate damping 
effects. It can also be seen that the plasma wave amplitude is higher for the quadratic-radial than 
for the linear-radial density profiles. The effect of a longitudinal magnetic field on plasma wave 
amplitude is investigated. It can be seen that the plasma wave amplitude is increased by applying 
a magnetic field. This study may provide a way to enhance the plasma wave field for accelerating 
the electrons in laser-plasma accelerators.

1. Introduction

The exploration of plasma wakefield accelerator (PWFA) [1–4], plasma beat wave accelerator (PBWA) [5,6], laser wakefield 
accelerator (LWFA) [7–12], and self-modulated laser wakefield accelerators [13] involves the use of high-energy laser pulses to 
interact with plasmas in order to accelerate charged particles. Laser wakefield accelerators offer various possibilities for applications, 
including generating X-ray radiation, producing harmonics, and achieving high-gradient particle acceleration [14–18]. Exciting 
plasma waves is a proposed method for accelerating electrons, as explored in many studies [19–25]. Rosenbluth and Liu were the 
first to propose a plasma beat wave accelerator (PBWA) that does not require high-power lasers [5,26,27]. The modulation of laser 
beams occurs when two laser pulses, each with slightly different wavelengths, are directed into plasma, resulting in the generation 
of a longitudinal ponderomotive force. When the beat and plasma frequencies are in alignment, the ponderomotive force resonantly 
excites a plasmon, leading to the heating of electrons to multiple electron volts. Because the longitudinal plasmon phase velocity 
in an underdense plasma with 𝜔1,2 >> 𝜔𝑝 (where 𝜔1,2 denotes the laser beam frequencies and 𝜔𝑝 denotes the plasma frequency) is 

* Corresponding author.
Available online 14 June 2024
2405-8440/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

E-mail address: m_alilu@sbu.ac.ir (M. Ghorbanalilu).

https://doi.org/10.1016/j.heliyon.2024.e32813

Received 10 January 2024; Received in revised form 9 June 2024; Accepted 10 June 2024

http://www.ScienceDirect.com/
http://www.cell.com/heliyon
mailto:m_alilu@sbu.ac.ir
https://doi.org/10.1016/j.heliyon.2024.e32813
https://doi.org/10.1016/j.heliyon.2024.e32813
http://creativecommons.org/licenses/by-nc-nd/4.0/


Heliyon 10 (2024) e32813M. Arefnia, M. Ghorbanalilu and A.R. Niknam

nearly equivalent to the speed of light in plasma [28–30]. Even the weakly relativistic laser pulse in PBWA generates a big amplitude 
electric field [31]. In PBWA and LWFA, the amplitude of the electric field can fluctuate to over one Gigaelectronvolt (> 1 GeV); yet, 
the energy transferred to the plasma electrons is constrained by the diffraction length of the laser pulse [32,33].

To avoid laser beam diffraction and enhance the acceleration distance in laser-plasma setups, optical guiding can be utilized to 
extend the propagation range by multiple Rayleigh lengths [34–36]. Optical guiding is achieved through preformed density channels, 
relativistic self-focusing, and plasma waveguiding, allowing for increased propagation distances [37,38]. By utilizing a preformed 
plasma waveguide, diffraction can be restricted for a specific laser power, resulting in higher energy gains [39]. The quiver motion of 
heavy electrons causes the refraction index to decrease with increasing intensity in relativistic self-focusing [40–42]. Various plasma 
channel configurations, including parabolic, tapered, and hollow channels, have been previously studied for acceleration driven by 
high-gradient lasers [43–45]. Wakefields can be generated using a plasma channel with a parabolic density profile, where the density 
of electrons on the axis is consistent, typically denoted as 𝑛0, but peaks gradually with radius [46]. The effect of external magnetic 
field and self-generated magnetic field on harmonic generation [47], self-focusing of the laser pulse [48], wakefield excitation 
and electron acceleration [49] is clearly significant. Another widely studied form of plasma channel is the hollow channel, in 
which wakefields are generated along the channel walls. Therefore, in the highly relativistic regime, when beams travel along 
the central axis, the longitudinal field and the transverse dimension behave independently, causing the transverse field to become 
negligible [50]. In contrast to a hollow channel where the axial field is decoupled from the transverse direction and particles absorb 
energy uniformly, parabolic plasma channels have minimal density along the central axis, and the gradient index is influenced by 
the radial profile. Employing corrugated plasma channels in laser wakefield acceleration appears to be a promising solution for 
overcoming the dephasing constraint. Two-dimensional (2D) particle-in-cell (PIC) simulations exhibit quasi-phase-matching in an 
axially-modulated plasma waveguide, revealing an increase in the transverse wakefield with the radial position [51].

In this study, the plasma wave is generated through the nonlinear interaction of two laser beams beating in an inhomogeneous 
plasma. The model presented in this paper is aimed at extending plasma wave amplitude by considering the plasma density profile 
as a quadratic-radial. We introduce the plasma wave equation for the linear-radial plasma density profile, which is derived from 
the momentum conservation equation combined with the Maxwell equations. First, we briefly review the plasma wave excitation 
in the plasma with the linear density profile, which was solved analytically using the Airy function [5]. Then, we apply the fourth-

order Runge-Kutta method (RK4) to solve the plasma wave equation in the plasma and compare results with analytical results. 
Since the main challenge in acceleration is to achieve large amplitudes of the plasma waves, our main idea is to increase the plasma 
amplitude by evolving the plasma density as a linear-radial density profile. For improving the plasma wave field, we also consider the 
plasma density profile as quadratic-radial instead of linear-radial. Beyond that, for increasing the propagation distance of the plasma 
wave, we assume the background plasma to be inhomogeneous with the quadratic-radial density profile. Hence, we employ the finite 
difference method (FDM) for solving the nonlinear wave equation in a plasma channel by considering the linear-radial and expanding 
to the quadratic-radial density profile to model the plasma wave excitation by beating laser beams. Our results reveal that in the 
plasma channel with a linear-radial density profile, the plasma wave extends over a longer propagation distance than in the case 
of a linear plasma density profile. Moreover, the plasma wave amplitude in quadratic-radial is higher than the linear-radial density 
profile. Furthermore, the effect of the longitudinal magnetic field on plasma wave amplitude is considered. The PIC simulation has 
been employed to describe plasma wave by beating two laser beams in a quadratic-radial density profile. Our simulation results 
show using an external magnetic field to increase plasma wave plays an important role in improving acceleration gradient. Here, the 
acceleration gradient for the quadratic-radial density profile can reach around 3 GV∕m. However, in the case of magnetized plasma, 
the electron acceleration gradient can reach 6 GV∕m.

The paper is organized in the following way. In Sec. 2, we provide a concise overview of the analytical solution for exciting 
the plasma wave through the beating of two laser beams in a plasma with a linear density profile as described by Rosenbluth and 
Liu [5], then we bring our numerical results and compare them with analytical solutions. In Sec. 3, we describe the suggested scheme 
of linear-radial density profile for large-amplitude plasma wave excitation and present a numerical method to solve the new plasma 
wave equation, then we expand the method for the quadratic-radial density profile. The PIC simulation aspect and the longitudinal 
magnetic field applied to the suggested scheme are described in Sec. 4. A conclusion of the results is presented in Sec. 5.

2. Plasma wave excitation with linear plasma density profile

2.1. Analytical solution

Consider two linearly polarized laser beams of frequencies 𝜔1 and 𝜔2, wave numbers 𝑘1 and 𝑘2 co-propagating along the 𝑧-

direction in an inhomogeneous plasma with the linear density profile of 𝑛(𝑧) = 𝑛0(1 + 𝑧∕𝐿). Considering the dispersion relation 
(𝜔2 = 𝜔2

𝑝
+ 3𝑘2𝑣2

𝑒
), a plasma wave’s phase velocity slows down as it enters a region of decreasing density (increasing 𝑘(𝑧)). This 

slowing down can lead to Landau damping when the phase velocity approaches the thermal speed of the particles. In cases with 
minimal density variation, the wave vector 𝑘(𝑧) can be approximated as constant for a basic understanding of this phenomenon. 
The frequency of the lasers is assumed to be much higher than the electron plasma frequency and ion motion is neglected. The 
momentum transfer equation in the presence of two electromagnetic plane waves E1,2 = �̂�𝐸1,2𝑠𝑖𝑛(𝑘1,2𝑧 − 𝜔1,2𝑡) where 𝐸1,2 are the 
field amplitude of the laser beams, is as follows:

∇𝑝
2

𝜕v

𝜕𝑡
= −

𝑚𝑛
− (v.∇)v + 𝑒

𝑚
(E + v

𝑐
× B), (1)
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where v, 𝑒, and 𝑚 are the velocity, charge, and mass of electrons, respectively. p, and E denote the electron pressure and the electric 
field within the plasma. To generate the plasma wave, the plasma temperature (𝑇 ) must be above zero. For a gas obeying ideal 
behavior, pressure is 𝑝 = 𝐶𝑛𝛾 whereas 𝛾 = 3 in the case of an adiabatic process where 𝐶 is constant. The following equation is 
obtained for the electrostatic field by the linearized Fourier-component of momentum transfer equation and the Poisson equation 
𝜕𝐸∕𝜕𝑡 = −4𝜋𝑛0𝑒𝑣𝑧,

𝜕2𝐸

𝜕𝑧2
−

𝜔2
0𝑧

3𝑣2
𝑒
𝐿
𝐸 = (− 𝑖

12
𝑒

𝑚

𝜔2
𝑝
(𝑧)Δ𝑘

𝜔1𝜔2𝑣
2
𝑒

𝐸1𝐸
∗
2 )𝑒

−𝑖Δ𝑘𝑧, (2)

where 𝜔0 = Δ𝜔 = 𝜔1 −𝜔2, Δ𝑘 = 𝑘1 −𝑘2, 𝑣𝑒 =
√
𝐾𝐵𝑇 ∕𝑚 and 𝜔𝑝(𝑧) =

√
4𝜋𝑒2𝑛(𝑧)∕𝑚 refer to the electron thermal velocity and plasma 

frequency, respectively. Eq. (2) is a nonhomogeneous ordinary differential equation (ODE) that is solved by the known Airy-equation 
in two special cases when 𝑧 →∞ and 𝑧 → −∞. In the first case, the wave is damped, and in the second, the Green’s function method 
is used to determine the plasma wave’s field:
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where 𝛼 = 𝜔2
0∕3𝑣

2
𝑒
𝐿 and 𝐸−(−∞) = 𝜋1∕2(𝛼∕|𝑧|)1∕4 exp(−2𝑖𝛼1∕2|𝑧|3∕2∕3 − 𝑖𝜋∕4

)
.

2.2. Numerical solution

Due to the complexity and asymptotic nature of the analytical solution, we outline the numerical approach for solving the plasma 
wave equation and subsequently compare our findings with the analytical solution. The RK4 method discretizes the approximate 
solutions of the nonlinear ordinary differential equations presented in Eq. (2). Since the wave equation represents a second-order 
ordinary differential equation, a development of the RK4 method is necessary to facilitate the solution of the plasma wave. This issue 
is elucidated briefly in the following description. Consider the 2nd-order ODE (Eq. (2)) as

𝑑𝐸

𝑑𝑧
−𝐶1𝑧𝐸 = 𝐹 (𝑧), (4)

where, 𝐶1 = 𝜔2
0∕3𝑣

2
𝑒
𝐿, and 𝐹 (𝑧) = (−𝑖𝑒𝜔2

𝑝
(𝑧)Δ𝑘𝐸1𝐸

∗
2 ∕12𝑚𝜔1𝜔2𝑣

2
𝑒
)𝑒−𝑖Δ𝑘𝑧. Subject to the initial conditions, 𝐸(𝑧 = −0.4 cm) ≈ 0.1, 

𝑑𝐸∕𝑑𝑧 ≈ −0.02. The second-order ordinary differential equation can be transformed into a pair of first-order ODEs by introducing 
the following variables.

𝑊1 =𝐸, 𝑊2 =
𝑑𝐸

𝑑𝑧
, (5)

with initial conditions (in 𝑧 = −0.4) 𝑊1 = 0.1 and 𝑊2 = −0.02. The variable substitution 𝑊2 = 𝑑𝐸∕𝑑𝑧 is equivalent to

𝑑𝑊1
𝑑𝑧

=𝑊2, (6)

while the ODE is re-written as

𝑑𝑊2
𝑑𝑧

−𝐶1𝑧𝑊1 = 𝐹 (𝑧), (7)

and is solved by the Euler method with a step size of ℎ = 0.5 μm(≈ 𝜆1∕21). Detailed descriptions of this method can be obtained in 
the reference list [52].

To investigate the plasma wave excitation in a plasma with the linear density profile, the wave amplitude is plotted for the 
following laser and plasma parameters. Plasma waves driven by CO2 lasers have operating parameters of 𝜆1 = 10.6 μm and 𝜆2 =
10.3 μm. The normalized amplitude in the non-relativistic regime is 𝑎0 << 1, where 𝑎20 = 7.3 × 10−19[𝜆(μm)]2𝐼0(W∕cm2) with laser 
intensity 𝐼0 = 1014 W∕cm2. Laser beams can produce an electric field with an amplitude at about 𝐸1,2 = 2.7 ×108 V∕cm. The electron 
temperature is 𝑇 = 10 keV, plasma length is 𝐿 = 0.4 cm, and initial density is 𝑛0 ≈ 1016 cm−3. The plasma wave electric field can 
increase to a high value in the linear regime. A simple estimate for the maximum field assumes all of the plasma electrons are 
oscillating, where 𝐸𝑚𝑎𝑥 =𝐸𝑊𝐵 , and 𝐸𝑊𝐵[V∕cm] ≈ 0.96𝑛1∕2[cm−3] is the non-relativistic wave-breaking field. Hence, we normalize 
the plasma wave amplitude by the maximum wave breaking. A comparison between the analytical and numerical solutions of the 
plasma wave is presented in Fig. 1. These plots exhibit a similar oscillating structure of the plasma wave in the plasma with the 
linear density profile. The peak amplitude of the electrostatic waves increases as it approaches the resonance condition (𝑧 ≈ 0 and 
𝜔1 −𝜔2 ≈ 𝜔𝑝), as illustrated in Fig. 1. A visual representation in Fig. 1 shows how a plasma wave oscillates as the resonance condition 
3

weakens.
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Fig. 1. The sketches of the plasma wave pattern considering linear plasma density profile in terms of propagation distance. Comparison of numerical and analytical 
solutions.

3. Numerical results and analysis

3.1. Plasma wave excitation in the linear-radial plasma density profile

In this section, we consider a modified structure of the plasma density profile i.e., a linear-radial density profile, 𝑛(𝑧, 𝑟) = 𝑛0(1 +
𝑧∕𝐿 + 𝛿𝑛𝑟2∕𝑛0𝑟2𝑐ℎ), where the density perturbation is denoted by 𝛿𝑛, which is small compared to 𝑛0, and 𝑟𝑐ℎ represents the channel 
radius. We get the wave equation as follows by applying a system of Maxwell and hydrodynamic equations to determine the plasma 
wave’s excitation:

1
𝑟

𝜕𝐸

𝜕𝑟
+ 𝜕2𝐸

𝜕𝑟2
+ 𝜕2𝐸

𝜕𝑧2
− 4𝜋𝑒2

3𝑣2
𝑒
𝑚
(𝑛(𝑟, 𝑧) − 𝑛0)𝐸 = 𝑆(𝑟, 𝑧), (8)

where 𝑆(𝑟, 𝑧) = (−𝑖𝑒𝜔2
𝑝
(𝑟, 𝑧)Δ𝑘𝐸1𝐸

∗
2 ∕12𝑚𝜔1𝜔2𝑣

2
𝑒
)𝑒−𝑖Δ𝑘𝑧. Eq. (8) is a nonhomogeneous partial differential equation (PDE) that dis-

plays the plasma channel’s plasma wave field. The analytical solution of Eq. (8) was obtained asymptotically using the hypergeometric 
functions in cylindrical geometry [53]. Here, we demonstrate the numerical approach for solving the nonlinear wave equation 
(Eq. (8)), which is implemented in the discrete framework of the finite difference method (FDM). The discretization of the plasma 
channel applies to the non-rectangular region, and it’s independent of 𝜙. Taylor’s series expansion approach is applied to the imple-

mentation of the obtained physical model. This technique employs cylindrical coordinates (𝑟, 𝜙, 𝑧) with discrete size steps (Δ𝑧, Δ𝑟, Δ𝜙)
defined by a step size ℎ. 𝜙 is not needed because an axisymmetric system is a specific example (𝐸 = 𝐸(𝑟, 𝑧)). It is assumed that the 
finite difference grid of an axisymmetric system, with Δ𝑟 = Δ𝑧 = ℎ. The computation region has a total size of 40000 cells and a step 
size of ℎ = 0.5 μm(≈ 𝜆1∕21). For more details on the FDM method, please refer to reference number [54].

Solving the plasma wave equation with the FDM method and considering the boundary conditions gives us the electrostatic field. 
Given a long plasma channel with length 𝐿 and radius 𝑟𝑐ℎ, the plasma wave equation (Eq. (8)) takes the following form:

𝜕2𝐸

𝜕𝑟2
+ 1

𝑟

𝜕𝐸

𝜕𝑟
+ 𝜕𝐸

𝜕𝑧2
− (𝐶1𝑧+𝐶2𝑟

2)𝐸 = 𝑆(𝑟, 𝑧), (9)

where, 𝐶2 = 𝜔2
0𝛿𝑛∕3𝑣

2
𝑒
𝑛0𝑟

2
𝑐ℎ

. In this cylindrical part of the grid, we use a special method (second-order centered finite difference 
stencils) to approximate how the values change in the direction of the radius.

𝐸(𝐼, 𝐽 ) = 1
4 +𝐺(𝐼, 𝐽 )

+
(2𝐽 + 1

2𝐽
𝐸(𝐼, 𝐽 + 1)2𝐽 − 1

2𝐽
𝐸(𝐼, 𝐽 − 1) +𝐸(𝐼 + 1, 𝐽 )

+𝐸(𝐼 − 1, 𝐽 ) −𝐶3(𝐻(𝐼, 𝐽 ))
)
,

(10)

where, 𝑧 = 𝐼ℎ, 𝑟 = 𝐽ℎ, 𝐺(𝐼, 𝐽 ) = 𝐼ℎ3𝐶1 +𝐽 2ℎ4𝐶2, 𝐶3 = −𝑖𝑒𝜔2
0Δ𝑘𝐸1𝐸

∗
2 ∕12𝑚𝜔1𝜔2𝑣

2
𝑒
, 𝐻(𝐼, 𝐽 ) = (ℎ2 +𝐼ℎ3∕𝐿 +𝛿𝑛𝐽 2ℎ4∕𝑛0𝑟2𝑐ℎ)𝑒

−𝑖Δ𝑘𝐼ℎ. 
To solve the plasma wave equation numerically, we create a grid with points in both the axial (𝑧 direction, 𝑁𝑧 points) and radial (𝑟
direction, 𝑁𝑟 points) directions. The circular boundary’s field is as

𝐸(𝐼, 𝐽 ) = 1
2 +𝑀(𝐼, 𝐽 )

(
𝐸(𝐼 + 1, 𝐽 ) +𝐸(𝐼 − 1, 𝐽 ) −𝐶3𝑒

−𝐼Δ𝑘𝐼ℎ
)
, (11)

where, 𝑀(𝐼, 𝐽 ) = 𝐼ℎ3𝐶1. Due to the symmetry of the channel, there is a singularity in 𝑟 = 0 where by using 𝜕𝐸
𝜕𝑟

∣𝑟=0= 0 we can obtain

𝐸(𝐼, 𝐽 ) = 1
6 +𝐺(𝐼, 𝐽 )

(
4𝐸(𝐼,1) +𝐸(𝐼 + 1,0) +𝐸(𝐼 − 1,0)

)
. (12)
4

Therefore, using Eqs. (10), (11), (12) the plasma wave equation (Eq. (8)) in a plasma channel can be solved.
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Fig. 2. (a) Comparison of the plasma wave equation’s numerical and analytical solutions in a linear-radial plasma density profile. Variations in the normalized 
amplitude plasma wave with respect to distance in 𝑟 = 50 μm, 𝑟𝑐ℎ = 100 μm, 𝛿𝑛 = 0.2𝑛0 , with more variables like those in Fig. 1. (b) Comparison of plasma wave 
amplitude with two density profiles: linear and linear-radial plasma density profile. Normalized amplitude of the plasma wave as a function of propagation distance 
from the numerical perspective using parameters similar to Fig. 1.

Fig. 3. (a) Normalized plasma wave amplitude as the propagation distance in the background of linear-radial and quadratic-radial, 𝑟 = 50 μm. (b) Normalized 
plasma wave amplitude as the plasma channel radius for linear-radial and quadratic-radial density profiles, for distance almost in the middle of the plasma channel, 
parameters are similar to Fig. 2.

3.2. Impact of density profiles (linear vs. linear-radial) on plasma waves

Fig. 2a compares numerical solutions (FDM) with analytical solutions from prior work [53] to validate the numerical approach 
for the plasma wave equation with a linear-radial density profile. We can further analyze the impact of density profiles by comparing 
the wave amplitudes obtained numerically for linear and linear-radial profiles (shown Fig. 2b). Fig. 2a gives appropriate agreement 
between the plasma wave amplitude in the plasma channel, both analytically and numerically solved (Eq. (9)), the parameters remain 
identical to those shown in Fig. 1. As shown in Fig. 2b, the amplitude of the plasma wave is higher and more stable in the plasma 
with the linear-radial density profile than the linear density profile. It is intuitively understood that the plasma density reduction for 
𝑧 < 0 is very smooth for the linear-radial density profile due to the channel effect, so we expect the excited plasma wave to experience 
slow damping compared to the linear density profile. As a result, we can claim that this is an advantage and greater significance for 
wakefield excitation by beating waves in the plasma channel.

3.3. Quadratic-radial density profile

We improve the proposed modification of the plasma density profiles as quadratic-radial density profile (𝑛(𝑟, 𝑧) = 𝑛0(1 − 𝑧2∕𝐿2) +
𝛿𝑛𝑟2∕𝑟2

𝑐ℎ
) to achieve much larger plasma wave amplitudes. While a perfectly quadratic plasma density profile may be challenging, 

various techniques offer controlled, non-uniform profiles. These include tapered capillaries, differential gas feeding, magnetic con-

finement, laser ablation, and plasma channels, allowing for tailored density manipulation [55–59]. Fig. 3a compares the plasma 
wave amplitude for a quadratic-linear background electron density profile in a long, thin cylindrical simulation region. As we can 
see in Fig. 3a, the plasma wave amplitude is higher for the quadratic-radial profile, than for the linear-radial density profile. Fig. 3b 
plots the radial dependence of the plasma wave amplitude for both density profiles, using the same parameters as Fig. 3a. It is clear 
from the figure, the plasma wave amplitude for the quadratic-radial profile is greater than the linear-radial profiles. In addition, 
the plasma wave amplitude for the quadratic-radial profile increases much more with channel radius compared to the linear-radial 
profile. As expected, the presence of a plasma channel leads to a significantly stronger plasma wave. It is evident that the amplitude 
of the plasma wave is affected by the radius of the channel. For radial variation, we see a relatively sharp increase near the wall of 
the channel.

In this section, we discussed the advantage of the linear-radial density profile over a linear profile in the plasma wave excita-

tion from long laser wavelengths. We also proposed the quadratic-radial density profile to achieve large plasma wave amplitude 
5

and following that, improved electron acceleration. Research suggests the plasma wave within the channel behaves similarly to the 
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Fig. 4. Comparison of the numerical, and 1D-simulation solutions (t = 15 ps) in an inhomogeneous plasma with a linear density profile. Variations of the normalized 
amplitude of the plasma wave in terms of propagation distance, with parameters similar to Fig. 1.

wakefield produced by lasers interacting with corrugated plasma channels [51]. PBWA uses two low-powered lasers to create a beat-

ing effect that excites strong plasma waves, trapping and accelerating electrons to high energies [60]. Notably, recent studies have 
explored various techniques to optimize particle acceleration through beatwave interaction. These techniques include controlling 
the phase velocity of the plasma wakefield ([61]) and auto-resonant phase-locking ([62]). We now investigate how test electrons 
are accelerated by the excited plasma wave within the channel. Guiding laser pulses through plasma is considered a key method 
for achieving longer particle acceleration distances. High-energy electron acceleration is possible with a plasma wave if the laser 
pulses spread widely without diffraction. Particles trapped in the wave’s acceleration zone gain momentum, moving faster in the 
same direction as the wave. Matching the wave’s phase velocity allows particles to gain energy as they travel alongside it. Similar 
to achieving 0.7 GV∕m acceleration with a weakly nonlinear CO2 laser, a two-frequency CO2 laser can also excite a resonant plasma 
wave with the same acceleration gradient [63,64]. This study investigates the potential for enhanced electron acceleration using 
beatwave interaction within a plasma channel. Our results reveal that the achievable electron acceleration gradient reaches approxi-

mately 1 GV∕m in a standard plasma channel. However, by employing a specifically designed quadratic plasma channel, the electron 
acceleration gradient significantly increases, exceeding 3 GV∕m. This substantial enhancement demonstrates the effectiveness of the 
quadratic channel geometry in optimizing electron acceleration through the beatwave interaction.

This research investigates a promising approach for manipulating plasma waves. These profiles offer significant advantages 
over traditional uniform shapes. Creating the desired quadratic-radial plasma profile can be achieved using existing techniques. 
Pre-plasmas involve pre-ionizing a channel with the desired density variation before the main interaction. Methods like capillary 
discharges or tailored laser pulses (as referenced by [65]) can be used for this purpose. External channeling structures physically 
guide the plasma using tools like dielectric capillaries or magnetic confinement. These structures influence the plasma shape and can 
potentially achieve the required quadratic-radial profile [66,67]. These established techniques offer a practical path for realizing the 
proposed profile.

4. Plasma wave excitation in the presence of an external magnetic field: PIC simulation results

In what follows, we present the results of PIC simulations to validate the theoretical model discussed in the previous sections. 
We confirm that the outcomes of the PIC simulation are consistent with previous analytical and numerical findings. The influence 
of a magnetic field on laser wakefield acceleration has already been considered in several works [12,68,69]. This research uses PIC 
simulation to examine the impact of a strong magnetic field on the plasma wave excitation amplitude caused by laser beating. The PIC 
simulations employ the 2D and 1D EPOCH codes [70] to model the generation of plasma waves through the interaction of two CO2
laser beams. The laser beams are linearly polarized with wavelengths of 10.6 μm and 10.3 μm. In the 1D simulation, we considered 
a linear regime where laser beams with an intensity of 𝐼 = 1014 W/cm2 excited plasma waves through a linear (𝑛(𝑧) = 1 + 𝑧∕𝐿) 
and quadratic (𝑛(𝑧) = 1 − 𝑧2∕𝐿2) plasma density profiles. The longitudinal length of the plasma is 4000 μm. Furthermore, 2D 
simulations are conducted using a plasma with the linear-radial and quadratic-radial density distributions, denoted as 𝑛(𝑟, 𝑧). The 
simulation box has dimensions of 4000 μm in the longitudinal direction and 220 μm in the radial direction, with spatial resolutions 
of 0.2 μm(≈ 𝜆1∕50) and 2.75 μm(≈ 𝜆1∕4), respectively. The duration of both simulations (1D and 2D) was set to be longer than the 
beating time in the plasma, specifically 𝑡 = 15 ps.

Fig. 4 displays the results of the 1D simulation with the linear density profile. We compare these simulation results with the 
numerical solutions. The plasma wave field is of the same order obtained from the numerical solutions and both results are in good 
agreement. Notably, as the resonance conditions are approached, the amplitude of the plasma wave increases, reaching its peak at 
the resonance point (𝑧 ≈ 0).

We show 2D PIC simulation results for plasma wave excitation in Figs. 5(a, b). The plots illustrate the plasma wave field resulting 
from the two lasers beating. However the including of radial density increases the plasma frequency and slightly decreases the 
plasma wave amplitude in the resonance region, but it causes the large amplitude for plasma wave away from the resonance point. 
The maximum amplitude of the plasma wave field is almost the same as obtained from the numerical model. The PIC simulation 
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results are reasonably in agreement with the theoretical results, however, some differences may be there in comparison with the 
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Fig. 5. (a) Electron phase space plot with electric fields of a 2D PIC simulation at 𝑡 = 15 ps for quadratic-radial density profile (𝛿𝑛∕𝑛0 = 0.2). The momentum is 
normalized to electron mass times the speed of light on the right 𝑦-axis (𝑃𝑧∕𝑚𝑐) (Dark green). The electric field representing the laser (laser evolution) indicated by 
the propagation distance (light green) left 𝑦-axis (𝐸(1010 V∕m)). (b) Contour plot of the electron density based plasma channel radius in terms of propagation distance 
for quadratic-radial density profile in 𝑡 = 15 ps with parameters similar to Fig. 2.

Fig. 6. Contour plot of the normalized plasma wave amplitude of based plasma channel radius in terms of propagation distance for quadratic-radial density profile in 
t = 15 ps for (a) 𝛿𝑛∕𝑛0 = 0.1, (b) 𝛿𝑛∕𝑛0 = 0.2, (c) 𝛿𝑛∕𝑛0 = 0.25 with parameters similar to Fig. 2.

theoretical investigation. We believe that this difference could be due to the finite transverse size of the plasma in the simulations or 
the slight difference in the density profiles as the PIC simulation has a higher-order polynomial representation of the density profile.

Fig. 5a (light green), provides a framework for explaining a plot that depicts a periodic evolution of laser intensity in a beatwave 
interaction. Here, the periodicity arises due to the combined effects of two lasers with different frequencies. The period of the 
oscillation in the plot is directly linked to the difference in frequencies (△𝜔) between the two lasers. A larger frequency difference 
will result in a shorter period (faster oscillations) on the plot. Fig. 5a (dark green), presents a phase space plot, specifically focusing 
on the normalized momentum (𝑝∕𝑚𝑐) of electrons on the 𝑧-axis plotted against the propagation distance. It visualizes how the 
momentum of electrons changes as they travel through the plasma due to the influence of the propagating wave. Fig. 5b presents a 
contour plot depicting the evolution of the electron density within a plasma channel. The 𝑥-axis represents the propagation distance 
for a wave and beat traveling through the plasma and the 𝑦-axis represents the radial distance from the center of the channel. 
The specific density profile used in this case is quadratic-radial. The wake structure exploited for particle acceleration techniques 
like laser wakefield acceleration. The high electric field associated with the density gradient within the wake is used to accelerate 
electrons to high energies. Analyzing the wake structure helps to understand the efficiency of the acceleration process.

The results of PIC simulation for plasma wave excitation by beat wave laser beams in quadratic-radial density are plotted by 
different combinations of beatwaves. However the laser beam’s strength is weak (𝑎0 = 𝑒𝐸∕𝑚𝑐𝜔 << 1), beat wave arising from the 
interference of two beams can be very strong. The normalized amplitude is proportional to the laser field intensity and wavelength 
as 𝑎20 ≃ 7.3 × 10−19[𝜆(μm)]2𝐼0(W∕cm2). The figure shows that increasing the amplitude of two laser beams causes to increase in the 
beatwave amplitude and as a result much strong plasma wave. It is clear from the contour plots of Figs. 6(a-c) and Figs. 7(a-c) that 
the plasma wave field is optimized by the development of parameters of plasma density and laser.

The momentum transfer equation for electrons is modified to incorporate the Lorentz force due to an external magnetic field 
(𝐵0), accounting for its influence on electron motion.

𝜕v

𝜕𝑡
= −∇𝑝

𝑚𝑛
− (v.∇)v + 𝑒

𝑚
(E + v

𝑐
× (B+ B0)). (13)

The resonance condition is 𝜔0 = 𝑘𝑣𝑝ℎ(𝑧 = 0) ± 𝜔𝑐 , where, 𝜔𝑐 = 𝑒𝐵∕𝑚0 is the cyclotron frequency. While we don’t directly calculate 
the phase velocity (𝑣𝑝ℎ) using PIC simulations in this specific instance, their value lies in capturing the comprehensive dynamics of 
7

the plasma, including wave propagation even in the presence of an external magnetic field (𝐵0). The concept of excitation of the 
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Fig. 7. Contour plot of the normalized plasma wave amplitude based plasma channel radius in terms of propagation distance for quadratic-radial density profile in 
𝑡 = 15 ps for (a) 𝑎01 = 0.09, 𝑎02 = 0.088, (b) 𝑎01 = 0.128, 𝑎02 = 0.124, (c) 𝑎01 = 0.181, 𝑎02 = 0.176 with parameters similar to Fig. 2.

Fig. 8. (a) Comparison of the non-magnetized, and magnetized simulation solutions (𝑡 = 15 ps) in a quadratic density profile. Variations of the normalized amplitude 
of the plasma wave in terms of propagation distance, with parameters similar to Fig. 1. Contour plot of the normalized plasma wave amplitude based plasma channel 
radius in terms of propagation distance for quadratic-radial density profile in 𝑡 = 15 ps for (b) B = 3 MG, (c) B = 4 MG, (d) B = 5 MG with parameters similar to Fig. 2.

plasma wave is further clarified in Fig. 8a displays the impact of varying magnetic field strengths on the plasma with a quadratic 
density profile. The figure illustrates that the peak amplitude of the wave increases in the presence of a magnetic field, and as the 
magnetic field is increased, the amplitude of the plasma wave also rises. Figs. 8(b-d) compare the wave amplitude peaks created 
by the beating of laser beams for non-magnetized plasma and plasma in the presence of longitudinal magnetic fields. Our work 
offers distinct advantages over the study by Razavinia et al. ([12]), who investigated laser wakefield excitation in a magnetized 
plasma slab using a one-dimensional relativistic Vlasov-Maxwell model. While their work demonstrated the potential of magnetic 
fields to enhance wakefield amplitude, our approach achieves a significantly greater increase using a lower magnetic field strength 
(𝐵 = 500 T) in combination with optimized density profiles (linear-radial or quadratic-radial). Though conventional magnets have 
difficulty reaching kilotesla fields, laser-driven coils utilizing intense laser pulses have successfully achieved this milestone. This novel 
technique shows great potential for creating controllable, ultra-strong magnetic fields [71]. The existence of an external magnetic 
field confines the electrons at the wavefront of the plasma wave, therefore, the coupling with the plasma wave improved over a long 
distance. A magnetic field also limits free-streaming by forcing particles to gyrate in Larmor orbits. Since the Larmor radius of the 
particle orbit decreases as the magnetic field increases, the radius of curvature of the orbit is smaller in the regions of the stronger B 
field. This can lead to enhanced particle motion, affecting plasma wave behavior.

5. Conclusions

We investigated a way to excite high-amplitude electron plasma waves by beating two lasers in an inhomogeneous plasma. The 
numerical solution of the plasma wave field was obtained and validated by PIC simulations. We reviewed the analytical solution 
of the plasma wave field driven by the laser beating in the plasma with linear and linear-radial density profiles. Numerical results 
were presented and compared for two solutions of the plasma wave equation for the case of linear and linear-radial plasma density 
profiles. Furthermore, FDM was applied to obtain the plasma wave amplitude by beatwave excitation in the quadratic-radial density 
profiles. The findings indicated that the plasma wave amplitude is greater and more consistent in the linear-radial density profile 
8

compared to the linear density profile. However, the plasma wave amplitude is damped in a linear density profile after a short 
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distance from the resonance point. It was shown that the plasma wave amplitude could be enhanced in the quadratic and quadratic-

radial density profiles compared to the plasma wave amplitude in the linear and linear-radial density profiles. Furthermore, the 
presence of a magnetic field causes an enhancement of the plasma wave amplitude. This growth of plasma wave amplitude causes 
an increase in the acceleration of the electrons. In this method, the linear-radial profile allows electron acceleration by plasma 
beat waves to achieve 1 GV∕m; in contrast, the linear plasma density profile showed substantially weaker electron acceleration. 
Our results indicated electron acceleration in the quadratic-radial density profile can reach 3 GV/m. The PIC simulation results also 
confirmed these findings. The plasma wave amplitude attains a two-fold enhancement due to the magnetic field. According to our PIC 
simulation, electron acceleration and plasma wave amplitude were improved up to 6 GV∕m by beatwave activation for quadratic-

radial density profile in the presence of a longitudinal magnetic field. Overall, the presence of a longitudinal magnetic field can 
significantly influence the behavior of plasma waves through various mechanisms, ultimately contributing to the strengthening of 
the waves. Therefore, the plasma wave field amplitude will depend on the characteristics of the plasma, the magnetic field strength, 
and other relevant parameters.
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