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Spline curves are very prominent in the mathematics due to their simple construction, accuracy 
of assessment and ability to approximate complicated structures into interactive curved designs. 
A spline is a smooth piece-wise polynomial function. The primary goal of this study is to use 
extended cubic B-spline (ExCuBS) functions with a new second order derivative approximation 
to obtain the numerical solution of the weakly singular kernel (SK) non-linear fractional 
partial integro-differential equation (FPIDE). The spatial and temporal fractional derivatives are 
discretized by ExCuBS and the Caputo finite difference scheme, respectively. The present study 
found that it is stable and convergent. The validity of the current approach is examined on a few 
test problems, and the obtained outcomes are compared with those that have previously been 
reported in the literature.

1. Introduction

Splines are generally considered in dominant class of mathematical functions that are commonly utilized for estimation. A piece-

wise polynomial function is referred to as a spline. For numerical interpretation of ODEs, PDEs and FPIDEs, the approximation 
scheme for spline functions have been frequently used. The more generic class of classical mechanics is fractional calculus. The con-

cept of differentiation and integration to non-integral values has been investigated by fractional calculus. A number of applications 
of FDEs are investigated in finance, physics, engineering and seismology [1–3]. The integro-differential operator which covers both 
integer-order derivatives and integrals as special cases, is one of the reason why fractional calculus has grown so popular in recent 
years and has so many implementations [4]. General theory of heat conduction is applicable for nonlinear materials with memory 
and finite propagation speeds [5]. Dynamics of nuclear reactors [6], biofluids flow in fractured biomaterials [7], quadratic hedging 
problem [8], modeling dynamic fractional order viscoelasticity [9], population dynamics, convection diffusion [10] and grain growth 
[11] are examples of mathematical models of physical phenomenon and their applications. Some methods for solving FPIDEs because 
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they are a relatively new area of mathematics. These methods include the Adomian decomposition method [12,13], the fractional 
differential transform method [14], and the homotopy perturbation method [15,16].

In this paper, we will use an efficient spline technique to solve non-linear FPIDE with weakly SK. To discretize the time and space 
derivatives, the Caputo fractional derivative (CFD) approximation and new ExCuBS approximation for second derivative are applied, 
respectively. The non-linear FPIDE [30]

𝐶
0 𝐷
𝛽

𝑡
𝑤(𝑟, 𝑡) +𝑤𝑤𝑟 =

𝑡

∫
0

(𝑡− 𝜉)𝛾−1𝑤𝑟𝑟(𝑟, 𝜉)𝑑𝜉 +𝐻(𝑟, 𝑡), 𝑟 ∈ [0,𝐿], 𝑡 ∈ [0, 𝑇 ], (1)

with initial condition (IC):

𝑤(𝑟,0) = 𝑔(𝑟), 𝑟 ∈ [0,𝐿], (2)

and the boundary conditions (BCs):

𝑤(0, 𝑡) =𝑤(𝐿, 𝑡) = 0, 𝑡 ∈ [0, 𝑇 ], (3)

where 0 < 𝛽, 𝛾 < 1 are fractional parameters, 𝑇 , 𝐿 > 0 are any constants and 𝐻(𝑟, 𝑡), 𝑔(𝑟) are given functions. The 𝐶0 𝐷
𝛽

𝑡
represents the 

CFD with Euler’s Gamma function Γ, which is defined as:

𝐶
0 𝐷
𝛽

𝑡
𝑤(𝑟, 𝑡) =

⎧⎪⎨⎪⎩

1
Γ(𝑘−𝛽) ∫ 𝑡0 𝜕𝑤(𝑟,𝜇)𝜕𝜇

𝑑𝜇

(𝑡−𝜇)𝛽−𝑘+1
, 𝑘− 1 < 𝛽 ≤ 𝑘, 𝑘 ∈ℕ,

𝜕𝑘𝑤(𝑟,𝑡)
𝜕𝑡𝑘
, 𝛽 = 𝑘.

Non-integer order derivatives and operators in terms of integral are more appropriate than ordinary derivatives and integration 
at various phases of real systems because they give a more detailed explanation of the structural and genetic characteristics of a 
number of dynamical and physical processes. Because of this, precise computational methods are utilized to substantially handle 
the complexity of non-integer order derivatives present in such equations. These difficulties result from the potential for the kernel 
singularities to cause significant oscillations in the solution. Consequently, an approximation of the physical description is required 
because it is difficult to obtain a solution in closed form in many implementations, especially in nonlinear cases. As an alternative, 
numerous studies [17–19] have been carried out to determine a unique solution whether there is a singular solution to fractional 
order integro-differential equations. For simulating issues in engineering, mathematics biology, and other fields, the FPIDEs with 
weakly singular kernel are used. Due to weakly SK, it is very hard to find exact solutions of such problems, it is critical to achieve a 
numerical solution by utilizing various numerical approaches.

Uniqueness and existence findings for the solution of FPIDEs had made on a local and global scale in [20,21], respectively. Momani 
[22] has proposed local and global uniqueness theorems for solutions to non-integer order nonlinear differential equations. For a 
type of moderately SK Volterra integral equations, Diogo and Lima [23,24] have identified the discrete fast convergence of spline 
collocation techniques. In [25], high-order computational techniques are used to create and analyze problems with initial values 
for linear Volterra integro-differential equations with various types of discontinuities. For the solution of FPIDEs with weakly SKs, 
Nemati, et al. [26] has a scheme generated by matrices of Chebyshev polynomials. The operational matrix of fractional integration 
and the product have been used to convert the given equation into the solution of a system of linear algebraic equations. For the 
numerical solution of a class of nonlinear FPIDEs with weakly SKs, Nemati and Lima [27] have been considered the modification 
of hat functions. The operational matrix of fractional order for integration has been presented. Wang and Zhu [28] have presented 
a numerical technique for solving a variety of FPIDEs with a weakly SK that makes use of the 2𝑛𝑑 Chebyshev wavelets operational 
matrix of non-integer order integration. The weakly singular FPIDEs are converted into an algebraic equation system by applying the 
operational matrix. An operational strategy based on the shifted Jacobi polynomials has been proposed by Biazar and Sadri [29] to 
obtain the solution of a type of weakly singular FPIDEs. The Caputo sense has been referred to as the fractional derivative operators. 
In order to approximate the SKs of this class of functional equations, a new operational matrix in addition to those for integration 
and product has been developed.

Akram et al. [30] solved the FPIDE by employing the ExCBS with the help of Caputo approach. They analyzed the stability and 
convergence to support the solutions. The authors used the classical approximation for the ExCBS functions and their derivatives. In 
present paper, we use the new approximation of second derivative which provides the more accuracy in numerical solution than the 
classical approximation. Awawdeh et al. [31] analytically solved the linear FPIDE by using the homotopy analysis approximation. 
Rawashdeh [32] proposed collocation approach to solve the FPIDE by using the spline presented in polynomial form. To deal with 
FPIDEs with weakly SKs, Zhao et al. [33] utilized collocation methods having piecewise polynomial form. By using a computational 
approach, Moghaddam and Machado [34] tried to interpret a variety of variable-order FIDEs with weakly SKs. In the correction 
functional, the CFD was estimated by an integer-order partial derivative by using the Variational Iteration Method [35].

A number of numerical algorithms to solve FPDEs have already been established. Nonlinear FPEs have been extensively used in 
finding numerical solutions by using diverse methods, it is consistent with the rapid development in finding the solutions to diverse 
problems stemming from the basic sciences. To solve fractional partial differential (FPD) models, many authors have developed 
the B-spline method [36–39]. Fairweather [40] suggested spline collocation techniques for the spatial quantization of a class of 
hyperbolic PIDEs. These functions can modify each point on the interval to get a close estimation of the optimal solution. Long et al. 
2

[41] proposed Tikhonov regularization method for finding an inverse source term in a fractional pseudo-parabolic equation. Long 
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et al. [42] investigated a global uniqueness and existence of solution of non-linear fractional diffusion involving Riemann–Liouville 
derivative. Ngoc et al. [43] considered boundary value problems for time-space fractional pseudo-parabolic equation with some 
boundary conditions. They investigated the continuity of the integral solution in terms of non-integer order.

The present study is outlined as follows: The ExCuBS basis functions and new approximation of second order derivative are 
defined in section 2. In section 3, time discretization and methodology are demonstrated. In sections 4 and 5, the suggested scheme’s 
stability and convergence are investigated. The experimental outcomes are presented in section 6. Lastly, the concluding remarks of 
the proposed method are presented in section 7.

2. Preliminaries

2.1. Extended cubic B-spline basis functions

The ExCuBS basis functions are given in this section, for numerical solutions of proposed problem. The research community has 
shown interest in the concept of B-spline functions (BSFs) for the numerical outcomes of linear and non-linear BVPs in science and 
engineering. They are suitable to shape analysis because of their significant curve features and qualities. In order to find the accurate 
piece-wise numerical outcomes at any knot in the region, the BSFs have been proven to be superior to the standard finite difference 
method. The BSF of different degrees are utilized to achieve the approximate solution of several differential equations.

Let 𝑟𝑗 be an equally spaced partition of a finite domain for 𝑗 ∈ 𝑍 and the interval is divided into 𝐾̂ equal parts at the edges as 
𝑟𝑗 = 𝑟0 + 𝑗ℎ, where h is the step size. The ExCuBS basis functions over the defined interval at 𝑟𝑗 are defined as [44,45]:

𝐸∗
𝑗
(𝑟, 𝜅) = 1

24ℎ4

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

4ℎ(1 − 𝜅)(𝑟− 𝑟𝑗−2)3 + 3𝜅(𝑟− 𝑟𝑗−2)4, 𝑟 ∈ [𝑟𝑗−2, 𝑟𝑗−1),

(4 − 𝜅)ℎ4 + 12ℎ3(𝑟− 𝑟𝑗−1) + 6ℎ2(2 + 𝜅)(𝑟− 𝑟𝑗−1)2 − 12ℎ(𝑟− 𝑟𝑗−1)3 − 3𝜅(𝑟− 𝑟𝑗−1)4, 𝑟 ∈ [𝑟𝑗−1, 𝑟𝑗 ),

(4 − 𝜅)ℎ4 + 12ℎ3(𝑟𝑗+1 − 𝑟) + 6ℎ2(2 + 𝜅)(𝑟𝑗+1 − 𝑟)2 − 12ℎ(𝑟𝑗+1 − 𝑟)3 − 3𝜅(𝑟𝑗+1 − 𝑟)4, 𝑟 ∈ [𝑟𝑗 , 𝑟𝑗+1),

4ℎ(1 − 𝜅)(𝑟𝑗+2 − 𝑟)3 + 3𝜅(𝑟𝑗+2 − 𝑟)4, 𝑟 ∈ [𝑟𝑗+1, 𝑟𝑗+2),

0 otherwise,

(4)

where 𝑗 = −1, 0, 1, ..., 𝐾̂ +1, 𝜅 ∈ [−8, 1] is a variation parameter and 𝑟 ∈𝑅 is a variable. Some geometric properties like non-negativity, 
partition of unity, and 𝐶2 continuity of cubic B-spline (CuBS) and ExCuBS for 𝜅 ∈ [−8, 1] are identical. The CuBS basis functions can 
be calculated easily by using recursive formula [46]. The ExCuBS is an extension of CuBS because it becomes CuBS for 𝜅 = 0. Assume 
that the ExCuBS approximate to the problem (1)-(3) is 𝑊 (𝑟, 𝑡), such that

𝑊 (𝑟, 𝑡) =
𝐾̂+1∑
𝑗=−1
𝜁𝑗 (𝑡)𝐸∗

𝑗
(𝑟, 𝜅), (5)

where 𝜁𝑗 (𝑡) are the control points and 𝐸∗
𝑗
(𝑟, 𝜅) are the ExCBS functions.

At the knots 𝑟𝑗 , using the ExCuBS functions (4), the estimation of 𝑊 (𝑟, 𝑡) given in (5) with its first and second derivative can be 
written as:

⎧⎪⎪⎨⎪⎪⎩

𝑊𝑗 = 𝜌1𝜁𝑗−1(𝑡) + 𝜌2𝜁𝑗 (𝑡) + 𝜌1𝜁𝑗+1(𝑡),

𝑊 ′
𝑗
= −𝜌3𝜁𝑗−1(𝑡) + 𝜌3𝜁𝑗+1(𝑡),

𝑊 ′′
𝑗

= 𝜌4𝜁𝑗−1(𝑡) + 𝜌5𝜁𝑗 (𝑡) + 𝜌4𝜁𝑗+1(𝑡),

(6)

where 𝜌1 =
4−𝜅
24 , 𝜌2 =

8+𝜅
12 , 𝜌3 =

1
2ℎ , 𝜌4 =

2+𝜅
2ℎ2 , 𝜌5 = − 2+𝜅

2ℎ2 .

2.2. New approximation for second order derivative

We shall use the following ExCuBS with second order derivative approximation [47]:

𝑊 ′′
𝑗

= 1
24ℎ2

⎧⎪⎪⎨⎪
2(14 − 𝜅)𝜁−1 + 3(3𝜅 − 22)𝜁0 + 8(7 − 2𝜅)𝜁1 + 14(𝜅 − 2)𝜁2 + 6(2 − 𝜅)𝜁3 + (𝜅 − 2)𝜁4, 𝑗 = 0

(2 − 𝜅)𝜁𝑗−2 + 4(4 + 𝜅)𝜁𝑗−1 − 6(6 + 𝜅)𝜁𝑗 + 4(4 + 𝜅)𝜁𝑗+1 + (2 − 𝜅)𝜁𝑗+2, 𝑗 = 1,1, ..., 𝐾̂ − 1 (7)
3

⎪⎩(𝜅 − 2)𝜁𝐾̂−4 + 6(2 − 𝜅)𝜁𝐾̂−3 + 14(𝜅 − 2)𝜁𝐾̂−2 + 8(7 − 2𝜅)𝜁𝐾̂−1 + 3(3𝜅 − 22)𝜁𝐾̂ + 2(14 − 𝜅)𝜁𝐾̂+1, 𝑗 = 𝐾̂
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3. Description of the numerical technique

3.1. Temporal discretization

Let 𝑡𝑚 =𝑚𝜏∗, 𝑚 = 0, 1, ..., 𝑀 , where 𝜏∗ = 𝑇

𝑀
is a time moving scale. In the form of finite difference scheme the CFD approximation 

can be defined as:

𝐶
0 𝐷
𝛽

𝑡
𝑊 (𝑟, 𝑡) = 1

Γ(2 − 𝛽)

𝑚∑
𝑙=0

𝑊 (𝑟, 𝑡𝑚−𝑙+1) −𝑊 (𝑟, 𝑡𝑚−𝑙)
(𝜏∗)𝛽

𝑎
𝛽

𝑙
+𝐴𝑚+1, (8)

where 𝑎𝛽
𝑙
=
(
(𝑙 + 1)1−𝛽 − (𝑙)1−𝛽

)
.

|𝐴𝑚+1| ≤𝐴0(𝜏∗)2−𝛽 ,
where 𝐴0 is a constant. The integral term in equation (1) at 𝑡 = 𝑡𝑚+1 can be interpreted as:

𝑡

∫
0

(𝑡− 𝜉)𝛾−1𝑊𝑟𝑟(𝑟, 𝜉)𝑑𝜉 =

𝑡𝑚+1

∫
0

(𝑡𝑚+1 − 𝜉)𝛾−1𝑊𝑟𝑟(𝑟, 𝜉)𝑑𝜉, (9)

=

𝑡𝑚+1

∫
0

𝜉𝛾−1𝑊𝑟𝑟(𝑟, 𝑡𝑚+1 − 𝜉)𝑑𝜉,

=
𝑚∑
𝑙=0

𝑡𝑙+1

∫
𝑡𝑙

𝜉𝛾−1𝑊𝑟𝑟(𝑟, 𝑡𝑚+1 − 𝜉)𝑑𝜉,

=
𝑚∑
𝑙=0

𝑡𝑙+1

∫
𝑡𝑙

𝜉𝛾−1𝑊𝑟𝑟(𝑟, 𝑡𝑚−𝑙+1)𝑑𝜉,

= (𝜏∗)𝛾

𝛾

𝑚∑
𝑙=0
𝑊𝑟𝑟(𝑟, 𝑡𝑚−𝑙+1)[(𝑙 + 1)𝛾 − 𝑙𝛾 ],

= (𝜏∗)𝛾

𝛾

𝑚∑
𝑙=0
𝑊𝑟𝑟(𝑟, 𝑡𝑚−𝑙+1)𝑎

𝛾

𝑙
,

where 𝑎𝛾
𝑙
= ((𝑙 + 1)𝛾 − 𝑙𝛾 ).

Lemma 3.1. The 𝑎′
𝑙
𝑠 satisfy the following conditions [39]:

1. 𝑎
𝛽

0 = 1, 𝑎𝛾0 = 1.

2. 𝑎
𝛽

0 > 𝑎
𝛽

1 > 𝑎
𝛽

2 > ... > 𝑎
𝛽

𝑙
and 𝑎𝛾0 > 𝑎

𝛾

1 > 𝑎
𝛾

2 > ... > 𝑎
𝛾

𝑙
, 𝑎𝛽
𝑙
, 𝑎𝛾
𝑙
→ 0 as 𝑙→∞.

3. 𝑎
𝛽

𝑙
, 𝑎𝛾
𝑙
> 0 for 𝑙 = 0, 1, ..., 𝑚.

4.
∑𝑚
𝑙=0(𝑎

𝛽

𝑙
− 𝑎𝛽
𝑙+1) + 𝑎

𝛽

𝑚+1 = (1 − 𝑎𝛽1) +
∑𝑚−1
𝑙=1 (𝑎

𝛽

𝑙
− 𝑎𝛽
𝑙+1) + 𝑎

𝛽
𝑚 = 1.

5.
∑𝑚
𝑙=0 𝑎

𝛾

𝑙
> 1.

3.2. Computation of the methodology

By substituting (8) and (9) in (1), we can write it as:

(𝜏∗)−𝛽

Γ(2 − 𝛽)

𝑚∑
𝑙=0
𝑎
𝛽

𝑙
(𝑊 𝑚−𝑙+1 −𝑊 𝑚−𝑙) + (𝑊𝑊𝑟)𝑚+1 =

(𝜏∗)𝛾

𝛾

𝑚∑
𝑙=0
𝑊 𝑚−𝑙+1
𝑟𝑟

𝑎
𝛾

𝑙
+𝐻𝑚+1. (10)

Non-linear term is linearized [51] as:

(𝑊𝑊𝑟)𝑚+1 =𝑊 𝑚+1𝑊 𝑚𝑟 +𝑊 𝑚𝑊 𝑚+1
𝑟

−𝑊 𝑚𝑊 𝑚
𝑟
. (11)

By employing (11) into (10), we obtain

(𝜏∗)−𝛽

Γ(2 − 𝛽)

𝑚∑
𝑙=0
𝑎
𝛽

𝑙
(𝑊 𝑚−𝑙+1 −𝑊 𝑚−𝑙) +𝑊 𝑚+1𝑊 𝑚

𝑧̆
+𝑊 𝑚𝑊 𝑚+1

𝑟
− (𝑊𝑊𝑟)𝑚 =

(𝜏∗)𝛾

𝛾

𝑚∑
𝑙=0
𝑊 𝑚−𝑙+1
𝑟𝑟

𝑎
𝛾

𝑙
+𝐻𝑚+1.
4

By using relation (5) in the above equation, we get
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(𝜏∗)−𝛽

Γ(2 − 𝛽)

𝑚∑
𝑙=0
𝑎
𝛽

𝑙
(
𝐾̂+1∑
𝑗=−1
𝜁𝑚−𝑙+1
𝑗

𝐸∗
𝑗
−
𝐾̂+1∑
𝑗=−1
𝜁𝑚−𝑙
𝑗
𝐸∗
𝑗
+
𝐾̂+1∑
𝑗=−1
𝜁𝑚+1
𝑗
𝐸∗
𝑗

𝐾̂+1∑
𝑗=−1
𝜁𝑚
𝑗
𝐸̇∗
𝑗

+
𝐾̂+1∑
𝑗=−1
𝜁𝑚
𝑗
𝐸∗
𝑗

𝐾̂+1∑
𝑗=−1
𝜁𝑚+1
𝑗
𝐸̇∗
𝑗
−
𝐾̂+1∑
𝑗=−1
𝜁𝑚
𝑗
𝐸∗
𝑗

𝐾̂+1∑
𝑗=−1
𝜁𝑚
𝑗
𝐸̇∗
𝑗
= (𝜏∗)𝛾

𝛾

𝑚∑
𝑙=0
𝑎
𝛾

𝑙
[
𝐾̂+1∑
𝑗=−1
𝜁𝑚−𝑙+1
𝑗

𝐸∗
𝑗
] +𝐻𝑚+1,

where 𝐸̇∗
𝑗

and 𝐸∗
𝑗

are the first and second derivatives of ExCuBS basis functions respectively. By letting 𝑠 = (𝜏∗)𝛽Γ(2 − 𝛽), 𝑠1 =
(𝜏∗)𝛾
𝛾

and after some simplification in the above equation, we have

𝑊 𝑚+1 + 𝑠𝑊 𝑚𝑊 𝑚+1
𝑟

+ 𝑠𝑊 𝑚+1𝑊 𝑚
𝑟

− 𝑠𝑠1𝑎
𝛾

0𝑊
𝑚+1
𝑟𝑟

) = 𝑎𝛽
𝑚
𝑊 0 + 𝑠𝑊 𝑚𝑊 𝑚

𝑟

+
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)𝑊

𝑚−𝑙 + 𝑠𝑠1
𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙+1𝑊
𝑚−𝑙
𝑟𝑟

+ 𝑠𝐻𝑚+1.
(12)

By plugging (6), and (7) for 𝑗 = 0, 1, ..., 𝐾̂ into equation (12), we get

for 𝑗 = 0,

(𝜌1𝜁𝑚+1−1 + 𝜌2𝜁𝑚+10 + 𝜌1𝜁𝑚+11 ) + 𝑠(𝜌1𝜁𝑚+1−1 + 𝜌2𝜁𝑚+10 + 𝜌1𝜁𝑚+11 )(−𝜌3𝜁𝑚−1 + 𝜌3𝜁
𝑚
1 )

+ 𝑠(𝜌1𝜁𝑚−1 + 𝜌2𝜁
𝑚
0 + 𝜌1𝜁𝑚1 )(−𝜌3𝜁

𝑚+1
−1 + 𝜌3𝜁𝑚+11 ) −

𝑠𝑠1
24ℎ2

(2(14 − 𝜅)𝜁𝑚+1−1 + 3(3𝜅 − 22)𝜁𝑚+10 + 8(7 − 2𝜅)𝜁𝑚+11

+ 14(𝜅 − 2)𝜁𝑚+12 + 6(2 − 𝜅)𝜁𝑚+13 + (𝜅 − 2)𝜁𝑚+14 ) = 𝑎𝛽
𝑚
(𝜌1𝜁0−1 + 𝜌2𝜁

0
0 + 𝜌1𝜁01 ) + 𝑠(𝜌1𝜁

𝑚
−1 + 𝜌2𝜁

𝑚
0 + 𝜌1𝜁𝑚1 )(−𝜌3𝜁

𝑚
−1

+ 𝜌3𝜁𝑚1 ) +
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(𝜌1𝜁

𝑚−𝑙
−1 + 𝜌2𝜁𝑚−𝑙0 + 𝜌1𝜁𝑚−𝑙1 ) +

𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑏
𝛾

𝑙+1(2(14 − 𝜅)𝜁
𝑚−𝑙
−1 + 3(3𝜅 − 22)𝜁𝑚−10

+ 8(7 − 2𝜅)𝜁𝑚−11 + 14(𝜅 − 2)𝜁𝑚−12 + 6(2 − 𝜅)𝜁𝑚−13 + (𝜅 − 2)𝜁𝑚−14 ) + 𝑠𝐻𝑚+1,

for 𝑗 = 1, 1, ..., 𝐾̂ − 1,

(𝜌1𝜁𝑚+1𝑗−1 + 𝜌2𝜁𝑚+1𝑗
+ 𝜌1𝜁𝑚+1𝑗+1 ) + 𝑠(𝜌1𝜁𝑚+1𝑗−1 + 𝜌2𝜁𝑚+1𝑗

+ 𝜌1𝜁𝑚+1𝑗+1 )(−𝜌3𝜁𝑚𝑗−1 + 𝜌3𝜁
𝑚
𝑗+1)

+ 𝑠(𝜌1𝜁𝑚𝑗−1 + 𝜌2𝜁
𝑚
𝑗
+ 𝜌1𝜁𝑚𝑗+1)(−𝜌3𝜁

𝑚+1
𝑗−1 + 𝜌3𝜁𝑚+1𝑗+1 ) −

𝑠𝑠1
24ℎ2

((2 − 𝜅)𝜁𝑚+1
𝑗−2 + 4(4 + 𝜅)𝜁𝑚+1

𝑗−1 − 6(6 + 𝜅)𝜁𝑚+1
𝑗

+ 4(4 + 𝜅)𝜁𝑚+1
𝑗+1 + (2 − 𝜅)𝜁𝑚+1

𝑗+2 ) = 𝑎𝛽
𝑚
(𝜌1𝜁0𝑗−1 + 𝜌2𝜁

0
𝑗
+ 𝜌1𝜁0𝑗+1) + 𝑠(𝜌1𝜁

𝑚
𝑗−1 + 𝜌2𝜁

𝑚
𝑗
+ 𝜌1𝜁𝑚𝑗+11)(−𝜌3𝜁

𝑚
𝑗−1 + 𝜌3𝜁

𝑚
𝑗+1)

+
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(𝜌1𝜁

𝑚−𝑙
𝑗−1 + 𝜌2𝜁𝑚−𝑙𝑗

+ 𝜌1𝜁𝑚−𝑙𝑗+1 ) +
𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑠
𝛾

𝑙+1((2 − 𝜅)𝜁
𝑚−𝑙
𝑗−2 + 4(4 + 𝜅)𝜁𝑚−𝑙

𝑗−1 − 6(6 + 𝜅)𝜁𝑚−𝑙
𝑗

+ 4(4 + 𝜅)𝜁𝑚−𝑙
𝑗+1 + (2 − 𝜅)𝜁𝑚−𝑙

𝑗+2 ) + 𝑠𝐻
𝑚+1,

(13)

for 𝑗 = 𝐾̂ ,

(𝜌1𝜁𝑚+1
𝐾̂−1

+ 𝜌2𝜁𝑚+1
𝐾̂

+ 𝜌1𝜁𝑚+1
𝐾̂+1

) + 𝑠(𝜌1𝜁𝑚+1
𝐾̂−1

+ 𝜌2𝜁𝑚+1
𝐾̂

+ 𝜌1𝜁𝑚+1
𝐾̂+1

)(−𝜌3𝜁𝑚𝐾̂−1 + 𝜌3𝜁
𝑚

𝐾̂+1
)

+ 𝑠(𝜌1𝜁𝑚𝐾̂−1 + 𝜌2𝜁
𝑚

𝐾̂
+ 𝜌1𝜁𝑚𝐾̂+1)(−𝜌3𝜁

𝑚+1
𝐾̂−1

+ 𝜌3𝜁𝑚+1
𝐾̂+1

) −
𝑠𝑠1
24ℎ2

((𝜅 − 2)𝜁𝑚+1
𝐾̂−4

+ 6(2 − 𝜅)𝜁𝑚+1
𝐾̂−3

+ 14(𝜅 − 2)𝜁𝑚+1
𝐾̂−2

+ 8(7 − 2𝜅)𝜁𝑚+1
𝐾̂−1

+ 3(3𝜅 − 22)𝜁𝑚+1
𝐾̂

+ 2(14 − 𝜅)𝜁𝑚+1
𝐾̂+1

) = 𝑎𝛽
𝑚
(𝜌1𝜁0𝐾̂−1 + 𝜌2𝜁

0
𝐾̂
+ 𝜌1𝜁0𝐾̂+1)

+ 𝑠(𝜌1𝜁𝑚𝐾̂−1 + 𝜌2𝜁
𝑚

𝐾̂
+ 𝜌1𝜁𝑚𝐾̂+1)(−𝜌3𝜁

𝑚

𝐾̂−1
+ 𝜌3𝜁𝑚𝐾̂+1) +

𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(𝜌1𝜁

𝑚−𝑙
𝐾̂−1

+ 𝜌2𝜁𝑚−𝑙𝐾̂
+ 𝜌1𝜁𝑚−𝑙𝐾̂+1

)

+
𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙+1((𝜅 − 2)𝜁𝑚−𝑙
𝐾̂−4

+ 6(2 − 𝜅)𝜁𝑚−𝑙
𝐾̂−3

+ 14(𝜅 − 2)𝜁𝑚−𝑙
𝐾̂−2

+ 8(7 − 2𝜅)𝜁𝑚−𝑙
𝐾̂−1

+ 3(3𝜅 − 22)𝜁𝑚−𝑙
𝐾̂

+ 2(14 − 𝜅)𝜁𝑚−𝑙
𝐾̂+1

) + 𝑠𝐻𝑚+1.

3.3. Initial vector 𝜁0

To initiate the loop on (12), we use initial condition for its computation which is given as:

⎧⎪⎪⎨⎪⎪⎩

𝑊 ′
0 = 𝑔′(𝑟0),

𝑊 0
𝑗
= 𝑔(𝑟𝑗 ), 𝑗 = 0,1, ..., 𝐾̂,

𝑊 ′
𝐾̂
= 𝑔′(𝑟𝐾̂ ).

(14)
5

The order of the system is (𝐾̂ + 3) × (𝐾̂ + 3). Matrix form of the system of equations (14) is:
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𝐻1𝜁
0 =𝐻2,

where,

𝐻1 =

⎛⎜⎜⎜⎜⎜⎜⎝

−𝜌3 0 𝜌3 0 … … 0
𝜌1 𝜌2 𝜌1 0 … … 0
0 𝜌1 𝜌2 𝜌1 … … 0
⋮ … ⋱ ⋱ ⋱ … ⋮
⋮ … … … 𝜌1 𝜌2 𝜌1
0 … … … −𝜌3 0 𝜌3

⎞⎟⎟⎟⎟⎟⎟⎠
and 𝐻2 = [𝑔′0(𝑟0), 𝑔(𝑟0), ..., 𝑔(𝑟𝐾̂ ), 𝑔

′
0(𝑟𝐾̂ )]

𝑇 .

4. Stability analysis

In this study, proposed method’s stability will be analyzed. Numerical error and stability of numerical scheme are strongly 
related. A neutrally stable scheme is one in which the errors don’t change as the calculations proceed. The numerical method is 
deemed to stable if the errors ultimately diminish and damp out. On the other hand, a numerical method is said to unstable if 
the errors continue to increase over time. By using Von Neumann stability analysis, the stability of numerical methods can be 
researched. Stability for time-dependent problems ensures that the numerical approach always yields a bounded solution when the 
exact differential equation’s solution is bounded.

Theorem 1. The proposed scheme of FPIDE (1)-(3), is stable without any condition.

Proof. The stability of the existing scheme is evaluated by employing Neumann approach. In the form of Fourier series, assume the 
following difference expression:

Ψ𝑚
𝑞
=𝑤(𝑟𝑞, 𝑡𝑚) −𝑊 𝑚𝑞 = 𝜙𝑚𝑒𝑖𝑞𝜓ℎ, (15)

where 𝑖 =
√
−1. 𝜓 and ℎ are the mode number and step size, respectively. By choosing a constant 𝑠2 instead of 𝑤 in equation (11) to 

make the nonlinear term 𝑤𝑤𝑟 linear, we obtain the following equation by employing (15):

Ψ𝑚+1
𝑞

+ 𝑠𝑠2(Ψ𝑟)𝑚+1𝑞
− 𝑠𝑠1(Ψ𝑟𝑟)𝑚+1𝑞

= 𝑎𝛽
𝑚
Ψ0
𝑞
+
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)Ψ

𝑚+1
𝑞

+ 𝑠𝑠1
𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙
(Ψ𝑟𝑟)𝑚−𝑙𝑞 .

By using Equation (13), we achieve

𝜙𝑚+1(𝜌1𝑒𝑖(𝑞−1)𝜓ℎ + 𝜌2𝑒𝑖𝑞𝜓ℎ + 𝜌1𝑒𝑖(𝑞+1)𝜓ℎ) + 𝑠𝑠2𝜙𝑚+1(−𝜌3𝑒𝑖(𝑞−1)𝜓ℎ + 𝜌3𝑒𝑖(𝑞+1)𝜓ℎ) −
𝑠𝑠1𝜙

𝑚+1

24ℎ2
((2 − 𝜅)𝑒𝑖(𝑞−2)𝜓ℎ

+ 4(4 + 𝜅)𝑒𝑖(𝑞−1)𝜓ℎ − 6(6 + 𝜅)𝑒𝑖𝑞𝜓ℎ + 4(4 + 𝜅)𝑒𝑖(𝑞+1)𝜓ℎ + (2 − 𝜅)𝑒𝑖(𝑞+2)𝜓ℎ) = 𝑎𝛽
𝑚
𝜙0(𝜌1𝑒𝑖(𝑞−1)𝜓ℎ + 𝜌2𝑒𝑖𝑞𝜓ℎ

+ 𝜌1𝑒𝑖(𝑞+1)𝜓ℎ) +
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(𝜌1𝑒

𝑖(𝑞−1)𝜓ℎ + 𝜌2𝑒𝑖𝑞𝜓ℎ + 𝜌1𝑒𝑖(𝑞+1)𝜓ℎ)𝜙𝑚−𝑙 +
𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙
(2 − 𝜅)𝑒𝑖(𝑞−2)𝜓ℎ

+ 4(4 + 𝜅)𝑒𝑖(𝑞−1)𝜓ℎ − 6(6 + 𝜅)𝑒𝑖𝑞𝜓ℎ + 4(4 + 𝜅)𝑒𝑖(𝑞+1)𝜓ℎ + (2 − 𝜅)𝑒𝑖(𝑞+2)𝜓ℎ)𝜙𝑚−𝑙 .

After some simplification, applying the values of 𝜌′
𝑞
𝑠, we obtain

𝜙𝑚+1[ 4 − 𝜅
24
𝑒−𝑖𝜓ℎ + 8 + 𝜅

12
+ 4 − 𝜅

24
𝑒𝑖𝜓ℎ + 𝑠𝑠2(−

1
2ℎ
𝑒−𝑖𝜓ℎ + 1

2ℎ
𝑒𝑖𝜓ℎ) −

𝑠𝑠1
24ℎ2

((2 − 𝜅)𝑒−2𝑖𝜓ℎ + 4(4 + 𝜅)𝑒−𝑖𝜓ℎ

− 6(6 + 𝜅) + 4(4 + 𝜅)𝑒𝑖𝜓ℎ + (2 − 𝜅)𝑒2𝑖𝜓ℎ)] = 𝑎𝛽
𝑚
𝜙0( 4 − 𝜅

24
𝑒−𝑖𝜓ℎ + 8 + 𝜅

12
+ 4 − 𝜅

24
𝑒𝑖𝜓ℎ)

+
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(

4 − 𝜅
24
𝑒−𝑖𝜓ℎ + 8 + 𝜅

12
+ 4 − 𝜅

24
𝑒𝑖𝜓ℎ)𝜙𝑚−𝑙 +

𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙
(2 − 𝜅)𝑒−2𝑖)𝜓ℎ

+ 4(4 + 𝜅)𝑒−𝑖𝜓ℎ − 6(6 + 𝜅) + 4(4 + 𝜅)𝑒𝑖𝜓ℎ + (2 − 𝜅)𝑒2𝑖𝜓ℎ)𝜙𝑚−𝑙 .

Now, by using trigonometric form of exponential function in the above equation and after some computation, we achieve

[ 8 + 𝜅
12

+ 4 − 𝜅
12

cos𝜓ℎ+
2𝑠𝑠2
2ℎ
𝑖 sin𝜓ℎ−

𝑠𝑠1(2 − 𝜅)
12ℎ2

cos2𝜓ℎ−
4𝑠𝑠1(4 + 𝜅)

12ℎ2
cos𝜓ℎ+

3𝑠𝑠1(6 + 𝜅)
12ℎ2

]𝜙𝑚+1

= 𝑎𝛽
𝑚
𝜙0( 8 + 𝜅

12
+ 4 − 𝜅

12
cos𝜓ℎ) +

𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(

8 + 𝜅
12

+ 4 − 𝜅
12

cos𝜓ℎ)𝜙𝑚−𝑙

𝑚−1∑
𝛾 𝑠𝑠1(2 − 𝜅) 4𝑠𝑠1(4 + 𝜅) 3𝑠𝑠1(6 + 𝜅) 𝑚−𝑙
6

+
𝑙=0
𝑎
𝑙
(

12ℎ2
cos 2𝜓ℎ+

12ℎ2
cos𝜓ℎ−

12ℎ2
)𝜙 .
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We can write the above equation as:

(𝛼1 + 𝛼2 + 𝑖𝛼3)𝜙𝑚+1 = 𝛼1𝑎𝛽𝑚𝜙
0 + 𝛼1

𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)𝜙

𝑚−𝑙 − 𝛼2
𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙
𝜙𝑚−𝑙 , (16)

where 𝛼1 =
8+𝜅
12 + 4−𝜅

12 cos𝜓ℎ, 𝛼2 = − 𝑠𝑠1(2−𝜅)12ℎ2 cos 2𝜓ℎ − 4𝑠𝑠1(4+𝜅)
12ℎ2 cos𝜓ℎ + 3𝑠𝑠1(6+𝜅)

12ℎ2 , and 𝛼3 =
2𝑠𝑠2
2ℎ 𝑖 sin𝜓ℎ.

From equation (16), we achieve

|𝜙𝑚+1|2 = [|𝛼1(𝑎𝛽𝑚𝜙0 +∑𝑚−1
𝑙=0 (𝑎

𝛽

𝑙
− 𝑎𝛽
𝑙+1)𝜙

𝑚−𝑙) − 𝛼2
∑𝑚−1
𝑙=0 𝑎

𝛾

𝑙
𝜙𝑚−𝑙|]2

|(𝛼1 + 𝛼2)2 + (𝛼3)2| . (17)

For 𝑚 = 0, equation (17) becomes:

|𝜙1|2 = |𝛼1𝑏𝛽0𝜙0|2|(𝛼1 + 𝛼2)2 + (𝛼3)2| ≤ |𝜙0|2,
implies that

|𝜙1| ≤ |𝜙0|.
Suppose that it is true for |𝜙𝑚| ≤ |𝜙0|, it must be satisfied for |𝜙𝑚+1|. From (16), we have

(𝛼1 + 𝛼2 + 𝑖𝛼3)𝜙𝑚+1 = 𝛼1𝑎𝛽𝑚𝜙
0 + 𝛼1

𝑚−1∑
𝑙=0

(𝑎𝑙𝛽 − 𝑎𝛽
𝑙+1)𝜙

𝑚−𝑙 − 𝛼2
𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙
𝜙𝑚−𝑙 ,

≤ 𝛼1𝑎
𝛽
𝑚𝜙

0 + 𝛼1
∑𝑚−1
𝑙=0 (𝑎

𝛽

𝑙
− 𝑎𝛽
𝑙+1)𝜙

𝑚−𝑙

(𝛼1 + 𝛼2 + 𝑖𝛼3)
,

|𝜙𝑚+1| ≤ |𝛼1|𝑎𝛽𝑚|𝜙0|+ |𝛼1|∑𝑚−1𝑙=0 (𝑎
𝛽

𝑙
− 𝑎𝛽
𝑙+1)|𝜙𝑚−𝑙|√

(𝛼1 + 𝛼2)2 + (𝛼3)2
,

≤ |𝛼1|√
(𝛼1 + 𝛼2)2 + (𝛼3)2

[(𝑎𝛽0 − 𝑎
𝛽

1 ) + (𝑎𝛽1 − 𝑎
𝛽

2) + ...+ (𝑎𝛽
𝑚−1 − 𝑎

𝛽
𝑚
)]|𝜙0|,

≤ |𝜙0|.
Thus, for each 𝑚 ≥ 0, we obtain

|𝜙𝑚+1| ≤ |𝜙0|. (18)

From equations (15) and (18), we get

Φ𝑚+1 ≤Φ0, ∀𝑚 ≥ 0.

Hence, the proposed technique for solving FPIDE is stable without any condition. □

5. Convergence analysis

In this part of study, we shall discuss the convergence of new ExCuBS estimation. We recall a few useful lemmas and theorems 
for this reason.

Lemma 5.1. [36,48]. The ExCuBS basis set {𝐸∗
−1, 𝐸

∗
0 , ..., 𝐸

∗
𝐾̂+1

} defined in definition (4) holds the inequality

𝐾̂+1∑
𝑗=−1

|𝐸∗
𝑗
(𝑟, 𝜅)| ≤ 1.75, 0 ≤ 𝑟 ≤ 1.

Theorem 2. [49,50]. Suppose that 𝑊 (𝑟𝑗 , 𝑡) ∈ 𝐶4[𝑐, 𝑑], 𝑔 ∈ 𝐶2[𝑐, 𝑑] and {𝑟𝑗}𝑗∈𝑍 be the equidistance partition of [𝑐, 𝑑] with step size ℎ. There 
exists a constant 𝜃𝑖 free of ℎ if the distinctive spline 𝑊 (𝑟, 𝑡) that computes the ExCuBS solution, then, we get

‖𝐷𝑘̌(𝑤(𝑟, 𝑡) −𝑊 (𝑟, 𝑡))‖∞ ≤ 𝜃𝑘̌ℎ4−𝑘̌, 𝑘̌ = 0,1,2, 𝑡 ≥ 0.

Theorem 3. Let 𝑊 (𝑟, 𝑡) be the approximate solution and 𝑤(𝑟, 𝑡) be the analytical solution of the FPIDE (1)-(3) exists. Moreover, if 𝑔 ∈
𝐶2[0, 1], then we have

‖𝑤(𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞ ≤ 𝑆ℎ2,
7

where ℎ is sufficiently small for every 𝑡 ≥ 0 and 𝑆 > 0 is free of ℎ.
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Proof. Let 𝑊̂ (𝑟, 𝑡) be the computed spline to the estimated solution 𝑤(𝑟, 𝑡). By the use of triangular inequality, we get

‖𝑤(𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞ ≤ ‖𝑤(𝑟, 𝑡) − 𝑊̂ (𝑟, 𝑡)‖∞ + ‖𝑊̂ (𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞. (19)

By utilizing Theorem 2, we obtain

‖𝐷𝑘̌(𝑤(𝑟, 𝑡) −𝑊 (𝑟, 𝑡))‖∞ ≤ 𝜃𝑘̌ℎ4−𝑘̌, 𝑘̌ = 0,1,2. (20)

By using inequalities (19) and (20), the following expression is obtained:

‖𝑤(𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞ ≤ 𝜃0ℎ4 + ‖𝑊̂ (𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞. (21)

By choosing a constant 𝑠2 instead of 𝑤 in equation (10) to make linear to nonlinear term 𝑤𝑤𝑟, we obtain the following equation

𝑊 𝑚+1 + 𝑠𝑊 𝑚𝑊 𝑚+1
𝑟

− 𝑠𝑠1𝑎
𝛾

0𝑊
𝑚+1
𝑟𝑟

) = 𝑎𝛽
𝑚
𝑊 0 + 𝑠𝑊 𝑚𝑊 𝑚

𝑟
+
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)𝑊

𝑚−𝑙 + 𝑠𝑠1
𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙+1𝑊
𝑚−𝑙
𝑟𝑟

+ 𝑠𝐻𝑚+1.

The proposed scheme having collocation condition:

𝐿𝑤(𝑟𝑗 , 𝑡) =𝐿𝑊 (𝑟𝑗 , 𝑡) =𝐻(𝑟𝑗 , 𝑡), 𝑗 = 0,1, ..., 𝐾̂

Assume 𝐿𝑊 (𝑟𝑗 , 𝑡) = 𝐻̂(𝑟𝑗 , 𝑡). The difference expression “𝐿(𝑊̂ (𝑟𝑗 , 𝑡) −𝑊 (𝑟𝑗 , 𝑡)” of the current method at any time level 𝑚 can be 
described as:

(𝜌1𝜀𝑚+1𝑗−1 + 𝜌2𝜀𝑚+1𝑗
+ 𝜌1𝜀𝑚+1𝑗+1 ) + 𝑠𝑠2(−𝜌3𝜀

𝑚+1
𝑗−1 + 𝜌3𝜀𝑚+1𝑗+1 ) −

𝑠𝑠1
24ℎ2

((2 − 𝜅)𝜀𝑚+1
𝑗−2

+ 4(4 + 𝜅)𝜀𝑚+1
𝑗−1 − 6(6 + 𝜅)𝜀𝑚+1

𝑗
+ 4(4 + 𝜅)𝜀𝑚+1

𝑗+1 + (2 − 𝜅)𝜀𝑚+1
𝑗+2 )

= 𝑎𝛽
𝑚
(𝜌1𝜀0𝑗−1 + 𝜌2𝜀

0
𝑗
+ 𝜌1𝜀0𝑗+1) +

𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(𝜌1𝜀

𝑚−𝑙
𝑗−1 + 𝜌2𝜀

𝑚−𝑙
𝑗

+ 𝜌1𝜀𝑚−𝑙𝑗+1 )

+
𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑠
𝛾

𝑙+1((2 − 𝜅)𝜀
𝑚−𝑙
𝑗−2 + 4(4 + 𝜅)𝜀𝑚−𝑙

𝑗−1 − 6(6 + 𝜅)𝜀𝑚−𝑙
𝑗

+ 4(4 + 𝜅)𝜀𝑚−𝑙
𝑗+1

+ (2 − 𝜅)𝜀𝑚−𝑙
𝑗+2 ) + 𝑠[𝐻

𝑚+1 − 𝐻̂𝑚+1].

(22)

For 𝑗 = 0, 𝐾̂ , we can write the following relations respectively:

(𝜌1𝜀𝑚+1−1 + 𝜌2𝜀𝑚+10 + 𝜌1𝜀𝑚+11 ) + 𝑠𝑠2(−𝜌3𝜀𝑚+1−1 + 𝜌3𝜀𝑚+11 ) −
𝑠𝑠1
24ℎ2

(2(14 − 𝜅)𝜀𝑚+1−1

+ 3(3𝜅 − 22)𝜀𝑚+10 + 8(7 − 2𝜅)𝜀𝑚+11 + 14(𝜅 − 2)𝜀𝑚+12 + 6(2 − 𝜅)𝜀𝑚+13 + (𝜅 − 2)𝜀𝑚+14 )

= 𝑎𝛽
𝑚
(𝜌1𝜀0−1 + 𝜌2𝜀

0
0 + 𝜌1𝜀

0
1) +

𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(𝜌1𝜀

𝑚−𝑙
−1 + 𝜌2𝜀𝑚−𝑙0 + 𝜌1𝜀𝑚−𝑙1 )

+
𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑏
𝛾

𝑙+1(2(14 − 𝜅)𝜀
𝑚−𝑙
−1 + 3(3𝜅 − 22)𝜀𝑚−10 + 8(7 − 2𝜅)𝜀𝑚−11 + 14(𝜅 − 2)𝜀𝑚−12

+ 6(2 − 𝜅)𝜀𝑚−13 + (𝜅 − 2)𝜀𝑚−14 ) + 𝑠[𝐻𝑚+1 − 𝐻̂𝑚+1],

(23)

(𝜌1𝜀𝑚+1
𝐾̂−1

+ 𝜌2𝜀𝑚+1
𝐾̂

+ 𝜌1𝜀𝑚+1
𝐾̂+1

) + 𝑠𝑠2(−𝜌3𝜀𝑚+1
𝐾̂−1

+ 𝜌3𝜀𝑚+1
𝐾̂+1

) −
𝑠𝑠1
24ℎ2

((𝜅 − 2)𝜀𝑚+1
𝐾̂−4

+ 6(2 − 𝜅)𝜀𝑚+1
𝐾̂−3

+ 14(𝜅 − 2)𝜀𝑚+1
𝐾̂−2

+ 8(7 − 2𝜅)𝜀𝑚+1
𝐾̂−1

+ 3(3𝜅 − 22)𝜀𝑚+1
𝐾̂

+ 2(14 − 𝜅)𝜀𝑚+1
𝐾̂+1

) = 𝑎𝛽
𝑚
(𝜌1𝜀0𝐾̂−1 + 𝜌2𝜀

0
𝐾̂

+ 𝜌1𝜀0𝐾̂+1) +
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(𝜌1𝜀

𝑚−𝑙
𝐾̂−1

+ 𝜌2𝜀𝑚−𝑙𝐾̂ + 𝜌1𝜀𝑚−𝑙𝐾̂+1) +
𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0
𝑎
𝛾

𝑙+1((𝜅 − 2)𝜀𝑚−𝑙
𝐾̂−4

+ 6(2 − 𝜅)𝜀𝑚−𝑙
𝐾̂−3

+ 14(𝜅 − 2)𝜀𝑚−𝑙
𝐾̂−2

+ 8(7 − 2𝜅)𝜀𝑚−𝑙
𝐾̂−1

+ 3(3𝜅 − 22)𝜀𝑚−𝑙
𝐾̂

+ 2(14 − 𝜅)𝜀𝑚−𝑙
𝐾̂+1

)

+ 𝑠[𝐻𝑚+1 − 𝐻̂𝑚+1].

(24)

For 𝑗 = 0, 𝐾̂ , the following equations can be written by using BCs:

𝜌1𝜀
𝑚+1
−1 + 𝜌2𝜀𝑚+10 + 𝜌1𝜀𝑚+11 = 0,

𝜌1𝜀
𝑚+1
𝐾̂−1

+ 𝜌2𝜀𝑚+1
𝐾̂

+ 𝜌1𝜀𝑚+1
𝐾̂+1

= 0,

where,

𝜀𝑚
𝑗
= 𝜁𝑚
𝑗
− 𝜇𝑚
𝑗
, 𝑗 = −1 ∶ 1 ∶ 𝐾̂ + 1,
8

and
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Δ𝑚
𝑗
= ℎ2|𝐻𝑚

𝑗
− 𝐻̂𝑚

𝑗
| ≤ 𝜃ℎ4, 𝑗 = 0 ∶ 1 ∶ 𝐾̂. (25)

Assume that Δ𝑚 =max |Δ𝑚
𝑗
|; 0 ≤ 𝑗 ≤ 𝐾̂ , 𝜖𝑚

𝑗
= |𝜀𝑚

𝑗
| and 𝜖𝑚 =max |𝜀𝑚

𝑗
|; 0 ≤ 𝑗 ≤ 𝐾̂ .

By choosing 𝑚 = 0 in (22), we obtain

(𝜌1𝜀1𝑗−1 + 𝜌2𝜀
1
𝑗
+ 𝜌1𝜀1𝑗+1) + 𝑠𝑠2(−𝜌3𝜀

1
𝑗−1 + 𝜌3𝜀

1
𝑗+1) −

𝑠𝑠1
24ℎ2

((2 − 𝜅)𝜀1
𝑗−2

+ 4(4 + 𝜅)𝜀1
𝑗−1 − 6(6 + 𝜅)𝜀1

𝑗
+ 4(4 + 𝜅)𝜀1

𝑗+1 + (2 − 𝜅)𝜀1
𝑗+2)

= 𝑎𝛽0 (𝜌1𝜀
0
𝑗−1 + 𝜌2𝜀

0
𝑗
+ 𝜌1𝜀0𝑗+1) + 𝑠[𝐻

1 − 𝐻̂1], 𝑗 = 1 ∶ 1 ∶ 𝐾̂ − 1.

Now using equation (25), then taking absolute values of Δ1
𝑗
, 𝜀1
𝑗

and from IC, we get 𝜖0 = 0. After some simplification and substituting 
values of 𝜌′𝑠, the above relation can be written as:

𝜖1
𝑗
≤ 12𝑠𝜃ℎ4

4ℎ2 − 6𝑠𝑠1(6 + 𝜅)
, 𝑗 = 1 ∶ 1 ∶ 𝐾̂ − 1.

Substitute 𝑚 = 0 in (23) to get

(𝜌1𝜀1−1 + 𝜌2𝜀
1
0 + 𝜌1𝜀

1
1) + 𝑠𝑠2(−𝜌3𝜀

1
−1 + 𝜌3𝜀

1
1) −

𝑠𝑠1
24ℎ2

(2(14 − 𝜅)𝜀1−1 + 3(3𝜅 − 22)𝜀10 + 8(7 − 2𝜅)𝜀11
+ 14(𝜅 − 2)𝜀12 + 6(2 − 𝜅)𝜀13 + (𝜅 − 2)𝜀14) = 𝑎

𝛽
𝑚
(𝜌1𝜀0−1 + 𝜌2𝜀

0
0 + 𝜌1𝜀

0
1) + 𝑠[𝐻

1 − 𝐻̂1].

By taking absolute values of Δ1
0, 𝜀

1
0, from IC, 𝜖0 = 0 and then using values of 𝜌′𝑠, we get

𝜖10 ≤ 12𝑠𝜃ℎ4

4ℎ2 + 2𝑠𝑠1(𝜅 − 33)
.

Similarly, we can write for 𝑗 =𝑁 as:

𝜖1
𝐾̂
≤ 12𝑠𝜃ℎ4

4ℎ2 + 2𝑠𝑠1(𝜅 − 33)
.

By using BCs, we obtain

𝜖1−1 ≤ 𝜃ℎ2, 𝜖1𝐾̂+1 ≤ 𝜃ℎ2.
This gives,

𝜖1 ≤ 𝜃1ℎ2,
where 𝜃1 is free of ℎ.

By utilizing the induction technique, let 𝜖𝑞
𝑗

satisfy for 𝑙 = 0 ∶ 1 ∶ 𝐾̂ , and 𝑞 =max0≤𝑙≤𝑚 𝜃𝑙 , we have from (22)

[ 8 + 𝜅
12

+
6(6 + 𝜅)𝑠𝑠1

24ℎ2
]𝜀𝑚+1
𝑗

−
(2 − 𝜅)𝑠𝑠1

24ℎ2
(𝜀𝑚+1
𝑗−2 + 𝜀𝑚+1

𝑗+2 ) + ( 4 − 𝜅
24

−
𝑠𝑠2
2ℎ

−
4(4 + 𝜅)𝑠𝑠1

24ℎ2
)𝜀𝑚+1
𝑗−1

+ ( 4 − 𝜅
24

+
𝑠𝑠2
2ℎ

−
4(4 + 𝜅)𝑠𝑠1

24ℎ2
)𝜀𝑚+1
𝑗+1 =

𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)(

4 − 𝜅
24
𝜀𝑚−𝑙
𝑗−1 +

8 + 𝜅
12
𝜀𝑚−𝑙
𝑗

+ 4 − 𝜅
24
𝜀𝑚−𝑙
𝑗+1 )

+
𝑠𝑠1
24ℎ2

𝑚−1∑
𝑙=0

(𝑎𝛾
𝑙+1((2 − 𝜅)𝜀

𝑚−𝑙
𝑗−2 + 4(4 + 𝜅)𝜀𝑚−𝑙

𝑗−1 − 6(6 + 𝜅)𝜀𝑚−𝑙
𝑗

+ 4(4 + 𝜅)𝜀𝑚−𝑙
𝑗+1

+ (2 − 𝜅)𝜀𝑚−𝑙
𝑗+2 )) + 𝑠[𝐻

𝑚+1 − 𝐻̂𝑚+1].

By taking absolute values of Δ𝑚+1
𝑗

and 𝜀𝑚+1
𝑗

, we obtain

𝜖𝑚+1
𝑗

≤ 12ℎ2

4ℎ2 + 6𝑠𝑠1(6 + 𝜅)
(
𝑚−1∑
𝑙=0

(𝑎𝛽
𝑙
− 𝑎𝛽
𝑙+1)𝜃ℎ

2 + 𝑠𝜃𝑙ℎ2).

Similarly, by using BCs and equations (23) and (24), we get

𝜖𝑚+10 ≤ 𝜃ℎ2, 𝜖𝑚+1
𝐾̂

≤ 𝜃ℎ2,
𝜖𝑚+1−1 ≤ 𝜃ℎ2, 𝜖𝑚+1

𝐾̂+1
≤ 𝜃ℎ2.

Hence for each value of 𝑚, ∃ a constant 𝜃 independent of ℎ, therefore we have:

𝜖𝑚+1 ≤ 𝜃ℎ2. (26)
9

Now from (26) and Lemma 5.1, we get
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𝑊̂ (𝑟, 𝑡) −𝑊 (𝑟, 𝑡) =
𝐾̂+1∑
𝑗=−1

(𝜁𝑚
𝑗
− 𝜇𝑚
𝑗
)𝐸∗
𝑗
(𝑟, 𝜅).

Therefore,

‖𝑊̂ (𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞ ≤ 1.75𝜃ℎ2.

Hence from above inequality and relation (21):

‖𝑤(𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞ ≤ 𝜃0ℎ4 + ‖𝑊̂ (𝑟, 𝑡) −𝑊 (𝑟, 𝑡)‖∞,
≤ 𝜃0ℎ4 + 1.75𝜃ℎ2 =𝐷ℎ2,

where 𝐷 = 𝜃0ℎ2 + 1.75𝜃. Hence ∃ a constant 𝐷 free of ℎ. □

6. Numerical experiments

To show the reliability of ExCuBS estimation for solving non-linear FPIDEs, two examples are demonstrated in this section. The 
computed outcomes are compared with [30]. The maximum error 𝐿∞ and relative error 𝐿2 are defined by:

𝐿∞ = max
0≤𝑗≤𝐾̂ ∣𝑤(𝑟𝑗 , 𝑡) −𝑊 (𝑟𝑗 , 𝑡) ∣,

and

𝐿2 =

√√√√√ 𝐾̂∑
𝑗=0

∣𝑤(𝑟𝑗 , 𝑡) −𝑊 (𝑟𝑗 , 𝑡)) ∣2,

where 𝑤(𝑟, 𝑡) and 𝑊 (𝑟, 𝑡) are exact and approximate solutions respectively.

To calculate order of convergence the following formula can be used [52]:

𝑂̆ =
𝑙𝑜𝑔(𝐿∞(𝐾̂)) − 𝑙𝑜𝑔(𝐿∞(𝐾̂ + 1))

𝑙𝑜𝑔(𝐾̂ + 1) − 𝑙𝑜𝑔(𝐾̂)
,

where 𝐿∞(𝐾̂) is the maximum errors at 𝐾̂ and 𝐿∞(𝐾̂ + 1) is the maximum errors at 𝐾̂ + 1.

Example 6.1. The true problem given in equations (1)-(3) can be taken as:

𝐶
0 𝐷
𝛽

𝑡
𝑤(𝑟, 𝑡) +𝑤𝑤𝑟 =

𝑡

∫
0

(𝑡− 𝜉)𝛾−1𝑤𝑟𝑟(𝑟, 𝜉)𝑑𝜉 +𝐻(𝑟, 𝑡),

with IC:

𝑤(𝑟,0) = 𝑟2(1 − 𝑟)2,

where source term 𝐻(𝑟, 𝑡) is given as:

𝐻(𝑟, 𝑡) =
Γ( 72 )

Γ( 72 − 𝛽)
𝑡
5
2 −𝛽𝑟2(1 − 𝑟)2 − 2( 1

𝛾
𝑡𝛾 +

Γ( 72 )Γ(𝛾)

Γ( 72 + 𝛾)
𝑡
5
2 +𝛾 )(1 − 6𝑟+ 6𝑟2) + 2(1 + 𝑡 5

2
)2(1 − 2𝑟)𝑟3(1 − 𝑟)3,

and exact solution is 𝑤(𝑟, 𝑡) = (1 + 𝑡
5
2 )𝑟2(1 − 𝑟)2.

Table 1 represents the relative errors 𝐿2 and absolute errors 𝐿∞ computed by proposed scheme when 𝛽 = 1
4 , 

1
2 , 𝛾 = 1.5 × 10−1 at 

different values of 𝜏∗. The comparison of the error norms 𝐿2, 𝐿∞ and convergence order with the results obtained by [30] is shown 
in Table 2 at various values of ℎ. Absolute errors when 𝛾 = 1.5 × 10−1 at 𝑇 = 1 for various 𝛽 are tabulated in Table 3. In Fig. 1, we 
show the comparison of analytical and approximate solution for 𝛽 = 1

2 , 𝛾 = 0.01, 𝐾̂ = 50 and 𝑀 = 100 at 𝑇 = 1. Fig. 2 illustrates the 
error graph at 𝛽 = 3

4 , 𝛾 = 0.15 and 𝐾̂ =𝑀 = 100. Fig. 3(a) and Fig. 3(b) present the 3D plot for exact and approximate solutions 
when 𝛽 = 1

2 , 𝛾 = 0.05, respectively. Fig. 4 shows the comparison of absolute errors for different values of 𝛽. Graphs illustrate the 
compatibility of analytical and computed solution. The advantage of proposed method is to provide a piecewise numerical solution 
10

at time 𝑡 = 1 when other parameters are 𝛽 = 3
4 , 𝛾 = 0.15, 𝐾̂ = 20 and 𝑀 = 100.
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Table 1

The 𝐿∞ , 𝐿2 errors when 𝛾 = 1.5 × 10−1 , ℎ = 1
1024

at T=1 for Example 6.1.

ExCuBS [30] Proposed method

𝛽 𝜏∗ 𝐿2 𝐿∞ 𝑂̆ 𝐿2 𝐿∞ 𝑂̆

1∕4 1∕4 1.02331 × 10−4 5.06194 × 10−3 ... 2.11407 × 10−5 9.56916 × 10−4 ...

1∕4 1∕8 3.19340 × 10−5 1.50753 × 10−3 1.74750 6.25900 × 10−6 2.83664 × 10−4 1.75421
1∕4 1∕16 8.54200 × 10−6 4.45685 × 10−4 1.75809 1.86431 × 10−6 8.32160 × 10−5 1.76931
1∕4 1∕32 1.88200 × 10−6 1.33631 × 10−4 1.73777 5.46132 × 10−7 8.32512 × 10−5 1.76864

1∕2 1∕4 1.02183 × 10−4 5.05510 × 10−3 ... 2.11253 × 10−5 8.13588 × 10−4 ...

1∕2 1∕8 3.19760 × 10−5 1.51014 × 10−3 1.74750 6.26233 × 10−6 2.40874 × 10−4 1.75602
1∕2 1∕16 8.17800 × 10−6 4.55650 × 10−4 1.72618 1.83705 × 10−6 7.17469 × 10−5 1.74729
1∕2 1∕32 1.95500 × 10−6 1.34910 × 10−4 1.75595 5.39147 × 10−7 2.10176 × 10−5 1.77132

Table 2

The 𝐿∞ , 𝐿2 errors of Example 6.1, when 𝛾 = 15 × 10−2 , 𝜏∗ = 1
1000

, at 𝑇 = 1.

ExCuBS [30] Proposed method

𝛽 ℎ 𝐿2 𝐿∞ 𝑂̆ 𝐿2 𝐿∞ 𝑂̆

1∕2 1∕4 1.82237 × 10−2 5.49348 × 10−2 ... 3.07180 × 10−5 1.07972 × 10−4 ...

1∕2 1∕8 3.45180 × 10−3 1.36426 × 10−2 2.00960 6.90725 × 10−6 2.42786 × 10−5 2.1529

1∕2 1∕16 7.83400 × 10−4 3.31250 × 10−3 2.04213 1.51007 × 10−6 5.30780 × 10−6 2.1935

1∕2 1∕32 2.50500 × 10−5 8.01640 × 10−4 2.04690 3.23158 × 10−7 1.13588 × 10−6 2.2243

𝑤(𝑟,1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

4.647 × 10−16 + 7.229 × 10−5𝑟+ 1.983𝑟2 − 3.608𝑟3 − 1.704𝑟4, 𝑟 ∈
[
0, 1

20

]
−8.224 × 10−5 + 0.00493𝑟+ 1.889𝑟2 − 3.031𝑟3 − 1.166𝑟4, 𝑟 ∈

[
1
20 ,

1
10

]
−6.175 × 10−4 + 0.0205𝑟+ 1.743𝑟2 − 2.639𝑟3 − 0.687𝑟4, 𝑟 ∈

[
1
10 ,

3
20

]
−0.002 + 0.048𝑟+ 1.577𝑟2 − 2.397𝑟3 − 0.269𝑟4, 𝑟 ∈

[
3
20 ,

1
5

]
−0.004 + 0.086𝑟+ 1.414𝑟2 − 2.268𝑟3 + 0.089𝑟4, 𝑟 ∈

[
1
5 ,

1
4

]
−0.009 + 0.133𝑟+ 1.263𝑟2 − 2.217𝑟3 + 0.388𝑟4, 𝑟 ∈

[
1
4 ,

3
10

]
−0.015 + 0.187𝑟+ 1.126𝑟2 − 2.208𝑟3 + 0.628𝑟4, 𝑟 ∈

[
3
10 ,

7
20

]
−0.023 + 0.250𝑟+ 0.991𝑟2 − 2.205𝑟3 + 0.807𝑟4, 𝑟 ∈

[
7
20 ,

2
5

]
−0.034 + 0.327𝑟+ 0.837𝑟2 − 2.173𝑟3 + 0.927𝑟4, 𝑟 ∈

[
2
5 ,

9
20

]
−0.051 + 0.430𝑟+ 0.631𝑟2 − 2.074𝑟3 + 0.987𝑟4, 𝑟 ∈

[
9
20 ,

1
2

]
−0.076 + 0.581𝑟+ 0.330𝑟2 − 1.873𝑟3 + 0.987𝑟4, 𝑟 ∈

[
1
2 ,

11
20

]
−0.115 + 0.808𝑟− 0.118𝑟2 − 1.535𝑟3 + 0.927𝑟4, 𝑟 ∈

[
11
20 ,

3
5

]
−0.179 + 1.153𝑟− 0.780𝑟2 − 1.024𝑟3 + 0.807𝑟4, 𝑟 ∈

[
3
5 ,

13
20

]
−0.281 + 1.673𝑟− 1.731𝑟2 − 0.303𝑟3 + 0.628𝑟4, 𝑟 ∈

[
13
20 ,

7
10

]
−0.440 + 2.436𝑟− 3.056𝑟2 + 0.662𝑟3 + 0.388𝑟4, 𝑟 ∈

[
7
10 ,

3
4

]
−0.682 + 3.531𝑟− 4.853𝑟2 + 1.909𝑟3 + 0.089𝑟4, 𝑟 ∈

[
3
4 ,

4
5

]
−1.042 + 5.065𝑟− 7.229𝑟2 + 3.473𝑟3 − 0.269𝑟4, 𝑟 ∈

[
4
5 ,

17
20

]
−1.564 + 7.163𝑟− 10.302𝑟2 + 5.390𝑟3 − 0.687𝑟4, 𝑟 ∈

[
17
20 ,

9
10

]
−2.303 + 9.976𝑟− 14.203𝑟2 + 7.696𝑟3 − 1.166𝑟4, 𝑟 ∈

[
9
10 ,

19
20

]
−3.329 + 13.676𝑟− 19.070𝑟2 + 10.427𝑟3 − 1.704𝑟4, 𝑟 ∈

[
19
20 ,1

]

11
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Table 3

Absolute errors for Example 6.1 when 𝛾 = 0.15, at different values of 𝑟 and 𝛽.

𝑟∕𝛽 1
4

1
2

3
4

19
20

1∕10 4.51176 × 10−5 4.44825 × 10−5 4.34865 × 10−5 4.10961 × 10−5

2∕10 1.47802 × 10−4 1.46566 × 10−4 1.44627 × 10−4 1.39971 × 10−4

3∕10 2.57386 × 10−4 2.55647 × 10−4 2.52917 × 10−4 2.46362 × 10−4

4∕10 3.37822 × 10−4 3.35747 × 10−4 3.32487 × 10−4 3.24657 × 10−4

5∕10 3.67407 × 10−4 3.65211 × 10−4 3.61763 × 10−4 3.53478 × 10−4

6∕10 3.38715 × 10−4 3.36634 × 10−4 3.33368 × 10−4 3.25520 × 10−4

7∕10 2.58720 × 10−4 2.56974 × 10−4 2.54234 × 10−4 2.47650 × 10−4

8∕10 1.48983 × 10−4 1.47740 × 10−4 1.45790 × 10−4 1.41108 × 10−4

9∕10 4.57573 × 10−5 4.51182 × 10−5 4.41164 × 10−5 4.17108 × 10−5

Fig. 1. Comparability of analytic and approximate solution when 𝛽 = 1
2

and 𝛾 = 0.01 for Example 6.1.

Fig. 2. Absolute errors graph when 𝛽 = 3
4

and 𝛾 = 0.15 for Example 6.1.

Example 6.2. Consider the non-linear FPIDE with initial condition

𝑤(𝑟,0) = sin(𝜋𝑟),

and the source term 𝐻(𝑟, 𝑡) is:

𝐻(𝑟, 𝑡) = 𝜋(𝜋
𝛾
− 4𝑡3 cos(2𝜋𝑟)) sin(𝜋𝑟) + (𝜋

2
− 12

Γ(4 − 𝛽)
𝑡3−𝛽 − 2𝜋𝑡3 cos(𝜋𝑟) − 48𝜋2Γ(𝛾)

Γ(𝛾 + 4)
𝑡3+𝛾 ) sin(2𝜋𝑟)

+ (8𝜋𝑡6 cos(2𝜋𝑟)) sin(2𝜋𝑟).

The 𝑤(𝑟, 𝑡) = sin(𝜋𝑟) − 2𝑡3 sin(2𝜋𝑟) is true solution of proposed problem.

In Table 4, we show the comparison of 𝐿2 calculated by proposed method with 𝐿2 [30] for 𝛾 = 0.15, 𝛽 = 1
2 , 𝜏∗ = 10−3 at various 
12

values of ℎ. The absolute errors for various values of 𝛽, 𝛾 = 0.05, ℎ = 𝜏∗ = 10−2 at different values of 𝑟 are tabulated in Table 5. 
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Fig. 3. Comparison of 3D analytical and approximate solution when 𝛽 = 1
2

and 𝛾 = 0.05 for Example 6.1.

Fig. 4. Comparability of absolute errors for Example 6.1 at different values of 𝛽.

Fig. 5. Comparability of exact and estimated solution at 𝛽 = 1
2

and 𝛾 = 0.01 for Example 6.2.

Fig. 5 presents the comparability of exact and estimated solution for 𝛽 = 1
2 , 𝛾 = 0.01, 𝐾̂ = 70 and 𝑀 = 100 at 𝑇 = 1. Fig. 6 depicts the 

absolute error graph at 𝛽 = 3
4 , 𝛾 = 0.05 and 𝐾̂ =𝑀 = 100. Fig. 7(a) and Fig. 7(b) depict the 3D plot for exact and numerical solutions 

at 𝛽 = 1
2 , 𝛾 = 0.15, respectively. Fig. 8 reflects the comparability of absolute errors for some values of 𝛽. The advantage of proposed 
13

method is to provide a piecewise numerical solution at time 𝑡 = 1 when other parameters are 𝛽 = 0.95, 𝛾 = 0.15, 𝐾̂ = 20 and 𝑀 = 100.
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Fig. 6. Error graph of Example 6.2 when 𝛾 = 5 × 10−2 .

Fig. 7. Comparison of 3D analytical and approximate solution when 𝛽 = 1
2

and 𝛾 = 0.15 for Example 6.2.
14

Fig. 8. Comparability of absolute errors at different values of 𝛽′𝑠 for Example 6.2.
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Table 4

The 𝐿2 errors when 𝛾 = 0.15, 𝜏∗ = 1
1000

, at 𝑇 = 1 for Example 6.2.

ExCuBS [30] Proposed method

𝛽 ℎ 𝐿2 𝑂̆ 𝐿2 𝑂̆

1∕2 1∕4 2.219332 × 10−1 ... 6.78870 × 10−2 ...

1∕2 1∕8 4.56438 × 10−2 1.489999 9.92961 × 10−3 2.77333

1∕2 1∕16 5.87520 × 10−3 1.495493 1.77884 × 10−3 2.48080

1∕2 1∕32 6.88600 × 10−4 1.497291 3.08178 × 10−4 2.52910

𝑤(𝑟,1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2.722 × 10−14 − 9.344𝑟+ 0.006𝑟2 + 114.435𝑟3 − 572.643𝑟4, 𝑟 ∈
[
0, 1

20

]
−0.033 − 7.172𝑟− 48.860𝑟2 + 548.753𝑟3 − 1657.974𝑟4, 𝑟 ∈

[
1
20 ,

1
10

]
−0.537 + 8.848𝑟− 227.383𝑟2 + 1326.932𝑟3 − 2573.486𝑟4, 𝑟 ∈

[
1
10 ,

3
20

]
−2.771 + 55.719𝑟− 569.115𝑟2 + 2281.388𝑟3 − 3223.658𝑟4, 𝑟 ∈

[
3
20 ,

1
5

]
−8.543 + 144.829𝑟− 1039.952𝑟2 + 3192.551𝑟3 − 3539.745𝑟4, 𝑟 ∈

[
1
5 ,

1
4

]
−19.014 + 269.646𝑟− 1532.493𝑟2 + 3822.368𝑟3 − 3485.936𝑟4, 𝑟 ∈

[
1
4 ,

3
10

]
−32.788 + 395.969𝑟− 1877.476𝑟2 + 3952.034𝑟3 − 3063.190𝑟4, 𝑟 ∈

[
3
10 ,

7
20

]
−43.860 + 458.553𝑟− 1871.593𝑟2 + 3418.736𝑟3 − 2309.338𝑟4, 𝑟 ∈

[
7
20 ,

2
5

]
−40.285 + 366.854𝑟− 1317.930𝑟2 + 2146.312𝑟3 − 1295.540𝑟4, 𝑟 ∈

[
2
5 ,

9
20

]
−4.457 + 20.827𝑟− 72.643𝑟2 + 165.347𝑟3 − 119.397𝑟4, 𝑟 ∈

[
9
20 ,

1
2

]
84.280 − 664.603𝑟+ 1910.219𝑟2 − 2380.562𝑟3 + 1104.604𝑟4, 𝑟 ∈

[
1
2 ,

11
20

]
244.491 − 1730.102𝑟+ 4544.298𝑟2 − 5243.900𝑟3 + 2256.356𝑟4, 𝑟 ∈

[
11
20 ,

3
5

]
485.377 − 3143.108𝑟+ 7594.563𝑟2 − 8097.250𝑟3 + 3221.987𝑟4, 𝑟 ∈

[
3
5 ,

13
20

]
798.586 − 4776.296𝑟+ 10684.408𝑟2 − 10569.860𝑟3 + 3905.121𝑟4, 𝑟 ∈

[
13
20 ,

7
10

]
1150.885 − 6399.774𝑟+ 13328.315𝑟2 − 12292.651𝑟3 + 4236.398𝑟4, 𝑟 ∈

[
7
10 ,

3
4

]
1479.866 − 7692.040𝑟+ 14988.240𝑟2 − 12946.268𝑟3 + 4180.313𝑟4, 𝑟 ∈

[
3
4 ,

4
5

]
1694.828 − 8272.036𝑟+ 15147.957𝑟2 − 12306.220𝑟3 + 3738.690𝑟4, 𝑟 ∈

[
4
5 ,

17
20

]
1684.411 − 7751.212𝑟+ 13396.264𝑟2 − 10279.329𝑟3 + 2950.483𝑟4, 𝑟 ∈

[
17
20 ,

9
10

]
1331.519 − 5800.243𝑟+ 9507.052𝑟2 − 6926.138𝑟3 + 1887.848𝑟4, 𝑟 ∈

[
9
10 ,

19
20

]
535.631 − 2225.515𝑟+ 3509.658𝑟2 − 2469.660𝑟3 + 649.886𝑟4, 𝑟 ∈

[
19
20 ,1

]

Example 6.3. Consider the non-linear FPIDE with initial condition

𝑤(𝑟,0) = sin(𝜋𝑟),

and the source term 𝐻(𝑟, 𝑡) is:

𝐻(𝑟, 𝑡) = 𝑒−𝑡𝑡2−𝛽 sin𝜋𝑟
(2 − 𝛽)Γ(2 − 𝛽)

− 𝜋𝑒−2𝑡 cos𝜋𝑟 sin𝜋𝑟+ 𝑒
−𝑡𝜋2𝑡𝛾 sin𝜋𝑟

𝛾
.

In Table 6, the approximate solutions for various values of 𝛽, 𝛾 = 0.15, ℎ = 𝜏∗ = 10−2 at different values of 𝑟 are tabulated. Fig. 9

illustrates the 2D plot for approximate solutions at 𝛽 = 1
2 , 𝛾 = 0.15, 𝐾̂ =𝑀 = 100 at different time levels. Fig. 10 depicts the 3D plot 

for approximate solutions at 𝛽 = 1
2 , 𝛾 = 0.15, 𝐾̂ =𝑀 = 100 at 𝑇 = 1. The advantage of proposed method is to provide a piecewise 
15

numerical solution at time 𝑡 = 1 when other parameters are 𝛽 = 0.75, 𝛾 = 0.001, 𝐾̂ = 20 and 𝑀 = 100.
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Table 5

Absolute errors when 𝛾 = 1
20

at several values of 𝑟 for Example 6.2.

𝑟∕𝛽 1
4

1
2

3
4

19
20

1∕10 4.05749 × 10−3 4.0548 × 10−3 4.04501 × 10−3 4.01895 × 10−3

2∕10 6.25693 × 10−3 6.57856 × 10−3 6.56279 × 10−3 6.52064 × 10−3

3∕10 6.65962 × 10−3 6.6559 × 10−3 6.64023 × 10−3 6.5979 × 10−3

4∕10 4.31883 × 10−3 4.31739 × 10−3 4.30779 × 10−3 4.28096 × 10−3

5∕10 4.78866 × 10−4 4.80757 × 10−4 4.80867 × 10−4 4.79205 × 10−4

6∕10 3.4167 × 10−3 3.41164 × 10−3 3.4018 × 10−3 3.37805 × 10−3

7∕10 5.91187 × 10−3 5.90503 × 10−3 5.88908 × 10−3 5.84919 × 10−3

8∕10 6.05741 × 10−3 6.05093 × 10−3 6.03489 × 10−3 5.99435 × 10−3

9∕10 3.78909 × 10−3 3.78516 × 10−3 3.7752 × 10−3 3.74991 × 10−3

Fig. 9. 2D approximate solution at 𝛽 = 1
2

and 𝛾 = 0.15 for Example 6.3.

Fig. 10. 3D approximate solution at 𝛽 = 1
2

and 𝛾 = 0.15 for Example 6.3.

Table 6

Approximate solutions when 𝛾 = 15 × 10−2 at different values of 𝑟 for Example 6.3.

𝑟∕𝛽 1
4

1
2

3
4

19
20

1∕10 9.75272 × 10−2 9.73826 × 10−2 9.69077 × 10−2 9.62702 × 10−2

2∕10 1.885474 × 10−1 1.85197 × 10−1 1.84292 × 10−1 1.83077 × 10−1

3∕10 2.55209 × 10−1 2.54826 × 10−1 2.53575 × 10−1 2.51898 × 10−1

4∕10 2.99907 × 10−1 2.99452 × 10−1 2.97976 × 10−1 2.95998 × 10−1

5∕10 3.15213 × 10−1 3.14731 × 10−1 3.1317 × 10−1 3.11082 × 10−1

6∕10 2.99664 × 10−1 2.99201 × 10−1 2.97709 × 10−1 2.95716 × 10−1

7∕10 2.54816 × 10−1 2.54418 × 10−1 2.53144 × 10−1 2.51442 × 10−1

8∕10 1.8508 × 10−1 1.8479 × 10−1 1.83861 × 10−1 1.82621 × 10−1

9∕10 9.72843 × 10−2 9.71307 × 10−2 9.66411 × 10−2 9.59881 × 10−2
16



Heliyon 9 (2023) e19307M. Abbas, S. Aslam, F.A. Abdullah et al.

𝑤(𝑟,1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1.101 × 10−15 + 1.154𝑟− 0.00001𝑟2 − 1.894𝑟3 − 0.014𝑟4, 𝑟 ∈
[
0, 1

20

]
−0.000006 + 1.1549𝑟− 0.0082𝑟2 − 1.836𝑟3 − 0.042𝑟4, 𝑟 ∈

[
1
20 ,

1
10

]
−0.0001 + 1.1581𝑟− 0.040𝑟2 − 1.722𝑟3 − 0.069𝑟4, 𝑟 ∈

[
1
10 ,

3
20

]
−0.0006 + 1.168𝑟− 0.1126𝑟2 − 1.555𝑟3 − 0.094𝑟4, 𝑟 ∈

[
3
20 ,

1
5

]
−0.002 + 1.193𝑟− 0.236𝑟2 − 1.340𝑟3 − 0.117𝑟4, 𝑟 ∈

[
1
5 ,

1
4

]
−0.006 + 1.238𝑟− 0.421𝑟2 − 1.083𝑟3 − 0.137𝑟4, 𝑟 ∈

[
1
4 ,

3
10

]
−0.013 + 1.313𝑟− 0.673𝑟2 − 0.792𝑟3 − 0.154𝑟4, 𝑟 ∈

[
3
10 ,

7
20

]
−0.026 + 1.425𝑟− 0.996𝑟2 − 0.476𝑟3 − 0.167𝑟4, 𝑟 ∈

[
7
20 ,

2
5

]
−0.047 + 1.580𝑟− 1.386𝑟2 − 0.144𝑟3 − 0.176𝑟4, 𝑟 ∈

[
2
5 ,

9
20

]
−0.077 + 1.782𝑟− 1.837𝑟2 + 0.193𝑟3 − 0.180𝑟4, 𝑟 ∈

[
9
20 ,

1
2

]
−0.119 + 2.033𝑟− 2.339𝑟2 + 0.528𝑟3 − 0.180𝑟4, 𝑟 ∈

[
1
2 ,

11
20

]
−0.173 + 2.330𝑟− 2.8766𝑟2 + 0.849𝑟3 − 0.176𝑟4, 𝑟 ∈

[
11
20 ,

3
5

]
−0.241 + 2.666𝑟− 3.430𝑟2 + 1.146𝑟3 − 0.167𝑟4, 𝑟 ∈

[
3
5 ,

13
20

]
−0.320 + 3.029𝑟− 3.978𝑟2 + 1.410𝑟3 − 0.154𝑟4, 𝑟 ∈

[
13
20 ,

7
10

]
−0.409 + 3.404𝑟− 4.497𝑟2 + 1.634𝑟3 − 0.137𝑟4, 𝑟 ∈

[
7
10 ,

3
4

]
−0.503 + 3.770𝑟− 4.962𝑟2 + 1.810𝑟3 − 0.117𝑟4, 𝑟 ∈

[
3
4 ,

4
5

]
−0.594 + 4.100𝑟− 5.345𝑟2 + 1.933𝑟3 − 0.094𝑟4, 𝑟 ∈

[
4
5 ,

17
20

]
−0.674 + 4.367𝑟− 5.623𝑟2 + 1.999𝑟3 − 0.069𝑟4, 𝑟 ∈

[
17
20 ,

9
10

]
−0.731 + 4.539𝑟− 5.771𝑟2 + 2.005𝑟3 − 0.042𝑟4, 𝑟 ∈

[
9
10 ,

19
20

]
−0.753 + 4.584𝑟− 5.767𝑟2 + 1.951𝑟3 − 0.014𝑟4, 𝑟 ∈

[
19
20 ,1

]

7. Conclusion

In this study, the ExCuBS has been used to find the numerical solution of non-linear FPIDEs. The CFD approximation based on 
finite difference and ExCuBS approach have been utilized to discretize time and spatial derivatives, respectively. This novel scheme 
has been equipped with new approximation of second order derivative of ExCuBS. The proposed technique has been tested by 
some numerical experiments. Also, the stability and convergence analysis of the proposed method have been analyzed. This novel 
approach has presented more accurate results than the numerical techniques found in existing literature due to its new approximation 
for second derivative of basis functions. In future, we can use Caputo-Fabrizio and Atangana-Baleanu fractional order derivative along 
with new approximation for higher order derivatives to get more accurate results.
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