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Dependency of active pressure
and equation of state on stiffness
of wall

Emad Pirhadi?, Xiang Cheng? & Xin Yong***

Autonomous motion and motility are hallmarks of active matter. Active agents, such as biological cells
and synthetic colloidal particles, consume internal energy or extract energy from the environment

to generate self-propulsion and locomotion. These systems are persistently out of equilibrium due to
continuous energy consumption. It is known that pressure is not always a state function for generic
active matter. Torque interaction between active constituents and confinement renders the pressure
of the system a boundary-dependent property. The mechanical pressure of anisotropic active particles
depends on their microscopic interactions with a solid wall. Using self-propelled dumbbells confined
by solid walls as a model system, we perform numerical simulations to explore how variations in the
wall stiffness influence the mechanical pressure of dry active matter. In contrast to previous findings,
we find that mechanical pressure can be independent of the interaction of anisotropic active particles
with walls, even in the presence of intrinsic torque interaction. Particularly, the dependency of
pressure on the wall stiffness vanishes when the stiffness is above a critical level. In such a limit, the
dynamics of dumbbells near the walls are randomized due to the large torque experienced by the
dumbbells, leading to the recovery of pressure as a state variable of density.

Active matter broadly refers to nonequilibrium biological or synthetic systems of motile constituents, which con-
stantly convert chemical energy from internal or surroundings to kinetic energy and exhibit persistent directional
motion'~. The interaction between self-propelled active particles and system boundaries leads to an important
system property termed as active pressure*?, i.e., the counterpart to mechanical pressure in equilibrium systems.
Active pressure can be a key driving force for membrane deformation®'?, which promotes host cell invasion by
pathogenic bacteria into the host. It may also contribute to the expansion and migration of bacterial colonies
and growing tissues''™' for nutrients'>'®. In essence, the survival of numerous active living systems relies on
active pressure. Moreover, active pressure underpins some remarkable applications of active matter'’, including
microscopic ratchet motors'® and gears'.

Despite its importance, our understanding of active pressure and its relation to nonequilibrium thermody-
namics remains incomplete. By controlling particle distribution throughout the system, activity influences the
local density near the wall and ultimately the mechanical pressure?. Using the effective potential approximation,
it has been shown that active pressure calculated from mechanical, virial, and thermodynamic routes do not
necessarily match?!. Thus, in contrast to passive systems in thermodynamic equilibrium, pressure is not well
defined due to the lack of detailed balance in active matter>?. The pioneering theoretical work of Takatori, Yan,
and Brady investigated the pressure of self-propelled spherical particles and obtained an equation of state (EOS)
for this active system*®**, which has then been confirmed by various studies**-*%. Nevertheless, Solon et al. showed
that the EOS is only valid for specific systems of spherical particles without torque interactions with confinement
or boundaries®. The existence of an EOS for active particles has also been questioned in Ref.?. These results
indicated that active pressure is controlled by boundary effects, and information about the microscopic interac-
tion between particles and the confining walls is crucial. Fily et al. further demonstrated that the mechanical
pressure on a wall is a function of the wall stiffness for anisotropic particles that experience torque from the wall®.

Experimentally, recent studies of active pressure using acoustic trap and membrane barometer showed that
active pressure sensitively depends on the acoustic trap stiffness and the effective elasticity of membrane®2.
The effective interactions between passive particles in an active bath measured by optic tweezers also exhibited
a dependence on the trap stiffness®. These results provide evidence that pressure of active anisotropic particles
is a function of wall stiffness in real physical systems. Yet, the microscopic origin of this dependency is still
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Figure 1. Schematic of simulation box confined by two fixed walls in the x direction with a mobile wall
separating dumbbells into two compartments. Dumbbell geometry is depicted in the right inset. The left inset
shows a schematic diagram of the mobile wall interaction zone and the instantaneous penetration depth of
dumbbell beads.

poorly explored. It is also an open question whether the stiffness dependence still applies in the limit of high wall
stiffness. As mechanical pressure results from the collision of particles with a wall, a fundamental understand-
ing of how wall stiffness affects the near-wall dynamics of active particles and modulates the transferred linear
momentum is critical for elucidating the origin of active pressure®->¢.

This work explores the impact of stiffness variation on the mechanical pressure of a dry, underdamped sys-
tem of self-propelled dumbbells, which possess intrinsic torque interaction with walls. We find that although
pressure depends on wall stiffness for soft boundaries, this dependency vanishes as stiffness reaches high values.
Through a systematic variation of the particle number density and the wall stiffness, we demonstrate that pres-
sure follows the prediction of an EOS at high stiffnesses, even for anisotropic particles. The microscopic origin
of the recovery of the EOS is further explored based on single collision events, which reveal the profound effect
of single particle dynamics on the momentum transfer and the particle density near the wall. Finally, we develop
a simple model to analyze an anomalous reentrant collision behavior observed for highly stiff walls and discuss
the correlation between the reentrant interaction of an individual dumbbell and the non-monotonic variation
of pressure with the wall stiftness. As such, our results shed light onto the unusual features of active pressure and
pave the way for manipulating the pressure of active systems in various engineering applications.

Methods

We model a two-dimensional dry active system of self-propelled dumbbells to probe their active pressure. The
dumbbell geometry is selected to introduce shape anisotropy typically possessed by biological microswimmers
and synthetic active particles®’~*. Inspired by previous studies***¢, a rectangular simulation box is separated by
a mobile wall into two compartments in the x direction with an equal number of dumbbells in each compartment
(see Fig. 1). Each dumbbell is modeled as a rigid body composed of two point particles (referred to as beads
below) of mass m;, constrained at a distance of b, as shown in Fig. 1. The constituent beads i and j of different
dumbbellsatr; = (x;, y;)andr; = (x;/, yj) interact with each other through a pairwise Weeks-Chandler-Anderson
(WCA) potential, Ul.fv = 4¢ [(cr/r,-j)1 - (a/r,-j)(’] + eforrj = |r; — 1j| < r., where the cutoff radius is .= 215,
This repulsive potential imposes excluded volume interactions between dumbbell beads with € and r, quantifying
the interaction strength and the effective diameter of the bead, respectively. Thus, the values of b; and r, determine
the effective aspect ratio of the dumbbell. Although a physical swimmer is force-free and torque-free, activity of
dumbbell is imparted by applying a propulsion force*' to each individual bead Ff = fy€p. f, is a propulsion
constant and the direction €, = (r;, — r;)/|(ry — r;)| pointing from the tail bead to the head bead, where rj and
r; are the respective positions of the head and tail beads. The effective swimming velocity of the isolated dumbbell
can thus be calculated through the overdamped Langevin equation in the absence of interparticle interactions,
given by vo = vpe),. The swimming speed is vy = f;,/y} with y;, being the friction coefficient with the background
medium (e.g., substrate).

The mobile wall spans the entire y dimension of the box and has a mass of m,,. It applies a soft-core repulsion
to a nearby dumbbell bead i, expressed as UZ-MW = kpr(rp — em)>. Here, rp = |x; — x| is the normal distance
between the bead and the wall with x,, being the instantaneous wall position. e,, represents the range of repulsion
and can be considered as the effective thickness of the wall*. The strengths of repulsion between the mobile wall
and the dumbbells in the left and right compartments can be independently controlled by k7 and kg, respectively.
The repulsion parameters thus quantify the stiffness of the wall. The motion of the mobile wall is driven by the
interactions with dumbbells on both sides of the wall but is also subjected to the background friction. The simula-
tion box is confined in the x direction by two additional fixed walls. Similar to the mobile wall, a fixed wall located
at the edge of the simulation box xpw exerts a harmonic repulsion UiF W = kpw (rp — ef)2 to a dumbbell bead i
when |x; — xpw| < ef. The repulsion parameter krw is tuned to prevent dumbbells from leaving the simulation
box. The periodic boundary condition (PBC) is applied in the y direction.
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Figure 2. Time evolution of normalized position of the mobile wall in the simulations with three different
combinations of wall stiffnesses. Inset is a representative snapshot at the end of simulation for the case of

ki, = 0.4 and kg = 4. The profiles are averaged across five independent runs with different initial distributions of
dumbbells.

The dynamics of the system is governed by modified Langevin equations applied to the mobile wall and each
dumbbell beads,

MyXyy = _Vwkw'i’ZFiW (1)

1

and
my¥; = —ypii — ViU; + F (2)

where F/V = —V, UMW andU; = Y, UEV + UMW 4 UFW. The summation in Eq. (1) runs for all beads i within
the cutoff distances from the mobile and fixed walls, while the summation in Eq. (2) runs for all neighbor beads
j within the cutoff of the WCA potential from bead i. The random noise is not considered in this work due to
its negligible impact on the effective diffusion of interacting active particles*>**. The equations of motion are
solved using the velocity-Verlet algorithm. The simulations are implemented using the particle simulation code
LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator)* with in-house modifications.

In this work, we set the cutoft radius and potential well depth of the WCA potential as the characteristic length
and energy scales, respectively. The characteristic mass is the mass of a dumbbell m; = 2my,. The characteristic
time scale ¢, can then be defined as t, = \/myr.2/e. For simplicity, my, ., €, and t, are all set to one, and the
simulation parameters are presented in reduced units. The dimension of the simulation box is set to 2L x W,
with the mobile wall initially located at x,, = 0. To obtain statistically reliable data’®, the number of dumbbells
in each compartment is set to ny; = 250 unless stated otherwise. A higher number of dumbbells would increase
simulation cost without providing additional insight into the problem. We set W = 70 to be about two orders
of magnitude larger than the dumbbell length to minimize the finite-size effects arising from possible PBC arti-
facts. The lateral dimension of the initial compartment is set to L = 148 to obtain a norminal packing fraction
of 10%. The packing fraction of the system is defined as the fraction of the simulation box that is occupied by
dumbbells, ¢ = n(24, — Ajnr)/(2LW), where Ay is the area of each bead and A;; is the overlapping area of two
beads of a dumbbell*. Higher packing fractions could result in wall induced aggregation®* as well as motility-
induced phase separation*, which would drastically change the nature of the system. Although a lower packing
fraction results in similar behavior, it would increase the fluctuation of the system and require longer and more
expensive sampling. To allow comparison with previous studies®, the mass of the mobile wall is set to m,, = 2.0,
and the friction coefficients of the bead and the wall are set to be ¥, = 0.5 and y,, = 2.0, respectively. The bond
length of the dumbbell is b; = 0.5. Unless stated otherwise, the swimming speed is set to be vy = 2. The mobile
wall thickness is set to e,, = 8 the same as Ref.’®. k; and kg vary in the range of 0.2 to 300. The fixed walls have
an interaction range of ¢y = 5and a repulsion strength of kpw = 50. To accurately resolve the detailed dynam-
ics of the system, we choose a very small timestep in this study At = 5 x 107°. Additional simulations with
smaller timesteps were performed to ensure consistent behaviors. The total time of a typical simulation of the
bulk system is t = 5000.
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Figure 3. Ensemble average of normalized wall position as a function of kg for the simulations with (a) kr,
remaining constant at 0.4 and (b) the ratio of stiffness k1 /kr remaining constant at 10. Average wall position
(represented by the angular bracket) is sampled during the equilibrium stage, defined as the last 2500 time
units of a simulation. The instantaneous wall positions for different kg are plotted in the inset. The position
corresponding to the center of the box in the x direction is marked with a dashed line in (b). Five independent
runs with different initial configurations are performed for the analysis. Error bars represent the standard
deviation.

Results

Dynamic behavior of the bulk system of active dumbbells.  We first explore the dynamics of a bulk
system of active dumbbells. We conduct a mobile-wall experiment? to study the effect of wall interactions on the
active pressure in our system. Two sides of the mobile wall have different stiffness parameters and hence exert
asymmetric repulsion to the dumbbells in the different compartments. We consider the mechanical pressure of
active dumbbells as the summation of forces that dumbbells apply to the wall divided by the wall area. The move-
ment of the mobile wall thus reflects the relative difference of mechanical pressure in the two compartments.
Figure 2 shows that the mobile wall moves toward the side experiencing stiffer wall interaction, which indicates
that increasing wall stiffness reduces the mechanical pressure of self-propelled dumbbells. This behavior is con-
sistent with previous studies and demonstrates that the pressure of active systems is influenced by their interac-
tions with the confining boundaries?>*%3,

To better understand the relationship between pressure and wall interaction, we perform simulations with
systematic variations in the wall stiffness. We first increase the right-side stiffness, kg, gradually from 0.4 to 15
while keeping the left-side potential, k1, constant at 0.4. It is expected that the equilibrium position of the mobile
wall would progressively move to the right as kg increases, which represents a greater imbalance in pressure
between the two sides. As illustrated in Fig. 3a, the average value of normalized wall position first increases as kg
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Figure 4. Ensemble average of normalized wall position as a function of the number of dumbbells r} in the
left compartment while n% is kept constant. The prediction of a pressure equation of state for the equilibrium
position of the wall is plotted in a black line.

increases, corresponding to the movement of the wall to the right and the shrinking of the right compartment.
However, a plateau can be clearly observed when kg > 5. Further increase in kg results in only fluctuations of
the equilibrium wall position between 0.45 and 0.5. This indicates that the magnitude of mechanical pressure
on the right side saturates to a low plateau around kr = 6. However, it would be premature to conclude that
pressure becomes independent of wall stiffness when increasing beyond a threshold based on only this test.
Namely, when the wall moves toward the right, the dumbbell density in the right compartment correspondingly
increases. When density is high enough, even a small rise in density could cause a huge elevation in pressure.
The density-induced increase could compensate for the pressure decrease originated from the change in the wall
interaction and prevents the wall from moving further toward the right.

Therefore, to verify the behavior we observed, we design a second test in which the ratio of stiffness k; /kg is
kept constant at 10 while the absolute stiffness is increased accordingly on both sides. Interestingly, in the simula-
tions with the right wall potential higher than 4, the mobile wall stays roughly at the middle of the simulation box,
which means that the mechanical pressures on the left and right are balanced (Fig. 3b). Notably, the dumbbell
densities are approximately equal on both sides of the wall, and any density effect on pressure should vanish in
these cases. Therefore, the only factor that could influence the mechanical pressure is the interaction between the
wall and dumbbells. The results of these two tests demonstrate that the dependency of the mechanical pressure
on the wall-dumbbell interaction indeed vanishes at high wall stiffnesses. The movement of the wall implies the
qualitative behavior of the mechanical pressure of active dumbbells. Starting from a system with an extremely soft
wall (i.e., kg = 0.4), the pressure reduces with increasing wall stiffness until it converges to a minimal amount.
After reaching the minimum, any increase in wall stiffness does not change pressure anymore. In such a limit,
the mechanical pressure becomes independent of the interaction of active particles with the boundaries, which
is an indication that an EOS may exist.

We employ an additional mobile wall experiment to explore the recovery of active pressure as a state vari-
able by distinguishing the dependency of pressure on density and stiffness. In this set of simulations, we set the
number of dumbbells in the right compartment to be constant at n§ = 250, and systematically varies the number

of dumbbells in the left compartment 1, from 25 to 500 for different sets of wall stiffnesses. Swim velocity and

friction with the background are equal between the two compartments. Thus, the mobile wall is expected to
move until the number densities of two sides become equal if the pressure of active dumbbells is a state function
of density and independent of wall interaction. The equilibrium wall position for any stiffness asymmetry can
thus be calculated by simply matching the number densities of the two compartments, representing the result of
the existence of a pressure EOS. Figure 4 shows that for highly stiff walls, the average position of the wall agrees
with the prediction of the EOS, and the ensemble averaged position of the wall does not change by swapping the
stiffness asymmetry. This result confirms that pressure does not depend on microscopic interactions of particles
with the wall in a limit of high wall stiffness. Notably, for softer walls, the average wall position and thus pressure
depends on both dumbbell density and wall stiffness.

The relation between active pressure and near-wall microstructure. We utilize a method that we
term fictitious wall method to quantify pressure. Here, we consider a physical wall with symmetric repulsion
fixed in the simulation box. We introduce an imaginary wall at a specific location of the box to calculate the
local pressure. All dumbbells within the cutoff range of this imaginary wall would apply forces to the wall if it
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Figure 5. Orientational order parameter of dumbbells as a function of distance from the wall. The number
density of dumbbells as a function of distance from the wall is plotted in the inset. For comparison, the dashed
lines present the results of an unconfined system with full PBCs in both x and y directions. The swimming
velocity is set to be vy = 1 for these simulations.

were a real wall. The summation of the virtual forces from the interacting dumbbells divided by the area of the
wall defines an instantaneous pressure (see Supplementary Information for more details). Essentially, this value
represents a mechanical pressure that a real wall would experience at the moment of introduction to the system
before the wall induces any changes in the dumbbell distribution. The calculation shows that near-wall pressure
decreases with an increase in stiffness in lower limits of k,,. However, the change in near-wall pressure becomes
less discernible as k,, increases and a convergent trend to a critical value is appreciable (see Fig. S1). This result
provides further evidence that except for cases with a very soft wall, the mechanical pressure of active dumbbells
is independent of the stiffness, which agrees with the recovery of an EOS observed in stiff limits.

Mechanical pressure is directly related to the number of dumbbells interacting with the wall®®. The number
density profile in Fig. 5 shows that the near-wall density is higher for the softer walls. Consequently, the softer
walls experience higher pressure from dumbbells compared to the stiffer walls. To answer how k,, influences the
near-wall density, we introduce the 2D nematic order parameter S = 2 < cos?§ > —1to quantify the dumbbell
orientation. Here 6 is the instantaneous angle between the dumbbell axis and the normal to the wall, and the
angular bracket represents the ensemble average. The value of S ranges between -1 to 1 and characterizes the
average orientation of dumbbells. In particular, S = —1 corresponds to the case where dumbbells align parallel
to the wall, while the value of 1 indicates that dumbbells are perpendicular to the wall. A system of dumbbells
without any preferential orientations will result in § = 0. Figure 5 shows that S increases from a negative value
greater than -1 to 0 as the distance from the wall increases. This indicates the development of alignment near the
wall due to the repulsion from the wall. The comparison reveals that the value of S near the wall increases as k,,
increases, which corresponds to the disruption of alignment. In other words, a weaker wall repulsion promotes
the alignment of dumbbells with the wall. A higher degree of alignment results in lower swim velocity in x direc-
tion opposite to the wall. Consequently, the particle flux toward the wall would be higher than the outgoing
flux, and the particle density and pressure would be higher near the wall. Interestingly, S near the wall appears
to converge to a critical value with the increase of k,,. This behavior could be associated with the converging
pressure observed in Fig. S1. Note that the mechanical pressure on the wall is also proportional to the total linear
momentum that each dumbbell transfers to the wall. Below, we demonstrate that the torque induced alignment
of dumbbells with the wall enhances the linear momentum transfer.

Single dumbbellinteraction. To elucidate fundamental mechanisms of the intriguing behaviors observed
in the bulk system, we model the interaction of a single dumbbell with the wall and probe the detailed dynamics
of collision events, which contribute collectively to the pressure. This simple system allows us to remove the com-
plexity arising from the dumbbell-dumbbell interaction and isolate the dumbbell-wall interaction for detailed
analyses. Herein, the wall position is fixed at the edge (x = L) of the simulation box with the PBC applied in
the y direction as in the bulk system. The self-propelled dumbbell is initially placed outside the cutoff distance
of wall repulsion and starts moving toward the wall. The simulation continues until the dumbbell completes its
interaction and moves away from the wall indefinitely. The wall has the same thickness e,, and stiffness k,, as the
mobile wall in the bulk system.

We find that the collision dynamics depend strongly upon the entrance angle 6;, which is defined as the angle
between the dumbbell axis and the normal to the wall (pointing inward) when the dumbbell enters the wall
interaction zone. For each k,,, we systematically explore the behavior of dumbbells by varying 6; in the range

Scientific Reports |

(2021) 11:22204 | https://doi.org/10.1038/s41598-021-01605-8 nature portfolio



www.nature.com/scientificreports/

(@) 14} —ak,=0.2 k,=4
121 —ek,=0.4 4k, =10 |
10t A —e—Kk,=1 k,=40 |

3 —k,=2 <k, =100

=l

10 20 30 40 50 60 70 80‘
0.

Figure 6. (a) Average force, (b) duration of interaction, and (c) total transferred linear momentum as functions
of the entrance angle for a single dumbbell interaction.

of 5° < 6; < 85° with a 5° increment. The mechanical pressure is directly related to the total amount of linear
momentum Ap that dumbbells transfer to the wall. Ap for each collision is calculated by Ap = F X 7, where 7 is
the duration of interaction and F is the average force in the x direction during the interaction.

It is intuitive that stiffer walls apply larger forces to dumbbells, which is confirmed by our data (Fig. 6a).
However, stiffer walls result in shorter interaction durations, as shown in Fig. 6b. Therefore, there exists a com-
petition between the variations in F and 7, which determines the changes in Ap and accordingly pressure.
Figure 6¢ indicates that the effect of k,, on 7 overpowers that of F, which results in stiffer walls exhibiting lower
momentum transfer and pressure. This dominance gradually vanishes as k,, further increases. Consequently,
the total amount of transferred momentum Ap to the wall converges to a critical value with increasing stiffness,
which agrees with the behavior of mechanical pressure we observed in the bulk system. This quantification of
dumbbell-wall collision supports our finding that the wall effect on mechanical pressure of active dumbbells
diminishes as the stiffness of the wall increases.

To understand why the duration of interaction is longer for softer walls, we scrutinize critical dynamic quanti-
ties at play in the dumbbell-wall interaction. Fig. S2 plots the evolution of these quantities for a single collision
event at a moderate entrance angle. For a particle without activity, the normal force from the wall is the only
factor that determines the duration of the interaction. In contrast, for active particles, a change in swimming
direction is required to leave the wall. The reorientation time scale is the key factor behind the swimming direc-
tion change of a self-propelled spherical particle. For a smooth-swimming dumbbell without Brownian noise,
the important parameter is the instantaneous torque that the wall applies to the dumbbell, T, which governs the
rotation of the dumbbell and dictates 7. Torque interactions from softer walls result in lower angular velocity @
of a rotating dumbbell, allowing it to stay in the interaction zone for longer times. This also explains why in the
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Figure 7. (a) Representative trajectory of a dumbbell with 0; = 30° exhibiting the reentrant collision dynamics.
The wall is positioned at x = 60 with k,, = 40 and ¢; = 8. (b) Final orientation angle of the dumbbell with
respect to the wall normal after the first collision event as a function of initial entrance angle. When reentrant
collision motion happens, 6y becomes the entrance angle for the subsequent collision. The dashed line marks the
threshold for the onset of reentrant collision.

bulk system, dumbbells are more aligned with softer walls with higher near-wall number densities. Here, the signs
of T and w follows the right-hand rule (i.e., positive/negative T leads to counter-clockwise/clockwise rotation
with positive/negative w). The magnitude of T is determined by the dumbbell orientation and the difference in
the repulsive forces on the head and tail beads from the wall. The evolution of the former depends mainly on the
entrance angle 6; whose distribution should be similar between different cases of the bulk system. The latter, on
the other hand, is a function of k,, which varies from case to case. The dependency of T on k,, denotes that walls
with higher stiffnesses apply larger T to dumbbells. This makes dumbbells rotate more, interact with the wall for
shorter times (lower 1), transfer less linear momentum Ap, and eventually apply less mechanical pressure to the
wall. As k,, further increases, Fig. 6¢c demonstrates that the monotonic behavior breaks down at certain values
of 0;. This behavior is attributed to an anomalous interaction dynamic in which the dumbbell exhibits multiple
collisions with the wall in a very short time before leaving the wall indefinitely. We analyze this behavior in detail
and elucidate its influence on momentum transfer and pressure generation.

Reentrant collision event. The non-monotonic behaviors of average force, interaction duration, and
momentum transfer observed for stiff walls (k,, > 10) in Fig. 6 is associated with the onset of anomalous col-
lision dynamics, resembling the one observed in previous studies®. A representative trajectory of a dumbbell
undergoing this anomalous behavior is shown in Fig. 7a. In particular, after hitting the wall, a dumbbell may
rotate too much to face toward the wall again during each collision and therefore reenters the wall interaction
zone and collides the wall again before it moves away from the wall indefinitely (Video S2). The reentrant colli-
sion effectively increases the duration of interaction and the rate of momentum transfer to the wall defined in a
specific time span. In the bulk system, the onset of reentrant collision also results in an increase in the collision
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rate and the elevation of pressure. The torque from the wall T induces rotation and facilitates this motion, while
the background friction reduces the angular velocity and prevents it. Our data indicate that T is a function of wall
stiffness k,,, dumbbell bond length b;, swimming speed vy, and the entrance angle 6; of the first interaction. These
parameters govern the evolution of dumbbell orientation 6 (¢) by controlling the angular acceleration. Note that
a considerable portion of dumbbell rotation takes place outside of the wall interaction zone. This implies that
inertial effects play an important role in the reentrant collision. Therefore, this phenomenon has not been well
documented in previous studies largely focused on overdamped systems.

The rotation of the dumbbell is governed by Newton’s second law for rotation Idw/dt = T, where I and @
are the moment of inertia and the angular velocity of the dumbbell, respectively. Outside the wall interaction
zone, only friction contributes to the torque. Given the knowledge of angular velocity w, when the dumbbell
leaves the interaction zone and the corresponding exiting angle 6, for the first collision event, we can predict the
onset of reentrant collision based on a final angle 6, which is defined when @ decreases to 0. Using the outlet
we and 6, obtained in the simulation, 6y can be calculated as 6, = 6, + (my/7,)®,. If 6 is greater than 37r/2, the
dumbbell has been rotated enough to face toward the wall and will hit it again. The results of this calculation
match the simulation data of 6. Figure 7b compares the onset of reentrant collision events between different k,,
for various initial entrance angle 6; in the collision simulations. Points above the dashed line correspond to the
onset of reentrant collision events. Notably, dumbbells with different intervals of 6; exhibit reentrant motion,
and some of them may even hit the wall more than twice before leaving indefinitely (Video S3). This makes the
exact prediction of active pressure extremely complicated. It is also important to note that this simple predic-
tion of reentrant collision is based on the single-dumbbell system, and the introduction of Brownian noise and
interparticle interactions will alter the dumbbell dynamics significantly®’.

Discussion and conclusions

In this paper, we applied numerical simulation to investigate the influences of wall stiffness on the mechanical
pressure generated by anisotropic self-propelled particles with intrinsic torque interaction. The torques applied
to particles by the wall influence the rotational evolution of particles, which affects the distribution of particles
throughout the domain. Our results show that the mechanical pressure near the wall decreases with increasing
wall stiffness, and more importantly, reaches a constant plateau above a certain stiffness. This means that even
for anisotropic particles like dumbbells, active pressure is not always influenced by interaction with the confining
wall. Our study indicates that for a characteristic system of strongly interacting particles without random noise,
there exists a regime in which active pressure is not a boundary effect.

The dynamics of a single collision event was explored in detail to uncover the microscopic origin of the rela-
tion between pressure and wall stiffness. The mechanical pressure is linked to the total linear momentum transfer
between dumbbells and the wall during each interaction. We find that the amount of torque that the wall applies
to dumbbells is a function of both the entrance angle and wall stiffness. Torque alters the total linear momentum
by controlling rotation of the dumbbell and duration of the interaction. Our results indicate that the total linear
momentum transferred to the wall during one collision converges to a minimum amount through increasing
the stiffness, showing a similar trend as the mechanical pressure.

The collective impact of single particle dynamics on pressure arises from density distribution, or essentially
particle accumulation near the wall. The rotational time scale near the wall controls particle escape time, which
is a critical factor involved in the accumulation of anisotropic particles near the wall. Wall stiffness is correlated
to the rotational time scale of dumbbells by controlling the magnitude of the torque that is applied to them.
Higher torque reduces the rotational time scale, while the swimming time scale, dictated by the propulsion
force, remains constant. These two time scales together determine the rotation and translation of dumbbells near
the wall. Highly stiff walls induce a large torque, which makes the rotational time scale to be smaller than the
swimming time scale. As a result, rotation will dominate self-propulsion, and we speculate dumbbells orienta-
tion near the wall becomes approximately random. The results of Joyeux and Bertin***’ showed that the notion
of mechanical pressure could be recovered as a result of the interplay between rotation and self-propulsion for a
system of active dumbbells with very low background friction or strong Brownian noise. Decreasing friction or
increasing noise intensity will both reduce the rotational time scale. Therefore, increasing wall stiffness yields a
similar effect as varying friction or noise.

According to the kinetic theory, particle density influences pressure via controlling collision rate. Thus, single
particle dynamics near the wall influences the mean collision rate through modulating the near-wall density. On
the other hand, the amount of linear momentum transferred to the wall during each collision is also determined
by single particle dynamics. Confining walls apply torque to anisotropic active particles, which strongly influ-
ences their dynamics. As a result, particle density, momentum transfer, and eventually pressure would vary by
the wall stiffness. For highly stiff walls, both contributions of single particle dynamics to pressure converge to
a critical value, likely because of randomization of particle orientation. Consequently, dependency of pressure
on single particle dynamics vanishes for high limits of stiffness. As a result, pressure becomes a function of only
bulk properties of the system, which indicates that an EOS could be found.

Anomalous particle trajectories were observed for extremely stiff walls. Namely, if a dumbbell gains a large
amount of angular momentum during the interaction, its rotation will result in one or more reentrant collisions
with the wall. The onset of this anomaly depends on the stiffness of wall interaction and the entrance angle of
the initial collision. The dumbbell trajectories in Fig. 8a confirm that reentrant collision does not occur for small
kr. We further elucidate how reentrant collision could affect active pressure. Figure 3b shows a non-monotonic
trend, where for a small range of stiffness (4 < kr < 20), the pressure on the stiffer side of the wall is higher.
This unusual trend of pressure variation is not attributed to the stiffness-induced change in the transferred linear
momentum for each collision but instead caused by the difference in the collision rate in the presence of the

Scientific Reports |

(2021) 11:22204 | https://doi.org/10.1038/s41598-021-01605-8 nature portfolio



www.nature.com/scientificreports/

k =300, kR=3Q

(a)70 k =10, k=1 (b)70 k=90, k;=9 (c)

70 (5=
60 | 1 60f 60
500 50 | 50
40} 40 _40f
= b A 2 K
730 1730k 0 | ™30}
200 1 20 20}
10} ] 10 201 104 e
| ) b
b i (R = L 0 W i
158 0 8 15 -15-8 0 8 15 -15-8 0 8 15
x(t) - <x> X(t) - <x> X(t) - <x>

Figure 8. Trajectories of individual dumbbells interacting with walls with different asymmetric interactions
for 40 time units intervals. (a—c) correspond to the low, intermediate, and high stiffness regimes shown in

Fig. 3b. Dumbbells exhibiting reentrant collision events are colored differently. The walls are fixed at respective
equilibrium positions for different wall stiffnesses.

reentrant collisions, which are more probable to occur for the stiffer walls. As shown in Fig. 8b and Video S4, the
reentrant collisions only take place or occur more frequently on the left side of the wall (the stiffer side) in the
discussed interval of k. Consequently, the mechanical pressure becomes higher on the stiffer side. However, as
shown in Fig. 8c, the onset of reentrant collision becomes comparable on both sides when the stiffness increases
beyond this range of kr. Therefore, the appearance of this anomalous motion would not affect the pressure in
the stiff limit.

In summary, our understanding of active pressure remains incomplete and warrants more research, in par-
ticular experimental studies, to provide additional insight into the complex interaction between active particles
and walls of different stiffnesses. Among many uncharted areas, we envision our future work to be focused on
the active pressure of flexible particles and particles with a directional reversal.

Received: 27 August 2021; Accepted: 1 November 2021
Published online: 12 November 2021

References
. Ramaswamy, S. The mechanics and statistics of active matter. Annu. Rev. Condens. Matter Phys. 1, 323-345 (2010).
. Marchetti, M. C. et al. Hydrodynamics of soft active matter. Rev. Mod. Phys. 85, 1143-1189 (2013).
. Zottl, A. & Stark, H. Emergent behavior in active colloids. J. Phys. Condens. Matter 28, 253001 (2016).
. Takatori, S. C., Yan, W. & Brady, J. F. Swim pressure: Stress generation in active matter. Phys. Rev. Lett. 113, 028103 (2014).
. Winkler, R. G., Wysocki, A. & Gompper, G. Virial pressure in systems of spherical active Brownian particles. Soft Matter 11,
6680-6691 (2015).
. Wang, C., Guo, Y, Tian, W. & Chen, K. Shape transformation and manipulation of a vesicle by active particles. J. Chem. Phys. 150,
044907 (2019).
7. Vutukuri, H. R. et al. Active particles induce large shape deformations in giant lipid vesicles. Nature 586, 52-56 (2020).
8. Mattila, P. K. & Lappalainen, P. Filopodia: Molecular architecture and cellular functions. Nat. Rev. Mol. Cell Biol. 9, 446-454 (2008).
9. Paoluzzi, M., Di Leonardo, R., Marchetti, M. C. & Angelani, L. Shape and displacement fluctuations in soft vesicles filled by active
particles. Sci. Rep. 6, 34146 (2016).
10. Li, Y. & ten Wolde, P. R. Shape transformations of vesicles induced by swim pressure. Phys. Rev. Lett. 123, 148003 (2019).
11. Harshey, R. M. Bees aren’t the only ones: Swarming in Gram-negative bacteria. Mol. Microbiol. 13, 389-394 (1994).
12. Giverso, C., Verani, M. & Ciarletta, P. Branching instability in expanding bacterial colonies. J. R. Soc. Interface 12, 20141290 (2015).
13. Tamar, E., Koler, M. & Vaknin, A. The role of motility and chemotaxis in the bacterial colonization of protected surfaces. Sci. Rep.
6, 19616 (2016).
14. Bischer, T., Diez, A. L., Gompper, G. & Elgeti, J. Instability and fingering of interfaces in growing tissue. New J. Phys. 22, 083005
(2020).
15. Klausen, M., Aaes-Jorgensen, A., Molin, S. & Tolker-Nielsen, T. Involvement of bacterial migration in the development of complex
multicellular structures in Pseudomonas aeruginosa biofilms. Mol. Microbiol. 50, 61-68 (2003).
16. Saraswathibhatla, A. & Notbohm, J. Tractions and stress fibers control cell shape and rearrangements in collective cell migration.
Phys. Rev. X 10, 011016 (2020).

G W N =

[=2)

Scientific Reports |

(2021) 11:22204 | https://doi.org/10.1038/s41598-021-01605-8 nature portfolio



www.nature.com/scientificreports/

17. Reichhardt, C.J. O. & Reichhardt, C. Ratchet effects in active matter systems. Annu. Rev. Condens. Matter Phys. 8, 51-75 (2017).

18. Di Leonardo, R. et al. Bacterial ratchet motors. Proc. Natl. Acad. Sci. 107, 9541-9545 (2010).

19. Sokolov, A., Apodaca, M. M., Grzybowski, B. A. & Aranson, I. S. Swimming bacteria power microscopic gears. Proc. Natl. Acad.
Sci. 107, 969-974 (2010).

20. Caprini, L. & Marini Bettolo Marconi, U. Active particles under confinement and effective force generation among surfaces. Soft
Matter 14, 9044-9054 (2018).

21. Wittmann, R., Smallenburg, F. & Brader, J. M. Pressure, surface tension, and curvature in active systems: A touch of equilibrium.
J. Chem. Phys. 150, 174908 (2019).

22. Solon, A. P. et al. Pressure is not a state function for generic active fluids. Nat. Phys. 11, 673-678 (2015).

23. Takatori, S. C. & Brady, J. . Towards a thermodynamics of active matter. Phys. Rev. E 91, 032117 (2015).

24. Yang, X., Manning, M. L. & Marchetti, M. C. Aggregation and segregation of confined active particles. Soft Matter 10, 6477-6484
(2014).

25. Solon, A. P. et al. Pressure and phase equilibria in interacting active brownian spheres. Phys. Rev. Lett. 114, 198301 (2015).

26. Ginot, E. et al. Nonequilibrium equation of state in suspensions of active colloids. Phys. Rev. X 5,011004 (2015).

27. Nikola, N. et al. Active particles with soft and curved walls: Equation of state, ratchets, and instabilities. Phys. Rev. Lett. 117, 098001
(2016).

28. Das, S., Gompper, G. & Winkler, R. G. Local stress and pressure in an inhomogeneous system of spherical active Brownian particles.
Sci. Rep. 9, 6608 (2019).

29. Speck, T. & Jack, R. L. Ideal bulk pressure of active Brownian particles. Phys. Rev. E 93, 062605 (2016).

30. Fily, Y., Kafri, Y., Solon, A. P, Tailleur, J. & Turner, A. Mechanical pressure and momentum conservation in dry active matter. J.
Phys. A Math. Theor. 51, 044003 (2018).

31. Takatori, S. C., De Dier, R., Vermant, J. & Brady, J. F. Acoustic trapping of active matter. Nat. Commun. 7, 10694 (2016).

32. Junot, G., Briand, G., Ledesma-Alonso, R. & Dauchot, O. Active versus passive hard disks against a membrane: Mechanical pres-
sure and instability. Phys. Rev. Lett. 119, 028002 (2017).

33. Liu, P, Ye, S, Ye, E, Chen, K. & Yang, M. Constraint dependence of active depletion forces on passive particles. Phys. Rev. Lett.
124, 158001 (2020).

34. Elgeti, J. & Gompper, G. Wall accumulation of self-propelled spheres. EPL Europhys. Lett. 101, 48003 (2013).

35. Ezhilan, B., Alonso-Matilla, R. & Saintillan, D. On the distribution and swim pressure of run-and-tumble particles in confinement.
J. Fluid Mech. 781, R4 (2015).

36. Joyeux, M. & Bertin, E. Pressure of a gas of underdamped active dumbbells. Phys. Rev. E 93, 032605 (2016).

37. Cates, M. E. Diftusive transport without detailed balance in motile bacteria: Does microbiology need statistical physics?. Reports
Prog. Phys. 75,042601 (2012).

38. Deng, J., Molaei, M., Chisholm, N. G. & Stebe, K. J. Motile bacteria at oil-water interfaces: Pseudomonas aeruginosa. Langmuir 36,
6888-6902 (2020).

39. Michelin, S. & Lauga, E. Geometric tuning of self-propulsion for Janus catalytic particles. Sci. Rep. 7, 42264 (2017).

40. Valadares, L. E et al. Catalytic nanomotors: Self-propelled sphere dimers. Small 6, 565-572 (2010).

41. ten Hagen, B. et al. Can the self-propulsion of anisotropic microswimmers be described by using forces and torques?. J. Phys.
Condens. Matter 27, 194110 (2015).

42. Bechinger, C. et al. Active particles in complex and crowded environments. Rev. Mod. Phys. 88, 045006 (2016).

43. Cugliandolo, L. E, Gonnella, G. & Suma, A. Rotational and translational diffusion in an interacting active dumbbell system. Phys.
Rev. E91, 062124 (2015).

44. Plimpton, S. Fast parallel algorithms for short-range molecular dynamics. J. Comput. Phys. 117, 1-19 (1995).

45. Duman, O., Isele-Holder, R. E., Elgeti, ]. & Gompper, G. Collective dynamics of self-propelled semiflexible filaments. Soft Matter
14, 4483-4494 (2018).

46. Peruani, F, Deutsch, A. & Bir, M. Nonequilibrium clustering of self-propelled rods. Phys. Rev. E 74, 030904 (2006).

47. Joyeux, M. Recovery of mechanical pressure in a gas of underdamped active dumbbells with Brownian noise. Phys. Rev. E 95,
052603 (2017).

Acknowledgements

X.Y. gratefully acknowledges Binghamton University for support of E.P. Generous allocation of computing time
was provided by the Watson Data Center at Binghamton University and the Center for Functional Nanoma-
terials, which is a U.S. DOE Office of Science Facility, at Brookhaven National Laboratory under Contract No.
DESC0012704. X.C. acknowledges the financial support of NSF CBET-2028652.

Author contributions
E.P. designed the simulation model. E.P. and X.Y. performed simulations. E.P. and X.Y. interpreted the data and
wrote the manuscript. All authors discussed the results and reviewed the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-021-01605-8.

Correspondence and requests for materials should be addressed to X.Y.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Scientific Reports |

(2021) 11:22204 | https://doi.org/10.1038/s41598-021-01605-8 nature portfolio


https://doi.org/10.1038/s41598-021-01605-8
https://doi.org/10.1038/s41598-021-01605-8
www.nature.com/reprints

www.nature.com/scientificreports/

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2021

Scientific Reports|  (2021) 11:22204 | https://doi.org/10.1038/s41598-021-01605-8 nature portfolio


http://creativecommons.org/licenses/by/4.0/

	Dependency of active pressure and equation of state on stiffness of wall
	Methods
	Results
	Dynamic behavior of the bulk system of active dumbbells. 
	The relation between active pressure and near-wall microstructure. 
	Single dumbbell interaction. 
	Reentrant collision event. 

	Discussion and conclusions
	References
	Acknowledgements


