Supplementary Information for:
Interpolation and differentiation of alchemical degrees of freedom in
machine learning interatomic potentials

I. INTERPOLATION
A. Comparison of interpolation schemes

We investigate alternative interpolation schemes for
the asymmetric edge weight (equation (5) in the main
text) to compare their ability to interpolate the model
energy output. For simplicity, we consider interpolat-
ing between the two compositional states. First, we can
think of a symmetric edge weighting scheme wqog = Ao As,
which also satisfies the consistencies at both ends of the
alchemical interpolation where one of the weights is one,
and the other is zero. Alternatively, without creating ex-
tra alchemical atoms, we can change the atomic identities
in the input graph by linear interpolating their atomic
embeddings. The alchemical modifications in the main
text are retained for the symmetric scheme, and the orig-
inal MLIP architecture is used for embedding interpola-
tion. We revisit the examples in the main text and inter-
polate between NaCl-KCl and the « phases of CsPbls—
CsSnls. We used MACE-MP-0 medium and small mod-
els [1], respectively, and evaluated the energy of the sys-
tem during interpolation, as shown in Fig. S1.

As argued in the main text, since the asymmetric em-
bedding scheme satisfies the consistencies with the origi-
nal message passing, the resulting energy values are close
to the linearly interpolated energy values in both cases.
The two consistencies in the main text do not hold when
using the symmetric weighting scheme, which causes the
energy values to exhibit a significant positive deviation
during interpolation. Finally, since discrete elemental
embeddings would not lie in an affine subspace, a lin-
ear interpolation of atomic embeddings may go through
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FIG. S1. Comparison of various interpolation

schemes. Energy values obtained from different interpola-
tion schemes: asymmetric weighting (as in the main text),
linear interpolation of atomic embeddings, and symmetric
weighting, for the interpolation between (a) NaCl-KCl and
(b) the o phases of CsPbls—CsSnls. Source data are provided
as a Source Data file.

TABLE SI. Computational efficiency for different al-
chemical interpolation schemes. Computation time per
step for the alchemical switching between «a-CsPbls and
CsSnlj structures under the NPT ensemble.

Supercell Number of Linear Alchemical Speed
size atoms [ms/step]  [ms/step] peedup
3x3x3 135 36 20 1.80
4x4x4 320 45 28 1.62
5x5x5 625 83 48 1.73
6x6x6 1,080 120 76 1.58

unmeaningful embedding values, and this may cause sig-
nificant fluctuations (Fig. S1b). Furthermore, the occu-
pancy of the atom should be retained when only changing
the embeddings, so we cannot create or annihilate atoms
as we did to calculate the free energy of vacancy.

B. Alchemical vs. linear interpolation of energies

Here, we compare the proposed alchemical interpola-
tion scheme with a naive linear interpolation of endpoint
energies. While evaluating the linear interpolation would
require the evaluation of two input graphs correspond-
ing to both endpoints, we are introducing extra alchemi-
cal atoms and doing backpropagation to obtain alchemi-
cal gradients in the alchemical modification scheme. We
benchmarked both interpolation schemes on the alchem-
ical pathway between a-phase structures of CsPbls and
CsSnl3, as in the main text. For the alchemical scheme,
we are adding 20% more nodes (Pb or Sn) to the input
graph and evaluate the gradient with respect to three
variables (positions, strains, and alchemical weights); for
the linear scheme, we evaluate the gradient with respect
to two variables (positions and strains), but we compute
them twice (two endpoints) per each MD step. The time
taken per step for each scheme for various supercell sizes
using a single NVIDIA Volta V100 32GB GPU with 20
cores of an Intel Xeon Gold 6248 CPU are reported in
Table SI.

The results show that the alchemical scheme is more
efficient than the linear scheme, offering 1.6 to 1.8 times
the speedup. This is because most of the backward pass
for the alchemical gradient coincides with that of the
forces and stress. The extra overhead of backpropaga-
tion to the alchemical weights would be relatively small.
Furthermore, if three or more alchemical states were con-
sidered [2, 3], the alchemical scheme would be even more
relatively efficient.

Now, we assess whether the two interpolation schemes
offer comparable alchemical free energy calculation re-
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FIG. S2. Alchemical free energy simulation results
from different alchemical interpolation schemes. (a)
The alchemical free energy difference AG*L of Pb — Sn con-
version in « phase at 400 K and 1 atm and (b) the average
dissipated energies (equation (10) in the main text) plotted
against the switching time. Each data point represents the av-
erage of four statistically independent simulations, with stan-
dard deviations shown as error bars. Source data are provided
as a Source Data file.

sults. We follow the same simulation procedure used
to produce Fig. 6¢ in the main text, while using the
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energy difference between two endpoint Hamiltonians
as the alchemical gradient in the linear scheme case:
OH/OA = H¢ — H;. First, when the switching time is
long enough, the alchemical free energy differences ob-
tained from the linear and alchemical methods converge
to the same value. Furthermore, not much difference is
observed in the convergence of AGAY or the trend of dis-
sipated energies as the switching time increases. Hence,
the alchemical scheme developed in this work could be re-
garded as a computationally efficient alternative to naive
linear interpolation of endpoint energies in the context of
free energy calculations.

II. CHGNET RESULTS
A. Alchemical modifications

We outline how the alchemical modifications could be
made to the CHGNet model [4]. In CHGNet, the node
and edge features are updated as in equations (1) and (2)
(equation (2) in the original paper). The modification to
message passing in equation (6) in the main text is imple-
mented by applying the weights w, s (equation (5) in the
main text) to the summands of the message aggregation
as in equations (3) and (4):
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Instead of defining angle weights, we can also use wgq
(equation (5) in the main text) for the bond feature up-
dates, considering that the weight of the message sender
should only be taken into account when the message con-
tributions from alchemical objects are being aggregated.

For the original readout in equation (5) (equation (5)
in the original paper [4]), we implement the alchemical

[
readout (equation (7) in the main text) as in equation (6):

Etot:ZLSOgOLZOgOLl(U?)7 (5)
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Although a similar modification could be made, this
scheme is not as efficient as in the MACE model be-
cause the CHGNet model introduces extra features on
bonds and angles for the message passing. This intro-
duces tensors containing multiple alchemical indices, and
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FIG. S3. Lattice parameters for solid solutions using the CHGNet model. (a) Lattice parameter a for Ce;—M;O2
(M = Zr, Sn) as a function of the compositional weight x. (b) Lattice parameters a, b, and ¢ for BiSX;_,Y, (X, Y = Cl, Br, I)
as a function of z. The upper panels are the result of the alchemically modified CHGNet model [4], and the lower panels are

=

the experimental result from [5] and [6] for (a) and (b), respectively. Source data are provided as a Source Data file.

the overhead from the alchemical modification becomes
more significant.

B. Lattice parameters

To benchmark the alchemically modified CHGNet
model on determining the cell parameters of solid so-
lutions, we conducted the same calculations as in Fig. 2
in the main text. The trend in Fig. S3 is more rugged
than the results from the MACE model, possibly due to
the extra bond and angle features updated on each mes-
sage passing step. Furthermore, the cell parameters for
pure compounds do not match their experimental values
well in this case. We note that the exceptions to the
Vegard’s law explored in the current work are peculiar
cases and would not mean that the baseline performance
of CHGNet is worse than MACE in general. However,
it still reveals that the proposed alchemical scheme in
this work could be integrated much more nicely with the
universal MACE model.

III. ALCHEMICAL FREE ENERGY

CALCULATION

Here, we examine the impact of phase transformation
on the discrepancy between the Frenkel-Ladd and al-
chemical paths, as shown in Fig. 6 of the main text. Each
free energy simulation begins from the energy-minimized
structure of a-CsPbls. In the Frenkel-Ladd path (NVT),
we equilibrate the system using a homogeneous Berend-
sen thermostat, which maintains the relative scales of
the cell parameters, while the alchemical path (NPT) is
equilibrated using an inhomogeneous Berendsen thermo-
stat. We track the evolution of cell parameters during
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FIG. S4. Equilibrium cell parameters and free ener-
gies for perovskite phases. (Left) Evolution of cell pa-
rameters a, b, and c¢ for perovskite CsPbls structures at 500
K and 350 K during NPT equilibration. (Right) Schematic of
corresponding free energy profiles at each temperature. Equi-
librium cell parameters of CsPbls reveal the lowest free energy
state between perovskite phases « and (3, highlighting differ-
ences between free energies calculated via the Frenkel-Ladd
path (NVT) and the alchemical path (NPT). Source data are
provided as a Source Data file.

alchemical path equilibration in Fig. S4 (left) at 500 K
and 350 K. At 500 K, all cell parameters remain consis-
tent (cubic, «), while at 350 K, they equilibrated into a
tetragonal structure with a &~ ¢ < b, indicating an initial
transition from « to . Since the structure at CsSnlj
composition remains in the a (cubic) phase, as shown in



the free energy schematic (Fig. S4, right), the lower free
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energy perovskite phase () of CsPbl leads to a larger
free energy difference for the alchemical path.
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