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ARTICLE INFO ABSTRACT
Keywords: This research examines different numerical techniques for modeling ferrofluids in a non-magnetic
Ferrofluid liquid subjected to homogeneous and steady magnetic field. It particularly compares the con-
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servative level set method with the Volume of Fluid (VOF) and Simple Coupled Level Set and
Volume of Fluid (SCLSVOF) methods. By comparing these methods with experimental data, we
established the superiority of the utilized method in this study. Several case studies were con-
ducted to evaluate how a homogeneous magnetic actuation affects ferrofluid dynamics, consid-
ering parameters such as initial droplet size, surface tension coefficient, and magnetic
susceptibility. Additionally, the study explored the coalescence of two falling ferrofluid droplets
under the combined effects of an external magnetic field and gravity. The conservative level set
method was shown to be extendable to three-dimensional environments, unlike the standard level
set method. The novelty of this work lies in demonstrating that the conservative level set method
is particularly effective for ferrofluids, accurately capturing their complex dynamics. The main
novelty of this article lies in demonstrating the precision of Conservative Level Set Method while
utilizing a reduced number of equations compared to other works. This reduction in complexity
enhances the method’s efficiency without compromising precision, making it especially suited for
applications requiring both speed and accuracy, such as model-based control systems.

1. Introduction

Ferrofluid is a stable liquid mixture made up of nano scaled paramagnetic particles dispersed in another liquid. Each particle is
coated with a thin layer to stop them from sticking together. Developed in the early 1960s, ferrofluids were initially used as additives in
rocket fuel. Their popularity grew as the unique properties of magnetic fluids for remote control via magnetic actuation were better
understood [1]. Today, ferrofluids are applied in various engineering and biomedical fields [2], including enhancing heat transfer and
mass transfer performance [3-6], serving as viscous dampers in bearings and magnetic sealants [7], functioning as tools in lab-on-chip
devices [8,9], and enabling targeted drug delivery [10]. Using ferrofluids, microrobots can enhance drug delivery to specific areas,
thereby minimizing the potential side effects in other parts of the body [11]. By manipulating the shape and position of ferrofluid
robots using a magnetic actuation, it is possible to develop microrobots that can be controlled wirelessly. These microrobots can be
used to target cancerous tumors that are hard to reach [12]. They are also useful for performing minimally invasive surgeries, which
help reduce the risk of infection and shorten recovery times [13]. Additionally, they can aid in targeted drug delivery [14]. Other
research has also explored the use of magnetic particles for delivering drugs to specific targets [15-17]. To magnetically control the
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form and location of a ferrofluidic robot, it is crucial first to develop model’s dynamic of the ferrofluid droplet and simulate its
behavior. This simulation enables the implementation of the controller in the subsequent step [18]. Shyam et al. [19] conducted both
experimental and numerical investigations on the impact of a variable magnetic field on ferrofluid droplets. They reported that the
magnetic field induces flow instability, and the magnetic particles exhibit complex spatio-temporal dynamics, which could be applied
to rapid droplet mixing. The droplet’s behavior and dynamics can be studied by exposing it to a magnetic field. Numerous experi-
mental tests and numerical simulations have been conducted to understand how ferrofluid behaves When placed in a non-magnetic
liquid under this type of field. Given the considerable challenge of tracking the moving interface of the ferrofluid droplet with the
encompassing fluid, numerical methods are required. The following section reviews the numerical methods proposed in recent
decades.

In a study by Flament et al. [20] in 1996, the deformation of a ferrofluid droplet in water was experimentally observed under a
homogeneous magnetic field with different intensities. Lee et al. [21] were the first to investigate the deformation of two gas bubbles
with identical radii in ferrofluid exposed to a homogeneous magnetic field. Lavrova et al. [22] Used the finite element method and
analyzed the configuration of a ferrofluid droplet held in place by surface tension forces and a magnetic field. In recent decades,
numerous numerical techniques created for monitoring and establishing the position of the interface. Throughout, the level set
method, introduced by Osher and Sethian [23], is widely recognized. Liu et al. [24] studied the impact of a homogeneous magnetic
field on the generation of ferrofluid droplets in a flow-focusing channel for interface tracking using both the finite volume method and
the level set method. Cunha et al. [25] utilized the level set method to model the variation of a two-dimensional ferrofluid droplet
subjected to both a homogeneous magnetic field and shear flow, and also investigated the breakup of ferrofluid droplets undergoing
significant deformations. Shyam et al. [26] conducted research on the disintegration behavior of ferrofluid droplets and verified the
controllability of breakup process by varying the magnetic field within a T-shaped lab-on-a-chip device. Hassan et al. [27] Studied the
distortion of a ferrofluid when subjected to a shear flow while exposed to a homogeneous magnetic actuation. They verified that
employing the level set method can model the droplet’s dynamic interface motion. Additionally, Abicalil et al. [28] used the level set
method to simulate the behavior of a solitary ferrofluid bead in three dimensions when subjected to simple shear flows and homo-
geneous magnetic fields.

Ferrofluids subjected to a homogeneous magnetic field have been studied using other numerical techniques, including the volume
of fluid (VOF) and lattice Boltzmann methods. Afkhami et al. [29] used the VOF method to numerically model the motion and
deformation of a ferrofluid exposed to external magnets within a weakly magnetic liquid. Hu et al. [30] employed the lattice Boltz-
mann method to simulate the shape-shifting of a ferrofluid bead and the merging of bubbles within the ferrofluid. Zhang et al. [31]
examine the deformation behavior of ferrofluid droplets positioned between air and a liquid when subjected to a vertical homogeneous
magnetic field. This study utilizes an advanced generalized conservative phase-field lattice Boltzmann approach. He et al. [32]
developed a hybrid method combining the immersed interface technique with the phase-field Boltzmann model to simulate the
behavior of ferrofluids, employing a phase-field-based approach to model the magnetic potential. Their method effectively captures
key phenomena, such as droplet deformation and bubble merging under magnetic and shear forces, while demonstrating high nu-
merical stability and applicability.

Several researchers have developed new simulations of the effects of magnetic fields on ferrofluids by combining numerical
methods. Shi et al. [33] introduced the VOSET method, which integrates the Volume of Fluid (VOF) approach with the Level Set
technique. They investigate how magnetic fields and dimensionless numbers—such as the Bond, Weber, and Reynolds num-
bers—affect ferrofluid droplet dynamics. They further modeled the behavior of a ferrofluid droplet descending through a weakly
magnetic fluid while subjected to a homogeneous magnetic field. VOSET method, initially presented by Sun and Tao [34], was
employed to simulate incompressible two-phase flow in the absence of heat transfer. Albadawi et al. [35] improved surface tension
models by integrating the Level Set method with the Volume of Fluid (VOF) approach, resulting in the development of the S-CLSVOF
and Simple Couple Level Set methods. Ghaffari et al. [36] employed this approach to simulate and validate shape-shifting of ferrofluid
droplet exposed to external magents, comparing their results with the experimental findings of Afkhami et al. [37]. Chen et al. [38]
developed a simplified multiphase lattice Boltzmann method (SMLBM) to address the limitations of standard lattice Boltzmann
methods and to simulate incompressible multiphase flows having significant density ratios. They applied this approach to scenarios
such as air bubbles rising in water and problems involving large interface deformations. Khan et al. [39] analyzed the impact of the
separation distance between the centers of two ferrofluid droplets on their coalescence and the impact of homogeneous magnetic field
on droplet deformation using SMLBM and a self-correcting method. Majidi et al. [40] utilized a hybrid lattice Boltzmann-finite dif-
ference method to investigate the deformation of a ferrofluid droplet within another droplet subjected to homogeneous magnetic fields
and shear flow. This method integrates a conservative phase-field lattice Boltzmann approach with finite difference calculations for the
magnetic field.

In the current study, we use COMSOL software to investigate how various parameters affect the shape of a ferrofluid. The dynamics
and behavior of the system under different conditions are analyzed using the conservative level set method provided by the software,
enabling us to wirelessly control the droplet’s shape via magnetic fields.

The structure of the paper is as follows: Section 2 discusses the materials and numerical methods, while Section 3 details the
governing equations of fluids and magnetism. Section 4 validates our simulation results in comparison to empirical findings to ensure
precision. Upon confirming the results, we examine the impact of different parameters on the shape transformation of the ferrofluid
droplet in 2D mode, comparing these findings with the S-CLSVOF numerical method. We also explore the merging of two ferrofluid
droplets under homogeneous magnetic fields and gravity, and present a 3D model of the droplet subjected to different magnetic field
intensities. Finally, Section 6 outlines potential future research directions.
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2. Material and methods

This study involves the development of a numerical model aimed at examining the behavior and dynamics of a ferrofluid droplet
subjected to a homogeneous magnetic field. The 2D system consists of a ferrofluid droplet immersed in a non-magnetic, incom-
pressible, laminar flow, creating a two-phase flow environment. When subjected to a homogeneous magnetic field, the ferrofluid
droplet becomes magnetized, which changes the surrounding uniform magnetic field into a non-uniform one [41]. As a result, a
magnetic field gradient arises around the droplet. Since magnetic force originates from this gradient, it causes the droplet to deform
and tracking the deformation and boundary movement of the droplet requires a numerical approach. The level set method, as proposed
in previous studies [42], is employed here to capture the interface dynamics of the two-phase flow, and this approach is explored in the
following sub-section.

2.1. Conservative level set method for interface tracking

One of downsides of traditional level set methods is their non-conservative nature, which can lead to undesirable mass loss or gain
in incompressible two-phase flows, resulting in physically inaccurate response [43]. To address this issue, Olsson and Kreiss introduced
a conservative level set method designed to track moving interfaces in a velocity field without the inevitable divergence that typically
occurs in two-phase flows [44].

In our simulation, the conservative level set method was employed to monitor the interface between the ferrofluid droplet and the
weakly magnetic fluid. This method employs an auxiliary scalar function, ¢, known as the level set function. This value smoothly
transitions between 0 and 1 across the interface, where it equals 0 in one domain, 1 in the other, and takes a value of 0.5 at the
interface.

The method is governed by Eq. (1):

o

_ v
E+H»V¢—7V-(8V¢—¢(1—¢)W) @™

where u is the velocity field, y and ¢ are stabilization parameters; y is the reinitialization parameter and and corresponds to the peak
velocity within the flow, and ¢ is the controlling interface thickness parameter in meter.

The two-phase flow properties for the laminar flow and magnetic field must first be derived using the level set function. Using the
level set function, we apply linear interpolation, as defined in Egs. (2)-(5), to incorporate the density (p), dynamic viscosity (1),
magnetic permeability (4), and magnetic susceptibility (y) of the fluid.

p=p.+ (Pa—p) @ ©))
n=n.+ (ng—1n.) ¢ (3)
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The subscripts ¢ represents continuous phase and d express the droplet phase.
3. Governing equations
Our system consists of an incompressible, isothermal ferrofluid suspended in another isothermal, incompressible, immiscible

medium subjected to homogeneous magnetic field. To derive the governing equations, we apply the continuity equation along with the
Navier-Stokes momentum equations according to Egs. (6) and (7):

Vu=0 (6)
¥+V.(puu) = —Vp+V.[+F,+Fy, %)

where p shows density and is derived from Eq.2, p stands for the pressure and 7 represents the viscous stress tensor.
The viscous stress tensor ([7]) is described as Eq. (8):

[r] = [n(Vu+ (Vu)")] ®

where 7 shows dynamic viscosity and is derived from Eq. (3). The volume forces on the right-hand side of Eq. (7) are surface tension
(F,) and magnetic force (Fp), respectively.
The force due to surface tension (F,)) is described by Eq. (9):

F,=V.[¢{I+ (-nn")}s] 9)
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where ¢ represents the surface tension coefficient, I denotes the identity matrix, & refers to the Dirac delta function, and vector n
denotes the normalized perpendicular direction to the interface., which is expressed using the level set function as n = %.

The magnetic force is incorporated into the Navier-Stokes equation to couple the laminar flow and magnetic field modules (see
Supplementary Information). This force can be related to the magnetic stress tensors through Eq. (10):

Fr=V.[tm] (10)

The magnetic stress tensor (z,,) for the mentioned medium under an applied magnetic field is given by 7,, = —4H?[I] + y HH" [1]
where H is the magnitude of the magnetic field intensity H. By expanding the magnetic tension tensor and utilizing Eq. (4), the
resulting magnetic force can be represented as Eq. (11):

1
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Considering the linearity and homogeneity of the material, the magneto-static Maxwell equations establish connections between
magnetic field intensity H, magnetization M, and magnetic flux density B through Egs. (12) and (13):
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Fig. 1. Simulation flowchart of ferrofluid droplet deformation.
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B is calculated through Eq. (14):

B= Ho(H+ M) = pio(1 + y)H 1
(s as

in the ferrofluid domain in the non-magnetic medium fluid domain.
here, py = 47 x 10~7H/m is the magnetic permeability of vacuum, and y is the magnetic susceptibility and is derived from Eq. (5),
which is described by Eq. (15):

x=u—1 (15)
where y, is relative magnetic permeability. Moreover, for comparative analysis, we utilize a dimensionless quantity known as the

magnetic Bond number. This number characterizes the relationship between the magnetic force and the surface tension force, and can
be expressed as Eq. (16) [45]:

_ HoHy

OKo

Bo,, (16)

where H, is magnetic field intensity due to external magnets and «y is the curvature of the initial shape of the ferrofluid droplet of
initial radius Ry, respectively, where ko = R%]. The simulation flowchart for shape transformation of the ferrofluid droplet, as described
in this section, is shown in Fig. 1.

4. Validation

To validate our simulation results obtained using COMSOL with the empirical findings published by Afkhami et al. [37], we
conducted our simulation under the same conditions as those of the experimental study. Therefore, our model consists of an immis-
cible, isothermal, and incompressible ferrofluid droplet surrounded by a non-magnetic fluid subjected to homogeneous magnetic field.

In this case study, the ferrofluid droplet with a constant magnetic susceptibility y = 0.8903 and an initial radius of Ry = 1.291 mm
is located in the center of a square of length 15R, (Fig. 2A). The surface tension coefficient is set to be 0.0135 N/m. The fluids are
characterized by a density of 1260 kg/m3 and a viscosity of 0 .1 Pa s for both.

To ensure a reliable computational grid, a mesh independency study is conducted. We use a triangular mesh type for the fluid
domain and a quadrilateral mesh type for the boundaries to construct the computational grid (see Supplementary Fig. S1). The shape
transformation of the droplet subjected to a homogeneous magnetic actuation with an intensity of Hy = 59604 is calculated for five
different mesh grids; the direction and magnitude of this magnetic field are shown in Fig. 2B. Subsequently, the droplet aspect ratio
from each simulation is evaluated against the experimental findings using Eq. (17):
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Fig. 2. Simulation model of a ferrofluid droplet subjected to a homogeneous magnetic field. (A) Magnetic field. (B) Geometry model.
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The relative error in Eq. (17) is calculated by experimental values of the droplet shape (aspect) ratio <g> and the simulation
exp

values of the droplet aspect ratio <§) . Asillustrated in Fig. 3, increasing the total number of mesh elements beyond 60,298 results in
stm
no change in the relative error, which remains constant at 1.15 %.

Furthermore, the model was tested under external uniform magnetic fields with varying intensities. In addition to validating the
results against those obtained by Afkhami et al. [37], our model was also compared with the VOF and S-CLSVOF methods reported by
Ghaffari et al. [36]. The simulation results, shown in Fig. 4, indicate that the maximum deviation between our results and the
experimental data is 2.06 %. In contrast, the deviations for the VOF and S-CLSVOF methods are 14.97 % and 10.24 %, respectively.
This demonstrates a strong agreement between our results and the experimental data, even at higher magnetic field intensities. Thus,
the conservative level set method proves to be effective for interface tracking in the simulation of a ferrofluid droplet surrounded by a
weakly magnetic fluid.

5. Results and discussion

In this part of the study, the influence of various parameters on the deformation of a ferrofluid droplet subjected to a homogeneous
magnetic field is examined. As outlined in Section 3, changes in the droplet’s behavior can be expressed by the dimensionless Bond
number, which depends on factors such as magnetic field intensity, the droplet’s initial radius, and the surface tension coefficient—all
of which influence the deformation. Additionally, at a constant Bond number, the magnetic susceptibility of ferrofluid, plays an
essential role in determining droplet shape-shifting exposed to external magnets. The effects of these parameters are simulated and
presented below, along with a comparison to the S-CLSVOF numerical method used by Ghaffari et al. [36].

Before examining the behavior of the ferrofluid under the specified parameters, we must first determine time influence on the
equilibrium form of ferrofluid when subjected to a homogeneous magnetic field. Initially, the droplet is influenced solely by surface
tension forces. However, once exposed to the homogeneous magnetic field, the forces induced by the magnetic field exceed those
exerted by surface tension. Consequently, the droplet extends along the axis of the magnetic field and continues to change shape until
the surface tension equals to magnetic forces (see Supplementary Fig. S4). The deformation of the droplet under a magnetic field
intensity of Ho = 5960 A/m over a period of 1 s is shown in Fig. 5.

As illustrated in Fig. 6, the surface tension and magnetic forces reach equilibrium state at 0.1 s in the COMSOL simulation. In the
simulation, the time step is set to 0.01 s.

5.1. Magnetic field intensities impact on the deformation of ferrofluid

This segment examines the influence of magnetic field intensity on the form of the ferrofluid droplet. All other factors, such as the
initial droplet radius, surface tension, and magnetic susceptibility, remain constant as described in Section 4. As a result, based on Eq.
(16), the Bond number increases as the magnetic field intensity rises. Fig. 7 indicates that higher magnetic field intensities result in
increased deformation of the droplet.

For a more detailed examination of the correlation of the shape ratio and the Bond number, we will refer to the theory presented by
Afkhami et al. [37]. The shape ratio in relation to the magnetic Bond number, held constant at specific magnetic susceptibility values
(1), is expressed by Eq. (18) [37]:
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Fig. 3. Mesh independency study results.
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Fig. 7. Schematic of the ferrofluid shape transformation subjected to different homogeneous magnetic field intensities.
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e[ () (5-() )

where k is the demagnetizing factor.

The shape ratio of the deformed ferrofluid droplet, simulated for various Bond numbers with constant magnetic susceptibility, is
compared with theoretical values obtained from Eq. (18) and shown in Fig. 8. As demonstrated, the simulation findings are in strong
agreement with the theoretical predictions outlined in Equation (18). However, as the Bond number increases, the discrepancy be-
tween the simulation and the theoretical values grows. This discrepancy is due to the deviations of Eq. (18) from the experimental
results reported by Afkhami et al. [37]. Our simulation findings, which closely correspond with the experimental data (see Fig. 4),
suggest that Eq. (18) exhibits similar deviations from our simulations as well.

5.2. The impact of different initial radii on the shape-shifting of ferrofluid

The initial radius of the ferrofluid droplet significantly impacts its deformation. According to Eq. (16), the effect of this parameter
correlates positively with the droplet’s shape ratio, which is the ratio of the larger to the smaller radius of the deformed ellipse. As the
initial radius increases, the magnetic forces become more prominent compared to the surface tension forces, leading to greater
deformation and a higher aspect ratio (see Supplementary Fig. S5). Conversely, when the initial radius is less than 0.5 mm, surface
tension forces dominate, and droplet deformation is minimal. Fig. 9 illustrates the simulation results for a magnetic field intensity of
5960 A/m, a surface tension coefficient (¢) of 0.0135 N/m, and a magnetic susceptibility (y) of 0.89, which were kept constant.

To evaluate how our conservative level set method compares with the S-CLSVOF method used by Ghaffari et al. [36], a comparison
was made between the results of both methods and the theoretical predictions from Eq. (18). This comparison is depicted in Fig. 10.

5.3. The effect of surface tension coefficient

This part of the study examines the impact of the surface tension parameter on the shape transformation of ferrofluid when exposed
to a homogeneous magnetic field with an intensity of 5960 A/m. Unlike the case discussed in Section 5.1, where the droplet had a
magnetic susceptibility of 0.89 and a radius of 1.291 mm, the impact of surface tension forces is more prominent here compared to the
magnetic forces (see Supplementary Fig. S6).

The height-to-width ratio of the ferrofluid droplet depends on the Bond number. When the surface tension coefficient increases, the
Bond number decreases, which causes the droplet to become more circular rather than elliptical. This results in aspect ratio decreasing
and approaching 1, as illustrated in Fig. 11. Fig. 12 compares the aspect ratios from our simulation with those obtained using the S-
CLSVOF method.

As discussed earlier, we compared the results of conservative level set method and the S-CLSVOF approach with the theoretical
values from Eq. (18). The comparison diagrams are shown in Fig. 13.

5.4. The influence of magnetic susceptibility

By assuming a constant Bond number, magnetic susceptibility becomes a crucial parameter influencing the shape transformation of
the ferrofluid. Additionally, magnetic susceptibility is a dimensionless quantity that indicates the extent to which a substance becomes
magnetized when exposed to an external magnetic field. To examine how magnetic susceptibility affects the droplet’s shape, we
simulated cases with magnetic susceptibilities ranging from 0.25 to 5, using an initial droplet radius of 1.291 mm. These results are
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Fig. 8. A comparison of the simulation and theoretical predictions concerning the shape ratio in relation to different Bond numbers.
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Fig. 11. Shape transformation of ferrofluid subjected to homogeneous magnetic actuation and the associated surface tension coefficient.
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Fig. 13. The impact of surface tension parameter on the conservative level set, S-CLSVOF and theoretical approach.

shown in Fig. 14. We also compared these simulations with the S-CLSVOF method by varying the initial droplet radius to 0.75 mm,
1.2191 mm, 2 mm, and 3 mm, as illustrated in Fig. 15. Fig. 14 shows that as magnetic susceptibility increases, the shape transformation
of ferrofluid becomes more pronounced. For a magnetic susceptibility of y = 3, the droplet significantly deforms into an elliptical
shape with conical ends. Fig. 15 reveals that for magnetic susceptibilities below 1, the droplet deformation is minimal. However, at

x=0.25 x=0.50  x=089  x=1.00  x=2.00 X=3.00

0000

Fig. 14. Illustration of the shape transformation of ferrofluid having an initial radius of 1.291 mm under uniform magnetic field and different
magnetic susceptibility values.
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higher susceptibilities, increasing the initial radius leads to a notable increase in the aspect ratio.
We also used theoretical calculations to evaluate the outcomes obtained from conservative level set numerical method for two
different magnetic susceptibilities, as shown in Fig. 16.

5.5. Investigating the influence of the external magnetic actuation on the coalescence of two ferrofluid droplets under gravity

When two ferrofluid droplets are placed in a weakly magnetic liquid and subjected to an external magnet, they act like magnetic
dipoles and attract each other. This attraction grows stronger as the droplets move closer together, eventually causing them to merge.
The attraction occurs because the ferrofluid converts the uniform magnetic field around it into a non-uniform field, creating a magnetic
field gradient. Additionally, gravity pulls the droplets downward. The current simulation model differs from the previous models. As
shown in Fig. 17A, this model includes two droplets with an initial radius of 1 mm, a center-to-center distance of 4 mm, and properties
such as density of 1260 kg/m?® and viscosity of 0.1 Pa s placed in a non-magnetic fluid with a lower density of 966 kg/m> and the same
viscosity as the previous system. The magnetic field, directed along the direction of gravity, has an intensity of Hy = 10,000 A/m, as
depicted in Fig. 17B.

Worner [46] examined numerical techniques used to model and track the interface during droplet coalescence and claimed that the
standard level set method could not accurately represent more than one interface inside a single computational grid cell. However, by
modifying the level set method, the coalescence of two ferrofluid droplets were simulated successfully.

As shown in Fig. 18, The two ferrofluid droplets were initially stretched along the magnetic field’s direction. As the magnetic
attraction among the droplets intensifies, they merge at 0.24 s and then fall under the influence of gravity. Fig. 18 illustrates that the
attraction forces between the two droplets are equal in magnitude (|F12| = |F21|). Since the droplets have the same shape and mass,
the gravitational force acting on each is also the same. However, because the F21 is parallel to gravity, droplet 1 (i.e., the upper one)
accelerates more and falls faster than droplet 2 (i.e., the lower one). To better understand the impact of the magnetic actuation, we
repeated the simulation subjected to gravity in the absence of magnetic field. As depicted in Fig. 19, in the absence of magnetic
actuation, the droplets fall solely due to gravity, and no deformation, collision, or merging is observed.

5.6. 3D model of ferrofiuid droplet deformation subjected to different intensities of homogeneous magnetic actuation

The conservative level set approach can be extended to 3D environments [44]. Therefore, we investigate the shape-shifting of a
ferrofluid droplet in a 3D model exposed to different homogeneous magnetic field intensities.

To simulate the three-dimensional deformation of a ferrofluid droplet, we extend the conservative level set technique and adapt the
2D magnetic stress tensor equation to three dimensions. The updated version of Eq. (11) for the 3D case is according to Eq. (19):

_ G0\ o _[li=j
Tm—ﬂ<HlH]—§H>,5U—{0i¢j (19)
This definition for the magnetic stress tensor was provided by Afkhami et al. [37]. It could be rewritten as Eq. (20):

1

H2 - EHZ HH, H,H,
1
tm=u| HH, H - EH2 HH, (20)
2 1 2
H,H, HH,  H -_H

Using Eq. (20) and Eq. (10), we can calculate the magnetic forces acting on the three-dimensional model of the ferrofluid droplet.
For our simulation, we consider a cube with a side length of 1 cm and place a ferrofluid droplet inside it. We apply a constant magnetic
field along the y axis with different intensities: 2500 A/m, 5960 A/m, and 10000 A/m. The results of these simulations are shown in
Fig. 20, which includes isometric, front, top, and right views of the droplet in its equilibrium state for each magnetic field intensity.

6. Conclusion

We successfully simulated a ferrofluid droplet subjected to homogeneous magnetic field using a conservative level set numerical
approach in COMSOL. Our study demonstrated that enhancements to the level set method, specifically the conservative level set
approach, enable accurate simulation of droplet coalescence and extend its applicability to scenarios like emulsion breakage.
Furthermore, the conservative level set technique outperformed both the VOF method and the S-CLSVOF method, a simple coupling of
level set and VOF techniques.

Compared to other numerical methods, our simulation shows strong agreement with experimental data, even under high magnetic
field intensities. The biomedical applications of ferrofluids and the demands of high magnetic field environments require precise
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Fig. 17. Merging simulation of two ferrofluid droplets subjected to homogeneous magnetic field. (A) Geometry model. (B) Magnetic field and
gravitational acceleration direction.
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i
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Fig. 18. Merging of two ferrofluid droplets under an external magnetic field and gravity.

dynamic modeling. This paper addresses the crucial task of establishing a framework for more accurate ferrofluid modeling under the
influence of magnetic fields, enabling the extraction of governing dynamics for designing model-based controllers [47,48], Thus,
ensuring the stability and desired response of such model-based controllers is crucial, especially in high-risk environments such as
human tissue.

Future work will focus on examining how additional parameters act on the deformation of 3D ferrofluid droplets using COMSOL,
with the goal of achieving greater simulation accuracy than has been achieved so far. Our two-dimensional and three-dimensional
models will help address the control of ferrofluid droplets along specific trajectories using magnetic actuation, ultimately
advancing the development of wireless ferrofluidic microrobots for biomedical applications.
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Fig. 19. Fall of two ferrofluid droplets under gravity.

Isometric view Front view Top view Right view

Fig. 20. 3D model of ferrofluid droplet subjected to different values of homogeneous magnetic fields A) HO = 2500 A/m. B) HO = 5960 A/m. C) HO
= 10000 A/m.
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