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ARTICLE INFO ABSTRACT
Keywords: Estimation of population mean is a determined subject issue in sampling surveys and many efforts
Ratio estimator have been paid by various researchers to enhance the precision of the estimates by utilizing the

Exponential estimator
Transformed auxiliary variables
MSE

PRE

correlated auxiliary information. In connection with this, we suggest an improved exponential
ratio-cum-ratio estimator using transformed auxiliary variables under ranked set sampling
scheme. Theoretical comparison between estimators is made in terms of mean square errors
(MSEs), percentage relative efficiencies (PREs), and percentage relative root mean squared error
(PRRMSE). The numerical expression for the bias and MSE of the suggested estimator is derived
up to first order of approximation. Based on the results of actual data sets and a simulation study,
it is found that the suggested estimator perform well as compared to its existing counterparts.

1. Introduction

Ranked set sampling (RSS) is the modification of simple random sampling for bringing better precision in estimation. In sample
survey, major concern of the Researchers is cost-effective sampling, particularly, when the features of variable of interest is time
consuming and costly. In view of [1-3], sampling methods based on ranking are designed to utilize extra information from easily
obtained and inexpensive sources to collection best representative samples compared to other methods. The authors in Ref. [4]
adapted the efficient ratio estimators in rank set sampling. The authors in Ref. [5] recommended an unbiased estimators for population
mean using ranked set sampling. The authors in Refs. [6,7] recommended an efficient class of estimators using idea of ranked set
sampling. In this paper the properties of the proposed estimator are investigated against usual RSS mean estimator in Refs. [8-10]. The
authors in Ref. [11] recommended a family of estimators for population proportion using idea of rank. The [12] was the first who
placed his consistent efforts to introduce this method for efficient estimating the average pasture yield in forest. The [13] suggested a
modified estimator for population mean utilizing ranked set sampling. The [14,15] adapted the efficient ratio estimators in RSS scheme
for mean and compared it to its counterpart estimators under simple random sampling and proved that RSS ratio estimators are more
efficient than the later. The [16] was the first who used auxiliary information for the purpose of perfect ordering in RSS. The [17]
catered the mathematical theory for the ranked set sampling for the first time. The [18] give idea of ratio and product type estimators,
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when there is positive or negative correlation occur between the study and the auxiliary variable.

The [19] suggested a novel estimator for population mean using idea of rank under stratified random sampling. The [20] discussed
a new family of estimators using rank idea for population distribution function. Some latest works done using rank set sampling see
Refs. [21-26]. In this article we have suggested an enhanced exponential ratio-cum-ratio estimator in ranked set sampling using
transformed auxiliary information. In terms of mean squared errors, our suggested estimator has minimum mean squared error and
higher percentage relative efficiency as compared to existing estimators.

2. Ranked set sampling in case of two auxiliary variables and its algorithm for sample selection

Ranked set sampling is a procedure either it is the case of one auxiliary variable or two auxiliary variables. It the first stage, units are
selected randomly through SRS and then it 2nd stage, the units are ranked by any suited concomitant variable. Finally, units are drawn
from the selected units.

Under this case, it first stage, from a tri-variate finite population, draw independent m? random samples, each of volume m, through
SRS without replacement along with equal probability. Then in each set, order the units either by correlated variable X or Z, where X
and Z are concomitant variables, but the common practice is done according to the variable X. RSS procedure is then encounter to take
the desired sample of size n = rm for the actual measurement. From the first set m, draw the unit of Y and Z attached with the smallest
unit of X. From the next sample, take the value of Y and Z attached with the second smallest unit of X. Following the same approach, the
procedure is maintained until the units of Y and Z attached with the highest unit of X from the set m. This make up one cycle of the
procedure. The procedure is replicate r times to achieve the desired sample size of n-rm units for analysis.

In bullet form, the procedure in case of two auxiliary variables may be elaborated as under:

a. Select randomly m? tri-variate sample units from the tri-variate finite population where m is set size that denotes the ranked number
of samples in each set.

b. Allocate randomly m? chosen units into m sets having size m.

c. Within each set rank the units by either the auxiliary variable X or Z correlated with the variable of interest Y, but here is done
according to variable X.

d. Now start choosing units of Y and Z as choose the smallest ordered unit X in the set 1, then 2nd smallest X in set 2 along-with the
associated values of Y and Z, and so on until the largest ordered unit X is selected for the last set. This make up one cycle.

e. Replicate the above - mentioned steps for r cycles until the needed sample size i.e. n = mr is achieved.

3. General procedure for obtaining bias and mean square error

To derive the bias and MSE of the suggested estimators, we proceed as:
y[rss] = 7(1 + e0)7 )_C(rxs) = Y(1 + el)yz(rss) = z(1 + 82)7

Such that (¢;) =0, (p =0,1,2),
and

E(e)) = }’C\z - wa =Vuo E(e}) =rC:— W(zx) = Voo,
E(e%) = 7sz - W(Zz) = Vo E(e()el) = 7Cvx - W(yx) = V1107

E(egez) = yCy; — W) = Vior  E(e1e2) = yCoo = Wiy = Vour,
W2 — 1 Zm 2 W2 — 1 Zm 2
0) 7 2y bmi=1 Yim) @) T 2px2 Lmi=1 Aim)?

1 m 1 m 1 m 1 m
2 _ E 2 — E . = 75 . — _E . .
W(z) T i1 Laim) W(,VX) T mAYxX i Fyx(im) W(.Vz) % i Tyzlizm) W(Xz) T Xz iy Tazliom)  Ty(iom)

= (l‘ya:m - 7) Ta(im) = (ﬂxu;m) - ?),

Te(im) = (ﬂz(i:m) - Z) Tyx(im) = (”y(i:m) - Y) <ﬂx(i:m) - Y),
Tya(iom) = (yiim) — ¥) Haem) — Z)s Txatim) = (Ha(im) — Z)(H(imy — X)> ¥ = ()5 Cyx = pCyCxs Cyz = pCyCy & Cxy = pCxCy, where Cy, Cy and
C, are the coefficients of variation of X, Y and Z respectively. The values of jiy;m), fy(im) @0d fiy;.m) depend on order statistics from some
specific distributions (See Ref. [3]).

im
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4. Existing estimators
The usual per unit mean estimator with its MSE is given as under:
B | o
Yi(rss) =—— Yiizmlj»
The MSE of yizss) is given in equation (1):
MSE (yiass)) = 72 (rC2 = W) = F*Vaus. &)
Some of the members of [9] under RSS using two auxiliary variables as under:
Fawss) =) (—Y >eXP (7—_ Z““‘”)
2859 = Y X(rss) Z+Z)
The MSE of y,xss) is given in equation (2):

_ 1
MSE (ﬁ(kss)) =Y [Vzoo + Voo +ZV002 = 2Vio = Vit + Von} . (2)
s =5 (5o (52
=Viss] | = ) €X > - |
Y3(RSS) = Y[rss] Zom) P X + X
The MSE of y3rss) is given in equation (3):

- 1
MSE (%(Rss)) =7 [Vzoo +ZVUZO + Vooz = Viio — 2Vio1 + Vi 1} . 3)

The authors in Ref. [10] also developed the following estimators under RSS in case of two auxiliary variables:

_ T ex X — X(rsy) ex Z — Zosy)
Ya(RsS) = Yirss| €XP X T P Z 2w s

The MSE of ¥4rss) is given in equation (4):

4 4 2

— =Y ex; X- j(m) €Xx Z- Z(m)
Y5(RsS) = Yirss] €XP X P Z + Zy) ’

The MSE of ysrss) is given in equation (5):

_ 1 1 1
MSE (ﬂ(kss)) =Y {Vzoo + Voo +~-Voo2 — Viio — Vion +*V011} . 4)

. — 1
MSE (ssasy ) =T [vzoo + Voo £ 7Vo02 = 2Vito = Vior + Von} . ©)

— = ex )_( - x(rs:) ex 7 - z(r.vs)
Y6(RsS) = Yirss] €XP X F T P 7 s

The MSE of ¥erss) is given in equation (6):

— 1
MSE(yG(RSS)> =Y {Vzoo +ZV020 + Vooa — Vi — 2Vio1 + Von} . 6)

5. Suggested estimator

In this article we have suggested exponential ratio-cum-ratio estimator in ranked set sampling using transformed auxiliary in-
formation.

_ NX — nx,
Let Tx(rss) = ?ﬁ )
= NZ — nZ(
Tirss) = “N_n

Tx(rs:) = (1 +g)i - gjc(r:s)y
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Tz(rss) = (1 + g)z - 8Z(m):

where g = .
Using the transformation TX(,SS) and Tz(,ss), the suggested exponential ratio-cum-ratio estimator in RSS is given in equation (7):
- - Torse) =X Tore) — 2
| =Yss) €Xpla\ = = | +b(= AR 7
FHRs9 = p{ (Tx(r.\'.\) +X) <Tz(r.\r) +Z @
where
D /D S ¥ R Sy ) Dyre o P Dt Yo i
Voss) =——————— Xy =——— &y =——— ————

mr mr mr

Here a and b are some suitable chosen scalars whose values are to be determined, so that MSE of ¥ gss) is minimized. Also, X, Yand Z
are the population means of X, Y and Z respectively.

In error terms, we have the expression for equation (7), up to first order of approximation: yyrss) = Y(1 + €0){1 — S age; — S ag’e? —
1bge; — 3bg%e3 + La’g?e? + 1b’g%el + %abgzelez}.

The simplified form is given in equation (8):

_ — 1 1 1 1 1 1 1 1 1
<yL(RSS) - y) =Y {30 —5a8e — Ebgez - legze% - Zbgzei +§¢12g2€f +§b282€’§ + lebgzelez 5481 — Ebgeoez} 8
The bias of y;rss), is given in equation (9):
a T, 1,, 1, 1, 1 1 1
Bias (yL(RSS)> =Y |ca g Vo +gb"8 Vo — 7 ag Voo — ~bg Voor +~abg Vo — 5 agVie — 5 bgVio (C)]
8 8 4 4 4 2 2
Squaring and taking expectation of equation (8):
- 7 l,, l,, L,
MSE()’L(RSS)) =Y |Vao +Z“ 8 Voo +Zb & Voo — agVio — bgVio +§ubg Vour | - (10)

To get the a and b optimal values, differentiate equation (10) with respect to a and b respectively and equate to zero i.e

2(VoozVio — VouViar)
8 (Voo Voo — V1)

Uopt) =

and

2(VoxoVior — Vo Vino)
8 (VoroVoor — V31y)

bopr) =
Putting the optimum values of a and b in equation (10), we get the optimum MSE (¥, rss)), which is given by:

Qp — Q) + Q3 — Qy — Qs + Q4

Vaoo + 5
(Voo Voo — V31y)

MSE (uiwss), =V
(opt)

where

Q1 =Vor V1oV Q2=VoxVioVier @3=VooVip Vo Qu=VooViuViie Q5 =2ViioVie Vi, and Q6 = 2V;10Vio1 Vor1 Voro Voo
6. Special cases of the proposed estimator

If a = 0 and b = 0 in equation (7), the proposed estimator reduced to per unit mean estimator of population mean under RSS i.e:

1 rooom
y(r.xs) = E Z Yiizm)j»

=1 =1

The MSE of Y. is given in equation (11):

MSE (5i1s9) = 7*Vaso. a1)

If a =1 and b = 1 in equation (7), the following exponential ratio-cum ratio estimator may be obtained
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_ _ e T/\'(I‘SS) - Y + TZ(”S) — Z
/ 55) = Yirss] €X] - Y T V4 ’
YLy (RsS) = Yirss] €XP Torss) + X Trss) +2

The bias of yi, rss) is given by:

. - 1 1 1 1 1
Bias ()’L,(Rss)) = Y{ - Zgzvozo - Zgzvooz - EgVno - §8V101 +1g2V011 ,

The MSE of ¥, &ss) is given in equation (12):

1 1
Vaoo + Zgz Voo + Zgz Voo — &Viio — gVio

MSE (31, as5)) =7

+1 2V,
2&’ 011

If a =1 and b = 0 in equation (7), the following exponential ratio estimator may be obtained

= — Tx(rss) - Y
YLy (RSS) = Yirss) CXP m s

The bias of yi,«ss) is given by:
A 1, 1
Bias (yLz(RSS)) =Y| =g Voo — Vo
8 2
The MSE of ¥, (rss) is given in equation (13) by:
- 1
MSE(yLz(RSS)) =7 [Vzoo + Zgzvozo - gVno] .

If a =0 and b = 1 in equation (7), the following exponential ratio estimator may be obtained

= — Tz(rxs) - Z
YLy(RsS) = Virss) €XP m )

The bias of y;,(rss) is given by:

s - 1 1
Bias (yLz(RSS)) = Y{ - §82V002 - ingol} ,

The MSE of ¥, rss) is given in equation (14):
— 1
MSE(yL;(RSS)) =Y [Vzoo + Zgzvooz - ngm] .

7. Theoretical conditions
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(12)

13)

14)

In this section, we compare the proposed estimator with some existing estimators which are considered in this article, is given by.

1. By comparing equation (1) and equation (12),
MSE (St ms ) < MSE (i ). if

& Vo + & Voo
4gViio +4gVior +28*Von

2. By comparing equation (2) and equation (12),

MSE (yL, (RSS)) < MSE (yz(kss)) ,if

(&8 = 4)Vooo + (&8 = 1)Vom

<1
4(g —2)Vio +4(g — 1)Vior +2(2 — g2)Vou

3. By comparing equation (3) and equation (12),
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MSE (YL, (ms)) < MSE <?3(Rss)) ,if

(gz — 1)V + (g2 — 4) Vo -
4(g—1)Vio +4(g — 2)Vit +2(2 — %) Vo

4. By comparing equation (4) and equation (12),
MSE (YL, (ms)) < MSE <?4(Rss)) ,if

(g4 1)Vozo + (g + 1) Vo
4V110 + 4V101 — 2(g + I)V()ll)

<1

5. By comparing equation (5) and equation (12),
MSE (ﬁ, (RSS)) < MSE <y5(R.S‘S)> ,if

(8% —4)Vono + (&7 — 1) Vo

<1
4(g - 2)V110 +4(g - 1)V101 + 2(2 - gz)Vou

6. By comparing equation (6) and equation (12),
MSE (ﬁ, (RSS)) < MSE <YG(RSS)> ,if

(8% — 1)Voo + (8> — 4) Vo

<1
4(g - I)Vllg +4(g - 2)V101 + 2(2 - gz)Vou

8. Simulation study

To check the efficiency of the suggested estimator, a simulation study is designed to estimate MSEs, PREs, PRBs and PRRMSEs. With
respect to the correlated auxiliary variable X, rank is executed. Tri-variate random observations (X, Y, Z), were produced from a
multivariate normal distribution with known population correlation coefficients p,, = 0.90, p,, = 0.80 and p,, = 0.70. Using 10,000
simulations, estimates of MSEs, PREs, PRRMSEs and PRBs are computed using R-Language and presented in Tables 1-4.

The following formulae are used for point estimations. The expression for PRB(Yp(rss)), MSE(Yp(rss)), PRRMSE ) and PR Ep) are
given in equation (15), equation (16) and equation (17):

1[ 1 10000

7 Z (yP(RSS)i - Y)] x 100, (15)

PRB (y”RSSJ =¥ | 10000
i=1

Table 1
The simulated MSEs of different estimators.

m r n Fimss) Ya(rss) Y3(RrsSs) Ya(rss) Ys(rsS) Yo(rsS) YL(RSS)
3 9 0.1807 0.0832 0.1124 0.0449 0.0914 0.1350 0.0393
4 12 0.1379 0.0605 0.0819 0.0330 0.0649 0.0924 0.0295
5 15 0.1104 0.0487 0.0668 0.0259 0.0521 0.0748 0.0228
10 30 0.0555 0.0240 0.0333 0.0130 0.0247 0.0354 0.0114
15 45 0.0373 0.0162 0.0227 0.0088 0.0165 0.0235 0.0077
20 60 0.0274 0.0122 0.0171 0.0066 0.0125 0.0177 0.0058

4 3 12 0.1203 0.0557 0.0797 0.0332 0.0590 0.0909 0.0292
4 16 0.0903 0.0421 0.0593 0.0248 0.0439 0.0647 0.0219
5 20 0.0701 0.0336 0.0489 0.0196 0.0349 0.0525 0.0172
10 40 0.0353 0.0171 0.0249 0.0101 0.0175 0.0259 0.0087
15 60 0.0239 0.0112 0.0163 0.0065 0.0113 0.0166 0.0057
20 80 0.0180 0.0084 0.0122 0.0048 0.0085 0.0124 0.0042

5 3 15 0.0853 0.0429 0.0640 0.0268 0.0443 0.0696 0.0233
4 20 0.0647 0.0313 0.0466 0.0195 0.0319 0.0498 0.0172
5 25 0.0514 0.0254 0.0386 0.0156 0.0260 0.0408 0.0134
10 50 0.0258 0.0123 0.0188 0.0076 0.0125 0.0194 0.0067
15 75 0.0170 0.0081 0.0123 0.0051 0.0082 0.0126 0.0044
20 100 0.0127 0.0062 0.0095 0.0038 0.0062 0.0096 0.0033
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Table 2
The Simulated PREs of Different Estimators with respect to usual RSS mean estimator.
m r n Yi(rsS) Y2(RsS) Y3(RsS) Ya(rss) Ys(RsS) Y6(RSS) YL(RSS)
3 3 9 100 217 160 402 197 133 459
4 12 100 227 168 416 212 149 466
5 15 100 226 165 425 211 147 483
10 30 100 230 166 425 224 156 484
15 45 100 229 164 420 226 158 481
20 60 100 223 159 412 219 154 471
4 3 12 100 216 150 361 203 132 412
4 16 100 214 152 364 205 139 410
5 20 100 208 143 356 200 133 406
10 40 100 206 141 350 201 136 406
15 60 100 212 146 367 210 143 420
20 80 100 214 147 370 211 144 425
5 3 15 100 198 133 317 192 122 365
4 20 100 206 138 330 202 129 374
5 25 100 202 133 328 197 125 381
10 50 100 209 137 336 206 132 385
15 75 100 208 138 333 206 135 380
20 100 100 204 134 330 203 131 378
Table 3
The simulated PRRMSEs of different estimators.
m r n Yurss) Ya(RsS) Y3(rSS) Ya(rss) Ys(rsS) Yo(rsS) YL(RsS)
3 9 21.503 14.593 16.962 10.933 15.453 18.832 9.037
4 12 18.787 12.444 14.482 9.208 12.972 15.496 7.014
5 15 16.814 11.170 13.075 8.160 11.621 13.951 6.028
10 30 11.919 7.849 9.246 6.782 7.991 9.576 4.440
15 45 9.781 6.453 7.625 5.972 6.519 7.792 4.070
20 60 8.377 5.603 6.629 4.626 5.668 6.747 3.139
4 3 12 17.551 11.94 14.285 9.236 12.391 15.403 7.319
4 16 15.203 10.37 12.321 7.969 10.653 12.954 6.862
5 20 13.395 9.282 11.190 7.190 9.487 11.641 6.181
10 40 9.514 6.624 7.997 5.084 6.704 8.156 4.737
15 60 7.834 5.375 6.467 4.089 5.408 6.542 3.018
20 80 6.802 4.648 5.597 3.534 4.679 5.655 2.303
5 3 15 14.776 10.48 12.802 8.299 10.697 13.432 7.762
4 20 12.868 8.953 10.927 7.088 9.089 11.355 5.667
5 25 11.472 8.071 9.942 6.338 8.197 10.278 4.882
10 50 8.138 5.625 6.952 5.435 5.676 7.076 3.149
15 75 6.613 4.579 5.625 3.620 4.605 5.688 2.392
20 100 5.709 3.996 4.931 3.140 4.011 4.977 2.934
Table 4
The simulated PRBs of different estimators.
m r n Y1(rss) Ya(RsS) Y3(rss) Ya(rss) Ys(rss) Yo(rsS) YL(RsS)
3 9 0 2.1983 3.0396 0.5515 0.0261 0.2753 —0.8576
4 12 0 1.4248 1.8640 0.3369 —0.2062 —0.1097 —0.4044
5 15 0 1.2970 1.7598 0.3450 —0.0342 0.1337 —0.1356
10 30 0 0.6725 0.9914 0.2649 0.0276 0.2011 —0.5135
15 45 0 0.4879 0.7140 0.1700 0.0579 0.1912 —0.3642
20 60 0 0.3789 0.4786 0.0888 0.0581 0.0872 —0.2824
4 3 12 0 1.5350 2.1025 0.4256 0.1779 0.2599 —0.1355
4 16 0 1.0077 1.4225 0.2233 —0.0138 0.0949 —0.9594
5 20 0 0.8045 1.0704 0.2317 0.0073 —0.0025 —0.6733
10 40 0 0.3755 0.4896 0.0515 —0.0279 —0.0331 —0.4061
15 60 0 0.3001 0.3356 0.0716 0.0309 —0.0131 —0.2204
20 80 0 0.2153 0.2777 0.0365 0.0108 0.0152 —0.2032
5 3 15 0 1.0073 1.5071 0.3741 0.0822 0.1725 —0.7652
4 20 0 0.8611 1.2349 0.3336 0.1687 0.2443 —0.5282
5 25 0 0.7337 1.0110 0.3036 0.1747 0.2032 —0.3855
10 50 0 0.3676 0.4971 0.1431 0.0905 0.0978 —0.2008
15 75 0 0.2230 0.2954 0.0753 0.0404 0.0388 —0.1473
20 100 0 0.2266 0.2764 0.0991 0.0902 0.0803 —0.0685
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| loooo )

MSE(?P(RSS)) = (yp(kss)i - Y) ) (16)

10000 ;
1 1 10000 N2 %

PRRMSE p) =~ LOOOO ; (y,,<sRSS),- - Y) } x 100, a7

and
MSE (Siass)
PR Egpy = ——— 2 % 100, 18)

MSE (Srass))
P=(1,2..6,L)
9. Real data set

In addition to simulation study, to observe the performance of the proposed estimator in real life application, a real data set is used.
The data set contains three variables, whereas Y is variable of interest while X and Z are correlated auxiliary variables. From this real
population set, number of samples were taken for comparing the efficiency of newly developed estimator with the existing counterpart
estimators available in the literature stock in case of two auxiliary variables under RSS. Via R-Language, MSEs and PRE:s are obtained,
using equation (16) and equation (18), for the proposed and exiting estimators, which is given in Table 5.

9.1. Population [source: [18]]

The summary statistics for the aforementioned population as follows:
y: Output for 80 factories in a region

x: Number of workers

z: Fixed capital

N=80 m=4 r=5
n=20 ¥=285125 X =1126.463
Z =5182.637 C,=0.9484 C, = 0.7507
C.=03542 p, =098 p, =091

P, =0.94
10. Conclusion

From Tables 1 and 5 and it is shown that the suggested class of estimator y;rss), have minimum MSE values as to ¥ ), [9,10]. Also,
with increasing the sample size the values of MSE decreases. The proposed estimator has reasonable biases, since the values of PRB
listed in Table 4 are all below 1 % in absolute form. Amongst the competitor estimators, as shown in Tables 2 and 5, y;(rss) has highest
PREs. Similarly from Table 3 it is shown that the proposed estimator has minimum PRRMSE amongst counterpart estimators. It is
noticed that the efficiency of the proposed estimator increases in real life survey. So, we reason out that, the developed estimator is
strongly preferable over [6,7] estimators in real life application for better estimation of population mean. The present work can be
extended to estimate population mean under stratified random sampling, probability proportional to size using predicative approach
and non-response using ranked set sampling.
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Table 5
MSEs and (PREs) of different estimators.
Sample Yirss) Y2(rsS) Y3(RSS) Y4(RSS) Y5(RSS) Y6(RsS) YL(RSS)
1 1732.91 105.74 301.57 114.76 449.90 302.65 93.23
(100) (1641) (574) (1508) (385) (573) (1846)
2 1808.90 98.57 307.18 106.65 461.67 306.44 88.41
(100) (1835) (588) (1696) (391) (590) (2046)
3 1575.82 108.11 281.65 121.05 417.99 283.45 103.22
(100) (1457) (559) (1301) (377) (557) (1526)
4 1736.13 113.57 291.35 123.70 436.34 291.16 99.23
(100) (1528) (596) (1403) (398) (596) 1749)
5 1784.78 109.25 308.13 122.23 462.64 308.96 97.64
(100) (1633) (579) (1460) (387) (578) (1825)
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