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Effects of the Van der Waals 
Force on the Vibration of Typical 
Multi-layered Two-dimensional 
Nanostructures
Yiqing Zhang & Lifeng Wang*

Recently, two-dimensional nanostructures have caught much attention because of their magnificent 
physical characteristics. The vibrational behavior of typical multi-layered two-dimensional 
nanostructures (TMLTNs) is extraordinary significant to TMLTN-based nanoresonantors. In this 
investigation, the vibrational behavior of TMLTNs, taking black phosphorus (BP), graphene and BN 
as examples, is studied adopting molecular dynamics (MD) simulations and the sandwich plate model 
(SPM). The MD results show that the fundamental resonant frequency of multi-layered BP (MLBP) and 
multi-layered BN (MLBN) increase obviously with the number of layers. However, the fundamental 
resonant frequency of a multi-layered graphene sheet (MLGS) rise slightly when the number of layers 
increases. This phenomenon is caused by the shear modulus in the xz-plane and yz-plane resulted by the 
vdW force. Hence, an SPM considering the shear modulus in the xz-plane and yz-plane caused by the 
vdW force is used to investigate the vibration of the TMLTN. Compared with the MD results, it is shown 
that the SPM can better predict the vibration of the TMLTN.

In recent years, two-dimensional materials have caught much attention. Graphene shows great mechanical prop-
erties, with an elastic modulus of 1 TPa1, and it as well displays unique electronic and optical properties that have 
potential applications in photonic and optoelectronic devices2–5. Black phosphorus (BP) and boron nitride (BN) 
both have a wide band gap and can thus be applied in semiconductor technology6–13. BP can be used as a prom-
ising nanoresonator with a high resonant frequency14,15. BN also has extremely good mechanical and thermal 
properties16–19.

The vdW force is especially important for two-dimensional nanostructures. In a recent study, Li and his 
coworkers successfully probed the van der Waals (vdW) interactions of two-dimensional heterostructures via 
experiments20. Lin and Zhao21 utilized the theory and simulations to explore the mechanical peeling of vdW het-
erostructures. Zhao22 presented the role of vdW force in the crossover from continuum mechanics to mesoscopic 
mechanics. Xu and Zheng23 gave a brief review on progress and perspectives of the micro- and nano-mechanics. 
Many scholars have focused on the vibration of multi-layered nanostructures considering the vdW interac-
tions between layers24,25, and their results have shown that the vdW interaction and number of layers have no 
influence on the fundamental natural frequencies. Liu et al.26 explored the influence of interlayer shear on the 
multi-layered graphene sheet (MLGS). Understanding the influence of the vdW force on the dynamic behavior of 
typical multi-layered two-dimensional nanostructures (TMLTNs) is still a challenge. Different two-dimensional 
materials have different properties. For example, BP is a highly anisotropic material27–29, while graphene and BN 
are isotropic materials30–32. The vdW force of a TMLTN has a different influence on the dynamic behavior. Hence, 
establishing a continuum model to investigate the dynamic behavior of TMLTNs would enable thoroughly to 
understand the vibration of TMLTNs. However, few investigations have studied the vibration of TMLTNs with 
the effects of the vdW force taken into account.

In this paper, we use the molecular dynamics (MD) simulation and sandwich plate model (SPM) to study 
the dynamic behavior of TMLTNs considering the interlayer shear effect caused by the vdW interactions, taking 
multi-layered BP (MLBP), MLGS and multi-layered BN (MLBN) as examples. The different influence of inter-
layer shear effect caused by the vdW force on the vibration of TMLTNs is studied.
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Results and Discussions
The dynamic behavior of TMLTNs is explored. The vibration spectra of the MLGS, MLBP and MLBN obtained 
from MD simulations are illustrated in Fig. 1(a–c). The MD simulations are conducted in a canonical (NVT) 
ensemble at 100 K with a time step of 1 fs. The displacement of the atoms is recorded every 100 steps. In Fig. 1(a–c),  
each peak in the vibrational spectra represents one resonant frequency. As shown in Fig. 1(a–c), the resonant fre-
quency of the MLBP and MLBN increases obviously with the number of layers. However, the resonant frequency 
of the MLGS exhibits little increase. Figure 2 shows vibration spectra of single-layered graphene sheet at different 
temperature. From Fig. 2, it can be seen that the temperature has little influence on the vibration of TMLTN.
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Figure 1. Vibration spectra of the TMLTN. (a) MLBP (a = 16.56 nm, b = 25.67 nm), (b) MLGS (a = 11.31 nm, 
b = 10.47 nm), and (c) MLBN (a = 11.54 nm, b = 10.52 nm) from one to six layers.
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On the other hand, the SPM is used to investigate the vibration of the TMLTN, as shown in Fig. 3(a). 
Figure 3(b–d) show the molecular models of the MLBP, MLGS and MLBN, respectively. In Fig. 3(a), the blue 
layers represent the BP, graphene and BN, and the gray layers represent the one of those three that is caused by 
the vdW force. Next, the influences of the vdW force on the vibration of the TMLTN are investigated, taking 
the sandwich plate, which is formed by three plates, as an example, as shown in the inset figure of Fig. 3(a). The 
mechanical properties of the BP, graphene and BN are given in Table 133–35. Some factors that could affect the 
resonant frequency of the TMLTN are shown in Fig. 4. Figure 4(a,b) show that the xy-plane and the z-direction 
Young’s modulus of the middle plate have slight influence on the resonant frequency of the TMLTN. In Fig. 4(c), 
when the shear modulus in the yz-plane and xz-plane of the middle plate continues to increase in the case of the 
Young’s modulus of the middle plate is being much less than that of the plate representing the BP, graphene or BN, 
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Figure 2. Vibration spectra of single-layered graphene sheet at different temperature.

Figure 3. Models of the TMLTN. (a) The equivalent continuum model. Molecular model of (b) MLBP, (c) 
MLGS, (d) MLBN. (a is created by office 2016, URL is http://kms.nuaa.edu.cn/#zb_rjxz. (b–d) are created by 
VMD 2019, URL is https://www.ks.uiuc.edu/Research/vmd/).

BP

D11 (N·m) D22 (N·m) G12 (GPa) υ12

7.9984 × 10−19 1.5210 × 10−19 52.31 0.054

graphene
K = Eh (N·m) υ2

251 0.41

BN
D3 (N·m) υ3

1.42 × 10−19 0.3

Table 1. Mechanical properties of BP, graphene and BN.
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the resonant frequency of the TMLTN increases obviously. Hence, we find that the shear modulus in the xy-plane 
and xz-plane caused by the vdW force can affect the resonant frequency of the TMLTN.

Subsequently, the shear modulus of the yz-plane and xz-plane between two adjacent layers caused by the vdW 
force using MD simulations are calculated by

γ
=

∂
∂

G
abh

U1 ,
(1)

2

2

where a, b and h represent the length, width and distance between two adjacent layers of the TTMLN, respec-
tively. U is the energy of the vdW interaction between two adjacent layers. γ represents the shear strain between 
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Figure 4. The different factors affect the resonant frequency of the TMLTN. The Young’s modulus of the middle 
plate in (a) the x- and y-directions and in (b) the z-direction, and the shear modulus in (c) the xz- and yz-planes, 
which affect the resonant frequency of the TMLTN.
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two adjacent layers. In Fig. 5, the relationship between U and shear strain γ is presented. From Fig. 5 and Eq. (1), 
the shear modulus caused by the vdW force can be obtained. For the MLBP, the shear moduli in the xz- and 
yz-planes are 4.29 GPa and 2.13 GPa, respectively. For the MLGS, the shear moduli in the xz- and yz-planes are 
0.098 GPa and 0.095 GPa, respectively. For the MLBN, the shear moduli in the xz- and yz-planes are 0.701 GPa 
and 0.698 GPa, respectively. From the results, it shows that the shear modulus for the MLBP is larger than that for 
the MLGS or the MLBN. Due to the crystal orientation of the layered material, the shear moduli in the xz- and 
yz-planes are different.

The vibration of the TMLTN is explored using the SPM, in which the shear modulus caused by the vdW force 
is considered. The resonant frequency of the sandwich plate is obtained from the finite element method. The fun-
damental resonant frequency of the MLBP and MLGS obtained from MD simulations and the SPM is presented 
in Fig. 6. The fundamental resonant frequency obtained by MD simulations is denoted by the red circular points, 
and the resonant frequency obtained by the SPM is denoted by the black five-pointed stars. The fundamental 
resonant frequencies of the MLBP, MLGS and MLBN obtained by the SPM are almost the same as those obtained 
by MD simulations. When the layers of BP and BN increase, the resonant frequency obtained by the SPM also 
increases. However, when the layers of graphene increase, the resonant frequencies obtained by the SPM have 
little increase. Hence, the SPM, in which the shear modulus caused by the vdW force is considered, can better 
predict the vibration of the TMLTN.
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Figure 5. The relationship between the energy of the vdW between two adjacent layers and the strain of the 
shear strain between two adjacent layers of the TMLTN. The MLBP in the (a) xz-plane and (b) yz-plane, the 
MLGS in the (c) xz-plane and (d) yz-plane, the MLBN in the (e) xz-plane and (f) yz-plane.
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The interaction between BN sheets includes electrostatic in nature. The Lennard-Jones potential is used here 
to model the interaction between layers for the interlayer displacement is small and the structure does not deviate 
from the relaxed one too much.

Conclusions
In summary, the MD simulations and the SPM with the shear modulus caused by the vdW force are used to study 
the vibration of the TMLTN. The resonant frequency increases obviously when the layers of BP and BN increase. 
However, when the layers of graphene increase, the resonant frequency increases slightly. The shear moduli for 
MLBP, MLGS and MLBN caused by vdW force are calculated. The results show that the shear modulus for the 
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Figure 6. The fundamental resonant frequency of the TMLTN obtained from MD simulations and the SPM.  
(a) MLBP. (b) MLGS. (c) MLBN.
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MLBP is larger than that for the MLGS or the MLBN. Subsequently, it is found that the shear modulus between 
two adjacent layers caused by the vdW force is the primary reason for this phenomenon. Compared with the MD 
simulations, the results show that the SPM, in which the shear modulus between two adjacent layers caused by the 
vdW force is considered, can better forecast the vibration of the TMLTN.

Methods
Molecular dynamics simulations. Investigating the dynamic behavior of TTMLNs is employed by MD 
simulations, which are performed using the LAMMPS package36. The Brenner’s second-generation reactive 
empirical bond order potential37, the Stillinger–Weber (SW) potential38 and the Tersoff potential39,40 are employed 
to calculate the interactions among in-layer atoms of the graphene, the BP and the BN, respectively. The inter-
actions between the interlayer atoms of TMLTNs are calculated by Lennard-Jones (LJ) potentials, in which the 
expression for the potential energy is

ε σ σ
=






−





E
r r

4 ,
(2)

LJ

12

12

6

6

where ε and σ represent the well-depth and the equilibrium distance of the LJ potential, respectively. r refers to the 
distance between interaction atoms. In this paper, the parameters ε = .0 0132 eVP  and σ = .0 3695 nmP  for 
phosphorus atoms41, ε = .2 968meVC  and σ = .0 3407 nmC  for carbon atoms42 are adopted in the MD simula-
tions. The LJ parameters for different types of atoms are obtained from ε ε ε=AB A B  and σ σ σ= +( )/2AB A B . The 
MD simulations are conducted in a canonical (NVT) ensemble at 100 K with a time step of 1 fs.

The continuum mechanics method. The SPM is proposed to study the dynamic behavior of TMLTNs 
considering the interlayer shear effect caused by the vdW interactions. The SPM is shown in Fig. 3(a), the blue 
layers represent the BP, graphene and BN, and the gray layers represent the one of those three that is caused by the 
vdW force. The vibration of the SPM is calculated by finite element method.
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