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Bound states in the continuum
(BIC) protected by self-sustained
potential barriers in a flat band
system

Yi-Cai Zhang

In this work, we investigate the bound states in the continuum (BIC) of a one-dimensional spin-1

flat band system. It is found that, when the potential is sufficiently strong, there exists an effective
attractive potential well surrounded by infinitely high self-sustained barriers. Consequently, there
exist some BIC in the effective potential well. These bound states are protected by the infinitely high
potential barriers, which could not decay into the continuum. Taking a long-ranged Coulomb potential
and a short-ranged exponential potential as two examples, the bound state energies are obtained.
For a Coulomb potential, there exists a series of critical potential strengths, near which the bound
state energy can go to infinity. For a sufficiently strong exponential potential, there exist two different
bound states with a same number of wave function nodes. The existence of BIC protected by the self-
sustained potential barriers is quite a universal phenomenon in the flat band system under a strong
potential. A necessary condition for the existence of BIC is that the maximum of potential is larger
than two times band gap.

For usual potential wells, the bound states usually appear outside the continuous spectrum. However, Neumann
and Wigner constructed a bound state which is embedded in the continuous spectrum of scattering states' (the
so-called bound states in the continuum (BIC)?). Later, it is found that BIC can also appear due to the interfer-
ences of two resonances, where one of the resonance widths becomes zero with the variation of a continuous
parameter>*. BIC can also appear in the optical waveguides®™, and condensed matter physics system!°~'%. In
addition, BIC can also exist in bottomless potentials'>'c.

A lot of novel physics, for example, existences of localized flat band states'’~'°, the ferro-magnetism
transition?-%%, super-Klein tunneling?*-%, preformed pairs?, strange metal®, high T, superconductivity/super-
fluidity**-*, ect., can appear in a flat band system. Due to the existence of infinitely large density of states in a
spin-1 flat band system, a short-ranged potential, e.g., square well potential, can result in infinite bound states,
even a hydrogen atom-like energy spectrum, i.e., E, oc 1/n%,n = 1,2,3,.. 2.

Furthermore, it is found that the existences of bound states also depend on the types of potentials. For
example, a long-ranged Coulomb potential of type I (with three same diagonal elements in usual spin basis), an
arbitrary weak Coulomb potential can destroy completely the flat band*"* In two-dimensional spin-1 systems, a
strong Coulomb potential can result in a wave function collapse near the the origin*"*. For one-dimensional case,
an arbitrarily weak Coulomb potential also causes the wave function collapse*. In addition, for a potential of type
11, which has a unique non-vanishing potential matrix element in basis|2)*, a long-ranged Coulomb potential can
cause a 1/n energy spectrum. For a Coulomb potential of type III, which has a unique non-vanishing potential
matrix element in basis |3)**, there are also infinite bound states which are generated from the flat band. Near
the the flat band, the energy is inversely proportional to the natural number, i.e., E o 1/n. Differently from the
ordinary one-dimensional bound state energy which is parabolic function of potential strength, the bound state
energy is linearly dependent on the potential strength as the strength goes to zero. For a given quantum number
n, the bound state energy grows up with the increasing of potential strength «. There is a critical potential strength
o at which the bound state energy reaches the threshold of continuous spectrum. After crossing the threshold,
these bound state may still exist and they would form the bound states in a continuous spectrum (BIC)*.

In this work, we propose a new mechanism of the existence of BIC in a spin-1 flat band system with a strong
potential of type III. To be specific, we would extend the above investigations (see Ref.*’) where the energy is in

School of Physics and Materials Science, Guangzhou University, Guangzhou 510006, People’s Republic of China.
email: zhangyicail23456@163.com

Scientific Reports |

(2022) 12:11670 | https://doi.org/10.1038/s41598-022-15860-w nature portfolio


http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-022-15860-w&domain=pdf

www.nature.com/scientificreports/

The energy spectrum of free particle Hamiltonian
T I I I

5 T
E_
s — Eox
—FEx
3- threshold 1 7
threshold 2
ol i
1
A
£ !
0
Lﬂ& B A
p \4
.2 = -
3+ —
45 i
-5 | | | | | | |
-4 -3 -2 -1 0 1 2 3 4

k/m

Figure 1. The energy spectrum of free particle Hamiltonian. The possible conventional bound states exist in the
gaps (A) and (B). Any possible bound states in the continuum (BIC) only exist outside these gaps.

the continuum. It is found that for sufficiently strong potential, there exist an effective potential well which are
surrounded by infinitely high potential barriers. Within the potential well, there may exist some bound states
which are embedded in the continuous spectrum, i.e., BIC. The infinitely high barriers protect the BIC from
decaying into the continuous spectrum. Taking a long-ranged Coulomb potential and a shorted-ranged expo-
nential potential as two examples, we get the bound state (BIC) energies. Our results show that the existence of
BIC is quite a universal phenomenon for a strong potential of type III in the spin-1 flat band system.

Results. The model Hamiltonian with a flat band. In this work, we consider a spin-1 Dirac-type

Hamiltonian®® in one dimension, i.e.,
Hy = —ivphS, 0y + mS,, M

where V), (x) is potential energy, H is the free-particle Hamiltonian, vg > 0is Fermi velocity, and m > 01is energy
gap parameter. Sy and S, are spin operators for spin-1 particles®, i.e.,

1
?ﬁ? 10 0
0o L o 00 —1
NG

in usual spin basis|i) withi = 1, 2, 3. In the whole manuscript, we use the units of ve = h = 1. When Vp(x) =0,
the free particle Hamiltonian Hy has three energy bands. One of them is flat band with eigen-energy Exy = 0,
and the other two of them are dispersion bands*. Among the three band, there are two band gaps, whose sizes
are given by parameter m (see Fig. 1). Any possible BIC only exist in the two continuous spectrum, i.e., outside
the gaps .

bound states in a potential of type lll.  In the following manuscript, we assume the potential energy V),
has following form in usual basis |i = 1, 2, 3), namely,

Vii(x) 00
Vo) =V Q) =| o oo}. 3)
0 00

In the whole manuscript, we would refer such a kind of potential as potential of type III*. Such a spin-dependent

potential is a bit similar to the magnetic impurity potential in Kondo model. The conventional bound states for
potentials of type I and II have also been investigated in our previous works****. Adopting a similar procedure
as Ref.**, the spin-1 Dirac equation
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— 102 (0)/V2 = [E — m — Vi1 (0¥ (%),
— i [Y1 (%) + ¥3(x)]/v2 = Eyna (%), (4)
— i3y (0)/V2 = [E + mly3 ().

can be transformed into an effective Schrédinger equation (a second-order differential equation), i.e.,

—Y @) + V@Y () = By (). (5)
where the auxiliary wave function
E-V 2
wwz—@ffﬁmm. (6)

The effective total energy F and effective potential V are

E = E* — m* > 0, for bound states in Continuum,

Vii(x) (m+E)? 7

Y = v

In the following, we would solve the effective Schrodinger equation Eq. (5) to get the bound state (BIC) energies.
A long-ranged Coulomb potential. In this subsection, we assume the V;; is a Coulomb potential, i.e.,

o
Vix) = Tk (8)

where a is the potential strength. The effective potential V is

- Vi) (m+E?* A
Vi) = 2 E-Vi(x))/2 B x| —xo” ©

In the above equation, we introduce parameter A = D’("’27+E) and xo = 7%. It is shown that the effective potential

V is a shifted Coulomb potential®” with an effective potential strength A, which depends on energy E. The Eq. (5)
becomes

32y (x) + [E — A W) =0
; o : (10)

Depending on the sign of «/E, there exists two kinds of effective potentials V%, When a/E < 0, the effective
potential V has a lowest point at x = 0. The bound state energies are in the the gaps, 0 < E < m. Hence there
is no BIC for o/E < 0. .

When «/E > 0 (xp > 0), the effective potential V is negative in the interval (—xp, xp) (a potential well), and
positive in intervals (—oo, —xg) and (xp, 00) (see Fig. 2). There are two infinitely high potential barriers near two
ends x = =£x of the interval (—xp, xp). We see that the potential well width w = 2xy = «/E, and the position
of potential barriers x = £uxy depend sensitively on the bound state energy E. So in the whole work, we call the
potential barriers as self-sustained potential barriers. In addition, it is found that the bound state energy can
be larger than zero for & > 0 or smaller than zero for « < 0%. In the following, we mainly focus on the case of
a/E > 0, where the bound states in the continuous spectrum (BIC) may appear.

When x > 0and|E| > m (for BIC), the equation Eq. (10) can be solved with some confluent hypergeometric
functions. Its general solution is

PYx) = (x — xo)e_i\/g(x_XO){cl x 1Fila, b,Zi\/E(x —x0)] + 2 x Ula, b,2i\/1:3(x —x0)1} (11)

k

where 1F1[a,b,z]=2i°:0§f,z’gk is confluent hypergeometric functlon

(@r=ax(@+1)x(@a+2)x---x (a+k—1),and c;(c2) are two arbitrary constants.a = 1 + f b= 2
2i

Ula, b, 7] is a second linearly independent solution to the confluent hypergeometric equation (Tricomi
function*’). When z — 0, the two confluent hypergeometric functions behave as

1F1[a, b,Z] ~1,
Fe-1 1
" T@

When «/E > 0, due to the existence of infinitely high potential barriers, the bound state in the continuum only
exist in the interval (—xp, xp) (see Fig. 2). Outside the effective potential well, the wave function vanishes (see
Fig. 5). At the two ends of the interval, the zero boundary conditions should be satisfied, i.e.,

Y (E£x0) = 0. (13)
Taking Eq. (12) into account, Ula, b, 2i \/E (x — x0)] should be discarded. So the wave function is

(12)

Ula,b,z] = + O(llogz]), (b =2).
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(a): Coulomb potential (E/a > 0) (b):Exponential potential (1 > 2E/V; > 0)
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Figure 2. The effective potential wells surrounded by two infinitely high barriers (the red solid lines). (a): The
effective potential for Coulomb potential (a/E > 0). The value of effective potential at x = 0, i.e,,
V(0) = —(m + E)% (b): The effective potential for exponential potential. The value of effective potential at

x=0,ie,V(0) = U
f

P(x) = (x — xo)e_i\/g(x_XO)lFl [a, b,Zi\/E(x — x0)]. (14)

Due to V(—x) = V(x), the wave functions can be classified by parities. For odd parity states, the bound state
energy equation is

a(E + m)? 5 iov/E2 — m?
4iEVEZ —m? E
For even parity states, the bound state energy equation is

o(E + m)? i/ E2 — m?
[—4EQ2E + i/ E? — m2)] x {F1[1 + 2, — ]
( R DTN e E

]1=0. (15)

1Fi[1+

(16)
. a(E+m)? ian/E2 — m?
+ a[4iENE?2 — m2 + a(m + E)?*] x {F1[2 + ,3,— 1=0
ST GiEVE — E
The results are reported in Fig. 3.
When E? > m? for BIC, with quasi-classical approximation method®, the eigen-energy is given by
oe|m+E|\/ 2E \/m+E . E—m
h(y| —)] = A)m, 17
oF [ m+E+ E_marcsm( E—{—m)] (n+ A (17)
wheren =1,2,3,.. ., and
1
A = +—, for odd parity states,
1 (8)

1
A= e for even parity states.

From the Fig. 3, we see that the the bound state (BIC) energy can be well described by the quasi-classical

approximation Eq. (17).
For o > 0, there exists a critical potential strength*, which is determined by

1/4 4+ n)mw
ol A/4+mz , for odd parity states,
—1/44+n)m
Qerl %, for even parity states.
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Bound state (BIC) energies of Coulomb potential
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Figure 3. The bound state (BIC) energy of Coulomb potential in the case of «/E > 0. The solid lines are the the
exact results of Egs. (15) and (16). The black dashed lines are given by the quasi-classical approximation formula
Eq. (17). In the gaps A and B, there also exist infinite (conventional) bound states whose energy satisfy |E| < m
(see Fig. 4 of Ref. [45].).

After crossing these critical values, the bound states still exist and they form the bound states in continuum
(BIC). For a given n, there exist another critical value a2, near which the bound state energy goes to infinity,
i.e, E - £oo. When E — o0, the value is can be determined approximately with Eq. (17), i.e.,

2(n+ A)m

Oy 2 F————— >~ 40.6534(n + A)m,
2 V2 + arcsinh(1) ( (20)

where sign +(—) for E > (<)0. For ¢ < 0, when E < —m and || > 1, for a given n, the energy approach the
threshold of lower band, i.e., E — —m.

The existence of the BIC can be understood qualitatively as follows. The width of effective potential well is
w = 2x9 = «/E. Based on the bound state energy formulas of infinitely deep square well potential, the bound
state energy equation can be approximately written as

kw = nm, (21)

where wave vector can be approximated by

k~\/E—V(0) = \/2E(m + E). (22)

So we find that the potential strength

nwE
o= —,
V2E(m +E) 23)
where E? > m? for BIC. Only when
a > 0 = 7w/2, for E > m, (24)

BIC begin to appear. When E — =00, the critical value

Oera ™ 0w //2 >~ £0.7071n7. (25)

A more accurate formula Eq. (20) gives acr2 =~ £0.6534(n + A)r.

Short-ranged exponential potential. ~We should remark that the above mechanism of existence of BIC is quite
a universal phenomenon for a sufficiently strong potential. As long as the self-sustained potential barriers can
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form, the BIC may exist. A critical condition for the existence of the infinitely high potential barriers is that the
denominator of the effective potential has zero point [see Eq. (7)], i.e., the equation

E-Viu@®/2=0 (26)
has real solutions x. On the other hand, for BIC, the bound state energy should satisfy
|E| > m. (27)

Taking the Egs. (26) and (27) into account, we conclude that when the maximum value of potential is larger
than two times gap parameter m, i.e.,

[V11(0) max > 2m, (28)

there may exist BIC. We should emphasize that the above condition Eq. (28) just is a necessary condition for
the existence of BIC. So when the potential is sufficiently strong, there may exist BIC in the flat band system.
In this subsection, we assume the potential have an exponential function form, i.e.,

Vii(x) = Voe P, (29)

where Vj is the potential strength, 1/8 describes decaying distance of exponential function. For the above suf-
ficiently strong exponential potential, it is found that there exist BIC. The effective potential V is

Vii(x) (m+E)?  (m+ E)2e PN

V= =
2 E-Vi)/2 y — e Blxl

(30)

where we introduce dimensionless parameter y = 27{3; When y = %,—E <1, y— e Pl =0, ie.,
x =+x9 = :f:%log(y), then the denominator of effective potential is zero. In the interval (—xp, xo), the effective
potential is negative, while outside the interval, the effective potential is positive. Near the two end of interval,
i.e., x = xp, there are also two infinitely high potential barriers (see Fig. 2). So the bound states in continuum
may exist in the interval.

The Eq. (5) becomes

, . ee bl ~
Y00 + B - ——— 1) =0. (31)
y —e

where E = E2 — m?%, ¢ = (m + E)% The general solution of Eq. (31) is

A —Ete = (E+e)
Yx) =ca(yeP)T T F SR[ALB_; Co,yeP 1+ c(yef™) 7 yFi[Ay, By Cyyef ], (32)

k
where ;Fi[a,b;c,z] = > rep @kblz hypergeometric function, (@)y =ax (a+1) x (a+2) x --- X

kl(c)k
(a+k —1), and c1(cz) are two arbitrary constants. Ax = qii”_gw — —”/;E, B = :Fiv_ffﬁ) + —Vl;E,
Cx=1F ZiﬁéEﬂ) At two ends of interval (—xg, xg), the wave function should vanish, i.e.,
Bx _ N =(E+e) Bx Bx V-(Et+e) Bx
Yx=x0) =c(ye’™)  F xoFi[A_,B_; C_,ye" ]+ ca(ye™)  # X Fi[A4,By; Cy,ye”] = 0.
(33)
Similarly, the bound state energy equation are given by
¥ (x = 0) = 0, for odd parity states,
34
¥/ (x = 0) = 0, for even parity states. (34)
To be specific, for odd parity states, the bound state energy equation is
_ N =(Ete) v =(E+e)
ay B X F1[A_,B_; C_,y]l+cy # X 2F1[A+,B4+; C4,y] =0. (35)

For even parity states, the bound state energy equation is

—E—¢

B Cc ~ =
— Y U @ te)+ BV —e—Elx2FIAB Cyl+ey x Pl + A 1+B;1+C,y])
—B+2V/—E+e)

—E—¢

y oo

- —
B+2vV—(E+e)

The results are reported in Fig. 4.
With quasi-classical approximation method, the eigen-energy is given by

[2(E+¢) — BV —e — E] x 2F1[A4,B4; Co, vl + ey x2F[1 + A4, 14+ B4 14+ Cyy 1} =0

(36)
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Bound state energies of exponential potential
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Figure 4. The bound state (BIC) energy of exponential potential. The solid lines are the the exact results of Eqs.
(33), (35), and (36) . The black dashed lines are given by the quasi-classical approximation formula Eq. (37).
Here we take 8 = m. We note that there also exist some conventional bound states in the gaps.

—2VE2 —m? (Vo/2 — E)(E —m) mE + VoE — E? V2E(E + m) 14+ /(m+ Vy —E)/(Vy — 2E)
5 log[ + 1+ logl ]

Vo(E 4+ m)/2 Vo(E +m)/2 B —14/(m+ Vo —E)/(Vy — 2E)

=(n+ A)m,
(37)

wheren =1,2,3,...,and

1
A = +—, for odd parity states,
4
: (38)
A =— Z’ for even parity states.

From Fig. 4, it shows that for a given V) there exists two bound states with same quantum number 7. The two wave
functions of n = 3 with same number nodes are reported in panel (b) of Fig. 5. When potential is very strong,
i.e,, Vo — =00, one of bound state energy E — V/2 (see Fig. 4). The other bound state energy

E— 0, forE>0

E — —m, for E <0. (39)

Similarly, the above behaviors of bound state energy can be explained as follows. Based on the existence condi-
tions of bound states of infinitely deep square well potential, when

kw = nm (40)

where effective well widthw = 2xy = —2%log(y), the bound states would exist. The wave vector can be approxi-

mated by
- /7E_V(O)=\/2E(m+fb)“(f\_lom_VO) "

Therefore, the bound state energy equation can be approximately by

Vo
log[ﬁ] = nm (42)

2 [2E(E+m)(E—m— Vo)
B 2E — V
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E/m=0.5m for Coulomb potetnial V/(2m)=10 for exponential potential
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Figure 5. The (un-normalized) wave functions for BIC. (a) The wave functions for Coulomb potential. Here
we take the bound state energy E =2m for all the wave functions. (b) the two wave functions of n = 3 with same
number nodes for exponential potential with potential strength V/(2m) = 10. Here we take § = m. From

Fig. 5, we can see that outside the effective potential well which is given by (—xp < x < x), the wave functions
vanish.

where V/(2E) > 1. When the potential is very strong, e.g., Vo — =00, for a given #, the asymptotic behaviors
of bound state energy can be obtained with Eq. (42).

Finally, we note that for power-law decaying potential, i.e., Vi1 (x) = a/|x|® with § > 0, ifa > 0, only when
1 < § < 2, the system can have two bound states with same number wave function nodes. While for & < 0, only
when 0 < § < 1, the system has two bound states with same number nodes.

Summary
In conclusion, we investigate the bound states in the continuum (BIC) of a one-dimensional spin-1 flat band
system. It is found that BIC can exist for sufficiently strong potentials of type III. We get the bound state energies
for a Coulomb potential and an exponential potential. For a Coulomb potential and a given quantum number
n, when the potential strength reaches a critical value o1, the BIC begin to appear. When the potential strength
reaches oy, the bound state energy goes to infinite. For exponential potential, there are two bound states with
same number of wave function nodes. When the exponential potential is very strong, one of bound state energy
approaches one half of the potential strength. For repulsive potential (positive V), the other bound state energy
goes to zero. For attractive case, the other bound state energy approaches to the threshold of lower continu-
ous spectrum. In addition, it is found that the bound state energies can be well described by the quasi-classical
approximation.

A necessary condition for existence of BIC is that the maximum value of of potential is larger than two times
band gap. Our results shows that the existence of BIC is quite a universal phenomenon for a strong potential of
type III in the flat band system.
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