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Dynamics of hybrid switching DS-
I-A epidemic model
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. Inthis paper, we investigate a stochastic hybrid switching DS-1-A epidemic model. The extinction and
. the prevalence of the disease are discussed, and so, the threshold is given. Furthermore, the sufficient
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Human immunodeficiency virus (HIV) infection is characterized by three different phases, namely the primary

infection, clinically asymptomatic stage (chronic infection), and acquired immunodeficiency syndrome (AIDS)

or drug therapy. Basic developed techniques for measuring HIV RNA levels are allowing researchers to develop
. apicture of HIV infection patterns. HIV-1 RNA levels in plasma and serum become extremely high during
. the 1-2 weeks of acute primary infection, before there was a detectable immune response’?. These levels are
. higher than at any other time during infection. Acute primary infection is followed by a chronic phase. During
* the chronic phase, HIV RNA levels drop several orders of magnitude and remain ‘nearly constant’ for years®,
. where ‘nearly constant’ includes fluctuations that are less than an order of magnitude up and down for about 90%
. of the cohort and less than a factor of 100 for the remaining®. Fluctuations may be caused by transient illnesses

and vaccinations. Successful therapy causes a drop in the viral load to a new level that is maintained until viral
© resistance develops®. Viral levels differ by many orders of magnitude between individuals. Those people with high
. viral loads in the chronic phase tend to progress rapidly to AIDS, whereas those with very low loads tend to be
slow or nonprogressors*>”%. During late chronic infection, there is a small increase in HIV-1 RNA levels, at most
© tenfold, in many individuals®.
Mathematical modeling is useful for understanding the spread of HIV/AIDS. Thus various models have been
developed to describe the spread of this disease according to its characteristics, see refs*"*>. A simple homogene-
ous AIDS model has given by the following system of ODEs"’. The model classifies the sexually active population
into three classes that are: susceptibles, infectives and AIDS cases, with population numbers in each class denoted
. as functions of time by S(¢), I(t) and A(f) respectively. Sexually mature susceptibles S(t), contain sexually mature
. people in the population who have had no contact with the virus. This compartment increases through matura-
¢ tion of individuals into sexually mature age group and decreases by contagion going to the next compartment and
* natural death. Sexually mature infectives I(t), contains sexually mature individuals who are infected with the virus
. but have not yet developed AIDS symptoms. The number of people in this group would decrease through natural
. death and development to AIDS after a certain stay in this class (develop symptomatic AIDS). AIDS cases A(f),

are those individuals who have developed fully symptomatic AIDS and exhibit specific clinical features and this
. class would decrease by natural death and AIDS-related death. The population is assumed to be uniform and
. homogeneously mixing. The total adult population and sexually interacting adult population are denoted by
N(t) =S(t) +I(t). A recruitment-death demographic structure is assumed. Individuals enter the susceptible class

ata constant rate ;1S° > 0. The natural death rate is assumed to be proportional to the population number in each
. class, with rate constant p > 0. The model assumes a constant rate vy > 0 of development to AIDS. In addition,
. there is an AIDS-related death in the AIDS class which is assumed to be proportional to the population number
. in that class, with rate constant § >0 which is the sum of natural mortality rate and mortality due to illness. In

most epidemiological models, bilinear incidence rate is frequently used. The incidence implies that the contact

number between susceptible individuals and infected individuals is proportional to susceptible individuals. But it
: is more realistic that the rate of infection depends on the transmission probability per contact of individuals and
- the proportion of individuals. Thus the model assumes standard incidence of the form %25“) where 3> 0is the
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probability of being infected from a new sexual partner, > 0 is the is the susceptibility of susceptible individuals
and Ba > 0 becomes the average number of effective contacts of one infective individual per unit time:

AW o gy SaSOI)
i (S — S(1)) NGO
art) _ BaSHI{E)
dA(D) -
= - ~I(t) — 0A(1), (L)

where the parameters 11, $°, a, yand § € R,. (1.1) assume a homogeneous susceptible population such that there
is one group of susceptible individuals, the mean number of contacts, the mean transmission probability, and the
mean duration of infection can be defined so that the reproductive number can be always given as the product of
these three means. However genetic evidence now exists that individuals may be exhibiting differential suscepti-
bility to the infection. Host genetic factors play a major role in determining the susceptibility to infectious dis-
eases. Further studies are needed to determine the hosts differential susceptibility to various disease as well as its
implications to public health. In ref.!®, James M. Hyman and Jia Li, formulated compartmental differential suscep-
tibility (DS) susceptible-infective-AIDS (SIA) models by dividing the susceptible population into multiple sub-
groups according to the susceptibility of individuals in each group. They derived an explicit formula for the
reproductive number of infection for each model. They further proved that the infection-free equilibrium and
endemic equilibria of each model were globally asymptotically stable. In this paper, we consider a simple differ-
ential susceptibility (DS) model in which the infected population is homogeneous':

ds S (1)1
;t(l‘) _ M(SI? — S(1) — %{t;(t) 1<k<mn,
art) Z” BoyS(HI(t)
d - N@ (s I,
dA(t) _
= = ) — AW, (1.2)

in which N(t) = 377, Si(t) + I(£), S(t) (i = 1, 2, ..., n) denote the n individuals susceptible to infection sub-
groups. Hence, the individuals in each group have homogeneous susceptibility, but the susceptibilities of individ-
uals from different groups are distinct. The susceptibles are distributed into n susceptible subgroups based on
their inherent susceptibilities. This is done in such a way that the input flow into group Sy is xS (k=1,2, ..., n);
a(k=1,2, ..., n) the susceptibility of susceptible individuals in subgroup I and DS the standard incidence
ratio of susceptible subgroups S;. Since the dynamics of group A has no effect on theNéi)sease transmission dynam-
ics, thus we only consider

ds(t) o  BoyS(0I0)
i S — S() —N(t) 1<k<mn,
dai(t) " By S (1) I(t)
— = YRR (w4 NI,
D R 03

The threshold conditions can be calculated which determine whether an infectious disease will spread in suscep-
tible population when the disease is introduced into the crowed, according to research the disease free equilib-
rium Ey(S/, S, ..., SY, 0) of system (1.3) in ref."%.

And reproductive number obtained in ref."?

_ BY Sy )
T+ S, (1.4)

If Ry < 1, E, is local asymptotic stabile and disease extinct. When R, > 1, then E, is unstable and the disease will
persistent existence (see ref.’*). The effective contact rate of infected individual in subgroup Si(k=1,2, ..., n) is
oy fB(k=1,2, ..., n). So for initial time (S, = Sio), the average effective contact rate of infected individual in sub-
group Sy(k=1,2,...,n)is Bk Sk E’%l akos’? . % the average disease period of infected individuals. So R, is basic repro-
ductive number. R

It is well recognized fact that real life is full of randomness and stochasticity. Hence the epidemic models
are always affected by the environmental noise (in cite refs!*-?2). In refs**-?%, the stochastic models may be more
convenient epidemic models in many situations®. Have previously used the technique of parameter perturbation
to examine the effect of environmental stochasticity in a model of AIDS and condom use. They found that the
introduction of stochastic noise changes the basic reproduction number of the disease and can stabilize an oth-
erwise unstable system. Thus in this paper, we first introduce white noise to consider the small perturbation in
environment. To establish the stochastic differential equation (SDE) model, we naturally use the equation in the
form of differential
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(L.5)

Here [t, t+ At) is a small time interval and d- for the small change. For example dS;(t) = Si(t + dt) — Si(¢),
1 <k <mn and the change dS(¢) is described by (1.5). Consider the effective contact rate constant of infected
individual Bay, 1 <k < in the deterministic model. The total number of newly increased I in the small interval
[t, t+db) is

% By S (1) 1(¢)
;—N(t) dt

Now suppose that some stochastic environment factors act simultaneously on each subgroups in the disease. In
this case, By, 1 <k <n changes to a random variable ﬁak, 1 <k <n. More precisely

Bagdt = Poydt + g dB(t) 1<k<n

Here dB,(t) = B(t+dt) — Bi(t) (k=1, 2, ..., n) is the increment of a standard Brownian motion. And B,(¢t) (k=1,
2, ..., n) are independent standard Brownian motions with Bi(0)=0 (k=1,2, ..., n) and csz >0k=1,2,...,n)
denote the intensities of the white noise. Thus the number of newly increasing I'that each subgroups Sk, 1<k<n
infected in [¢, t+ dt] is normally distributed with mean Baydt and variance o 2dt, where k=1, 2, .

Therefore we replace Soydt in equation (1.5) by ﬁakdt Boydt + 6,dB(t) to get

asy(e) = |u(s¢ - S(0) — 2L ar - S0 dB(0), 1<k <n

Note that Sodt now denotes the mean of the stochastic number of S; infected in the infinitesimally small time
interval [t, t + dt). Similarly, the first equation of (1.3) becomes another SDE. That is, the deterministic infectious
diseases model (1.3) becomes the It 6’s SDE

_ 0 _ BoySi()I(t) Sk(t)I(t)
st = [u(sk 5,(0) — L ]dt OB, 1<k<n.
() = Eﬁakstx;w) = (IOt + 3o dBy (1),
k=1 (1.6)

Other parameters are the same as in system (1.3). Besides white noise, epidemic models may be disturbed by
telegraph noise which makes population systems switch from one regime to another. Let us now take a further
step by considering another type of environmental noise, namely, color noise, say telegraph noise (see refs*
and*"). The telegraph noise can be illustrated as a switching between two or more regimes of environment, which
differs by factors such as nutrition or as rain falls**-%. For example, the growth rate for some fish in dry season will
be much different from it in rainy season. Telegraph noise can also be illustrated as a switching between different
environments, which differ by factors such as climatic characteristics or socio-cultural factors. The latter may
cause the disease to spread faster or slower. Frequently, the switching among different environments is memory-
less and the waiting time for the next switch is exponentially distributed. Therefore the regime switching can be
modeled by a continuous time finite-state Markov chain (£(t)),5, with values in a finite state space
M = {1, 2, ..., L}. In this paper, we consider the HIV disease spread between environmental regimes. Because
the HIV epidemic model may be influenced by different social cultures, we also introduce the telegraph noise to
consider HIV disease spread between different social cultures that is the large disturbance in environment. That
is following stochastic DS-I-A model disturbed by white and telephone noises.

dS(t) = [u(l) (S2D) — S(8)) — %jj”’(”]m — ) M dB, (1),

1<k<n.

Z" DONOLD. Gty + AN (1)

dI(t) = N

- SUHI()
dt + > gl "N ® dB(1),
k=1 (1.7)
The switching between these L regimes is governed by a Markov chain on the state space M = {1, 2, ..., L}. The
DS-I-A systems under regime switching can therefore be described by the following stochastic model (SDE):

as(0) = [u(ew) (00 — 1) — HEOEIUOIO g1 — g (6() K01 By (1),

1<k<n.

dt + S o) M B (1),
k=1 (1.8)

di() = ZW (D) + HEDN D)

N(t)

where £(t) is a continuous time Markov chain with values in finite state space M = {1, 2, ..., L}, the parameters
u(l), S,?(l), o (D), B, ay (1), v(I), k = 1, 2, ..., n, are all positive constants for each [ € M. This system is operated
as follows: If £(1) =1}, the system obeys systems (1.7) with [=1, till time 7, when the Markov chain jumps to /,
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from I; the systems will then obey (1.7) with /=1, from 7, till 7, when the Markov chain jumps to I; from [,. The
system will continue to switch as long as the Markov chain jumps. In other words, the SDE (1.6) can be regarded
as (1.7) switching from one to another according to the law of the Markov Chain. Each of (1.7) ] € M is hence
called a subsystem of the SDE (1.6). We aim to investigate the positive recurrence and extinction. Since system
(1.6) is perturbed by both white and telegraph noises, the existence of positive recurrence of the solutions is an
important issue. However, to the best of our knowledge, there has been no result related this. In this paper, we
attempt to do some work in this field to fill the gap. The theory we used is developed by Zhu and Yin ref.””. The key
difficulty is how to construct a suitable Lyapunov function and a bounded domain. So one of the main aim of this
paper is to establish sufficient conditions for the existence of positive recurrence of the solutions to system (1.6).

This paper is organized as follows. In Section 2, we present some preliminaries that will be used in our follow-
ing analysis. In Section 3, we show that there exists a unique global positive solution of system (1.8). In Section 4,
we establish sufficient conditions for extinction of disease. The condition for the disease being persistent is given
in Sections 5. In Section 6, we show the existence of positive recurrence.

Preliminaries
Throughout this paper, unless otherwise specified, let (2, 7, {F};-, P) be a complete probability space with a
filtration {F};,, satisfying the usual conditions(i.e. it is right continuous and F; contains all P-null sets). Denote

R’fl: {x e R"“:x,-> Oforalll <i<n+1}.
We consider the general n + 1-dimensional stochastic differential equation
dx(t) = f(x(t), t)dt + g(x(t), t)dB(t), fort > t, (2.1)

with initial value x(t)) = x, € R"*!, where B(t) denotes n + 1-dimensional standard Brownian motions defined
on the above probability space.
Define the differential operator £ associated with Eq. (2.1) by

2

9 0 1o s
L= 4 5f(x )— + =X[g"(x, Hglx, )] ——.
S gy Tl e s Ol

ot

1

If £ acts on a function V€ C*'(R" x R; R,), then

LV(x, t) = Vi(x, t) + Vi(x, )f(x, t) + %tmc[gT(x, 1) V. (x, t) g(x, 1)]

whereV, = a—V, ov ov )
ot

V.= (87’ g andy_ — [ v ] . By It 6’s formula, if x(¢) is a solution of Eq. (2.1),
1 atl n+1xn+1

then
dv(x(t), t) = LV(x(t), t)dt + V(x(t), t) g(x(¢), t)dB(¢).

In Eq. (2.1), we assume that {0, t) =0 and g(0, t) =0 for all £ > ¢,. So x(f) = 0 is a solution of Eq. (2.1), called the
trivial solution or equilibrium position.

By the definition of stochastic differential, the equation (2.1) is equivalent to the following stochastic integral
equation

n+1

x(t) = xy + jt‘tf(x(s), s)ds + Zj;tgr(x(s), $)dB.(s), fort > t,. 2.2)
0 r=1"% .

For any vector g=(g(1), ..., g(L)), set § = min, ,,{g(k)} and § = max,. ,{g(k)}. Suppose the generator
' = (7).« of the Markov chain is given by
’y,jé + 0(6), ifi = j,

if > >

where 6> 0,7, > 0 for any i=j is the transition rate from i to j if i = j while ZIT:l’Yij = 0. In this paper, we assume
7> 0, for any i=j. Assume further that Markov chain £(#) is irreducible and has a unique stationary distribution
m={m, Ty ..., m;} which can be determined by equation

7l =0, (2.3)
subject to
L
> m=1, andm, >0, Yh € M.
h=1

We assume that Brownian motion and Markov chain are independent.
Let (X(¢), £(1)) be the diffusion process described by the following equation:
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dX(t) = b(X(1), £B))dt + o(X(2), £(1))dB(2), X(0) = x4, £(0) =&, (2.4)

whereb(-,-): R" x M — R", o(-,-): R" x M — R"" and D(x, ) =o(x, )T (x,]) = (di(x, ). Foreachl € M,
let V(-, I) be any twice continuously differentiable function, the operator £ can be defined by

= Zbi(x’
i=1

6‘V(x,
0x;

)
+ 1 Zd,; 8((;‘ ) 4 S Vi D).
z]l m=1

Existence and Uniqueness of Positive Solution

In this section we first show that the solution of system (1.8) is positive and global. To get a unique global (i.e. no
explosion in a finite time) solution for any initial value, the coefficients of the equation are required to satisfy the
linear growth condition and the local lipschitz condition. However, the coefficients of system (1.8) do not satisfy
the linear growth condition, as the item w is nonlinear. So the solution of system (1.8) may explode to
infinity in a finite time. In this section, we ShOViI )that the solution of system (1.8) is positive and global by using the
Lyapunov analysis method.

Theorem 3.1. There is a unzque positive solution X(t) = (S,(1), S,(t), ..., S,(1), I(t)) of system (1.8) on t >0 for any
initial value (,(0), $,(0), ..., S,(0), I(0)) € ]R”“, and the solution wzll remain in ]R”“ with probability 1, namely,
(8,(8), Sy(t), ...y S, (1), I(t)) e R”“for all t> 0

Proof. Since the coefficients of the equation are locally Lipschitz continuous for given initial value
(SIO, Sé), . S,?, L) € Rfrl. There is a unique local solution (S,(%), S,(t), ..., S,(t), I(t)) on t € [0,7,], where 7, is the
explosion time!®. To show the solution is global, we only need to verify that 7,= co a.s. Let m, > 0 be sufficiently
large so that every component of X(0) lies within the interval [1/m,, m,]. For each m > m,, we define the stopping
time

T, = inf{t € [0, 7,]: min{S,(¢), S,(?), ..., S,(t), I(t)}
< L or max{S$,(t), S,(2), ..., S,(1), I(t)} > m}
m

where we setinf ¢ = oo (as usual ¢ denotes the empty set) throughout the paper. According to the definition, 7,,,
is increasing when m — oo. Set 7. = lim 7,,, then 7., <7, a.s. In the following, we need to prove that 7, = 0o

a.s., then 7,= o0 and (§,(¢), S,(¢), ..., gl:(toi I(t)) € RTI a.s. for all > 0. In other words, to complete the proof
all we need to show is that 7., = 0o a.s. If this assertion is violated then there exists a pair of constants T> 0 and
€ €(0, 1) such that

Plr, < T} > e.
Hence there is an integer m, > m, such that
P, < T} > ¢, forallm > m,.

For t <7, we can see, for each m,

PED)D - (SYED) — S — () + V(EDNT |dt

k=1

OS2 SUED) — ulE®) [z S +1
k=1 k=1

n
d[ZSk +1
k=1

— (@)1 dt

< u€®)YSAE)dt — u(E() [Zsk + I]dt
Therefore
580 ifzn:Sk(O) +1(0) < ZSZ
Zsk 1)+ I(t) < {51
k=1 ZSk(O) + 1(0), lfzsk(()) + 1(0) > Esk

LetC := max{Zlegg, Sk 18:(0) + I(0)}. Define a C*-function V: R”:l — R_by
V(Sp Spy oo Sy LD =3(S, — 1= InS) + (I — 1 — Inl).
k=1

The non-negativity of this function can be see fromu — 1 — logu > 0, Vu > 0. Let m > m, and T > 0 be arbi-
trary then by It ’s formula one obtains
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_ 1 B ST [_l
U’E% pD) (S0 = §) — S 1 J
Xzﬂﬁﬂwﬁ—ww+%mz
k=1 N

+Zak(l)1 +ZU"(1)S"
=1 2 N? =1 2 N?

= uMXSW) — ud [ 38 + I]
k=1 k=1

" S{(0)
—y(DI — /L(Z)ZS— + (n+ Dud) + D)
k=1 “k

+@gi%m7immmm
Nkl

o) I*. Uk(l)Sk
k; 2 N? +k21 2 N?

n vt’l n
Z + M+ DT +F+ B2+ Y%=
k=1 k=1

k=1 (3.1)

where M is a positive constant which is independent of S}, S,, ..., S,, I and t. The remainder of the proof follows
that in ref..

Remark 3.1. From Theorem 3.1 there is a unique global solution (S,(t), S,(t), ..., S,(t), I(t)) € R“jl almost surely
of system (1.8), for any initial value (S,(0), S,(0), ..., S,(0), I(0)) € ]RTI. Hence

d[znj Si(t) + I(t)
k=1

< u(é(t))isf(ﬁ(t))dt — (&) [Zn: S+ 1]dt
k=1 k=1
and

S50 4 (1) < 3080 4 ey e
k=1 —1

Z (0) + I1(0) — Zsk]

k=1

Ifr_ 1 S(0) + 1(0) < ZLIS% then 1, S(t) + (1) < ZLISZ a.s. Thus the region
(S Sy s S, I) € REFY Zsk(t) +1I(t) < ZS }

is a positively invariant set of system (1.8).

Extinction

The other main concern in epidemiology is how we can regulate the disease dynamics so that the disease will be
eradicated in a long term. In this section, we shall give a sharp result of the extinction of disease in the stochastic
model (1.8).

Theorem 4.1. If following conditions satisfied:

52DaR
SR Xf A
(i) Ry:= M < 1, then the disease I(t) will die out exponentially with probability one, i.e.,
S mul) +y(D)
. InT ( )
limsup———= < Zﬂz(u(l) +M) Ry —1) <0 as.
t—o00 1=1
or
(i) ifol() < B() ay(l), wherek = 1,2, ..., n, ¥l € M. Ry= Sk S mIb ) < 1 then the disease

o)
sk, m[u(l) T+, K

I(t) will die out exponentially with probability one, i.e.,

llmsup < Zﬂ'l D+~ + Z Uk 0

t—o0

Ry —1)<0 as.
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Proof. Making use of the It 6’s formula to In I(¢), one has

dinl = % ﬁ(g(t))lz%lak(f(t))sk _ (,u(ﬁ(t)) + 'y(E(t)))I]dt

2 n
™ o (i(t)) SkI k" g+ Z k(f(t)) dBk(t)
k=1

12

BEW®) kg o (€D)Sy Zfrk 150) Sk — (ulE) + 7(§(t)))]

N 1 2
+iak(5(t>)%d3k(t)
n 2 2
SR LEQINED )Sk - Ms—’;]dt
k=1 2 N
(D) T A(ED)) e
\.Jsk
—~dB,(t).
T AR (4.1)

Let% = zk,k=1,2, ...n,and 0< z,<1,] € M we can obtain

flz) = [ﬁ(l)ak(l)zk "kz(l)zk]

_ [ak(n ﬁﬁ(l)ak(l)]z L B0

2 200 20(1)
2 2 2 2
_ %0 . B ay (D) n B (Day ()
R 0) 2040)
Case 1: We can obtain:
BHDH(D)
<k,
J@) = 20(1) (4.2)

wherek=1,2,...,n

NSO €) 4,

dinl < — (1) + (&) dt
k=1 20'k &)
+3°% 2k ap ¢
kZlUk N ()
= Ndt + > —dB (t)
Z B w3
As ergodic properties of £(t), we can obtain:
limsup — f R(&(t))dt = Zn, o)
t—+00
Integrating (4.3) from 0 to ¢, we have
t_ n ts
InI(t) — InI(0) < | Ry(&(t)dt + Y5, | LdBy(1).
RAG 3% J Seam, W
An application of the strong law of large numbers (in ref.!$) we can obtain
.1t N
lim — fo ) EdB(W) =0, 1<k<n as. @5)

Taking the superior limit on both side of (4.4) and combining with (4.5), one arrives at

L
limsup In(t) <> ompd) + D)) Ry —1) <0 as,

t—00 I=1

Case 2: When1 < %‘ZI")@, that is csz(l) < B(1) ey (1), then f(z,) < f(1), we obtain:
Tk
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2
og (D)
fz) < BDoyg(l) — - (4.6)
whereVk =1, 2, ..., n,Vl € M.
n n 2
dind < SBED) o) dt — | (D) +1ED) + Z@ dt
k=1 k=1
3 e eaBy 1)
=1 N
_ " S
= R(E@)dt + (&) =dB,(t)
(€ I;aké N B (4.7)
As ergodic properties of £(t), we can obtain:
L
limsup — f Ri(&@®)dr = > mR(])
t—+00 1=1
Integrating (4.7) from 0 to ¢, we have
t_ n t S
InI(t) — InI(0) < | RAE&@)dr + k4B, (7).
nI() — nI(0) < j; ) dr g fo oY) EdB () ws)

An application of the strong law of large numbers (in ref.'®) we can obtain Taking the superior limit on both side
of (4.4) and combining with (4.5), one arrives at

limsup1 It( < ZWI Uk(l)

t—00

w() + ~() + E —-1)<0 a.s.,

which implies thatlim,_, . I(#) = 0 a.s. Thus the disease I(f) will tend to zero exponentially with probability one.
By system (1.8) and (1.2), it is easy to see that whenlim,_, _I(f) = Oa.s., thenlim, , _A(t) = 0a.s. This com-
pletes the proof.

Remark 4.1 Sufficient criteria of extinction are established for the HIV infectious disease in the stochastic system.
Condition (1) of Theorem 4.1 tells us if the noise is strong, then the disease will die out. Condition (2) of Theorem
4.1 is to say if the noise is weak, then the disease also will die out under specific condition.

Persistence
Definition 5.1 System (1.8) is said to be persistet in the mean if

liminf — C 10
t—oo t JO N(r)

dr>0 a.s.

We define a parameter

n

Ré:zz

o2 o2 N
k=1%}, m[uu) + kT(’)] i m[u(l) D+, kTm] S me) iy Uy

3
zlem(uz(l)ml)ak(l)sz’(l»%}

(5.1)

Theorem 5.1. Assume that R; > 1, then for any initial value (S,(0), $,(0), ..., S,(0), 1(0), £(0)) € " the solution
(S1(1), Sy(1), ..., S,(1), I(t), &(1)) of system (1.8) has the following property:

2

U]
t I(r) 21 17‘7[N(1)+7(Z)+2k 1 E ](Ro—l)

1 > >0,
1
t=oo t +Jo N(r) “E lnxuzumumk(l)sg(m?r

o
R

g
D TORS ET]( Sh {0y sfo)

(5.2)
wherek=1,2,...,n

Proof.
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c[kilsk +I| = u(l)é(sf(l) = 8) = (u() + (D) = u(nésg(z)
—p(D) kz:jlsk +1I|—~y(DI
- u(l)gjs,?(u — WDN — A1
L(~In8) = %ﬁ’g(l) o + 2 (Z)Z"(l)l + 0,32(1) 11;2)
wherek=1,2,...,n,
c(-np = — 202D (Z)Z’?:Nla"(l)s" + () + () + k; @;_kzz

Hence we define

n n n
USp Sy -.s Spp I) = —InI — > ¢ InS, + Zak[ZSk +1|,

k=1 k=1 k=1

with

3
L Z(I)ﬂa)ak(z)s,?(l»%}

[zfzm[ o) + ”k(”] AT SR ON

3
L=17Tz(uz(l)ﬁ(l)ak(l)s;?(l))%]

a f—
k 0

>3 lm[u(l) + ][zlem(p(z)zzzls,?(lnf

inwhichk=1,2,.

Using It 6’s formula and Basic inequality M

> 3/abc one can write

LU = —};—3")“5”3*+<u(z>+v<z>) kzl"“ skt Zaku(l
+ BTl 4ulD + el + "k(’” +u(1)2ak[zsk(l)]
k=1 k=1 k=1
BOGDI | D S
_ DI Sk
kzla o1+ =1 kzl R
) (DS
< o 000D gy 4+ J"(] SR
e s o R
SN + PV E D+ ak(l)]
k=1 N k=1
+u(1)2ak[ZS£(l) = > ary(DI
k=1 k=1 k=1

Bay()S O
— Z ak ko _ ‘WTI‘ — aku(l)N} +
k=1

)
() + () + ZkT]

DY STUTTUNN ZC ) + crk(l)

N

+u(l)2ak[zsk(l)] >oan(DI

k=1 k=1 k=1 k=1
< SO OaSDa) + 3alu0 + %0 %), u(z)zak[Zsk(D]
= k=1 k=1
() + A0 + Z “k”) M,
— M
o N (5.3)

By cp a, k=1,2, ..., n, we obtain
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CkZWl

L n
W+ "kz(”] - akzm[u(z)zs,i’(l)]

I=1 k=1

3
(uz(Z)ﬁ(nak(z)s,?(l))%]

Y ﬁ[#(l) + ak(l) ]Zlem(u(l)zﬁzlsf(l))

inwhichk=1,2,...,n
As ergodic properties of £(t), we can obtain:

limsup— f R0(§(f))d7—z7rl olD)

t—+00

Integrating (5.3) from 0 to t and dividing by ¢, we can get

w < f Ry(&(r) dr+Fchakt‘£) I{I((Tr))dr
+Z L e dBk<r>
kltf A (5.4)

Since 7, Si(t) + I(t) < C, we can obtain

U = —lnl(t) — chlnSk(t) + Zak[zsk(t) + I(t)]
k=1 \k=1
> —InI(t) — chlnSk(t)
k=1
> —InC — - alnC:=M
2 (5.5)

An application of the strong law of large numbers (in ref.!$) we can obtain

S(r))dB(r)—O 1<i<n as.

lim = [ (60 56

I(r)
lim — f o (&(r ))N( )dB( r = (5.7)

Taking the superior limit on both side of (5.4) and combining with (5.5), (5.6) and (5.7) one arrives at
et I(r)
hff.géf?fu Ny
. §f=mio<l>
] Zi:fk‘\{k

3
. [ " 3{lel1”1(.u2(l)ﬂ(l)ak(l)sl?(l))%

>
F e | by ﬂz[u(l)-%— ]z, DS, SD)
l
,, z{zf: D BRSO L
-3 > — Sl + 1O
k=1y 7D | p n S0 I=1
Shymlud + £= | SE m(uo Sy so)
n 2 )
s [230)
k=1 2
1
. [ u sz RIORUE (bak(nsg(nﬁr L
> > 20 — 2w + A0
B S i ko ISE uth + & ]ZL (o sy spo) =1
n 2
{
+Z ~ 3 ]}
k=1 2
S ud) + 90 + Sy 2 ](Ro -1
>

By e

Therefore, by the condition R, > 1, we have assertion (5.2). This complete the proof of Theorem 5.1.
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Remark 5.1 Theorem 5.1 tells us if the the condition of Theorem 5.1 is satisfied, then the disease will proceed. The
conditions for the persistence of HIV infectious disease in the stochastic system are sufficient but not necessary.

Positive Recurrence

In this section, we show the persistence of the disease in the population, but from another point of view. Precisely,
we find a domain D C I'* in which the process (S,(¢), S,(t), ..., S, (1), I(t)) is positive recurrent. Generally, the
process X, where X = x is recurrent with respect to D, if for any x ¢ D, P(7, < +00) = 1, where 7, is the hitting
time of D for the process X/, that is

7, = inf{t > 0, X" € D}.

The process X" is said to be positive recurrent with respect to D if E(7,) < +o0, forany x ¢ D.

Theorem 6.1. Let (S,(1), Sy(2), ..., S,(1), I(t), £(t)) be the solution of system (1.8) with initial value (5,(0), S,(0), ...,
S,(0), 1(0), £(0)) € I'* x M. Assume that Ry > 1 (defined by Section 4), then (S(t), Sy(t), ..., S,(t), I(t), &(¢)) is
positive recurrent with respect to the domain D x M, where

” " <0 " 0
D = ‘[(Sp Sy S D) €T, ne <D 8§ <D S —g — 656, <I< DS
P k=1

n n <0
—ng, —epne + 6 <Y S H+I<Y S — 53},
k=1 k=1

in which €,,¢,,€; are sufficiently small constants.
Proof. Since the coeflicients of (1.8) are constants, it is not difficult to show that they satisfy (5.1), (5.2). For all
initial value (S,(0), $,(0), ..., S,(0), I(0), £(0)) € I'* x M, the solution of (1.8) is regular by Theorem (3.1).
Defining a C*-function

n n n
V = MU+ w(l)) — Y In§, — 1n[§jsk° =38 - 1],
k=1 k=1 k=1

in which U(S;, Sy, ..., S, I) is defined by section (5). Let (w(1), w(2), ..., w(L))T be the solution of the following
Poisson system

1
L

Tw =" mR,(h) 1 - R,
=t 1 6.1)

where R, = (R, (1), Ry(2), ..., Ry(L))" then
L
S () + Ro(D) = S mRo(h), 1= 1,2, ., L.
heM h=1

By ¢, ap k=1, 2, ..., n, we obtain

u(l) +

L
ckEm
=1

%)
2

L n
a3 A{0Tsto|

I=1 k=1

3
zf:m(uz(l)ﬁa)ak(z)s,?(l))ﬂ

Sk w0 + %2 SE a0 S0y

inwhich k=1, 2, ..., n. Then we get
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L(U + w(D)

L
< D omRo(D) +

>

k=1%1 17‘7[N(1)+ %0 ]21 V() - ISk(l))

BOX ke rxouD
N

3
L m(uzam(l)ak(l)si’(l»%]

n

3
L m<u2<l>ﬂ(l>ak(l>82<l>)%]

+

ZWI

af(l)
sk ) + B S mu sy, sy 1o

UHWU+Z%]

By o
_ Q
+ k=1% kI
N
3
" L m(2 (DB ahsY)3

= -2 +Z7rz

o2
k=1 Zf:m[u(l) + kT“)] SEm@Eh S Sky 1=

u®+vb+z%b]

+ B 3 k16 I
N

Uk 10) B i1 I

< —Zm

Ry — 1D+

in which R is defined in (5.1). And the following condition for M > 0 is satisfied

n vZ
~MA+ S ZE (4 )Y = -2,
=1 2 (6.2)
L "o s
A=>"mlpd) + () + S A1 (Rg — 1) > 0.
=1 =1 2
It is easy to check that
11m1nf V\(Sl, Sy oo S I 1) = +00.
> ISk(t)+I(t)~>ZZk .
t—>+oo
In addition, V(Sl, Sy, -5 S, I, 1) is a continuous function on Tj. Therefore V((Sl, S5 -o» S,» I, 1) has a minimum
value point (5, S,, ..., S,, T, I) in the interior of I'* x M. Then we define a nonnegative C>-function V:
T'* x M — R as follows
V(S, Sy . S L) = (Sl, Sy s Sy L) — (§ S .S, 1 D).

The differential operator £ acting on the function V leads to

I n
Lv < Ml Zmu(l)+71)+zk2() (R§—1 %1
=1
~ n =2
Eporans Hsk 5 I
—_—1 —
TN Z s, Z 2 N?
k=1 “k
- 31
dor oy - I
oS — N
I B o,
< M Zmp(l)erl)JrZU"() R - 1)+—ﬂE*N*” S
=1
Jep SR o ﬁsk "
+=E=E - Y Y
N = S ka2
o 31
oo —
TS - N
= M+ FMT 6 + Z’i:ﬁk)l
ShoS+ I
~a0 Vz
s ASe L

Ok
S — +(n+1)u+2 .
k=t % YaaSe -

Consider the bounded open subset
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n " <0 " 0
D = {(Sl, Sy n S D ERIT g <378, <38 — 6, — e <I< DS
k=1 k=1 k=1

n n <0
—ng, —epne + 6, <Y SHI<Y S — 53},
k=1 k=1

and &;> 0 (i=1, 2, 3) are sufficiently small constants. In the set T™\D, we can getg,(i=1, 2, 3) sufficiently small
such that the following conditions hold

A0
IS L R<1 k=12 ...n
S (6.3)
2
g, = (ng))”. (6.4)
5‘3 = 822, (6.5)
) n n
B|MY g, + > 8 |ne < 1.
k=1 k=1 (6.6)

k\ = B’[MZCka’k + ialk] — 2.
(6.7)

(6.8)
For the purpose of convenience, we can divide I'"\D into the following 21+ 2 domains,

Di={0<S§<¢} k=12,..,n

D, ={0<I<e,¢e<81<k<n

n

" <0 " <0 n
D,y =16 <I<Y 8 — e, ) 85 —e5< Y S+ It
k=1 k=1 k=1
Clearly, D° = D, U D, U D3 U -+ U D, ,,. Next we will prove that LV (S,, S,, ..., S, I, ) < —lon D x M,
which is equivalent to show it on the above n + 2 domains.
Case 1. If (S}, Sy, ..., S,, ) € Dy, (k=1, 2, ..., n), then

bl ~ ~ ~a0
P MY r + 25 Th) A

LV < —M)+
S+ 1 Sk
n 5_42
+n+ DI+ Y-~
k=1 2
ASAO
< K- o
Sk
A§0
< K- Ex
& (6.9)

In view of (6.3), one has
LV < —1forany (S, S,, ... S, L) € Dy x M, (k=1,2, ..., n).
Case 2. If (S, S5, ..., S, D € D, .1, then

4 M n i n o\ n 2
LV < —MX)+ o Ek:yllcko‘k + Zkzlak)1+ (n+ DT + Zi
S + 1 2
b4 M n i n n 2
< —MM + B (M3E_ a0 + > 1T)E, +(n+ )Y + Z%
ne, Pt

According to (6.4) one can see that
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o n n n 2
LV < M)\+ﬂ[Mcha‘k+Za’k ne, + (n+ D + S 2k,
k=1 k=1 =1 2 (6.10)

Combining with (6.2) and (6.6), one has for sufficiently small €,
LV < —1forany (S, S,, ..., S,, I, ) € D, ; x M.

Case 3.1f (S, Sy, ..., S, ) €D, 45, then

b4 MS" b n o\ n =2 ~
LV < —Mh+ B Zk:’llckak DY S n+ 07+ % - _ 7({
Sh=rS +1 =12 XS — N
< K- +
ieS — N
< K- Je
€3
< k-1
& (6.11)
In view of (6.8), one has
LV < —1forany (S, Sy, ..., S, L) € D, 5, x M.
Obviously, from (6.9), (6.10), and (6.11) one can obtain that for a sufficiently small €,(i=1, 2, 3),
LV < —1forany (S, S,, ..., S,, I, ) € D° x M. (6.12)

Now, let (S,(0), S,(0), ..., S,(0), I(0)) € D*. Thanks to the generalized Itd formula established by Skorokhod*
(Lemma 3, Pages 104) and using (6.12), we obtain

E[V(S(7p), $2(7p)s s Su(1p), 1(1p), &(1p))] — V(§1(0), 55(0), ..., §,(0), 1(0), £(0))
:EfoTDEV(Sl(t), S,(1), ..., S,(1), I(t), &(t))dt
< = E(rp).
Thus, by the positivity of V, one can deduce that
E(7p) < V(5,(0), $,(0), ..., $,(0),1(0), £(0)).

The proof is complete.

Remark 6.1 Theorem 6.1 tells us if the condition of Theorem 6.1 satisfied, then system (1.8) correspond to the
boundedness of the disease to corresponding deterministic system. That is to say the disease can not spread to
whole susceptible population or go to extinct.

Conclusion

In this paper, we extended the classical DS-I-A epidemic model from a deterministic framework to a stochastic
one by incorporating both white and color environmental noise. we have looked at the long-term behavior of our
stochastic DS-I-A epidemic model. We established conditions for extinction and persistence of disease which
both are sufficient but not necessary. We also proved that the DS-I-A model (1.8) is positive recurrent. We first
discussed the conditions for extinction of disease in Section 4, it means that the disease can not spread or be
endemic disease. Furthermore, we discussed the condition persistence of disease and if the disease proceed, we
explore long-term behavior of the disease in Section 5 and Section 6. That is to say the disease is bounded, namely
the disease will be endemic and can not spread to whole susceptible population or go to extinct.

It is interesting to find that if condition of Theorem 5.1 is satisfied, then the equation in (1.8) which k=1, 2, is
stochastically permanent, respectively. Hence Theorem 5.1 tells us that if every individual equation is stochasti-
cally permanent, then as the result of Markovian switching, the overall behavior, i.e. SDE (1.8), remains stochas-
tically permanent. On the other hand, if condition of Theorem 4.1 is satisfied, for some | € M, then every
individual in (1.8) is extinctive. Hence Theorem 4.1 tells us that if every individual is extinctive, then as the result
of Markovian switching, the overall behavior of SDE (1.8) remains extinctive. However, Theorems 4.1 and 5.1
provide a more interesting result that if some individual equations in (1.8) are stochastically permanent while
some are extinctive, again as the result of Markovian switching, the overall behavior of SDE (1.8) may be stochas-
tically permanent or extinctive, depending on the sign of the stationary distribution (7,...,7;) of the Markov
chain r(t).

Thus the results show that the stationary distribution (7,...,7;) of the Markov chain r(¢) plays a very impor-
tant role in determining extinction or persistence of the epidemic in the population. We derived explicit condi-
tions of extinction or persistence of the epidemic:

(1) Iffollowing conditions satisfied:
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321 a2
Sho S T
(i) Ry:= ;117(1)120‘?((;;) < 1, then the disease I(t) will die out exponentially with probability one, i.e.,
=1 mpd) +
L
timsup 29D < SV + D) R — 1) <0 as.
t—00 =1
or

(ii) ifakz(l) < B() oy (1), wherek = 1,2, ..., n,V 1 € M.ﬁo*: _ Sho S w0 al) < 1> then the

a2(0
sk, m[u(l) )+, K

2
disease I(t) will die out exponentially with probability one, i.e.,

L
limsupml’# <>
I=1

t—o0

(lios —1)<0 a.s.

n 2
() + A + 3 %D
=1 2

That is to say the disease will die out. It means that the disease can not spread or be endemic disease.
(2) Let (S,(8), Sy(1), ..., S,(1), I(2), £(1)) be the solution of system (1.8) with initial value
(8,(0), $,(0), ..., S,(0), I(0), £(0)) € T'* x M. Assume thatR; > 1, where

n

RS:Z E

k=130, m[u(l) +

3
zlem(uz(zwz)ak(l)s;’(n)%]

>

220) a2
5 ] zf:m[ua) +9) + i, "T] S m) Shoy SOy

then (8,(t), S5(t), ..., S,(1), I(t), £(t)) is persistence and is positive recurrent with respect to the domain D x M,
where

n L) " 0
D = {(Sp Sy S D €T, ne; <D 8§ <D S —g — 656, <I< DS
P k=1

n n <0
—ne, —epne + e, <Y SHI<D S — 53},
k=1 k=1

in which €, &, €; are sufficiently small constants.

That is to say the disease will proceed and can not spread to whole susceptible population or go to extinct.

We have illustrated our theoretical results with computer simulations. Finally, this paper is only a first step in
introducing switching regime into an epidemic model. In future investigations, we plan to introduce white and
color noises into more realistic epidemic models.

Some interesting topics deserve further consideration. On the one hand, one may propose some more realistic
but complex models, such as considering the effects of impulsive perturbations on system (1.8). On the other
hand, it is necessary to reveal that the methods used in this paper can be also applied to investigate other interest-
ing epidemic models. We leave these as our future work.
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