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This study presents a novel approach focused on extensively addressing the dynamics of 
Rabineurodeficiency Syndrome by developing a mathematical compartmental model without 
recuperation. The equilibria of the rabies-free and present states are analyzed locally and globally. 
Real-world data on annual rabies cases are integrated to confirm and enhance the model’s accuracy. 
Likewise, a parameter estimation technique is employed to optimize the model, aiding in calculating 
the basic reproduction number. Sensitivity analysis examines the impact of critical parameters on 
transmission dynamics, providing a deeper understanding of the determining factors influencing 
disease spread. Visual representations of the relationship between essential parameters and the 
reproduction number offer valuable insights into factors influencing disease control. Advancing the 
understanding of Rabineurodeficiency Syndrome dynamics, the inclusive control actions to mitigate 
infectious diseases are evaluated, emphasizing the importance of accounting for individuals with 
disabilities.
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The Rhabdoviridae lineage exhibits RNA structure recognized by a negative strand orientation under the 
Mononegavirales taxonomic classification, which is the source of the highly contagious disease rabies caused by 
the Lyssavirus1. The terminology rabies is presumed to have sourced from either the Sanskrit “rabhas” (which 
means an act of aggression) or the Latin “rabere” (which conveys a state of Wrath). At the same time, in antiquated 
Greek, it was pointed out to as “lyssa” (Indicating an act of violence)2. The first recorded occurrence of rabies can 
be obtained in the “Zuozhuan” text, marked over the 11th year of Xianggong, detailing interactions with rabies 
carrying dogs in Lu around 556 B.C., underscoring the presence of rabies for around two and a half millennia3,4.

Rabies is usually known as a zoonotic disease frequently transmitted to humans by bites of animals. The most 
important animals are dogs among animals globally5. In the rising world, human rabies cases are nearly always 
spread by rabid dogs6. The economically developing nations, notably those in Asia and Africa, like India, exhibit 
the maximum occurrence of loss of human lives caused by rabies. In these countries, domestic canines endure 
as the main carriers of the disease7. In 1908, Zinke was the first to confirm the first recognized proof that saliva 
is a substantial spread carrier of rabies virus8,9.

Despite the convenience of operative vaccines, dog rabies is still responsible for the deaths of a minimum 
of 59,000 lives annually10. China is considered second only to India globally in the number of people killed 
by rabies annually11. In 1993, the WHO recorded 31,223 deaths, with a likely additional 10,000 unreported 
cases, mainly in China, Bangladesh, and Pakistan. The majority of loss of life occurs in counties where rabies 
is endemic, and healthcare admittance is limited. Even in the USA, which practices endemic rabies in wildlife, 
the number of deaths was moderately low, with fewer than three loss of life per 100 million people in 1994, 
compared to up to 3500 cases per 100 million in India12. Less than 1% of all rabies cases worldwide are caused 
by non-rabies viruses in humans13.
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Rabies is considered one of the 17 globally ignored tropical diseases. Currently, the world is characterized 
by three main zones regarding rabies: areas with endemic canine rabies and regions where animal rabies 
persists. In contrast, canine rabies is managed or eradicated in so-called rabies-free areas. Endemic canine rabies 
residues are dominant in most countries in the Middle East, Africa, and Asia, exposing inhabitants to dog-
mediated and animal rabies risks. The United States, Canada, and Western Europe fall into the second category, 
where transmission through dogs and other canids like coyotes, jackals, foxes, and wolves has been organized 
or eliminated14. However, wildlife such as bats still carry the danger of rabies spreading in these regions and 
others. Wide-ranging rabies eradication has been attained only in partial areas, largely due to the topographical 
separation of many places, such as New Zealand, Hawaii, Bahrain, Japan, and much of Oceania, reflected in 
rabies-free regions. On the other hand, areas that have never had a confirmed human case of lyssavirus infection 
nearby are considered rabies-free zones15.

Rabies induces viral Encephalic inflammation, resulting in the Fatality of approximately 70000 individuals 
annually on a global scale. Viral Encephalic inflammation is transmitted to humans through the saliva of afflicted 
animals. Rabies, as an affliction, holds historic signification, with cases tracing back four thousand years ago. All 
through most of human presence, a bite from a rabies-infected animal was widely fatal. In previous times, the 
populace exhibited such overwhelming anxiety towards rabies that, after being bitten by a potentially rabies-
infected critter, numerous individuals would resort to self-inflicted death16.

Rabies transmits through the saliva of infected animals via bites, replicates in the body before infiltrating the 
central nervous system, and causes disabilities in behavior and brain function. The virus then migrates to the 
salivary glands, shed through saliva, facilitating further transmission as depicted in Figure (1). Initial symptoms 
include pain and numbness near the bite, often delayed for 20 to 50 days but can vary widely. Facial or neck bites 
may prompt quicker symptom onset. Fever, headaches, malaise, restlessness, and agitation follow, progressing 
to hallucinations, insomnia, and increased saliva production. Muscle spasms in the throat hinder swallowing, 
speaking, and breathing, causing disabilities in these functions, with pain even with gentle stimuli. Rabies-
induced aversion to water, or hydrophobia, is common. As the disease worsens, it causes “Rabineurodeficiency 
Syndrome,” which is characterized by increasing symptoms including anxiety, agitation, and disorientation. This 
condition finally leads to unconsciousness, exhaustion, and death17,18. The neurological impairments brought on 
by a rabies infection are known as “Rabineurodeficiency Syndrome”.

The backgrounds of modern and current mathematical epidemiology, which rely on compartment models, 
were established and utilized in the early 20th century19–21. The use of mathematical modeling22,23 has become 
significantly crucial in the field of epidemiology. It benefits in comprehending observed epidemiological 
configurations, managing diseases and stability, and gaining insights into the mechanisms that drive disease 
spread, potentially and possibly suggesting effective control policies. One can assess sensitivity and compare 
different states and scenarios through model formulation, simulation, and parameter estimation.

Fig. 1.  Rabies transmission cycle.
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The study of rabies has a rich history knotted and related with mathematical models, reflecting the broader 
development of mathematical methods in analyzing and studying infectious disease ecology over the past 30 
years24. Several models have been employed to explore various sides of rabies in wild animal populations or 
inhabitants, such as3,25. Guedri et al.3 developed a model, studied the dynamics of rabies with healing, and 
devised intervention strategies to reduce the virus transmission. Wen Gao Lu et al.26 established a mathematical 
framework to study how the canine rabies virus infects people and suggested some approaches to control virus 
spread. However, delivering an inclusive portrayal of their findings is still necessary. Further, Zainab et al.27 
worked on the fractional ordered single-population model for rabies transmission, but in this study, the zoonotic 
(multi-population) model is utilized, which makes it different from existing literature.

The mathematical model developed analyzes different classes without recovery, providing the basis for the 
novelty of this study. The positive invariance of the system is verified, and the local and global stabilities of 
rabies-free and endemic states are analyzed to check stability. Utilizing real-world data, a parameter estimation 
technique is employed to calculate the reproduction number, which helps estimate the ratio at which the disease 
spreads from infectious to susceptible individuals. After sensitivity analysis, various control parameters are 
utilized in the model to simulate the specific properties of different interpolation approaches. Graph analysis 
shows how these control parameters influence the spread of rabies, providing insights into effective disease 
control and management strategies.

Mathematical framework
The mathematical model considered is an improved version of the framework outlined in28, which incorporates 
and integrates six distinct classes to capture the complex and difficult dynamics of rabies within two species, 
humans and animals. The total host population is distributed into four sub-compartments susceptible 
compartment Sh(t), Exposed Eh(t), asymptotic Ah(t) and infectious Ih(t). In contrast, the population of 
animals is apportioned into susceptible Sv(t) and infected animals Iv(t). The spontaneous medium of virus 
spread among humans and animals arises through the bite of rabid animals. Further explanation of the model 
can be seen in the flow diagram Figure (2).

The individuals are added into susceptible humans Sh directly by the birth rate Λ, while transmission 
resulting from infectious animal-human interactions with susceptible hosts occurs at different rates marked 
as α1 and α2. It is assumed that some individuals may transition directly to the infectious category as a 
consequence of immediate or acute exposure, while others may initially enter the exposed category to signify a 
latent phase prior to developing infectiousness. The natural mortality of the human population is denoted by µh. 
The compartment Eh represents exposed individuals in the early stage of potential infection, awaiting symptom 
manifestation. They undergo infection due to animal-human interactions at α1 and transition to infectious at σ
. The compartment Ah denotes asymptomatic humans, where individuals spread the disease without showing 
symptoms, with the rate Ω governing the transition to asymptomatic or infected states, where susceptible 
individuals directly transition into infectious with the rate α2.

The compartment Sv  represents susceptible animals, which are influenced by the birth rate Ψ. Transmission 
among animals occurs with rate β1 and between human-animal with rate β2, where animals natural mortality 
is µv . The interpretive expression for the model is described in a flow diagram, and here is the mathematical 
framework of the compartmental model.

Fig. 2.  Flow diagram of compartmental model.
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dSh

dt
= Λ − (α1 + α2)ShIv − µhSh,

dEh

dt
= α1ShIv − (σ + µh)Eh,

dAh

dt
= σ(1 − Ω)Eh − µhAh,

dIh

dt
= σΩEh + α2ShIv − µhIh,

dSv

dt
= Ψ − β1SvIv − β2SvIh − µvSv,

dIv

dt
= β1SvIv + β2SvIh − µvIv.

� (1)

These equations abridge and summarize the dynamics of rabies transmission and progression within both 
human and animal populations, providing a basic foundation for studying the effectiveness of different control 
measures and interventions in justifying the spread of the disease. To evaluate the development and qualitative 
properties of the model, it is imperative to analyze stability, encompassing examination of equilibrium points 
and sensitivity to parameter variations.

Positively invariant region
To verify the positive invariance of the rabies model, the study begins by defining two populations Nh and 
Nv , representing the total human and animal populations, respectively, within the system. These populations 
encapsulate the sum of individuals across various compartments, including susceptible, exposed, asymptomatic, 
and infected individuals for hosts, respectively, as well as for animals susceptible and infected animals, 
respectively. The initial conditions needed to simulate Eq. (1) are as follows.

	 Sh(0) ≥ 0, Eh(0) ≥ 0, Ah(0) ≥ 0, Ih(0) ≥ 0, Sv(0) ≥ 0, Iv(0) ≥ 0.

The expression Nh = Sh + Eh + Ah + Ih elucidates the entire human population, including individuals at 
different disease stages, where Nv = Sv + Iv  signifies the animal population, with susceptible and infected 
stages. To ensure the entire population Nh(t) at non negative levels and it remains bounded for all t > 0, it is 
necessary to check that:

	

dNh

dt
= Λ − µhNh,

dNv

dt
= Ψ − µvNv.

Using suitable integration, finally, determine the feasible region for the model 1).

	
ω =

{
(Sh, Eh, Ah, Ih, Sv, Iv) ∈ R6

+ | Sh + Eh + Ah + Ih ≤ Λ
µh

, Sv + Iv ≤ Ψ
µv

}
.� (2)

The set ω is well defined as the region in the population space where the total number of individuals in each 
compartment remains below certain thresholds determined by humans’ and animals’ birth and death rates. The 
positively invariant solution specifies that within the defined area ω, the dynamics of the rabies disease model 
lead to a steady and stable state where the total number of individuals in each compartment does not exceed 
maintainable levels determined by birth and death rates. This steady and stable state is desirable as it suggests 
that the disease does not lead to uncontrolled population growth, and the system maintains steadiness and 
stability between births, deaths, and disease transmission.

Rabies free equilibrium
The rabies-free equilibrium in the model represents a state without any infected individuals, indicating the 
cessation of transmission dynamics. All infected compartments are reset to zero to reach this equilibrium. Its 
existence suggests that the disease may be completely eradicated, which denotes stability and the lack of recent 
infections. A rabies free equilibrium point e0 in model (1) can be articulated as:

	
e0 = (S0

h, E0
h, A0

h, I0
h, S0

v , I0
v ) =

(
Λ
µh

, 0, 0, 0,
Ψ
µv

, 0
)

.� (3)

Basic reproduction number
The average number of secondary infections one sick person causes in a susceptible society is signified by the basic 
reproduction number (R0). The next generation matrix approach29 is utilized to determine R0 mathematically 
for the rabies model (1).

	
Û =

[
∂(Ûi(e0))

∂(xj)

]
and Ŵ =

[
∂(Ŵi(e0))

∂(xj)

]
,
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Whereas Ŵi indicates the rate of transmission from one compartment to another, Ûi depicts the secondary 
infections brought on by a single person in one compartment to another. The infected compartment 
xj = (Eh, Ah, Ih, Iv) yields:

	

Û =




0 0 0 α1
Λ

µh

0 0 0 0
0 0 0 α2

Λ
µh

0 0 β2
Ψ
µv

β1
Ψ
µv


 , Ŵ =




(σ + µh) 0 0 0
−σ(1 − Ω) µh 0 0

−σΩ 0 µh 0
0 0 0 µv


 ,

then

	

ÛŴ −1 =




0 0 0 Λ α1
µhµv

0 0 0 0
0 0 0 Λ α2

µhµv

ΨΩσ β2
µv(µ2

h
+σµh) 0 Ψ β2

µhµv
Ψ β1

µ2
v


 .

R0 is the maximal eigen value of ÛŴ −1.

	
R0 = 1

2µhµ2
v

(√
1

σ + µh
(Ψ2β2

1µ3
h + Ψ2σβ2

1µ2
h + 4ΨΛβ2µ2

v(σα2 + α2µh + Ωσα1)) + Ψβ1µh

)
.� (4)

Parameter fitting and estimation
Accurate mathematical models of natural biological systems rely on precise parameter fitting using differential 
equations. This process ensures models closely match observed data and aids in predicting biological phenomena. 
In infectious disease modeling, parameter fitting optimizes parameters for accurate predictions, informs public 
health interventions, and enables evidence-based decision-making and epidemic forecasting.

The parameters are fitted and estimated by examining the yearly reports of rabies occurrences in China as 
documented in the Table (1). The evaluation of calibrated parameter values is detailed in Table (2), which is 
based on real rabies case data. These values of parameters are assessed concerning the average human lifespan 
1996 − 2020 stands at 73.64 years according to available information35. Figure (3) depicts a tally between the 
observed and estimated numbers of confirmed rabies cases. The line represents the estimated cases, while the 
scatter plot depicts the actual occurrences of rabies.

The estimated reproduction number lies between [0.0405409,  3.75046]. It is calculated by incorporating 
estimated parameter values provided in Table (2) and the result after applying the next-generation matrix 
method.

Theorem 1  If R0 < 1, then the rabies-free equilibrium of model (1) attains local asymptotic stability within the 
positive invariant set ω.

Proof  Analyzing the Jacobian matrix’s eigenvalues at point (3) is necessary to study the Rabies Free Equilibrium 
(RFE) and gain an understanding of the system’s local stability around this equilibrium30. Understanding the 
behavior of the disease in the absence of the virus requires an analysis of the short-term dynamics of the Rabies 
virus, which becomes feasible by this evaluation.

	

J0 =




−µh 0 0 0 0 −(α1 + α2) Λ
µh

0 −(σ + µh) 0 0 0 α1
Λ

µh

0 σ(1 − Ω) −µh 0 0 0
0 σΩ 0 −µh 0 α2

Λ
µh

0 0 0 −β2
Ψ
µv

−µv −β1
Ψ
µv

0 0 0 β2
Ψ
µv

0 β1
Ψ
µv

− µv




.

The characteristic equation of this matrix is given as det(J0 − λI). Expanding this determinant into a 
characteristic equation, the resulting equation is as follows:

	 (−λ − µh)(−λ − µv)(−λ − µh)(λ3 + m1λ2 + m2λ + m3) = 0,

where

	

m1 =
(

σ + 2µh + µv − Ψ β1

µv

)
= 1.011 > 0,

m2 =
(

µh (σ + µh) +
(

µv − Ψ β1

µv

)
(σ + 2µh) − ΨΛα2

β2

µhµv

)
= 0.114 > 0,

m3 =
(

µh (σ + µh)
(

µv − Ψ β1

µv

)
+ Ψ β2

µv

(
Λα2 − ΩσΛ α1

µh

)
− ΨΛα2

β2

µhµv
(σ + 2µh)

)
= 0.001 > 0,
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when

	 R0 = 0.0685 < 1.

It’s obvious that the eigenvalues µh and µv  are negative. Three eigenvalues remain, which are solutions to a 
certain equation. Extensive computations reveal that these roots are negative if and only if R0 < 1. The necessary 
and sufficient conditions for local asymptotic stability are established by the Routh Hurwitz criteria as described 
in31, so that for i = 1, 2, 3, m1m2 > m3 and mi > 0. □
The local asymptotic stability of the rabies-free equilibrium in the model (1) is addressed by Theorem 1, holding 
significance for rabies virus control and eradication efforts. If the condition R0 < 1 holds, each infected 
individual transmits less than one secondary infection on average, leading to a decline in disease spread. 
Understanding long-term dynamics and evaluating control measures against rabies hinge on global stability, a 
pivotal factor. This is accomplished by utilizing Castillo-Chavez conditions32, which offers valuable insights into 
system behavior and the effectiveness of control strategies.

Theorem 2  If R0 < 1, then the rabies-free equilibrium of model (1) attains global asymptotic stability within the 
positive invariant set ω.

Proof  The global stability can be analyzed by incorporating Castillo-Chavez conditions outlined in32. The state 
variables utilized in model (1) are P = (Sh, Sv) and Q = (Eh, Ah, Ih, Iv). The model (1) can be written as:

	

dSh

dt
=Λ − µhSh

dSv

dt
=Ψ − µvSv

solving the system at the RFE point yields

	

Sh = Λ
µh

−
(

Λ
µh

− Sh (0)
)

e−µht

Sv = Ψ
µv

−
(

Ψ
µv

− Sv (0)
)

e−µvt

when t → ∞, Sh(t) → Λ
µh

 and Sv(t) → Ψ
µv

 irrespective of initial conditions. Thus, the RFE point is globally 
asymptotically stable. Next, we have

	

V (P, Q) =




α1ShIv − (σ + µh)Eh

σ(1 − Ω)Eh − µhAh

σΩEh + α2ShIv − µhIh

β1SvIv + β2SvIh − µvIv




define

	

Z =




−(σ + µh) 0 0 α1
Λ

µh

σ(1 − Ω) −µh 0 0
σΩ 0 −µh α2

Λ
µh

0 0 β2
Ψ
µv

−µv + β1
Ψ
µv


 and ZQ =




−(σ + µh)Eh + α1
Λ

µh
Iv

σ(1 − Ω)Eh − µhAh

σΩEh − µhIh + α2
Λ

µh
Iv

β2
Ψ
µv

Ih +
(
β1

Ψ
µv

− µv

)
Iv


 .

The off-diagonal entries of the Z matrix are non-negative, so it’s M-Matrix. We have

	

V̂ (P, Q) = ZQ − V (P, Q) =




(
Λ

µh
− Sh

)
α1Iv

0(
Λ

µh
− Sh

)
α2Iv

β1
(

Ψ
µv

− Sv

)
Iv + β2

(
Ψ
µv

− Sv

)
Ih


 .

This completes the proof with the clarity that V̂ (P, Q) ≥ 0, where 0 ≤ Sh ≤ Nh,and 0 ≤ Sv ≤ Nv . □

Theorem 3  A unique endemic equilibrium point exists if R0 > 1.

Proof  In compartmental models, endemic equilibrium points represent stable disease occurrence in a popula-
tion, attained by solving a system of differential equations describing disease dynamics. For rabies, these points 
indicate a steady state where susceptible, exposed, asymptomatic, and infectious individuals among humans and 
animals reach equilibrium, signifying disease persistence. Mathematically, this is achieved by setting the deriva-
tives of the model’s equations to zero and solving for steady-state compartment values under specific conditions. 
For R0 > 1, consider e∗ = (S∗

h, E∗
h, A∗

h, I∗
h, S∗

v , I∗
v ) such that.
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S∗
h = Λ

((α1 + α2)I∗
v − µh) ,

E∗
h = Λα1I∗

v

(σ + µh)(α1 + α2)I∗
v − µh) ,

A∗
h = Λα1σ(1 − Ω)I∗

v

µh((α1 + α2)I∗
v − µh)(σ + µh) ,

I∗
h = (σΩα1Λ + α2Λ(σ + µh))I∗

v

µh((α1 + α2)I∗
v − µh)(σ + µh) ,

S∗
v = (BI∗

v + C)Ψ
(BI∗

v + C)(β1I∗
v + µv) + β2AI∗

v
,

by solving for I∗
v  following expression is obtained:

	 AI∗2
v + BI∗

v + C = 0,

where

	

A = β1µhµv (α1 + α2) (µh + σ) ,

B = µhµv ((µh + σ) β1µh + (α1 + α2) (µh + σ) µv + Λα2β2)
+ (α2 + Ωα1) σΛβ2µv − Ψβ1µh (α1 + α2) (µh + σ) ,

C = µ2
hµ2

v (µh + σ) − Ψ
(
β1µ2

h (µh + σ) + Λα2β2 (σ + µh) + ΩσΛα1β2
)

.

It isn’t easy to check the signs of the coefficients, so proceed with numerical values when R0 = 3.782 > 1

	 A = 8.096 × 10−23, B = 2.728 × 10−13, C = −1.782 × 10−07.

The coefficients of I2
v  and Iv  are positive, and constant term changes its sign concerning R0. There is one sign 

change, so by Descartes’ Rule of Signs, Iv  has one positive and one negative root. Hence, a unique Endemic 
equilibrium occurs. □

Theorem 4  The model is a globally asymptotically stable state for endemic equilibrium if R0 > 1.

Proof  Considering Lyapunove function:

	

L = β2S∗
v I∗

h

(α1S∗
hI∗

v + α2S∗
hI∗

v )

(
Sh − S∗

h − S∗
h ln Sh

S∗
h

)
+ β2S∗

v I∗
hσΩE∗

h

(α1S∗
hI∗

v )(σΩE∗
h + α2S∗

hI∗
v )

(
Eh − E∗

h − E∗
h ln Eh

E∗
h

)

+ β2S∗
v I∗

h

(α2S∗
hI∗

v + σΩE∗
h)

(
Ih − I∗

h − I∗
h ln Ih

I∗
h

)
+

(
Sv − S∗

v − S∗
v ln Sv

S∗
v

)
+

(
Iv − I∗

v − I∗
v ln Iv

I∗
v

)
,

taking derivative of L with respect to time

	

L′ = β2S∗
v I∗

h

(α1S∗
hI∗

v + α2S∗
hI∗

v )

(
1 − S∗

h

Sh

)
S′

h + β2S∗
v I∗

hσΩE∗
h

(α1S∗
hI∗

v )(σΩE∗
h + α2S∗

hI∗
v )

(
1 − E∗

h

Eh

)
E

′
h

+ β2S∗
v I∗

h

(α2S∗
hI∗

v + σΩE∗
h)

(
1 − I∗

h

Ih

)
I ′

h +
(

1 − S∗
v

Sv

)
S′

v +
(

1 − I∗
v

Iv

)
I ′

v,

substituting the expressions from model (1)
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L′ = β2S∗
v I∗

h

(α1S∗
hI∗

v + α2S∗
hI∗

v )

[
S∗

hI∗
v

(
1 − ShIv

S∗
hI∗

v
− S∗

h

Sh
+ Iv

I∗
v

)
(α1 + α2) + µhS∗

h

(
2 − Sh

S∗
h

− S∗
h

Sh

)]

+ β2S∗
v I∗

hσΩE∗
h

(α1S∗
hI∗

v )(σΩE∗
h + α2S∗

hI∗
v )α1S∗

hI∗
v

(
ShIv

S∗
hI∗

v
− Eh

E∗
h

− E∗
hShIv

EhS∗
hI∗

v
+ 1

)

+ β2S∗
v I∗

h

(α2S∗
hI∗

v + σΩE∗
h)

[
σΩE∗

h

(
Eh

E∗
h

− Ih

I∗
h

− I∗
hEh

IhE∗
h

+ 1
)

+ α2S∗
hI∗

v

(
ShIv

S∗
hI∗

v
− Ih

I∗
h

− I∗
hShIv

IhS∗
hI∗

v
+ 1

)]

+
[

β1S∗
v I∗

v

(
1 − IhSv

I∗
hS∗

v
− I∗

v

Sv
+ Ih

I∗
h

)
+ β2S∗

v I∗
h

(
1 − Sv

S∗
v

Iv

I∗
v

− S∗
v

Sv
+ Iv

I∗
v

)
+ µvS∗

v

(
2 − Sv

S∗
v

− S∗
v

Sv

)]

+
[

β1S∗
v I∗

v

(
IhSv

I∗
hS∗

v
− Iv

I∗
v

− I∗
v

Iv
− I∗

v IhSv

IvI∗
hS∗

v
+ 1

)
+ β2S∗

v I∗
h

(
IvSv

I∗
v S∗

v
− Iv

I∗
v

− Sv

S∗
v

+ 1
)]

,

L′ = β2S∗
v I∗

hµhS∗
h

(α1S∗
hI∗

v + α2S∗
hI∗

v )

(
2 − Sh

S∗
h

− S∗
h

Sh

)
+ (µvS∗

v + β1S∗
v I∗

h)
(

2 − Sv

S∗
v

− I∗
v

Iv

)

+ β2S∗
v I∗

hσΩE∗
hα1S∗

hI∗
v

(α1S∗
hI∗

v )(σΩE∗
h + α2S∗

hI∗
v )

(
5 − S∗

h

Sh
− E∗

hShIv

EhS∗
hI∗

v
− I∗

v

Iv
− I∗

v IhSv

IvI∗
hS∗

v
− I∗

hEh

IhE∗
h

)

+ β1S∗
hI∗

v

(
4 − I∗

hShIv

IhS∗
hI∗

v
− I∗

v SvIh

IvS∗
v I∗

h

− S∗
h

Sh
− I∗

v

Iv

)
,

Since the arithmetic mean is always greater than or equal to the geometric mean, it follows that,

	

2 − Sh

S∗
h

− S∗
h

Sh
≤ 0,

2 − Sv

S∗
v

− I∗
v

Iv
≤ 0,

5 − S∗
h

Sh
− E∗

hShIv

EhS∗
hI∗

v
− I∗

v

Iv
− I∗

v IhSv

IvI∗
hS∗

v
− I∗

hEh

IhE∗
h

≤ 0,

4 − I∗
hShIv

IhS∗
hI∗

v
− I∗

v SvIh

IvS∗
v I∗

h

− S∗
h

Sh
− I∗

v

Iv
≤ 0.

Hence, it shows that L′ ≤ 0. Its also holds when Sh = S∗
h, Eh = E∗

h, Ah = A∗
h, Ih = I∗

h, Sv = S∗
v  and 

Iv = I∗
v . Thus, by the LaSalle invariance principle33, the system is globally asymptotically stable. □

Sensitivity analysis
Sensitivity indices provide a quantitative measure of how variations in model parameters affect the key outcome 
variable, R0. Chitnis et al.37 presented a precise method using partial derivatives to compute sensitivity indices. 
The expression for sensitivity indices, ∂R0

∂p
× p

R0
, measures and quantifies the effect of individual parameters p 

on R0. Sensitivity indices are presented in Table (3) and visualized in Figure (4).
The sensitivity analysis highlights key parameters Λ, Ψ, β1, β2 and α2 in rabies transmission. R0 directly 

correlates with these parameters, while mortality rates (µh and µv) inversely affect R0. The parameters σ, Ω, 
and α1 show lower sensitivity.

Optimization of control strategies
Optimal control theory offers a solid foundation for optimizing processes in these kinds of systems. To improve 
understanding and effectively modify the dynamics of the system, nine time-dependent control variables yi

, where i = 1, 2, 3, . . . , 9, are presented. These variables are introduced by applying optimal control theory to 
the model given by Eq. (1). The dynamics of the controlled system are governed by the model (5), which shows 
how different variables change over time. This approach simplifies the process of examining control optimization 
solutions for complex systems. The challenges and strategies to mitigate rabies, as depicted in Figure (5) are 
articulated below:

•	 With a focus on exposed individuals, the Parameter y1 denotes determinations to lower the interaction rate 
between susceptible individuals Sh and infected animals Iv . It entails public awareness campaigns that use 
AI-powered teaching materials to alter human behavior and prevent interaction with possibly diseased ani-
mals.

•	 With a focus on symptomatic infections, the Parameter y2 denotes determinations to lower the interaction 
rate between susceptible individuals Sh and infected animals Iv . This involves utilizing customized drug 
delivery, applying artificial intelligence for predictive modeling, and building barriers to keep people and 
animals apart.

•	 The transition rate from exposed individuals Eh to asymptomatic individual infections Ah is decreasing, as 
indicated by the parameter y3. It incorporates delivering immediate immunity post-exposure through target-
ed nanoparticle vaccines that enhance immune response.

•	 The parameter y4 characterizes the process of reducing the incidence of disease transmission from asymp-
tomatic people Ah to symptomatic people Ih. It involves using nanoparticles to deliver antiviral drugs that 
effectively reduce viral load in asymptomatic carriers, preventing further transmission.
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•	 The parameter y5 indicates the decrease in the number of persons experiencing symptoms, marked as Ih. 
This step includes Utilizing nanoparticles to transport antiviral treatments directly to infected neural tissues, 
enabling effective action across the blood-brain barrier.

•	 The rate of interaction between susceptible animals Sv  and infected animals Iv  is decreased by the parameter 
y6. Alternative approaches to manage fauna include using diversionary tactics and GPS collars to monitor the 
movement of domestic and wildlife populations to detect rabies spread.

•	 Reducing the interaction rate between susceptible animal populations Sv  and infected human beings Ih is the 
target of parameter y7. Artificial intelligence-driven monitoring systems can place barriers and deterrents to 
lessen the likelihood that people will come into contact with animals.

•	 The shifting of susceptible individual animals Sv  to different compartments is minimized by the parameter y8
. The paradigm of disease prevention and management is revolutionized by employing AI-driven approaches 
in developing vaccines in conjunction with nano-scale delivery systems and concentrating immunization 
efforts on animal reservoirs.

•	 The y9 parameter represents the move taken to lower the Iv  number of infected animals. Public health efforts 
to minimize animal exposure to infectious diseases and vaccine programs that target animal reservoirs.

The controlled model is articulated as:

	

dSh

dt
= Λ − ((1 − y1) α1 + r1y2α2)ShIv − µhSh

dEh

dt
= (1 − y1) α1ShIv − (σ + µh + r2y3)Eh

dAh

dt
= σ(1 − Ω)Eh + r2y3Eh − (µh + r3y4) Ah

dIh

dt
= σΩEh + r3y4Ah + r1y2α2ShIv − (µh + r4y5) Ih

dSv

dt
= Ψ − r5y6β1SvIv − r6y7β2SvIh − (µv + r7y8) Sv

dIv

dt
= r5y6β1SvIv + r6y7β2SvIh − (µv + r8y9) Iv

� (5)

To decrease rabies transmission and minimize the counts of infected animals and humans, the main concern is 
applying nine specific strategies. The final purpose is to achieve these goals or objectives while certifying that our 
efforts remain cost-effective and reasonable. For this purpose, an objective function is defined:

	
J (yi) =

∫ t

0

(
D1Sh + D2Eh + D3Ah + D4Ih + D5Sv + D6Iv + 1

2

9∑
i=1

Biy
2
i (t)

)
dt.� (6)

Let t represent the final time controls are executed inside the interval [0, t]. The constants Bi for i = 1, 2, . . . , 9 
and i = 1, 2, . . . , 6 represent the total costs associated with control measures yi. The main aim is to determine 
the optimal control from nonuplet y∗ = {y∗

i | i = 1, 2, . . . , 9} that effectively reduces the overall incurred cost.

	 J (y∗
i ) = min{J(yi) | yi ∈ Y, i = 1, 2, 3, . . . , 9}.� (7)

A non-empty set is described as:

	 Y = {yi : 0 ≤ yi(t) ≤ 1, t ∈ [0, t], i = 1, 2, 3, . . . , 9}.

Pontryagin’s ultimate principle simplifies optimizing the control parameters into a problem of optimizing the 
Hamiltonian function. In38, this effective transformation has been thoroughly examined, with the Hamiltonian 
function H defined as follows:

	
H = D1Sh + D2Eh + D3Ah + D4Ih + D5Sv + D6Iv + 1

2

9∑
i=1

Biy
2
i (t) +

6∑
i=1

θiXi.� (8)

The complementary functions associated with the system (5) are characterized by θi, while the expressions 
governing the state variables described in the control system (5) on the right side of the above ODEs are denoted 
by Xi such that i = 1, 2, 3, . . . , 6. The following format can be used to express the Hamiltonian function:

	

H =D1Sh + D2Eh + D3Ah + D4Ih + D5Sv + D6Iv + 1
2B1y2

1 + 1
2B2y2

2 + 1
2B3y2

3 + 1
2B4y2

4 + 1
2B5y2

5

+ 1
2B6y2

6 + 1
2B7y2

7 + 1
2B8y2

8 + 1
2B9y2

9 + θ1(Λ − ((1 − y1) α1 + r1y2α2)ShIv − µhSh)

+ θ2 ((1 − y1) α1ShIv − (σ + µh + r2y3)Eh) + θ3 (σ(1 − Ω)Eh + r2y3Eh − (µh + r3y4) Ah)
+ θ4 (σΩEh + r3y4Ah + r1y2α2ShIv − (µh + r4y5) Ih)
+ θ5 (Ψ − r5y6β1SvIv − r6y7β2SvIh − (µv + r7y8) Sv) + θ6 (r5y6β1SvIv + r6y7β2SvIh − (µv + r8y9) Iv)
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The subsequent theorem summarizes the optimal approach, denoted as y∗, targeted at minimizing the problem 
(7). Notably, the approach used in this framework is based on the work as presented in39,40.

Theorem 5  If factors y∗
i ∈ Y  for i = 1, 2, 3, . . . , 9 satisfy (7) concerning the corresponding system (5), then there 

occurs always a set of associated functions θ1(t), θ2(t), . . . , θ6(t) for i = 1, 2, 3, . . . , 6 that satisfy the following 
system.

	

dθ1

dt
= θ1µh − D1 + θ1α1Iv − θ2α1Iv − θ1α1Ivy1 + θ2α1Ivy1 + θ1α2Ivr1y2 − α2θ4Ivr1y2,

dθ2

dt
= σθ2 − D2 − σθ3 + θ2µh + Ωσθ3 − Ωσθ4 + θ2r2y3 − θ3r2y3,

dθ3

dt
= D3 − θ3µh − θ3r3y4 + θ4r3y4,

dθ4

dt
= θ4µh − D4 + θ4r4y5 + β2θ5r6y7Sv − β2θ6r6y7Sv,

dθ5

dt
= θ5µv − D5 + θ5r7y8 + β2θ5Ihr6y7 − β2θ6Ihr6y7 + β1θ5Ivr5y6 − β1θ6Ivr5y6,

dθ6

dt
= θ6µv − D6 + θ1α1Sh − θ2α1Sh + θ6r8y9 − θ1α1y1Sh + θ2α1y1Sh + θ1α2r1y2Sh

− α2θ4 r1y2Sh + β1θ5r5y6Sv − β1θ6r5y6Sv.

confirming adherence to the rule related to the constraints, where all θi(t) = 0 for all i = 1, 2, . . . , 6, then solution 
for the optimal control parameters y∗ = (y∗

1 , y∗
2 , y∗

3 , y∗
4 , y∗

5 , y∗
6 , y∗

7 , y∗
8 , y∗

9), is followed as.

	

y∗
1 = min

{
max

{
0,

(θ2 − θ1)α1IvSh

B1

}
, 1

}
, y∗

2 = min
{

max
{

0,
(θ1 − θ4)α2Ivr1Sh

B2

}
, 1

}
,

y∗
3 = min

{
max

{
0,

(θ2 − θ3)Ehr2

B3

}
, 1

}
, y∗

4 = min
{

max
{

0,
(θ3 − θ4)r3Ahr2

B4

}
, 1

}
,

y∗
5 = min

{
max

{
0,

(θ4)Ihr4

B5

}
, 1

}
, y∗

6 = min
{

max
{

0,
(θ5 − θ6)β1Ivr5Sv

B6

}
, 1

}
,

y∗
7 = min

{
max

{
0,

(θ5 − θ6)β2Ihr6Sv

B7

}
, 1

}
, y∗

8 = min
{

max
{

0,
(θ5)r7Sv

B8

}
, 1

}
,

y∗
9 = min

{
max

{
0,

(θ6)Ivr8

B9

}
, 1

}
.

Proof  Identifying the approach outlined in39 it becomes feasible and practical to establish the constraints for 
achieving an optimal control purpose using Pontryagin’s maximum principle. This study comprises assessing 
the following conditions:

	

dθ1

dt
= − ∂H

∂Sh
,

dθ2

dt
= − ∂H

∂Eh
,

dθ3

dt
= − ∂H

∂Ah
,

dθ4

dt
= − ∂H

∂Ih
,

dθ5

dt
= − ∂H

∂Sv
,

dθ6

dt
= − ∂H

∂Iv
.

There is an expression for the dynamics of the control factors, according to the defined transversion constraints 
where θi(t) = 0 for all i = 1, 2, . . . , 6.

	
∂H

∂yi
= 0, for i = 1, 2, . . . , 9.

It is confirmed that the control parameters’ goal can be accomplished by limiting their values according to 
pivotal arguments.

	
y∗

i =

{
0, if η∗

i ≤ 0
η∗

i , if 0 ≤ η∗
i ≤ 1

1, if η∗
i ≥ 1

where
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η∗
1 = (θ2 − θ1)α1IvSh

B1
,

η∗
2 = (θ1 − θ4)α2Ivr1Sh

B2
,

η∗
3 = (θ2 − θ3)Ehr2

B3
,

η∗
4 = (θ3 − θ4)r3Ahr2

B4
,

η∗
5 = θ4Ihr4

B5
,

η∗
6 = (θ2 − θ1)α1IvSh

B1
,

η∗
7 = (θ2 − θ1)α1IvSh

B1
,

η∗
8 = (θ2 − θ1)α1IvSh

B1
,

η∗
9 = (θ2 − θ1)α1IvSh

B1
.

The proof is now completed. □
Analyzing the efficacy of the employed techniques is necessary to achieve the goal. Using the parameter values 
listed in Table 1 and an initial reproduction number of R0 = 3.31211, the task has a strategic time of 25 years. The 
distribution of auspicious weights is as follows: D1 = 1, D2 = 5 , D3 = 10, D4 = 15, D5 = 20, D6 = 25. Further, 
B1 = 3, B2 = 6, B3 = 9, B4 = 12, B5 = 15, B6 = 18, B7 = 21, B8 = 24 , B9 = 27. The initial conditions are set 
as: Sh(0) = 1228298836, Eh(0) = 1000, Ah(0) = 700, Ih(0) = 149, Sv(0) = 600000, Iv(0) = 15000
. The primary objective is to reduce the number of fatalities and enhance recuperation by implementing 
comprehensive safety measures elucidated with visual representations.

Effectiveness of control strategies
Figure (6) signifies the efficacy of controls applied to the model to minimize the rabies spread.

•	 The susceptible human population grows due to preventive measures taken to stop them from moving into 
other zones, as seen in Figure (6a).

Parameter Value Description Source

Λ 18118334.83 Rate of humans recruitment 35,36

µh 0.01350641 Natural death rate of humans 35

α1 1.0 × 10−12 Exposure rate from animal-human interaction fitted

α2 [3.132 × 10−12, 3.5252 × 10−12] Infection rate from animal-human interaction fitted

σ [0.001, 0.1] Rate of progression from exposure to infection fitted

Ω 0.1 Asymptomatic case proportion in humans fitted

Ψ 75000 Rate of animals recruitment assumed

β1 1.0 × 10−6 Transmission rate among animals fitted

β2 1.0 × 10−7 Transmission rate among humans-animals fitted

µv [0.1, 0.962] Natural death rate of animals fitted

Table 2.  Parameter estimation for the rabies model.

 

Year Cases Year Cases Year Cases Year Cases Year Cases

1996 149 2002 1200 2008 2544 2014 950 2020 202

1997 231 2003 2050 2009 2282 2015 831

1998 231 2004 2733 2010 2116 2016 654

1999 350 2005 2614 2011 1973 2017 531

2000 517 2006 3376 2012 1474 2018 436

2001 891 2007 3400 2013 1212 2019 309

Table 1.  Yearly reported cases from 1996 to 202034.
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•	 The results shown in Figure (6b) demonstrate that after control implementation, the number of exposed hu-
mans decreased, indicating that people are not moving into the exposed class.

•	 Figure (6c) illuminates that the asymptotic human population gradually decreased after applying control 
measures.

•	 The population of infected humans eventually begins to decline, as seen in Figure (6d), demonstrating the 
effectiveness of all measures in halting the spread of rabies.

•	 As can be shown in Figure (6e), the susceptible animal population moves into other zones or is eliminated 
when controls are used.

•	 Following control measures, the infected animal population significantly declined, as shown in Figure (6f).

Percentage effectiveness
The effectiveness of each control is shown over time in Figure (7), which is explained below.

•	 Control y1 initiates with an initial effectiveness of 78%, which then decreases with the passage of time.
•	 Control y2 starts with 100% efficacy when applied, and it starts decreasing and shows stability for 16 years.
•	 Control y3 exhibits an initial efficacy of 83%, then followed by significant stability with an efficacy 75% till 

24 years.
•	 Control y4 initiates with an initial effectiveness of 11%, gradually it decreases and becomes ineffective after 

one year.
•	 Control y5 initially achieves 89% efficacy, which starts decreasing till the end of the year. It remains effective 

with the stability of 11% years, then its effectiveness diminishes.

Parameter Description Sensitivity Index Sign

Λ Rate of humans recruitment [4.10562 × 10−3, 0.199649] +ve

µh Natural death rate of humans [−0.399878, −8.21964 × 10−3] -ve

α1 Exposure rate from animal-human interaction. [9.01659 × 10−6, 4.86792 × 10−3] +ve

α2 Infection rate from animal-human interaction [4.0966 × 10−3, 0.194782] +ve

σ Rate of progression from exposure to infection [8.39503 × 10−6, 5.79246 × 10−4] +ve

Ω Asymptomatic case proportion in humans [9.01659 × 10−6, 4.86792 × 10−3] +ve

Ψ Rate of animals recruitment [0.800351, 0.995894] +ve

β1 Transmission rate among animals [0.600701, 0.991789] +ve

β2 Transmission rate among human-animal 4.10562 × 10−3, 0.199649] +ve

µv Natural death rate of animals [−1.99179, −1.6007] -ve

Table 3.  Sensitivity indices.

 

Fig. 3.  Comparison of estimated rabies cases (depicted by the red line) and actual rabies cases (depicted by 
stars).
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•	 Control y6 gradually loses efficacy after one year of application, which was 18% at first.
•	 Control y7 has an efficacy of 19% at the time of implementation, but after a year, it starts to lose its effective-

ness.
•	 Control y8 exhibits 48% initial efficacy which slightly decreases, increases again after 7 years, and ultimately 

stabilizes at 76% efficacy for the next 24 years.
•	 Control y9 starts with a 5% efficacy when applied, and within one year, it loses its effectiveness.

Conclusion
This study employs a novel methodology known as Sans Recuperation for the mathematical formulation, 
statistical analysis, and strategic examination to comprehend and control rabies disease. This innovative approach 
aims to enhance the understanding of dissemination and develop efficient eradication strategies.

The dynamics of rabies spread are examined using the Rabies sans recuperation model, and the model’s 
accuracy is confirmed by calibrating real-world data on rabies. Moreover, locally and globally, the stability of 
endemic and rabies-free states is examined. Estimating factors and calculating the basic reproduction rate are 
also conducted. Sensitivity analysis is carried out to measure and assess how critical parameters influence rabies 
propagation.

Fig. 5.  Challenges and Strategies.

 

Fig. 4.  Visualization of sensitivity indices.
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Further, a controlled model is developed based on sensitivity analysis. Several approaches have been 
suggested, and their effectiveness is envisioned, emphasizing the uniqueness of this study in abolishing rabies. 
Most importantly, based on the control profile, strategies can be developed while keeping an eye on the efficacy 
of each control. The main objective is to develop early diagnosis, cure, and remediation endeavors, firming up the 
ability to react onsets successfully to decrease the neurological impacts and fatalities linked with rabies disease.

Fig. 6.  Use of controls with the estimated values of parameters.
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Future research in this field explores leveraging nanotechnology and artificial intelligence to integrate more 
inclusive epidemiological data and enhance data collection and scrutiny systems. The focus is on developing 
cost-effective strategies to mitigate the spread of rabies and address disabilities resulting from the disease.

Figure 6.  (continued)
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Data availability
The data used to support the findings of this study is included within the article.
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