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Comparison study of the energy 
and instability of ion‑acoustic 
solitary waves in magnetized 
electron–positron–ion quantum 
plasma
W. F. El‑Taibany1, P. K. Karmakar2, A. A. Beshara3, M. A. El‑Borie3, S. A. Gwaily3 & A. Atteya3*

Notably, solitary waves that emerge from the nonlinear properties of plasmas are the main focus 
of many current studies of localized disturbances in both laboratory and astrophysical plasmas. 
By applying the reductive perturbation method, we derive the nonlinear homogeneous quantum 
Zakharov–Kuznetsov (QZK) equation in three-component collisionless quantum plasma consisting 
of electrons, positrons, and ions in the presence of an external static magnetic field. The solitary 
wave structures are dependent on the Bohm potential, magnetic field, obliqueness, species Fermi 
temperatures, and densities. The soliton’s electric field and energy are also derived and investigated, 
which were found to be reduced as the magnetic field increases. The instability growth rate is also 
derived by using the small-k perturbation expansion method. The previous parameters affect the 
instability growth rate as well. A comparison of the energy and instability growth rate behaviour 
against system parameters is carried out. Large energy and large instability growth rate occur at large 
values of positron density or lower values of ion density. At zero or small rotation angle, both decrease 
as the magnetic field increases. Our findings could help us understand the dynamics of magnetic 
white dwarfs, pulsar magnetospheres, semiconductor plasma, and high-intensity laser-solid matter 
interaction experiments where e-p-i plasma exists.

Studies in the field of multi-component quantum plasmas such as electron-positron-ion (e-p-i) plasmas face 
more attention and focus lately on the electron-ion quantum plasma due to its prospective application point of 
view to examine new collective modes and instabilities. Such e-p pair quantum plasma can be present in active 
galactic cores1, discs enclosing black holes2, white dwarf environments3,4, radiation belts of Van Allen, and 
intense-laser-plasma fields5. The non-linear ion-acoustic (IA) waves phenomena in quantum plasmas, which 
have positrons, behave differently than the quantum plasma with only electrons and ions. The positron in con-
ventional e-i quantum plasma modulates the characteristics of the linear and non-linear wave modes6,7. As well, 
the e-p plasma has slow and fast time scales depending on whether it is considered as a pair plasma with some 
concentration of background ions or as an electron-ion plasma with some positron components8,9.

In dense degenerate (quantum) e-p-i plasma, despite the quantum effects becoming considerable due to the 
significant de-Broglie wavelength of the charge carriers (e and p) comparable to the Debye length, i.e., ne0�3B ≥ 1 , 
ne0 is the equilibrium number density of electrons and �B is its de-Broglie wavelength, we cannot avoid the ions 
because of their thermal energy. Therefore, the characteristics of the ions can be understood classically whilst 
e-p pairs behave as degenerate Fermi gases and can conveniently be described by the Thomas-Fermi model. In 
addition, the light plasma components are governed by Heisenberg’s uncertainty principle. Following this role, 
the momentum of greatly confined plasma species tends to be ultra large. This uncurbed momentum of these 
particles results in generating extreme outward degenerate pressure, which is counter-balanced by the inward 
gravitational compression. As well, the quantum tunnelling effect can play an important role in exhibiting the 
collective behavior of the quantum plasma different from the classical one. The utilised quantum hydrody-
namic (QHD) model for studying the non-linear propagation of ion-acoustic waves (IAWs) in magnetised e-p-i 
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quantum plasma is extended by adding the quantum statistical pressure term and the quantum diffraction term 
(the Bohm potential). It’s remarkable that the Bohm potential leads to wave dispersion due to the quantum cor-
relation of density fluctuations associated with the wave nature of the charge carriers.

Over the last two decades, a considerable number of papers have modeled mathematically and numerically 
the dynamics of e-p-i quantum plasma due to their wide-range applications in different environments. Ghosh 
and Sahu10 utilized the QHD model to characterize a dissipative e-p-i quantum plasma system and obtained 
the Kadomtsev-Petviashvili-Burger’s equation, which governs the small finite amplitude of 2D ion-acoustic 
solitary and shock waves. Haque11 investigated the impact of the exchange-correlation and pressure degeneracy 
on the behavior of the IAWs in an inhomogeneous dense e-p-i plasma. Saha et al.12 presented the bifurcation 
analysis of quantum ion-acoustic kink, anti-kink, and periodic waves in a dense degenerate plasma including 
positive ions, electrons, and positrons. Moreover, Iqbal et al.13 considered electron and positron as two different 
fluids in their study, which deals with magnetosonic waves in spin-polarized e-p-i quantum plasma. This study 
demonstrated that the polarization due to spin and positron concentration minimizes the phase velocities of 
the obliquely propagating spectra, as well as the obliqueness effect, which reinforces the frequency of all modes. 
Saha and Banerjee introduced the background of dynamical systems, waves, and oscillations in plasmas 14. Basic 
concepts of dynamical systems and phase plane analysis for the study of dynamical properties of nonlinear waves 
in plasmas were presented. 

To characterize the mode of change of the behavior of the IAWs structures in e-p-i quantum plasmas subject 
to a magnetic field, the nonlinear Zakharov–Kuznetsov (ZK) equation is derived via applying the reductive 
perturbation scheme. The ZK equation, which is a well-studied canonical three-dimensional extension of the 
Korteweg-de Vries equation, identifies the extent of the weak non-linearity and dispersion of such wave modes. 
The ZK equation for IAWs was derived for magnetized plasma whose constituents are cold ions and kappa-
distributed electrons15. As a first step, the bifurcation theory was used to test the existence of solitary wave and 
periodic traveling wave solutions. The propagation characteristics of the solitary structure in the presence of the 
Landau quantization in dense e-p-i plasmas through the ZK equation are investigated by Hussain et al.16. On 
the other hand, Soltani et al.17 derived the ZK equation for the oblique propagation of the electrostatic solitary 
waves in a magnetized quantum plasma consisting of dynamic relativistic degenerate electrons and positrons 
and weakly relativistic ions, and hence, slow and fast acoustic modes are found to be present in this quantum 
plasma model. As well, Mohsenpour et al.18 considered negative ion plasma in their survey of ion-acoustic quan-
tum solitary modes in a polarised quantum plasma comprising relativistic degenerate electrons and positrons 
governed by the ZK equation.

An essential field of plasma physics is the instability of plasma systems. Plasma instability is a region where 
turbulence occurs due to fluctuations in the characteristics of a dense plasma (e.g. temperature, density, electric 
field, magnetic field). It usually only makes sense to analyze the instability of a plasma once it has been estab-
lished that the plasma is in an equilibrium state. So, instability analysis defines whether a small perturbation 
will grow, oscillate, or be damped out. Subsequently, plasma instabilities can be divided into two general groups: 
hydrodynamic and kinetic instabilities, which in turn are categorized into other different modes. The small-k 
expansion technique is one of a variety of methods used to deduce the growth rate of the unstable non-linear wave 
structures of the plasma model. The streaming instability analysis is carried out by Iqbal et al.19 for transverse 
waves of counter-streaming e-p pairs parallel to the magnetic field and ions in a magneto-quantum plasma. They 
presented a new positron streaming-driven transverse mode. Under the influence of the chemical potential of 
electrons, the instability gauge and its growth rate of the ZK equation for isothermal IA solitons in a magnetized 
ultra-relativistic degenerate multicomponent quantum plasma were investigated by El-Shamy et al.20. Thereafter, 
Khanum et al.21 studied the spin-polarized e-p-i plasma and examined the spin effect on the counter-streaming 
instability, as well as discussed the impact of positron number density, streaming speed, and polarization due to 
spin on the frequency of waves and the growth rate. Behery and Zaghloul22 used Chandrasekhar’s equation of 
state for the degenerate relativistic electrons and positrons while ions are presented as fixed and uniform in space, 
to get a non-linear ZK equation of electrostatic waves in magnetized quantum plasma. The small-k expansion 
method is applied to examine the instability criteria of such oblique waves.

A few authors are concerned with instability analysis and determining the growth rate for solitary wave solu-
tions for the four-dimensional ZK equation in e-p-i quantum plasma. In this paper, we will analyse the spectral 
instability of the independent solutions of the ZK equation for long-wavelength transverse perturbations in 
e-p-i quantum magnetised plasma by following the procedure provided by Hongsit et al.23, which depends on 
the small-k expansion technique.

 The layout of this paper can be mentioned as follows: Section two presents the magneto-quantum hydro-
dynamic equations that model our system. Section three sustains forward to derive the nonlinear (3+1) ZK 
equation. In section four, we obtained a stationary plane solitary solution of the quantum-ZK (QZK) equation. 
We then carry out our transverse instability analysis for the QZK equation in section five. Section six is limited 
to numerical investigation and discussion. What is left for conclusions has been mentioned in section seven.

Basic equations of the model
We consider the nonlinear propagation of quantum ion-acoustic solitary waves (QIASWs) in a three-component 
collisionless quantum plasma consisting of electrons, positrons, and ions in the presence of an external static 
magnetic field of flux density Bo = Boẑ , where ẑ is the unit vector along the z-direction. Electrons and positrons 
are considered inertialess by supposing that the phase velocity of the traveling wave is much less than the Fermi 
velocities of electrons and positrons, respectively. The hydrodynamics of QIASW’s in e-p-i plasma is governed 
by a set of equations as follows24,
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where nα 
(

α = e for electrons, i for ions, and p for positrons
)

 is the number density normalized by their 
unperturbed number density nα0 , ui is the ion fluid velocity normalized by the ion acoustic Fermi speed 
ci =

√
2KBTFe�mi  ; φ is the electrostatic wave potential normalized by (2KBTFe�e) ; e is the elementary charge; 

ω is the ion cycltron frequency (ω = eB0�mi) normalized by the ion plasma frequency ωpi =
√

4πni0e2�mi  . 
The time and space coordinates are in units of the ion gyroperiod ω−1

pi =
√

mi�4πni0e2 , and the ion gyroradius 
�i =

√

2KBTFe�4πni0e2 , respectively. As well, σ is a numerical factor expresses the ratio of electron to posi-
tron Fermi temperature 

(

TFe�TFp

)

 and p = np0�ni0 . The dimensionless quantum parameter He,p is given by 
He,p =

(

hωpi�2πc2i
√
mime,p

)

 , where h is Planck’s constant and me,p,i is the mass of electron, positron and ion, 
respectively. Furthermore, the quantum diffraction term in equation (1) has been neglected as me,p ≪ mi and 
we do not over look the mention of the equilibrium requirement which states that ne0 = ni0 + np0.

Deduction of non‑linear (3+1) quantum ZK equation
      We follow the reductive perturbation theory to the system of equations to investigate the non-linear spread 
of QIASWs in (x, y, z, and t) dimensions with a small finite amplitude. To achieve that, we primarily expand the 
dependent plasma variables about their equilibrium point as a power series of ǫ as follows25

where ǫ is a dispersion parameter from equilibrium, it measures the perturbation amplitude (0 < ǫ ≤ 1) . Thus, 
we stretch the independent dimensional variables to a moving frame of wave phase speed � which is normalized 
by the ion-acoustic speed (ci) as,

By substituting Eqs. (2) and (3) into the system equations, Eq. (1), we get a set of equations in ordered series 
of powers of ǫ . Hence, collecting the coefficients of the lowest order of ǫ for all the species, we get the following 
relations for the lowest order perturbed quantities

On substitution in the Poisson’s equation, we get the neutrality condition in the form

from which the phase speed of the perturbation wave could be evaluated via the following dispersion relation,

Also, by collecting the coefficients of the next higher order of ǫ , we obtain the following relations

The coefficients of the next higher orders of ǫ lead to equations that are solved to obtain the second-order 
perturbed quantities. This quantity is collected in the ǫ2 order of the Poisson’s equation represented as

Taking into account the same order gives the relations

Thus, The series of partial derivative equations can be algebraically manipulated to realize the QZK equation as,

(1)

∂ni
∂t +∇ · (niui) = 0,

∂ui
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,
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with nonlinear, longitudinal dispersion, and the transverse coefficients A, B, and C, respectively, which are given by,

Solitary wave analysis
The solitary wave solution of Eq. (10) arises from the balance between nonlinearity and dispersive effects, we 
shall first follow the transformation of the independent variables26–28 through rotating the coordinate axes (X, 
Z) by an angle θ and renaming Y and T, the coordinate transformations are defined as

Applying these transformations to the QZK Eq. (10), we obtain

where

The steady-state solution of QZK equation can be taken as

where ρ = ξ −Mτ , and M is the Mach number normalized by the ion-acoustic Fermi speed ci . So, Eq. (13) can 
be written as29

Integrating and applying appropriate boundary conditions, we obtain the QIASWs pulse solution as

where ϕm and W are the amplitude and the width of the solitary wave, respectively; these are expressed as

The associated electric field could be deduced and take the form

It is clear from Eqs. (14) and (17) that both the amplitude and the width of the solitary wave depend on the 
electron and positron Bohm potential and Fermi temperatures. Also, the positron and ions equilibrium densi-
ties have considerable effects. In addition to the above, the energy is also an important feature, which can be 
calculated as reported by Ko and Kuehl25,30 as

It reveals to what extent the confined charged particles acquire energy from the wave.

Instability analysis
In the stability investigation of this solution, we employ the small-k expansion perturbation method. We assume 
that28,31
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where the oblique plane propagating long-wavelength-wave takes the symbol � that can be represented as

in which l2ξ + l2ζ + l2η = 1 , ψ(ρ) , and γ can be expanded by assuming small values of k to the form

Substituting Eq. (20) into  (13) to get the linearized QZK equation as

Substituting Eqs. (21 and 22) into  (23) and equating the same-order of k power coefficients leads to

where C′ is the integration constant. The homogeneous part of Eq. (24) has two independent linear solutions 
which can be expressed as28,

Consequently, the general solution can be arises to take the next form

where C1 and C2 are the constants of the integration and Ŵ is the Wronskian that can be defined as

The zeroth-order general solution equation can be finally simplified to the following equation

The first and second-order equations from Eqs. (21–23) can be obtained, where the dispersion relation can 
be represented from their solutions as follow

where

Hence, from Eq. (28), we notice that instability occurs if the condition Ŵ −�2 > 0 is satisfied. We obtain the 
instability growth rate, Gr, to be represented as

This instability growth rate depends on the system parameters that will be discussed in the next section.

Numerical investigations and discussion
Using the reductive perturbation method leads to deriving the dispersion relation in the case of linear analysis, 
while the nonlinear analysis gives the 3+1 dimension QZK equation in a three-component collisionless mag-
netized quantum e-p-i plasma. The solution of this evolved equation gives a solitary wave and its associated 
electric field and energy were also derived. The small-k expansion technique was employed to examine the 
multi-dimensional instability of the QIASWs that are controlled by the previous QZK equation32,33. The results 
of this investigation may be summarized as follows:

The QIASWs properties such as speed, polarity, amplitude, and width are found to be slightly affected by the 
electron and positron Fermi temperatures, positron and ion equilibrium densities. Also, the electron and posi-
tron Bohm potentials affect the formed QIASWs. Consequently, these parameters affect the associated electric 
field and wave energy.

The effect of varying the value of the positron to ion density ratio via p on the phase speed, � for different 
values of the electron to positron Fermi temperature ratio, σ , is depicted in Fig. 1. We notice that the phase speed 
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enhances with the increase of σ , while it shrinks with the increase of p. i.e., the QIASWs will be faster if the 
electron Fermi temperature and the ion density become higher. The same effect is obtained when the positron 
density decreases. This is physical due to the effect of electron pressure on the restoring force, which is enhanced 
by increasing the electron Fermi temperature. While the inertia is enhanced by increasing the ion density.

The nonlinear term A determines the amplitude and the polarity of the produced waves. The dependence 
of the nonlinear coefficient, A on σ and p is illustrated in Fig. 2a. It is shown that, A is positive for all values of 
σ and p. When both σ and p change, we get different behavior. At first, A decreases as p increases till p reaches 
0.1. Increasing the values of p over 0.1 leads to the increase of A. Also, the behavior a gainst σ takes two regions 
depending on p values. For 0 < p < 0.5 , it is found that A increases as σ increases. The behavior is reversed for 
p > 0.5 , where A decreases as σ increases. The effects of σ and p on the properties of longitudinal, and the trans-
verse dispersion coefficients, B and C, are manifested in Fig. 2b and c, respectively. Both coefficients decrease 
(increase) as p ( σ ) increases. The soliton solution Eq. (14) emerges due to the balance between the nonlinearity 
and the dispersion effects. The solitary wave amplitude, φm and width, W, are are also affected by the previous 
parameters, as shown in Fig. 3a and b, respectively. Since the amplitude depends on the nonlinear term, A, the 
amplitude is positive for all parameter values and it takes different behaviors depending on the p values, as 
depicted in Fig. 2a. At first, the amplitude increases as p increases from 0 to 0.1, at which point the amplitude 
reaches its maximum value. Increasing the values of p over 0.1 leads to a decrease in the amplitude. Further-
more, the amplitude varies with σ differently against different p values. The amplitude decreases (increases) as  
σ increases for p < 0.5 ( p > 0.5 ). On the other hand, its width W is suppressed by increasing p or decreasing 
σ. The width W is also affected by the magnetic field through ω and rotation angle θ as depicted in Fig. 3c. The 
width increases (decreases) as θ ( ω ) increases. The results obtained from Fig. 3 are confirmed by the solitary 
wave profiles and the associated electric field as shown in Figs. 4a–c and 5a–c, respectively. While the effects of 
electron and positron Bohm potentials on solitary waves are illustrated in Fig. 4d and e, respectively. It is shown 
that, since the electron and positron Bohm potentials, He and Hp , respectively, appear only in both dispersion 
terms B and C, so they affect only the width of the QIASWs, while the amplitude remains constant for all values 
of both. The reason is that the amplitude depends only on the nonlinear term, which is not affected by He or Hp 
according to Eq. (11). The increase of He and Hp leads to an increase in the width of the QIASWs. The associated 
electric fields are shown in Fig. 5d and e, respectively, and they show different behavior. The electric field ampli-
tude depends on W which in turn depends on B and C. The wave energy depends mainly on the wave amplitude 
and width, as depicted in Eq. (19). Figure 6 shows that the energy is affected by the same parameters as they 
affect both φm and W. So the energy takes different behaviors against the change of σ and p as was done in the 
case of φm , and it is affected also by ω and θ in the same manner as both affect the width, W. Figure 6a shows that 
the energy increases (decreases) as p increases for p < 0.2 ( p > 0.2 ). Also, the energy increases (decreases) as σ 
increases for p < 0.7 ( p > 0.7 ). The energy increases (decreases) as θ ( ω ) as depicted in Fig. 6b. This is physically 
due to the stronger magnetic field leads to the confinement of the charged particles and consequently leads to 
a decrease in their energy. The variation of the inistability growth rate, Gr, against σ , p, ω , and θ is illustrated in 
Fig. 7. It is obvious from Fig. 7a that Gr decreases from its maximum value to zero as θ increases. There is also a 
critical value of θ below (above) which Gr decreases (increrases) as ω increases. As ω decreases, the reduction of 
Gr against becomes more pronounced. Figure 7b shows thatGr increases (decreases) as σ(p) increases. We can 
see that in the high positron regime, the instability growth rate is an order of magnitude smaller than in the low 
positron concentration regime, as that found by Williams and  Kourakis 34.

Figure 1.   The phase velocity � , variation against p at different values of σ.
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Conclusions
The hydrodynamic model has been employed to investigate the QIASWs in a three-component collisionless 
quantum plasma consisting of electrons, positrons, and ions embedded in a uniform magnetic field. The ZK 
equation has been derived by employing the reductive perturbation method. The solution of this ZK equation has 
been used to explore the characteristics of the solitary wave. It is interesting that the soliton amplitude is positive 
for all values of the ions and positron densities and also for all electron and positron Fermi temperatures. The 
dependence of the soliton amplitude and width on the species densities and Fermi temperatures, the obliqueness, 
and the magnetic field (strength) were investigated. These effects have been verified in the case of soliton’s energy.

The instability analysis and investigation of the solitary wave solution have been performed. The plasma 
parameters’ effects on the instability growth rate have been discussed. It has been shown that an increase in 
positron Fermi temperature and density, magnetic field strength, and obliqueness can reduce the instability 
growth rate. Interestingly, we found that obliquity may cause soliton’s instability depletion as that resulted in the 
case of instability by Zedan et al.33. The obtained results of instability against system parameters are in agree-
ment with those realized by El-Labany et al.35. An increase in the amount of electron trapping leads to a net shift 

A

B

C

Figure 2.   (A) The variation of the nonlinear term A, (B) The longitudinal dispersive term B, (C) The transverse 
dispersive term C represented by equation (11) against p for different values of σ at ω = 0.5 , θ = 20 , He = 0.2 , 
and Hp = 0.4.
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towards higher values of the soliton energy. Particles trapped by a traveling plasma wave potential have received 
a significant amount of attention as a source of plasma wave instability. Sideband instability is an example of 
trapped particle instability 36. It has been discovered to be important in understanding the nonlinear saturation 
of deleterious stimulated light scattering processes in inertial confinement fusion37,38, as well as in astrophysi-
cal plasmas 39, where explanations for observed superthermal electrons and turbulent wave spectra are sought.

From the previous results, it is concluded that the energy is affected by the amplitude and width of the result-
ant waves. The energy has the same behavior as the amplitude when considering the effects of p and σ . While the 
energy adopts the width’s behavior when the effects of ω and θ are taken into account. According to Eq. (30), the 
instability growth rate, Gr, is affected by the wave amplitude and width in comparison with the energy in a dif-
ferent manner. At small θ values, θ < 16◦ , both the energy and the instability growth rate decrease as ω increases. 
While for θ > 16◦ , the energy still decreases, the instability growth rate acts oppositely where it increases as 
ω increases. Also En and Gr for p < 0.2 both act differently against p, but both coincide in their behaviors for 
p > 0.2 when large (small) values of positron (ion) concentration are attained. In this manner, considerable large 
energy is associated with a large instability growth rate. It is also shown that En (Gr) increases (decreases) as θ 

A

B

C

Figure 3.   The variation of the QIASWs (A) the amplitude φm against p for different values of σ at ω = 0.5 , 
θ = 20 , (B) the width W against p for different values of σ at ω = 0.5 , θ = 20 , (C) the width W against θ for 
different values of ω at σ = 0.5 , p = 0.7 with all at He = 0.4 , and Hp = 0.6.



9

Vol.:(0123456789)

Scientific Reports |        (2022) 12:19078  | https://doi.org/10.1038/s41598-022-23768-8

www.nature.com/scientificreports/

A

B

C

Figure 4.   The variation of the QIASWs potential φ0 that represented by equation (16) against ρ at ω = 0.5 , M 
= 0.4 , (A) for different values of σ with p = 0.1 , θ = 1 , He = 0.1 , and Hp = 0.6 , (B) for different values of p 
with σ = 0.4 , θ = 1 , He = 0.1 , and Hp = 0.6 , (C) for different values of θ with p = 0.7 , σ = 0.4 , He = 0.1 , and 
Hp = 0.6 , (D) for different values of He with p = 0.7 , σ = 0.4 , θ = 1 , and Hp = 0.6 , (E) for different values of 
Hp with p = 0.7 , σ = 0.4 , θ = 1 , and He = 0.6.
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increases. For p < 0.7 , En (Gr) decreases (increases) as σ increases. But for p > 0.7 , both increase as σ increases. 
These behaviors against system parameters arise from the different equations that govern the instability growth 
rate and the energy.

Our findings are significant in understanding the physics of wave phenomena in e-p-i plasmas, which have 
recently received a lot of attention in astrophysical environments. Furthermore, the current study may be useful 
in explaining the phenomenon of particle acceleration in astrophysical environments because simulation stud-
ies show that the generation of electrostatic waves as a result of electrostatic instability plays a critical role in 
accelerating both electrons and positrons up to MeV 40. This may be possible if the kinetic energy of the plasma 
flow is effectively converted to electrostatic field energy, which can accelerate particles in a direction parallel to 
the background magnetic field 41.

Furthermore, the streaming instability of the Langmuir wave explains the pulsar magnetosphere radio 
emission42. The astrophysical magnetized plasmas can be treated as spin polarized. Thus, studying waves and 
instabilities while accounting for spin polarization may aid future research into the aforementioned manipula-
tions. Although more simulation studies are needed to gain a better understanding of the obtained waves, our 
current work can be viewed as a first step toward the investigation of new wave energy and instabilities in labo-
ratory plasmas such as semiconductor plasma43, high-intensity laser-solid matter interaction experiments44, in 
tokamaks 45 , and in space such as white dwarfs and pulsar magnetosphere 46 where e-p-i plasmas exist6,47–54 .

D

E

Figure 4.   (continued)
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B

C

Figure 5.   The evolution of the associated electric field, E0 of QIASWs that represented by equation (18) with 
ρ for the potentials those represented by Fig. 5, (A) for different values of σ with p = 0.1 , θ = 1 , He = 0.1 , and 
Hp = 0.6 , (B) for different values of p with σ = 0.4 , θ = 1 , He = 0.1 , and Hp = 0.6 , (C)  for different values of θ 
with p = 0.7 , σ = 0.4 , He = 0.1 , and Hp = 0.6 , (D) for different values of He with p = 0.7 , σ = 0.4 , θ = 1 , and 
Hp = 0.6 , (E) for different values of Hp with p = 0.7 , σ = 0.4 , θ = 1 , and He = 0.6.



12

Vol:.(1234567890)

Scientific Reports |        (2022) 12:19078  | https://doi.org/10.1038/s41598-022-23768-8

www.nature.com/scientificreports/

D

E

Figure 5.   (continued)

A

B

Figure 6.   The evolution of the energy En of the QIASWs that represented by equation (19) at M = 0.4 , 
He = 0.4 , and Hp = 0.6 , (A) against p for different values of σ at ω = 0.5 , θ = 20 , (B) against θ for different 
values of ω at σ = 0.5 , p = 0.7.
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