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Abstract

Busana et al. (doi.org/10.1152/japplphysiol.00871.2020) published 5 patients with COVID-

19 in whom the fraction of non-aerated lung tissue had been quantified by computed tomog-

raphy. They assumed that shunt flow fraction was proportional to the non-aerated lung frac-

tion, and, by randomly generating 106 different bimodal distributions for the ventilation-

perfusion ( _V= _Q) ratios in the lung, specified as sets of paired values { _Vi; _Qi}, sought to iden-

tify as solutions those that generated the observed arterial partial pressures of CO2 and O2

(PaCO2 and PaO2). Our study sought to develop a direct method of calculation to replace the

approach of randomly generating different distributions, and so provide more accurate solu-

tions that were within the measurement error of the blood-gas data. For the one patient in

whom Busana et al. did not find solutions, we demonstrated that the assumed shunt flow

fraction led to a non-shunt blood flow that was too low to support the required gas exchange.

For the other four patients, we found precise solutions (prediction error < 1x10-3 mmHg for

both PaCO2 and PaO2), with distributions qualitatively similar to those of Busana et al. These

distributions were extremely wide and unlikely to be physically realisable, because they pre-

dict the maintenance of very large concentration gradients in regions of the lung where con-

vection is slow. We consider that these wide distributions arise because the assumed value

for shunt flow is too low in these patients, and we discuss possible reasons why the assump-

tion relating to shunt flow fraction may break down in COVID-19 pneumonia.

Introduction

COVID-19 pneumonia is unusual in the severity of the hypoxaemia relative to the degree of

atelectasis or consolidation observed in the lung [1]. To explore gas exchange in COVID-19

pneumonia further, Busana et al. [2] enrolled 5 patients with the disease who were undergoing

mechanical ventilation in an intensive care unit, who had a pulmonary artery catheter in place

for clinical reasons, and for whom there was a complete set of data for gas exchange, haemody-

namics and lung mechanics together with a near-contemporaneous chest CT scan.

Busana et al. sought to interpret their data in terms of the associated ventilation-perfusion

( _V= _Q) distribution in the lung. In order to do this, it was necessary to assign a shunt fraction

(the fraction of the cardiac output that passes through the lungs without coming into contact
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with any fresh gas) for each patient. Busana et al. assigned this shunt fraction as equivalent to

the fraction of non-aerated lung tissue observed with quantitative computed tomography for

each of five patients with severe COVID-19 pneumonia. This assumption is important and we

refer to it henceforth as the ‘shunt fraction assumption’. The remainder of the cardiac output

perfused the aerated lung tissue, and with this Busana et al. sought to find solutions to their

problem in form of ventilation-perfusion ( _V= _Q) distributions that would reproduce the arte-

rial partial pressures of CO2 and O2 (PaCO2 and PaO2, respectively) observed in the patients.

Busana et al.’s model of gas exchange had 498 compartments that were both perfused and

ventilated, with values for _V= _Q ranging from between ~10−2 to ~102. Any particular _V= _Q dis-

tribution is then specified as a set of paired values for ventilation and perfusion { _Vi; _Qi},
where i is the index for the compartment. Each compartment has a single value for PaCO2 and

PaO2 associated with it that is determined by its _V= _Q ratio, and the compartments taken

together represent the variation in PaCO2 and PaO2 across the lungs. The PaCO2 and PaO2 for

the whole lung can be calculated by mixing together all of the blood leaving the compartments.

Thus the putative or candidate _V= _Q distributions for any particular patient are those that,

when the blood is combined from all the compartments, result in PaCO2 and PaO2 values that

match those of the patient.

Busana et al. used an approach of randomly generating many different _V= _Q distributions to

identify candidate distributions that may approximate the underlying distribution within each

patient. For each patient, 106 bimodal distributions were randomly generated, based on five underly-

ing parameters. For each distribution, an associated PaCO2 and PaO2 value were calculated. Distribu-

tions were considered as potentially acceptable solutions for the underlying _V= _Q distribution of the

patient if the resultant PaCO2 and PaO2 values were within 10% of the measured values.

Busana et al. found potential solutions for four out of the five patients. The predicted values

for PaCO2 and PaO2 from all the potential solutions for the _V= _Q distribution for each patient

together with the patient’s actual PaCO2 and PaO2 are illustrated in the figure numbered six in

their paper of their paper. For no patient did their approach generate any candidate _V= _Q dis-

tribution where the model value for either PaCO2 or PaO2 fell within 1 mmHg of the measured

value, which is a reasonable estimate for the error associated with a blood-gas measurement.

Furthermore, for no patient did the cloud of potential solution points surround the patient’s

measured value. Instead the cloud was always located away from the true value in the direction

of higher PaCO2 and higher PaO2. It is not clear whether these features arise because of the lim-

ited accuracy of the random simulation approach or whether there are other, more fundamen-

tal factors involved.

The purpose of the present study was to improve the accuracy with which candidate _V= _Q
distributions could be identified. In particular we sought to replace the random simulation

approach by developing a method that would allow the direct calculation of the parameter set

(s) for a _V= _Q distribution that would reproduce a given patient’s PaCO2 and PaO2. Three dif-

ferent types of _V= _Q distribution were explored in increasing order of complexity: 1) the well-

known three-compartment model; 2) a model with one low and one high _V= _Q compartment;

and 3) a continuous _V= _Q distribution based on the beta distribution.

Methods

Overview

In this study, a set of paired values for ventilation and perfusion, { _Vi; _Qi}, is referred to as a

_V= _Q distribution and reflects the ventilation and perfusion going to different regions (indexed
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by i) in the lung. A particular choice of the number of elements within { _Vi; _Qi}, or a particular

choice of the distribution of the ratios _Vi= _Qi within the set, is referred to as a compartmental

model. Also referred to as a model within this study, is a set of equations, based on mass bal-

ance and blood gas chemistry, that reflect the processes of gas exchange within the lung. When

supplied with the particular inspiratory and mixed venous blood gas compositions pertaining

to a patient, this model maps { _Vi; _Qi} to an associated arterial blood gas composition. Solu-

tions are sets { _Vi; _Qi} for which this calculated arterial blood gas composition matches the

measured arterial blood gas composition of the patient to within experimental error. In this

study, the problem is to find solutions that are also consistent with additional constraints relat-

ing to the patient, in particular the value for the cardiac output (the sum of all the elements,

_Qi), the shunt flow (the value for _Qi, for which _Vi = 0) and the measured rate of oxygen

uptake.

The methods are split into three main sections. The first section is a statement of the gov-

erning equations for compartmental models of gas exchange. The second section develops a

set of useful functions, based on the governing equations of the model, that map between _V= _Q
ratios, respiratory quotient (R) values and compartmental partial pressures for CO2 and O2

(PCO2 and PO2, respectively). The third section develops the methodology to calculate parame-

ter sets that will reproduce the PaCO2 and PaO2 values for each of three types of compartmental

model under consideration. A flow chart to illustrate the overall process is given in Fig 1. The

accuracy we sought was for the model values for PaCO2 and PaO2 to be within 1 mmHg of the

patient’s measured values, although in practice the errors were less that 1x10-2 mmHg or even

1x10-3 mmHg.

All calculations were performed in Matlab version 9.9.0. Where numerical solutions were

required, Matlab’s inbuilt solvers fsolve and fminbnd were used.

Governing equations

The lung is heterogenous, with different partial pressures for alveolar CO2 and O2 occurring in

different locations. One way of modelling this is to consider the lung as if it were constructed

from a set of compartments, with each individual compartment having its own unique values

for alveolar PCO2 and PO2. The governing equations for the model of compartmental gas

exchange arise from the conservation of mass and are essentially those from the classical stud-

ies surrounding _V= _Q developed by Fenn, Rahn and Otis [3, 4] and by Riley and Cournand

[5, 6].

In any given compartment, the rates at which CO2, O2 and N2 enter or leave the compart-

ment from the blood have to equal to the rates that they enter or leave from the gas phase. This

yields the following equations:

_VCO2 ¼
_QðC�vCO2 � CCO2Þ ¼

_VEPCO2=PB � _VIPICO2=PB; ð1Þ

_VO2 ¼
_QðCO2 � C�vO2Þ ¼

_VIPIO2=PB � _VEPO2=PB; and ð2Þ

_VN2 ¼ 0 ¼ _VIPIN2=PB � _VEPN2=PB: ð3Þ

where _VCO2, _VO2 and _VN2 are the compartmental rates of gas production or consumption for

CO2, O2 and N2, respectively; _Q is perfusion of the compartment; C�vCO2 and C�vO2 are mixed

venous contents of CO2 and O2, respectively; CCO2 and CO2 are the compartmental end-capil-

lary blood contents for CO2 and O2, respectively; PCO2 and PO2 are the compartmental partial

pressures for CO2 and O2, respectively; PICO2 and PIO2 are inspired partial pressures for CO2
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and O2, respectively; _VI and _VE are inspired and expired ventilations, respectively; and PB is

barometric pressure. In the gas phase, there is the additional constraint:

PB ¼ PN2 þ PCO2 þ PO2 þ PH2O; ð4Þ

where PH2O is the saturated water vapour pressure at 37 degrees C.

It is worth noting that, apart from the diffusional equilibration for CO2 and O2 between

blood and gas, these equations assume that convection is completely dominant over diffusion

so that diffusion within the gas (or blood) phase can be neglected. The model also assumes

Fig 1. Flow chart of the overall process. The flow chart illustrates the source of data, the analytic approach taken, and

the expected results. FIO2, inspired O2 fraction; PaCO2 & PaO2, arterial partial pressures for CO2 and O2, respectively;

S�v�O2, O2 saturation of mixed venous blood; _Q_t, total cardiac output; _Q_nsBM, non-shunt flow from Busana et al.; CaCO2

& CaO2, arterial gas contents for CO2 and O2, respectively; R, respiratory quotient; C�v�O2 & C�v�CO2, mixed venous gas

contents for O2 and CO2, respectively; P�v�CO2 & P�v�O2, mixed venous partial pressures for CO2 and O2, respectively; PB,

barometric pressure; PICO2 & PIO2, inspired partial pressures for CO2 and O2, respectively; _Q_ns3c, non-shunt flow

calculated for 3-compartment model; ð _V_= _Q_ÞL, _V_= _Q_ ratio for the low _V_= _Q_ compartment; ð _V_= _Q_ÞH, _V_= _Q_ ratio for the

high _V_= _Q_ compartment; ð _V_= _Q_ÞLj & ð _V_= _Q_ÞHj
, jth pair of _V_= _Q_ ratios for the low and high _V_= _Q_ compartments,

respectively.

https://doi.org/10.1371/journal.pone.0273214.g001
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that, because N2 is not metabolised and does not reversibly react with blood in large quantities

like CO2 and O2, the N2 exchange between blood and gas can be set to zero.

Apart from these relations, the only other one required is a model of the dissociation curves

for blood that relates paired values for PCO2 and PO2 to values for blood gas contents (CCO2

and CO2). Various approaches have been adopted by different authors over time, and the cur-

rent study makes use of a recent numerical model of the oxygen and carbon dioxide dissocia-

tion curves for blood [7]. In each case, the patient’s reported haemoglobin concentration was

used in the model together with an assumed albumin concentration at the lower end of the

normal range at 30 gm/L. The PaCO2, PaO2 and pH were then used to construct the blood

model with the correct acid-base status. Standard values for electrolytes were used as described

by [7] except that the plasma chloride concentration was adjusted to provide for electroneu-

trality. The model described in [7] is represented here by the vector function g:

c ¼ gðpÞ ð5Þ

where c = [CCO2, CO2] and p = [PCO2, PO2].

Functions

These functions are required to map between values for _V= _Q, values for the respiratory quo-

tient (R), and paired values for blood gas partial pressures/ contents.

The functions require that the composition of the mixed venous blood is known, that the

composition of the inspired gas is known, and that the barometric pressure is known. Busana

et al. [2] provided the patients’ mixed venous oxygen saturations, but no directly measured

mixed venous partial pressures or contents. In order to obtain these, we calculated a value for

C�vO2 based on the reported haemoglobin concentration, the reported mixed venous oxygen

saturation, and an estimate for the small amount of O2 physically dissolved based on an

approximate value for P�vO2. In the absence of measured mixed venous blood gas contents,

Busana et al. assumed a respiratory quotient of 0.85 for all patients. The blood gas function, g,

allowed the estimation of CaCO2 and CaO2 from the reported values for PaCO2 and PaO2. From

this, for each patient we estimated:

C�vCO2 ¼ 0:85ðCaO2 � C�vO2Þ þ CaCO2: ð6Þ

Function for mapping _V= _Q to corresponding respiratory quotient, R. This section

constructs a function, h, of the form:

R ¼ hð _V= _QÞ: ð7Þ

The function has a domain of [0,1] and a codomain of [Rmin, Rmax], where Rmin is

obtained when _V= _Q = 0 and Rmax is obtained when _V= _Q!1. To construct the function,

values are required for PB, PICO2, PIO2, C�vCO2 and C�vO2. The function was derived as follows:

Applying mass balance for N2 yields:

_VIðPIN2=PBÞ ¼ _VEðPEN2=PBÞ; ð8Þ

where PIN2 is the inspired N2 partial pressure and PEN2 is the expired N2 partial pressure.

Defining alveolar ventilation as the inspiratory value, _V ¼ _VI, and rearranging yields:

_VE ¼ ðPIN2=PEN2Þ
_V: ð9Þ
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Substitution for _VE according to Eq 9 and defining _V ¼ _VI, allows Eqs 1 & 2 to be rewrit-

ten as:

_VCO2 ¼
_QðC�vCO2 � CaCO2Þ ¼ ðPIN2=PEN2Þ

_VPCO2=PB � _VPICO2=PB; and ð10Þ

_VO2 ¼
_QðCO2 � Ca�vO2Þ ¼

_VPIO2=PB � ðPIN2=PEN2Þ
_VPO2=PB: ð11Þ

Rearranging each yields:

ð _V= _QÞððPIN2=PEN2ÞPCO2 � PICO2Þ=PB � ðC�vCO2 � gðPaCO2;PO2Þ½1; 0�
T
Þ ¼ 0; and ð12Þ

ð _V= _QÞðPIO2 � ðPIN2=PEN2ÞPO2Þ=PB � ðgðPaCO2;PO2Þ½0; 1�
T
� C�vO2Þ ¼ 0; ð13Þ

where the blood gas dissociation function, g, has been used to express CaCO2 and CaO2 (Eq 5)

in terms of PaCO2 and PaO2, and we assume that alveolar PCO2 and PO2 equal to PaCO2 and

PaO2. In order to obtain expressions for PIN2 and PEN2, the following relationship was used:

PN2 ¼ PB � PCO2 � PO2 � PH2O; ð14Þ

where PIN2 can then be evaluated from PICO2 and PIO2, and PEN2 expressed in terms of PCO2

and PO2. These relations now allow Eq 12 and Eq 13 to be solved simultaneously for PCO2 and

PO2 by use of a numerical method. Finally, a value for R can be calculated from the relation-

ship:

R ¼ ðC�vCO2 � gðPCO2; PO2Þ½1; 0�
T
Þ=ðgðPCO2;PO2Þ½0; 1�

T
� C�vO2Þ; ð15Þ

where the blood gas dissociation function, g, was used to calculate CCO2 and CO2 from PCO2

and PO2. Alternatively, R may be calculated from the gas phase relationships as:

R ¼ ððPIN2=PEN2ÞPCO2 � PICO2Þ=ðPIO2 � ðPIN2=PEN2ÞPO2Þ: ð16Þ

Function for mapping R to PCO2 and PO2. This section describes a vector-valued func-

tion, j, of the form:

p ¼ jðRÞ; ð17Þ

where, as previously, p = [PCO2, PO2]. As for the function h, values need to be specified for PB,

PICO2, PIO2, C�vCO2 and C�vO2. The evaluation of this function then simply involves the simulta-

neous numerical solution of Eq 15 and Eq 16 for PCO2 and PO2. As for the construction of func-

tion h, the expressions for PIN2 (in terms of PICO2 and PIO2) and PEN2 (in terms of PCO2 and

PO2) in Eq 16 are obtained by use of Eq 14.

Calculation of the candidate _V= _Q distributions

Three different types of _V= _Q distribution were explored to determine whether specific param-

eter set(s) could be calculated for them so that they would reproduce the PaCO2 and PaO2 for

each patient individually. These are each considered in increasing order of complexity under

their individual sections below.

Estimation of shunt in three-compartment model. The three-compartment lung model

of Riley and Cournand [5, 6] consists of just one perfused and ventilated compartment that is

called the ideal compartment, together with two other compartments consisting of pure shunt

(blood flow but not ventilation) and pure deadspace (ventilation but no blood flow),
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respectively. The model’s special theoretical importance is that for any real _V= _Q distribution,

no matter how complex, there always exists a corresponding three-compartment model that

can exactly replicate the patient’s PaCO2 and PaO2. A particular parameter of interest is the

non-shunt flow for the three-compartment model, _Qns3CM. This is the blood flow to the ideal

compartment.

First, _VCO2 and _VO2 were calculated directly as:

_VCO2 ¼
_QtðC�vCO2 � CaCO2Þ; and ð18Þ

_VO2 ¼
_QtðCaO2 � C�vO2Þ: ð19Þ

Next, using function j, we calculated the PCO2 and PO2 of the ideal compartment of the

three-compartment model, PiCO2 and PiO2, as:

½PiCO2;PiO2� ¼ jð0:85Þ: ð20Þ

We then calculated the associated blood-gas contents through function g:

½CiCO2;CiO2� ¼ gð½PiCO2;PiO2�Þ; ð21Þ

where CiCO2 and CiO2 are blood contents of ideal compartment.

From these values, _Qns3CM was estimated by either of the following two relations:

_Qns3CM ¼
_VCO2=ðC�vCO2 � CiCO2Þ; or ð22Þ

_Qns3CM ¼
_VO2=ðCiO2 � C�vO2Þ: ð23Þ

Importantly, _Qns3CM forms a minimum value for the non-shunt flow, as it is all used opti-

mally to perfuse the ideal compartment of the model. From this, the shunt flow for the three-

compartment model, _Qs3CM, can be calculated by subtracting the shunt flow from the total car-

diac output, _Qt.
The shunt fraction assumption proposed by Busana et al., _QsBM (subscript ‘BM’ refers to

the model of Busana et al.), is not that associated with the three-compartment model, but

instead is proportional to the non-aerated lung fraction as quantified by computer tomography

(CT). Subtraction of _QsBM from _Qt yields the non-shunt flow that perfuses the remaining aer-

ated lung, _QnsBM. The distinction between _QnsBM and _Qns3CM allowed an overall efficiency for

the use of the perfusion, E _QnsBM, for the ventilated and perfused compartments to be defined

as _Qns3CM=
_QnsBM. As _Qns3CM is the minimum possible non-shunt flow, this ratio may be seen

as the ratio of the minimum-to-actual blood flow required to deliver the gas exchange, and

therefore should be less than, or equal to, one. (It is also equivalent to the ratio of the actual-to-

maximum O2 consumption or CO2 production that is possible with a blood flow of _QnsBM.)

From this, it follows immediately that, if _Qns3CM >
_QnsBM, then _QnsBM is too low to support

the gas-exchange required to produce the patient’s measured PaO2 and PaCO2. This provides a

basis for our test of whether _V= _Q distributions exist for the shunt flows proposed by Busana

et al.
Estimation of _V= _Q values for model with two perfused compartments. This section

explored whether a pair of _V= _Q compartments, one with low _V= _Q, ð _V= _QÞL, and one with

high _V= _Q, ð _V= _QÞH, could reproduce a patient’s values for PaCO2 and PaO2, assuming that the

combined total perfusion of the two compartments was equal to _QnsBM, (the shunt fraction
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assumption) which was calculated from the non-aerated lung fraction, FNAL, as follows:

_QnsBM ¼ ð1 � FNALÞ
_Qt; ð24Þ

where the values for FNAL are those provided by Busana et al. [2]. Expressions for total _VCO2

and _VO2 may be written by summing the CO2 production from the low and high _V= _Q com-

partments, and the O2 consumption from the low and high _V= _Q compartments, respectively,

as follows:

_VCO2 ¼ ð
_QnsBMfÞðC�vCO2 � gðjðhðð _V= _QÞLÞÞÞ½1; 0�

T
Þ þ ð _QnsBMð1 � fÞÞðC�vCO2

� gðjðhðð _V= _QÞHÞÞÞ½1; 0�
T
Þ; and ð25Þ

_VO2 ¼ ð
_QnsBMfÞðgðjðhðð _V= _QÞLÞÞÞ½0; 1�

T � C�vO2Þ þ ð
_QnsBMð1 � fÞÞðgðjðhðð _V= _QÞHÞÞÞ½0; 1�

T

� C�vO2Þ; ð26Þ

where f is the fraction of blood flow to the low _V= _Q compartment, and (1 –f) is the fraction of

blood flow to the high _V= _Q compartment.

Eqs 25 and 26 have three unknown variables: ð _V= _QÞL, ð _V= _QÞH and f. Thus, the general

approach taken was to choose a value for ( _V= _QÞL and then solve the equations simultaneously

to obtain values for ð _V= _QÞH and f that are associated with the particular value for ð _V= _QÞL.

However, for any particular choice for ð _V= _QÞL, in general there is no guarantee that a solution

will exist.

In order to establish possible bounds for ð _V= _QÞL within which solutions for Eqs 25 and 26
may exist, it is first worth noting that, if ð _V= _QÞL = 0, then all gas exchange has to arise from

the ð _V= _QÞH compartment. In this scenario ð _V= _QÞH must equal the value for the ideal com-

partment from the associated three-compartment model (and _QnsBM(1—f) = _Qns3CM). As

ð _V= _QÞL is increased above zero, it will start to contribute to gas exchange with a value for R

that is below the overall R value for the patient. Consequently gas exchange from the ð _V= _QÞH
compartment will require a value for R above that for the overall patient. Therefore the value

for ð _V= _QÞH must increase above the that of the ideal compartment from the associated three-

compartment model. This reasoning suggests that a possible maximum for ð _V= _QÞL may arise

as the value for ð _V= _QÞH!1. Consequently, we first solved Eqs 25 and 26 for ð _V= _QÞL and f

under the condition ð _V= _QÞH!1, and subsequently sought solutions for Eqs 25 and 26 (in

terms of ð _V= _QÞH and f) for values of ð _V= _QÞL between 0 and this putative maximum.

Estimation of _V= _Q distributions for model with multiple perfused compartments.

The final step is to attempt to construct models with multiple perfused units that could repli-

cate the gas exchange of the patient. The preceding section suggests one possible way forward

is to construct them from pairs of _V= _Q compartments, where each pairing has one value

below and one value above the ideal _V= _Q, ( _V= _Q)i. Symmetry suggests a natural pairing

between the jth low, ð _V= _QÞLj, and the jth high, ð _V= _QÞHj, compartments of the form:

ð _V= _QÞLj=ð
_V= _QÞi ¼ ð _V= _QÞi=ð _V= _QÞHj; ð27Þ

which, when rearranged gives:

ð _V= _QÞHj ¼ ðð
_V= _QÞiÞ2=ð _V= _QÞLj: ð28Þ
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Following the approach of Busana et al. [2], we constructed a set of N evenly-spaced sub-

intervals on a logarithmic basis within an interval [( _V= _Q)i/k, ( _V= _Q)i] for the low _V= _Q units,

and a further N evenly-spaced sub-intervals on a logarithmic basis within an interval [( _V= _Q)i,

k( _V= _Q)i] for the high _V= _Q units. We chose a value of 50 for N and 100 for k. Values for

ð _V= _QÞLj and (ð _V= _QÞHj were then allocated as the (logarithmically) central values for each of

the sub-intervals below and above ( _V= _Q)i, respectively.

For each _V= _Q unit, function h (Eq 7) provides the associated value for R; for each value of

R, function j (Eq 17) provides the unit’s associated PCO2 and PO2; and for each pair of PCO2

and PO2 values, function g (Eq 5) provides the unit’s associated blood gas contents, CCO2 and

CO2. For each pair of units, we can solve for the fractional blood flow to the lower unit, fj, in

relation to the combined blood flow to both units that generates the overall R value for the

patient:

R ¼ ðf jðC�vCO2 � CLCO2;jÞ þ ð1 � f jÞðC�vCO2 � CHCO2;jÞÞ=ðf jðCLO2;j � C�vO2Þ þ ð1 � f jÞðCHO2;j

� C�vO2ÞÞ; ð29Þ

where CHCO2, j and CLCO2, j are the jth pair of blood CO2 contents for the jth pair of high and

low _V= _Q units, respectively; and CHO2, j and CLO2,j are the jth pair of blood O2 contents for

the jth pair of high and low _V= _Q units, respectively.

By considering the O2 consumption per unit of blood flow for the pair of units relative to

that which would occur per unit of blood flow to the ideal compartment of the three-compart-

ment model, an efficiency for the use of the perfusion to the jth pair of units (E _Q j) may be cal-

culated as:

E _Q j ¼ ðf jðCLO2;j � C�vO2Þ þ ð1 � f jÞðCHO2;j � C�vO2ÞÞ=ðCiO2 � C�vO2Þ: ð30Þ

From this construction, any distribution that obeys the relationship:

E _QnsBM ¼
Pj
ð _Q jE _Q jÞ=

_QnsBM; ð31Þ

where E _QnsBM is the overall circulatory efficiency for the patient given by _Qns3CM=
_QnsBM,

should reproduce the patient’s arterial blood gas values precisely.

One approach to finding solutions to Eq 31 is to apply a parameterised probability distribu-

tion over the interval containing the values for ð _V= _QÞLj to distribute _QnsBM over the pairs of

values for _V= _Q. We chose a bounded probability function, the beta distribution, and parti-

tioned it into N equal divisions on the interval [0,1]. The beta distribution has two shape

parameters, α and β, where α>0 and β>0. For our purposes, it was convenient to reparameter-

ize this in the form:

a ¼ y; and ð32Þ

b ¼ m � y; ð33Þ

where μ is a constant greater than zero, a value of 10 was initially chosen, and 0< θ< μ. This

parameterisation ensured that the peak for the probability distribution gradually migrated

rightwards on the interval [0,1] as θ increased. The values for _Q j could then be written using
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the cumulative density function for the beta distribution, betacdf(α, β, x), as follows:

_Q j ¼ ðbetacdfðy; ðm � yÞ; j=NÞ � betacdfðy; ðm � yÞ; ðj � 1Þ=NÞÞ _QnsBM: ð34Þ

These may be substituted into Eq 31 to yield:

E _QnsBM ¼
Pj
ðbetacdfðy; ðm � yÞ; j=NÞ � betacdfðy; ðm � yÞ; ðj � 1Þ=NÞÞE _Q j: ð35Þ

Setting E _QnsBM equal to the overall efficiency of gas exchange for the patient, the equation

could be solved for θ to provide a possible multi-compartment _V= _Q distribution for the

patient. Other distributions could be calculated by varying the value of μ for the beta distribu-

tion, or potentially could be obtained by employing other distributions in place of the beta

distribution.

Results

Shunt flow calculation for each patient using the three-compartment

model

The essential patient data from Busana et al. [2] are given in Table 1 together with the results

obtained for each patient from fitting a three-compartment model to their gas exchange data.

Patients 2, 3 and 5 were relatively similar in terms of their blood gases. Patient 1 had a substan-

tially higher PaO2 than the other patients, and patient 4 had a substantially lower PaCO2 than

the other patients. The PCO2 and PO2 values for the ideal compartment for each patient

reflected these initial differences.

In the case of patient 1, the required perfusion to the ideal compartment of the three-com-

partment model, _Qns3CM, exceeded the hypothesised value, _QnsBM, as obtained from the total

cardiac output and fraction of non-ventilated lung (FNAL estimated from CT in Busana et al).
Given that _Qns3CM is the minimum possible value for perfusion for the required gas exchange,

this finding means that, for this particular patient, the assumption that the shunt fraction is

equivalent to fraction of non-aerated lung quantified by CT cannot be valid. The true shunt

fraction for this particular patient has to be below that calculated from the fraction of non-ven-

tilated lung. For all other patients _QnsBM substantially exceeded _Qns3CM, allowing the explora-

tion of possible _V= _Q distributions to proceed. The ratio of _Qns3CM: _QnsBM is shown as an

efficiency, E _QnsBM, for the use of the blood flow that is being used to support gas exchange,

and was less than 1 for patients 2–5.

Estimation of _V= _Q pairs (two perfused compartment model) when total

perfusion is equal to _QnsBM
Figs 2 and 3 illustrate the results for estimating pairs of low and high values for _V= _Q that will

replicate the PaCO2 and PaO2 values for each patient. For all pairs, the numerical error between

the calculated and actual values for PaCO2 and PaO2 in the patients was very low, and

always < 1x10-2 mmHg. This is a very major improvement in precision (2–3 orders of magni-

tude) compared with the multiple random simulations approach that was employed by Busana

et al, and it demonstrates that, assuming _QnsBM is the non-shunt blood flow for the aerated

lung, there are multiple (infinite) solutions for _V= _Q distributions that match the patients’

PaCO2 and PaO2 precisely. Fig 2 illustrates that as the _V= _Q for the low _V= _Q compartment

increased, there was a progressive increase in the low _V= _Q compartment’s share of total blood

flow (left-axis) and a progressive rise in _V= _Q for the high _V= _Q compartment (right-axis). As a
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higher _V= _Q value for the low _V= _Q compartment was associated with a higher _V= _Q value for

the high _V= _Q compartment, we calculated putative maximal values of _V= _Q for the low _V= _Q
compartment by assuming that, in the high _V= _Q compartment, the blood was maximally oxy-

genated and had all the CO2 removed (i.e. ð _V= _QÞH!1). The maximal values for _V= _Q
obtained for the low _V= _Q compartment in this manner were 0.060, 0.064, 0.084 and 0.078, for

patients 2, 3, 4 and 5, respectively.

Fig 3 illustrates the increase in the total combined ventilation to both compartments as the

value for _V= _Q associated with the low _V= _Q compartment increased. In contrast to perfusion,

where there was a fixed value for _QnsBM for each patient, Busana et al did not provide

Table 1. Patient data and results from fitting three-compartment model of gas exchange.

Patient 1 2 3 4 5

Hb /g�L-1 95 100 117 86 114

Inspired gas

PICO2 /mmHg(kPa) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0) 0.0(0.0)

PIO2 /mmHg(kPa) 641.7(85.5) 606.1(80.8) 570.4(76.0) 570.4(76.0) 427.8(57.0)

Arterial blood

PaCO2 /mmHg(kPa) 71.0(9.5) 79.0(10.5) 69.5(9.3) 42.0(5.6) 83.3(11.1)

PaO2 /mmHg(kPa) 105.0(14.0) 62.0(8.3) 65.3(8.7) 64.0(8.5) 62.5(8.3)

CaCO2 /LSTPD�L
-1 0.8685 0.8148 0.7759 0.5673 0.8097

CaO2 /LSTPD�L
-1 0.1299 0.1231 0.1479 0.1107 0.1395

pHa 7.390 7.310 7.360 7.430 7.290

Mixed Venous blood

P�v�CO2/mmHg(kPa) 79.1(10.5) 84.8(11.3) 74.7(10.0) 46.7(6.2) 89.3(11.9)

P�v�
O2/mmHg(kPa) 38.4(5.1) 41.0(5.5) 42.5(5.7) 35.3(4.7) 42.6(5.7)

C�v�
CO2/LSTPD�L

-1 0.9019 0.8383 0.7999 0.5926 0.8346

C�v�O2/LSTPD�L
-1 0.0906 0.0954 0.1196 0.0809 0.1102

Ideal compartment in a three-compartment model

PiCO2 /mmHg(kPa) 67.6(9.0) 71.8(9.6) 63.2(8.4) 37.3(5.0) 76.1(10.1)

PiO2 /mmHg(kPa) 572.1(76.3) 531.8(70.9) 504.9(67.3) 531.8(70.9) 348.0(46.4)

CiCO2 /LSTPD�L
-1 0.8587 0.7917 0.7530 0.5479 0.7852

CiO2 /LSTPD�L
-1 0.1470 0.1525 0.1749 0.1335 0.1659

Perfusion

_Q_t/L�min-1 8.060 9.490 10.400 9.450 10.550

_Q_sBM/L�min-1 3.224 3.701 3.744 2.552 2.743

_Q_nsBM/L�min-1 4.836 5.789 6.656 6.899 7.807

_Q_s3CM/L�min-1 2.447 4.897 5.079 4.086 5.001

_Q_ns3CM/L�min-1 5.613 4.593 5.321 5.364 5.549

E _Q_nsBM (1.161) 0.793 0.799 0.778 0.711

PICO2 & PIO2, inspired PCO2 & PO2, respectively; Hb, haemglobin concentration; PaCO2 & PaO2, arterial PCO2 and PO2, respectively; CaCO2 & CaO2, arterial gas contents

for CO2 and O2, respectively; pHa, arterial pH; P�v�CO2 & P�v�O2, mixed venous PCO2 and PO2, respectively; C�v�CO2 & C�v�O2, mixed venous gas contents for CO2 and O2,

respectively; PiCO2 & PiO2, PCO2 and PO2 for ideal compartment of three-compartment model, respectively; CiCO2 & CiO2, blood gas contents for CO2 and O2 for ideal

compartment of three-compartment model, respectively; _Q_t, total cardiac output; _Q_sBM & _Q_nsBM shunt flow to non-aerated lung and corresponding non-shunt flow

from Busana et al., respectively; _Q_s3CM & _Q_ns3CM shunt flow for three-compartment model of lung and corresponding non-shunt flow, respectively; E _Q_nsBM, perfusion

efficiency relative to maximal value associated with three-compartment model.

https://doi.org/10.1371/journal.pone.0273214.t001
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information to allow the specification of a fixed value for alveolar ventilation for each patient.

Were such information to be available, then the monotonic increasing nature of the ventilation

in Fig 3 suggests that there would be only one pair of _V= _Q units that could satisfy constraints

on the values for both _QnsBM and alveolar ventilation.

Ventilation-perfusion distributions assuming multiple perfused

compartment pairs

Fig 4 illustrates a _V= _Q distribution for each patient based on the beta distribution with an

assumed shape parameter μ (= α + β) of 10. For each patient, the residual numerical error in

the estimate for their PaCO2 and PaO2 was 10−3 mmHg or less. Fig 5 (upper and bottom left-

hand panels) illustrates the effect of varying the shape parameter (μ = 5, 10, 20) on the distribu-

tion for patient 4. Higher values of μ were associated with steeper peaks and higher total overall

values for ventilation. Finally, the right-hand lower panel of Fig 5 illustrates the shape of the

Fig 2. Fraction of total perfusion to the low ventilation-perfusion ( _V_= _Q_) compartment and _V_= _Q_ value for high
_V_= _Q_ compartment in relation to _V_= _Q_ value for low _V_= _Q_ compartment. Results shown for patients 2–5. Some

values off-scale for higher values of _V_= _Q_ for the low _V_= _Q_ compartment. Differences between measured and calculated

arterial partial pressures for CO2 and O2 < 1x10-2 mmHg for all distributions illustrated. f, fraction of total perfusion

to the low _V_= _Q_ compartment; ð _V_= _Q_ÞL, _V_= _Q_ ratio for the low _V_= _Q_ compartment; ð _V_= _Q_ÞH, _V_= _Q_ ratio for the high

_V_= _Q_ compartment.

https://doi.org/10.1371/journal.pone.0273214.g002
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distribution for a hypothetical healthy person breathing air with P�vCO2 = 46 mmHg, C�vO2 = 40

mmHg, PaCO2 = 40 mmHg, PaO2 = 96 mmHg, and a presumed efficiency of use for the blood

of 0.987. Here the separate _V= _Q peaks in the high and low _V= _Q regions have been lost and the

calculation has resulted in a single central peak for the _V= _Q distribution.

Discussion

Busana et al. [2] reported on five patients with severe COVID-19 pneumonia; they hypothe-

sised that the shunt blood flow within the lungs was proportional to the fraction of non-aerated

lung tissue quantified by CT, and they subsequently employed a random simulation approach

that identified candidate _V= _Q distributions in four out of five patients that replicated the

patients’ PaCO2 and PaO2 values with limited precision. The purpose of the present study was

to seek higher precision solutions that would then be within the accuracy of the blood-gas

data, by developing a method that enabled direct calculation of candidate _V= _Q distributions

without using their random simulation approach. For the patient for whom Busana et al could

find no _V= _Q distributions, we were able to show that the shunt flow assumption resulted in a

Fig 3. Total ventilation as a function of ð _V_= _Q_ÞL. Results shown for patients 2–5. Some values off-scale for higher

values of ð _V_= _Q_ÞL. Differences between measured and calculated arterial partial pressures for CO2 and O2 < 1x10-2

mmHg for all distributions illustrated. _V_, total ventilation.

https://doi.org/10.1371/journal.pone.0273214.g003
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remaining non-shunt blood flow that was simply too low to support the gas exchange required,

and therefore no solutions exist. For the other four patients, we have demonstrated that multi-

ple, indeed infinite sets, of potential _V= _Q distributions exist that were capable of reproducing

the patients’ PaCO2 and PaO2 values precisely. We have identified a few of these solutions, both

in the form of single pairs of _V= _Q compartments and in the form of distributions of multiple

simultaneous pairs of _V= _Q compartments.

Why the approach of Busana et al. did not lead to solutions very close to the patients’ PaCO2

and PaO2 values is not entirely clear. One possibility is that 106 randomly chosen simulations is

simply an insufficient number. This may appear strange, but Busana et al. report that their dis-

tribution has 5 parameters, and if each random choice of one parameter were to be permuted

with every random choice of the other, then that would only allow 16 random choices for each

parameter (165� 106). While this is possible, we suspect a more likely reason is that it is diffi-

cult to design a strategy for ensuring that any random process of generating distributions pro-

vides an even remotely even coverage of possible values for PaCO2 and PaO2. Evidence of this is

very clear from the figure numbered six in their paper, which is an arterial PCO2/PO2 diagram,

and shows regions where the density of possible _V= _Q distributions is very high, and other

regions that are covered by no possible _V= _Q distributions at all. The present study obviates

this difficulty by showing that it is possible directly to construct putative _V= _Q distributions

Fig 4. Multi-compartment distributions for _V_= _Q_. Results shown for patients 2–5. Distribution based on beta

distribution with parameter μ = 10, as defined in Eq 33. Differences between measured and calculated arterial partial

pressures for CO2 and O2 < 1x10-3 mmHg for all distributions. _Q_, perfusion; _Q_nsBM, total non-shunt perfusion where

shunt fraction has been based on the non-aerated lung fraction; θ, parameter (estimated) for beta distribution as

defined in Eq 32; ( _V_= _Q_)i, _V_= _Q_ value for ideal compartment for three-compartment model of lung.

https://doi.org/10.1371/journal.pone.0273214.g004
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that are guaranteed to reproduce the PaCO2 and PaO2 of individual patients based on the classi-

cal mass balance relations that have been established for gas exchange in the lung.

Busana et al. did not provide data concerning the patient’s ventilation. The simulations con-

structed here vary substantially in relation to total alveolar ventilation (see Fig 3). If this venti-

lation were known for a patient, then it should be possible to use that information to select the

particular pair of high and low _V= _Q compartments consistent with the patient’s gas exchange,

or alternatively select the particular shape parameter for the beta distribution (μ) based on the

ventilation (see Fig 5).

Experimentally, the physiological approach that comes closest to providing a _V= _Q distribu-

tion for a patient is the multiple inert gas elimination technique (MIGET) developed by Wag-

ner and West [8]. This involves infusing into a vein a range of dissolved gases and measuring

their retention and excretion ratios. In relation to the present study, it is of note that a reten-

tion for a very insoluble gas in the arterial blood would effectively provide the fraction of total

blood flow that is pure shunt, and an excretion for a very soluble gas would effectively provide

the fraction of total ventilation that is alveolar. Therefore, using the methodology developed in

the present study, such information in combination with the PCO2 and PO2 values would be

Fig 5. Variations in multi-compartment _V_= _Q_ distribution generated by changing parameters of the beta distribution and by

changing physiological status. Results for top-left, top-right, and bottom-left panels are for patient 4 with μ = 20, 10 and 5, respectively.

Results for bottom right panel are for standard blood gas values for a healthy individual with μ = 10. Differences between measured and

calculated arterial partial pressures for CO2 and O2 < 1x10-3 mmHg for all distributions. _Q_ns, total non-shunt blood flow.

https://doi.org/10.1371/journal.pone.0273214.g005
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sufficient to calculate directly a single pair of low and high _V= _Q compartments, or alterna-

tively calculate a single beta distribution for _V= _Q, that is most representative of the _V= _Q dis-

tribution within a patient.

Turning from the methodology to the results, what is evident from our solutions for the

_V= _Q distributions from both the methods we employed (Figs 2 and 4) is that the assumption

that the shunt fraction is proportional to the fraction of non-ventilated lung (proposed by

Busana et al) led to compartments with extremely low estimates for _V= _Q. For example, the

maximum possible values for _V= _Q for the ð _V= _QÞL compartment were below 0.09 for all four

patients. Similarly for the beta distribution, a considerable fraction of the total non-shunt per-

fusion was assigned to units of very low _V= _Q. In relation to this, we have considerable reserva-

tions as to whether the classical theory developed in relation to _V= _Q distribution is actually

applicable when very low _V= _Q ratios are calculated for patients who are breathing gas contain-

ing a high inspired fraction of O2, such as in these COVID-19 patients. This is because the clas-

sical theory makes no allowance for the movement of gases by diffusion other than that across

the alveolar membrane. An extreme example would be apnoeic oxygenation, where the lung is

motionless and the airway connected to 100% O2. Classical _V= _Q theory would predict that the

alveolar gases would equilibrate with venous blood and no gas exchange would occur, whereas

the reality is that the N2 in the alveolar spaces diffuses away and the lung oxygenates the blood

(the diffusional uptake of O2 across the alveolar membrane generates a convective flow of O2

in the airway). By way of specific example, the inspired gas for patient 2 had a PO2 of 606

mmHg. For a _V= _Q of 0.05, the PN2 calculated for the low _V= _Q compartment was 527 mmHg,

which compares with a PN2 of 103 mmHg calculated for the high _V= _Q compartment and a

PN2 of 107.0 mmHg in the inspired gas. Inevitably, this will generate significant diffusion out

of the low _V= _Q alveolar space, both back into the airways and also into the blood stream once

the PN2 of the blood has been lowered sufficiently by its exposure to lower values for PN2 asso-

ciated with other, higher _V= _Q compartments. Theoretically, the problem arises because Eq 1–

3 deal only with convection, and assume that the movement of gas by diffusion within the gas

phase can be neglected. Under conditions where the N2 concentration gradients in the lung

are going to be very large and convection slow, such as predicted in these patients, the use of

Eqs 1–3 is not valid.

Several limitations exist with this study. First, the analysis is limited to the five patients for

whom Busana et al. were able to collect the necessary data. This number is insufficient to gen-

eralise any results to the overall patient population with any degree of certainty. Second, some

starting parameters had to be estimated, for example the mixed venous concentrations and

partial pressures, from measurements of mixed venous saturation. Third, the absence of any

data pertaining to ventilation meant that a useful constraint on possible solutions was also

missing.

In conclusion, the _V= _Q distributions that arise when the shunt blood flow fraction is

assumed proportional to the non-aerated lung fraction are unlikely to represent the true state

of gas exchange in these severely ill COVID-19 patients. We feel a more likely interpretation of

the derangements of gas exchange in these patients is that the _V= _Q distributions are not as

extreme as calculated by either Busana et al. or ourselves, but rather that the shunt fraction is

higher than the fraction of non-aerated lung. One possible explanation may be that infection

with Sars-CoV-2 impairs hypoxic pulmonary vasoconstriction (HPV), which normally would

cause vasoconstriction within the non-aerated lung, limiting the blood supply to these regions.

This impairment of HPV, which may well arise from direct infection and damage of the pul-

monary vascular endothelium by Sars-Cov-2 [9, 10], could contribute to a shunt fraction that
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is greater than that expected from the amount of non-aerated (consolidated) lung. It seems to

us that a simple statistic of interest would be the ratio between the shunt flow fraction calcu-

lated for the three-compartment model relative to the fraction of non-aerated lung

( _Qs3CM=
_QsBM). This statistic could be compared with the same statistic calculated for patients

suffering from non-COVID-19 ARDS. Busana et al. describe such control patients in the

appendix to their paper, but there is not sufficient detail to undertake the calculation and com-

pare the results with those for the COVID-19 patients.
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