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Supplementary Note 1: Wannier centres and Berry phases

We here briefly comment on the interplay of Berry phases and Wannier centres of electrons, holes, and excitons. In
the context of electron and hole Wannier centres, we can recapture these in terms of corresponding Wannier centres,
W, and wy,. Here, the electron/hole Wannier centres are defined as [1]:

h Te/h‘wg/h>7 (1)

ﬂ)e/h = <’LUS/

with 7./, the electron/hole position operator, and the corresponding Wannier states ’wg/ h> obtained by Fourier-

transforming electron and hole bands [1]:

’we/h> — i dk eik""e/h,
0 2T BZ

over the momentum space coordinates k in the first Brilouin zone (BZ). On the other hand, the excitonic Wannier
centres Weyxc:

u/"). (2)

Wexe = <w(e)xcl R |w8XC> ; (3)

are defined with the exciton centre-of-mass position operator R and exciton Wannier states |w§*°):

exc a iQR |, exc
S >:%/BdeeQ [ug®y (4)

which are also pictorially represented in Fig. 3 of the main text. Additionally, the relation between the Berry phases
and the Wannier centres gives ¢/, = 2w, 5, /a [1], which obtains the Berry phases for electron and holes. Analogously,
the Berry phase of the excitons is equivalent to the shift of an excitonic Wannier centre @exc = 2T Wexe/a-
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Supplementary Note 2: Decomposition of the excitonic Berry connection

To compute the excitonic invariant Pey., we utilise Eq. (3) of the main text, and decompose the excitonic Berry
connection of the Eq. (2) of the main text into an envelope part and a single-particle part as:

Aexce(@) = A%e(Q) + AZ(Q)- (5)

The envelope part reads:
AZe(Q) =1 Z% )0qq(k), (6)
and the single-particle part consists of the electron and hole contributions [2]:

AR (Q) = % > ok [A°(k +Q/2) + A"k - Q/2)] . (7)
k

In turn, the single-particle electron and hole Berry connections are given by A®/®(k + Q/2) =i <ukiQ/2‘8QuZihQ/2>

We find that in the regimes realised by the organic materials in regions I and II of the phase diagram of Fig. 2 of the
main text, the contribution to gex. due to the envelope part A2 (Q) vanishes, whereas the single-particle contribution
AP (Q) due to the band geometry of the constituent electrons and holes (see “Riemannian geometry of excitons”
below), gives ¢oxe = ™ on integrating. Notably, the envelope contribution vanishes, as under the combination of
inversion (P) and time-reversal (7) symmetries present in the considered materials (see also “Derivation of the bound
on excitonic spread” below), the envelope function is a single-valued, real smooth scalar function, which unlike the
electron Bloch bands, cannot yield any non-trivial boundary terms due to U(1)-phase factors, on integrating over BZ.

Moreover, beyond the numerical evaluation of the excitonic Berry phase and the dualisation argument detailed
further below, we analytically model the topology of excitonic wavefunctions within the phase diagram by asserting
an effective form of the excitonic envelope function. Explicitly, the exciton envelope function for the to > t; regime,
obtained by a qualitative fit to the Wannier equation solution, reads:

bo(k) = N[cos(k+Q) (+Q/D*/2 4 cog(k — Q)e~(k—Q/2) /2} 8)

with the normalisation constant A". With this expression, we obtain a vanishing envelope contribution f dQ@ A2.(Q) =0,
confirming that the excitonic topology is determined by the topology of the underlying electron and hole states. Con-
sistently, we show the smooth dependence of the excitonic envelope functions 9q (k) on the exciton momentum @ for
even and odd excitonic bands in Supplementary Fig. 1.

Supplementary Note 3: Dualisation of the interacting Hamiltonian

To reflect the physics of the (screened) density-density interactions, we truncate the long-range interaction expansion
at the level of the nearest-neighbor interactions U; = U AB and Uy = U B [3], assuming that Uy, Us > U;ss. In the
limit tq,ts > Uy, Us, we obtain the standard SSH model for electronic bands, and § dQ A2 (Q) = 0. In this case, the
entire contribution to excitonic topology can only emerge from the electrons and holes § dQ AP (Q) = . Intuitively,
this corresponds to the formation of excitons on the same site where the constituent electrons and holes reside.

In the opposite limit, Uy, Us > t1,ts, the Hamiltonian reduces to:

U1 U2
H=— > [najnp;+npina;l+ - > [najins,; +npjna ;). (9)
J J
Notably, we recognise that np ; = CTBJ»CB’]' = cly jhg ;= = bl j» where hl, j 1s a creation operator for a hole, and in

combination with the creation operator of an electron CTB j» gives a localised exciton creation operator bg) ;- Similarly,

for sites A we write: ng; = CL]CAJ = hajcaj = ba . On relabelling 1/2 — ‘i’;‘é, we obtain a dualised SSH
Hamiltonian for excitons:

— X X T
H =~ bl baj+he — 15 b, baj+he, (10)

J J
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Supplementary FIG. 1. Excitonic envelope wavefunctions. (a) Excitonic envelope function for the first excitonic band
(n =1). (b) Excitonic envelope function for the second excitonic band (n = 2). (c¢) Excitonic envelope function for the third
excitonic band (n = 3). The excitonic envelope functions g (k) are shown for different exciton centre-of-mass momenta Q)
within the momentum space range (0, X). Here, k = X is the momentum at the BZ edge and k = I" denotes the BZ centre. In
the considered polyacenes, the excitonic envelope functions introduce no non-trivial excitonic Berry phase ¢exc contributions,
with all the non-trivial topology of excitons being inherited from the topological electrons and holes.

where the Hubbard interactions between the electrons and holes on different sites effectively drive exciton hopping,
or, in other words, exciton delocalisation. Notably, as ti’/‘g are not independent from the electronic ¢, /5, we observe
no regions where topological excitons would be obtained in the lowest excitonic band from trivial electrons and holes
in [3] in the phase diagram, which would correspond to an additional topological regime, cf. Fig. 3 in the main
text. The reason for the lack of such independence in the real material context (unlike in an abstract tight-binding
model construction) is that both ¢, 5 and U /5 are given by the matrix elements of the same Wannier states and local
Hamiltonians, as well as (Coulomb) interaction potentials, and are therefore not independent. It should be noted here
that the interactions manifestly do not break the inversion symmetry, by construction of the model.

Importantly, we stress that large dielectric screening (e; > 1) can suppress the interaction strengths Uy, Us. In the
studied experimentally relevant organic systems, the dielectric screening allows to effectively control, i.e. suppress,
the interaction strengths Uy, Us. In that context, Us might be significantly lower than U; (U; > Us), as long as
t1 > to, which imposes that the charge density over the bonds with enhanced hoppings is larger, consistently with the
Wannier equation, and with the chemistry of the material [4]. At the DFT level, the Hartree term driven by the local
mean-field electric charge density requires that to > t; results in Uy > U;. It should be stressed that, on the contrary,
the exchange interaction in the considered organic materials is negligible, therefore, the Hartree term dominates.

Supplementary Note 4: Controlling excitonic topology with strain

First principles results on the impact of strain on the structure and single-particle electronic band structure of the
polyacenes are illustrated in Supplementary Fig. 2. In Supplementary Fig. 2(a), we show the change in the molecular
polymer unit as a result of compressive (red) and tensile (green) strain. The impact of strain is primarily localised on
the central carbon ring leading to a modulation of the C—C (carbon-to-carbon) distance, both along and perpendicular
to the polymer chain.

The electronic bandstructure of strained polypentacene is shown in Supplementary Fig. 2(b), with both compressive
and tensile strain. The VBM is set to 0eV in all cases for comparison. For 5% compressive strain the bandwidth
is reduced and the band gap increases while for 5% tensile strain the opposite is observed. This is in accord with
the topological electrons and holes in polypentacene, as isolated molecules should always be topologically trivial, and
large tensile strains should move the band structure towards that of a topologically trivial state. At 10% tensile strain
the band structure is quantitatively similar to that of 5% strain. However, upon inspecting the electronic orbitals,
Supplementary Fig. 2(c), a stark change in the orbital shape is seen at k = X as compared to the unstrained molecule
[c.f., Fig. 6(e)]. Interestingly, the overall shape and structure of these orbitals in the central carbon ring is close to
those observed in polyanthracene showing that the topological electronic states in highly strained polypentacene have
become trivialised. This is realised as the trivial exciton shown in Fig. 2(b) of the main text (¢; > t2).



(a) (b) 3
-5% 0% +5%
2 —

-5% +5%
0% +10%

) 4
Energy (eV)
o =

1
[T
I
1

655A 6.89A 7.23A 2r X

Supplementary FIG. 2. First principles calculations and the impact of strain on polyacenes. (a) Impact of
uniaxial strain |y| < 10% applied along the polymer chain axis on the crystal structure of polypentacene. The percentage
values of the strain, 7, and the values of the corresponding lattice parameters, a’, are provided above and below the strained
molecular structures, respectively. (b) Electronic band structure of polypentacene at different strains: v = 0% (red), v = —5%
(black), v = 5% (purple), v = 10% (blue) are shown. (c) Valence band electronic orbital at k =T" and k = X. The change in
charge centre compared to the unstrained pentacene [c.f Fig. 6(e) of the main text] is characteristic of the polyanthracene [c.f
Fig. 6(d) of the main text].

From an analytical perspective, we can model the effect of strain as renormalising the hopping parameters as,

ti2(7) = tija(y = 0)e 72 (11)

where v = Aa/a = (a’ — a)/a is the uniaxial strain strength, captured by the change in the lattice parameter
Aa = a' — a, that changes from the original value a to a’. C;/, are phenomenological constants capturing distinct
scaling of ¢; /5 under the action of strain. Importantly, C1 > Cs (C1 < C3) is a necessary condition for an excitonic
topological phase transition to happen, if t; > ¢2 (t1 < t2). Otherwise, the crossover of hoppings, which induces
the topological transition, cannot occur. Notably, a similar crossover associated with an electronic strain-induced
topological phase transition was recently observed and characterised in graphene nanoribbons [5].

Supplementary Note 5: Riemannian geometry of excitons

In this section, we further elaborate on the Riemannian structure of the Bloch bundles of the excitonic wavefunctions
and the associated excitonic quantum metric. We start by recognizing that we can equip a set, or bundle, of excitonic

exc

states |uQ > with a Hermitian metric, known otherwise as a quantum-geometric tensor (QGT). Explicitly, we write [6]:

5 = (9,uG°| 1 = Plog,ug®) (12)

where P = ‘u‘a‘c> <u8‘C’ is a projector onto the excitonic band of interest. The excitonic QGT can be decomposed

in terms of Riemannian (real) and symplectic (imaginary) parts. The imaginary part defines an excitonic Berry
curvature, which can be non-trivial only in two- or higher-dimensional systems, whereas the real part defines an
excitonic Riemannian metric g7 = Re @77, which can be non-vanishing even in one-dimensional systems.

The metric defined as the real part of the QGT explicitly reads:

i

1 N R
5 = 1 [(00.15°] @ 90,18 + (90,15°] @ 90,5")] (13

where Q = 1 — P. In the one-dimensional case, which we consider in this work, there exists a single excitonic metric
component of interest:

exc

925 = 5[ (90,100, u5%) — (Do, uBe[ue) (uGE|do, ue) + c.c.

= (90, u5; |00, u5y) — (90, ugy |ugs) (v |0, ug) -

DN | =

(14)




€exc

We note that, on taking normalised eigenvectors <u‘a‘c‘ua‘c> = 1, and using the identity 0 = 8Q(<uQ |u8‘c>) =

<u8<c| 3Qu8cc> + .<6Qu8w|“8m>’ we obta.Lin <u8‘C]8Qu8‘C> = ___<8Q“8<C|U?QXC>' He.nce, in the one-dimensional case of
interest, and taking @Q = @, i.e. dropping z-index for simplicity, we can also write,
g;);c = <8ng(c|8Qu8(C> - Aechexca (15)

exc

where Aexe = i<uQ |3ng‘c>.
In general, the exciton quantum metric can be decomposed as:

95;°(Q) = ;7 (Q) + g5;(Q) + 437 (Q), (16)
with the envelope contribution:
95(@) = 5 3100, (990, valk) + 00,590, v (K] ~ AL AL (1)
the single-particle contribution:
g2(Q) = 1 3" WP g5+ Q/2) + gy (k — Q/2)] — Az A, (18)
k

and the mixed single-particle/envelope term:

i 1 ) , ) . o , ,
Q) = 5D |00, V() Poo, A + 00, la(K)?00, A% | — [AL AL, + Al ALY . (19)
k
We note that the last term in each of the excitonic metric decomposition terms is the corresponding contribution from
the excitonic Berry connection term, i.e. the second term from the decomposition of Supplementary Eq. (15). In the
above, gfj/ h(k) denote the individual single-particle quantum metrics of the electrons and holes. As mentioned in the
main text, the envelope term g;;' becomes significantly enhanced in the higher excitonic bands, as it involves more
pronounced variations of the corresponding excitonic envelope functions, see Fig. 5 in the main text for reference.
As a concluding remark, we note that the Riemannian geometry of the excitons can be controlled with the dielectric
screening, see Supplementary Fig. 3.
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Supplementary FIG. 3. Controlling excitonic geometry with dielectric environment. Impact of background dielec-
tric screening on the excitonic variance for polyanthracene (trivial, purple), polypentacene (topological, blue) and polyheptacene
(red). Some typical dielectrics (SiO2 substrate, hBN encapsulation) are marked with vertical lines.

While changing the dielectric screening does not result in any excitonic topological phase transitions, because of t;
being correlated with Uy, and to being correlated with Us within the studied materials, the geometry of the excitons
can be controlled, while satisfying the topological bound. This offers for controlling the associated exciton transport
features [7], which were studied in detail in the subsequent work.



Supplementary Note 6: Derivation of the bound on excitonic spread

The excitonic Riemannian metric encodes information about the localisation of the excitons, corresponding to the
second moment, and in a one-dimensional context it is given by:

¢ = VarR = (R?) — (R)* = Q I (Q), (20)

27r
where ((...)) = (w§*|(...) [w§*) and |w) = 2= [, dQ e '9I? |1/)8‘C> is an excitonic Wannier state with lattice
vector x = ja labeling the unit cell of interest. Supplementary Eq. (20) follows by recognizing that Supplementary
Eq. (14) implies:

g?;c _ <8Quexc ’aQu > _ <8Quexc |uexc> < |6 uexc
_ Z aQuexc exc <qu ‘a@uexc>

m

_Z wexc|R| exc < eXC|R}1/JeXC>
< exc|R1_‘wexc>< exc R‘wexc>.

This result follows by recognizing that for n # m, we have < exc’ R |wexc > < eXC\aQu xe > with W?fz{fﬁ = QR ’ufg‘&%
and where m runs over all excitonic band indices apart from the index of the band |uexc> of interest. Moreover,
we used the resolution of the identity 1 = Zm‘ oxg >< oxe | + |wexc>< o¢|. On changing the basis according to
lwge) = & [5,dQ e@F |uexc>, and evaluating the matrix elements Wlth the position operator R, we obtain the
and spread £2:

following relatlonshlp between the excitonic quantum metric g5x°

o [ g8 = | B o) — (| RIwg)? = (R) = (R = (R— (R)) = VrR =2, (21)

We now derive the main bound on the excitonic spread, captured by the excitonic metric due to the excitonic
invariant Pex.. The excitonic Zy invariant under inversion (P) symmetry, in the gauge admitting only ¢ex. = 0/7
under the symmetry, can be written as:

w/a 27 /a
Peye = l\/ dQ [Aexc(Q) + Aexc(fQ)] = l/A dQ Aexc(Q)- (22)
0 0

™ ™

Moreover, the invariant can be alternatively deduced from the high-symmetry points (HSPs) Q@ = 0 and Q = m,
analogously to how the topological invariants can be deduced from time-reversal invariant momenta (TRIMS) in the
electronic topological insulators [8]. Equipped with the parities of the excitonic band at the HSPs, ¢;, the excitonic
invariant satisfies,

(—1)Fexe = T1,;. (23)

Hence, Pey. = 1 manifestly requires different band parity eigenvalues at Q = 0 and Q = w. We note, that in the
studied organic materials, the excitonic states also satisfy the bosonic spinless time-reversal symmetry (72 = 1),
culminating in the spinless spatiotemporal inversion symmetry, (P7)? = 1 [9]. Therefore, topologically, the Piy.
invariant corresponds to the first Stiefel-Whitney characteristic class wy; € Zy [9-11] of the (real) excitonic Bloch
bundle, as we also discuss later. We now utilise the topological invariant associated with the mentioned characteristic
class to demonstrate the quantum-geometric bound.

Correspondingly, we use a Cauchy-Schwarz inequality ‘fdQ f (Q)fz(Q)‘2 < (fdQ |f1(Q)‘2) (fdQ |f2(Q)|2),
with functions f1(Q) =1 and f2(Q) = Aexc(Q),

T/a 2 T/a T/a w/a
[ AQXC<Q>| < ;(/02/ dQ’></02 "aa \Aexc<Q>Aexc<Q>]> <2 [T @, o

where « is the lattice parameter. Here, we additionally recognise that in the maximally-smooth gauge extremising the
overlaps of Bloch states between the nelghbourmg Q-points, (uS°|uSSag) ~ 14 (uE|0que®) AQ — 1, that obtains

exc

2 1
2
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the maximally-localised Wannier functions [12]: ‘Aexc (Q)Acxc(Q ‘ = 8Quex°| P ‘8Qu xe > <8Quex°| Q |8Quexc> =

exc

92X°(Q), i.e. the overlap of |uexc> and |8Quexc> is locally minimised, and is smaller than the overlap of }6Que’“’> with
all the other excitonic bands |ueX° > combined, as we also retrieve numerically. Intuitively, it should be noted that in
the limit of a real gauge admitted under P77 symmetry, the former overlap approaches vanishingly small values locally,
consistently with the metric evolving as ¢X°(Q) = <8Quexcl Q |8Que"c> — <8Que"°|8Que"C> Finally, on rearranging
the derived inequality Supplementary Eq. (24), we obtain,
2 _ @ am/a exc 2I)e2XC

e=g [ aer@> (25)
showing that the maximally-localised excitonic Wannier functions support standard deviation associated with the
spread: £ > a/2, in the non-trivial phase with Pex. = 1. Mathematically, the non-trivial topological invariant Pey. = 1
associated with the non-trivial first Stiefel-Whitney class w; € Zs captures the orientability of a line subbundle of a
real Bloch bundle [13], and is a global property of the excitonic Bloch bundles considered in this work. Intuitively,
the non-trivial topology captured by the characteristic class implies the non-trivial quantum geometry locally, as a
result of the associated non-orientability condition [10].

In the absence of non-trivial Py, € Zs, as well as of any other topological invariants in a considered phase, i.e. in
the presence of only trivial excitons, any possible enhancement of the excitonic equivalent to the minimal spread of
trivial states (£2) is expected to be unlikely, as £2 is unconstrained by any lower bound. This assertion, more formally
yet intuitively, follows from the definition of the quantum metric:

2
giic(Q) <6QUCXC 1 _ ’ucxc> <u<csgxc ) |8Qu8<c> <8QU c’ Q |8QUCXC> — <8QUCXC Q2 |8Qucxc — HQ |8QUCXC> ‘ ,
(26)

where we employed a projector Q =1- ‘ue"c < e"C| and used its idempotency, Q = Q2 and Hermiticity Q =Qf

relations on connecting to the final norm |[|...||. In the case of the trivial topologies, the Bloch states |uex"> do not
wind, hence ‘8@1[”“3) — 0, with 0, the norm-zero vector. Hence, g% = ||Q’5Quexc> |2 = [|QO|]> — 0, as the

Frobenius norm of Q is smaller than for the identity matrix 1 that sums over the projectors onto all bands, rather
than onto a smaller number of bands, as @ = 1 — P, which on having subtracted P = |uexc> <u8‘c , excludes the

projection onto the original excitonic band |u"xc>

Supplementary Note 7: Numerical excitonic localisation

Finally, in the light of the analytically derived quantum-geometric bound imposed by the non-trivial excitonic
topology, we describe how the excitonic localisation§ that reflects the excitonic quantum geometry, can be retrieved
numerically in a real material.

Here, we stress that to reflect the excitonic quantum geometry, the maximally-localised excitonic Wannier functions
(MLXWFs) [14] need to be obtained, as the excitonic quantum metric reflects the mazimal localisation as a gauge-
invariant quantity. In an arbitrary gauge, the excitonic Wannier functions can take a less-localised form than fixed
by the gauge-invariant quantum metric g&x°(Q). Contrary to the gauge-independent/gauge-invariant excitonic quan-
tum metric and maximally-localised basis, an arbitrary excitonic Wannier function basis does not bear any physical
meaning, as a gauge-dependent object. Such scenario is in a one-to-one correspondence analogy to the case of the
electronic Wannier functions [1].

As a consequence, in the context of a real material, it is essential to numerically obtain the gauge-independent

excitonic maximal localisation [14]. Following the approach of Ref. [14], this can be obtained by minimisation of
a localisation functional Fey. that depends on the excitonic Wannier functions, |w§*),
2
Fexc —_ / dR< exc| R2 |wexc> _/ dR|:< eXC|R|wexc>j| . (27)

For minimising the functional Fey, the algorithm of WANNIERIO [15] can be directly utilised [14], on paralleling the
standard method for minimising the spread of the electronic Wannier functions [1, 12, 16].

Consistently with the localisation procedure described in Ref. [12], the maximally-localised basis that minimises
the localisation functional Fiy., can be numerically retrieved from sampling the possible U(1) gauges [U(Q) = e'*(@)]
of the isolated individual Fourier-transformed excitonic Bloch bands ‘ue"°>,

i) = o= | 4Q e MU(Q)fuize). (28)



In the context of polyacenes, we further observe that such basis corresponds to the smoothest realisable waveform
w(R) = (R|w§*), as quantified by the averaged analytic curvature of the excitonic Wannier function (92w§*¢(R)).
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